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Abstract: In this paper, two new classes of g-starlike functions in an open unit disc are defined and
studied by using the g-fractional derivative. The class gj;(lx), a € (=3,1],9 € (0,1) generalizes the
class S of g-starlike functions and the class T; (a), « € [-1,1], 9 € (0,1) comprises the g-starlike
univalent functions with negative coefficients. Some basic properties and the behavior of the functions
in these classes are examined. The order of starlikeness in the class of convex function is investigated.
It provides some interesting connections of newly defined classes with known classes. The mapping
property of these classes under the family of g-Bernardi integral operator and its radius of univalence
are studied. Additionally, certain coefficient inequalities, the radius of g-convexity, growth and
distortion theorem, the covering theorem and some applications of fractional g-calculus for these new
classes are investigated, and some interesting special cases are also included.

Keywords: analytic functions; starlike functions; g-fractional differential operator; fractional deriva-
tive; g-starlike functions; g-Bernardi operator
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1. Introduction

Quantum calculus is basically usual calculus without the notion of limits. It has wide
applications in mathematics and physics. The g-derivative and g-integral are the main
tools introduced by Jackson [1,2] in a systematic way. The linear g-difference equation,
and g-differential equations, are studied in [3,4]. Mansour [5] investigated linear sequential
g-differential equation of fractional order. Using the g-derivative, Ismail [6] introduced the
class of g-starlike functions. In the recent past, the theory of g-calculus operators has been
applied in general fractional calculus. Al-Salam [7] and Agarwal [8] introduced several
types of fractional g-integral operators and fractional g-derivatives. Rajkovi’c [9] investi-
gated fractional integral and derivatives in g-calculus. Additionally, g-integral operators
for certain analytic functions by using the concept and theory of fractional g-calculus that
was studied by Selvakumaran et al. [10]. Recently, researchers proposed g-version of well
known operators like Baskakov Durrmeyer operator, Picard integral operator, Bernardi
integral operator and the Gauss—Weierstrass integral operator, see [11-15]. Furthermore,
Purohit and Raina [16] applied g-operators on subclasses of analytic functions. Ismail [6] in-
troduced the well known class of g-starlike functions related to g-derivative operator [16,17].
Wingsaijai and Sukantmala [18] presented the class S; () of g-starlike functions of order «,
(0 < a < 1), Certain Coefficient Estimate Problems for Three-Leaf-Type Starlike Functions .
Sahoo and Sharma [17] defined and studied q— analogue of a close-to-convex function.
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The starlikeness of normalized bessel functions with symmetric points is studied
in [19]. Recently, certain generalized classes of g-starlike functions have been investi-
gated, see [20,21]. Zainab et al. [22] defined a new class of g-starlike functions by using
g-Ruscheweyh differential operator. The recent contributions on fractional derivatives
by several researchers are also worth reading, see [23-25]. Sokét [26] introduced a one-
parameter family of functions p,(z), as shown in (5). Using this family of functions, he
defined a classes of starlike functions, and certain properties of these functions were in-
vestigated. However, p,(z) has not been studied under the g-analogue of analytic and
univalent functions of negative order, which has vital applications in different zones of
mathematics. This was the main motivation behind Definitions 1 and 3 and their related
results, and to keep in mind recent developments on starlike functions and their associated
functions, we have categorized our main results into two sections. In the first section,
we have investigated some interesting properties for our new class f@g(zx), g € (0,1) of
g-starlike functions of order &, & € (—3,1], which is introduced in Definition 1. We primar-
ily focus on g-integral representation of functions belonging to this class, and its related
results. Further, we have investigated distortion bounds and order of starlikeness in class
of convex functions. In the second section, we have defined the class /T:q;(tx) of g-starlike
functions of order a (& € [—1, 1]) with negative coefficients. It is investigated that functions
belonging to this class are preserved under g-Bernardi integral operator and its radius of
univalence is also determined. Several other properties such as coefficient inequities, radius
of g-convexity, growth and distortion theorem, covering result and some applications of
fractional g-calculus for the said class are presented. It is noted that obtained results are the
advancement of several known results, proved by researchers in their research articles.

Let A consist of the analytic functions of the form

flz)=z+ ianz”, ze E={z:|z] <1}. 1)
n=2

Let S C A be the class of univalent functions in E = {z : |z| < 1}. The classes S*(vy) of
starlike functions of order y and C(y) of convex functions of order -y, which are subclasses
of S are defined as:

S*(v)—{feA:?R{ZJJ:;S)}>% 0§7<1,ZEE} )

/ /
C(y)z{f@A:%{(ZJ{,((j)))}>7, 0§’y<1,z€E} 3)
When v = 0, we have the well-known class S* of starlike functions and the class C of
convex functions, see [27]. Let f; € A, i = 1,2. Then, we say that f; is subordinate to f,
written as f1 < fp, if there exists a function w, analytic in E with w(0) = 0 and |w(z)| < 1,
z € E,such that f1(z) = fo(w(z)). If f, € S, it is known that the above subordination is
equivalent to f1(0) = f2(0) and f1(E) C f»(E), see [27].
Let T denote the subclass of S consisting of the analytic and univalent functions, whose
functions can be expressed as

o

f(z)=z—)_ |an|z",z € E. 4)

n=2

Silverman [28] introduced and studied the classes T*(-y) and K(+y) of starlike functions
of order 7y and convex functions of order 4, (0 < 7 < 1) in the open unit disc E = {z :
|z| < 1}. He defined these classes as follows:

T*(’y)z{fGT:?R(ZJ]:;S)) >’y,0§'y<1,z€E},
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/ /
K(’y):{feTﬁR((Zf(z))) >’)/,0§’)/<1,ZEE}.
f'(2)

When v = 0, the above classes reduce to the classes T* and K, of starlike and convex
functions of negative coefficients, respectively, see [28].

Our work is related to a one-parameter family of functions defined and studied by
Sokét [26]. We recall the properties of these functions, which we shall need to derive
our results.

Remark 1. Let

— 1 3 1 o
Palz) = 3+ (a—3)z+az2 3+a{1—z+az+3}’ @€ (=31 ©)

Then, the following assertions are trie.
1. pqis univalent in E.

9(1+a) —~ —
20 35gar S Ripa(z)} < %{ (z—l)(2z+3)} > 2(33—06)

3. Whenwa € [—1,1], py is convex univalent function in E.

Now, we include some basic definitions and concepts of g-calculus, which are used in
this work.

The g-derivative of a function f € A is defined by

D) = LS,z 20, ©)
and D;f(0) = f'(0), where g € (0,1), see [2]. For a function g(z) = z", the g-derivative is
Dyg(z) = [”]qznilr @)
where
1—g"

We note that as g — 17, D;f(z) — f'(z), here f'(z) is ordinary derivative and
[n]; — nasq — 17. From (4), one can deduce that

Dyf(z) =1+ Y [n]ganz". )
n=2
Jackson [1] introduced the g-integral of a function f, which is given by
z [eS)
| Fdgt ==01-9) Y- 4"f(q"2), (10)
n=0

provided that series converges.

In [18], Wongsaijai and Sukantamala introduce the class S (7y) of g-starlike functions
of order -y as follows:

s;‘(v):{feA:a%{zi”(];gz)}>7, OS’Y<1,ZEE}. (11)
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The corresponding class C;(-y) of g-convex functions is defined as
Dy (2Dyf(2))
= ARy I <y<lzeE,. 12
Cfi(r)/) {fe éR{ qu(Z) } >, 0_’)/< ,Z € } ( )

By seting v = 0 in above definitions, we get C; of g-convex functions and S; of
g-starlike functions introduced in [6].

Then, we define a new class év;;(zx) C S, which is the refinement of the above known
classes of starlike functions. Results related to this class will be derived in Section 2.

Definition 1. A function from the class A is said to be in the class gg(zx) if and only if it satisfies
the condition

quf(z)
f(z)

< Pa(z), a€(-3,1,z€E, (13)

where py is given by (5).

From the Remark 1, we have

zDyf(z) 9(1+w) B ,
3‘%{ ) } > 3G+ (v € (=3,1], z€ E), (14)

when f € éj;(a).

Our aim is to investigate geometric properties of class §,’;(0c) of g-starlike functions
of order a. It deals with several ideas and techniques used in geometric function theory.
The order of starlikeness in the class of convex functions of negative order and distortion
bounds is also formulated. It provides an interesting connection of our above-defined class
with well known classes in the form of following special cases.

Special Cases

1. Whena = —2, we have

%{ zDyf(2)

-9
) } > = (z € E).

2. Fora= —%, we obtain

quf(z)
%{ 7(2)

3. Leta € [-1,1], and taking ¢ — 1~, we get the class of starlike functions, which is
univalent in E, see [27]. s

4. Ifa = —1, then f belongs to the class S5;(—1) C S; of g-starlike functions, which is
defined and studied in [6].

5. For a = 0, we have the known class 53(0) C S;(%) of g-starlike functions of order 3,
see [27]. .

6.  When a = 1, then f belongs to the class S;(1) C S;(l%) of starlike function with
order 1%‘

}>—1, (z € E).

Now we define another class Sj[M], a subclass of Sj. This class will be used in
derivation of Theorems 1 and 8.

Definition 2. For —1 < M <1, M # 0, the class S;; [M] is defined as follows.

. zD,f(z 1
Sq1M] = {féA‘ fq(];g < 1+Mz}’

(15)



Fractal Fract. 2022, 6, 30

50f23

We note that, for M = 1, then the function p(z) = 1+1W maps the unit disc E onto half

plane R(w) > % and onto the disc with center ﬁ and radius 1%2, for M # 0.

Next, we define the class Tg(zx) C T of g-starlike functions of order & with negative
coefficients. Results regarding this class are presented in Section 3.

Definition 3. A function from the class T is said to be in the class Tg(zx) if and only if it satisfies
the condition

%{ZD‘?f(Z)} S 2048 e L11], 2 E). (16)

f(2) 2(3+a)*’

Special Cases

1. Ifa = —1,wehave

T;:{feA:%{W}>0,zeE},

which contains g-starlike functions with negative coefficients, and taking g — 17, we
obtain the known class T* introduced in [28].
2.  Fora =0, wehave

f(2)

of g-starlike functions of order % with negative coefficients, and taking g — 17, we
obtain the known class K of convex functions defined and studied in [28].
3. Whena = 1, we obtain

T;(l)_{feA:%{'wﬂj;gz)}>196,zeE},

of starlike function of order 7 with negative coefficients.

zDyf(z) }

T;(O):{feA:m{ >1,zEE},

2

Next, we define the corresponding class E;(lx) of g-convex functions of order « and
having negative coefficients. An application of this class will be shown in investigating the
radius problem as given in Theorem 10.

Definition 4. A function from the class T is said to be in the class E;(oc) if and only if it satisfies
the condition

3%{ Dq(Zqu(Z))} L 0 +a) (x € [-1,1], z € E). (17)

Dyf(z) 2(34a)?’
We require following lemma to obtain our main results.

Lemma 1 (g-Jack’s Lemma, [29]). Let ¢(z) be analytic in E with $(0) = 0. Then, if |p(z)|
attains its maximum value on the circle |z| = r at a point z, € E, then we have

Zqu¢(ZO) = m¢(2o),
m > 1 real number.

2. The Class g\;:(tx)

In this section, we obtain some results related to newly defined class Sx () of g-starlike
functions of order . For the following results, we consider « € (—3,1],9 € (0,1),z € E,
unless otherwise stated. To prove our main results, we first prove the following lemma.
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Lemma 2. Let h be analytic in E with h(0) = 1. A function G is in the class

2Dif(2)
Sh_{ eA: 1 <hz} z € E, (18)
if and only if there exists an analytic function py, py < h, such that
N}
zZ t) — —
G(z) :Z(EXp/ pq(qut> q, z € E. (19)
0
Proof. Consider D,G(2)
z z
pe(z) = 75(2) , (20)
where p; is analytic and p;(0) = 1in E. Using g-integral properties, we get
2pq(t) —1 _ /Z tDyG(t) — G(t)
/o F et = 0 tG(t) gt
_ (1l=1 _(1-4a
= (") tos6(e) — () togo)
G(z)\ ™
zZ Ing
= log< - ) .
It follows that
!
Z t) — =
z<exp/ pq(id;,i) "= G(z),
[
which is (19). Now conversely, let (19) hold, that is
) (-1, \T
G(z) Z pg(t) — =
o 00
The Logarithmic g-differentiation of (21) gives us
In z2pg(f)—1
Dy(In(G(2)) — Dy(In(2)) = 1 _quq/o P

Using the formulation Dy(Inf(z)) = (f%) (qu{z()z ) ), and the fundamental theorem

of g-calculus, see [30], we get

() () - ()

which implies that

zD,G(2) '
ﬁ = pq(2);

it follows that p; < h, and this implies that G € S;(h) in E. This completes the proof. [

By taking g — 17 in Lemma 2, we obtain the known result proved by Sokét [26].

Then, by using the class S;[M] given by (15), we derive the following theorem for the
function f € ?;(a), a € (—3,1].
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Theorem 1. Let f € A, a € (=3,1]\{0}. If f € gg(a), then there exists a function Fy € S,’;(%)
and the function F, € S} (4], such that

o

f(z) = [F(2)]75[Ba(2)]5%, zeE.

(We note that, if « = 0; then, ,55(0) = SZ]F(%))

Proof. Let f € /SE( ). Then, by Lemma 2, there exists an analytic function w(z) with
w(0) = 0and |w(z)| < 1,z € E, such that

z) =z (exp /OZ ﬁ;(w(?)_ldqt) H], (22)

and from (5), we have

i ® -1 =g
— . (exp/ 3+ t azu(t)+3} dqt )

which implies that

5
=

-~
—~
N
S—
N
_
o
=
=
\
[N
W)
Hes
=
N
—_
|
g -
=
Z|
N———
)
—+|=
=
N
[
+
IR
E‘ _
=
Z|
N———
—_
[
-
——
\—/
—
4

This implies that

BT (1) (%)
z) = (z exp /Oz qut> X
. (%) (%)
(z exp /OZ qut) .

o

f(z) = [Fi(2)] 5% [F2(2)] 35,

which shows that the functions F and F, satisfy F; € Sy (%) and F, € S; (%], and this
completes the proof. [

Using the Lemma 2, we have

Theorem 2. Let f € A, & € (—3,1]. If there exists a function F; € S;(%) and F, € S7[§],
such that
ZDqFl(Z) _ 1
Fi(z) 1—w(z)’

(23)
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and
zDyF(z) 1

= , z€E 24
F(z) 1+ 5w(z) @

for analytic function w(0) = 0, and |w(z)| < 1, z € E, then the function

3 _a -

f(z) = [R(z)]5 [Ra(2)]5 € S5(a), z€E. (25)

Proof. From (23) and (24), we find that F; € S (%) and F, € 57 (5] are generated by (19)
wih the same function w, so by using Theorem 1 and Lemma 2, we have

which is the required result. O

Next, we obtain distortion result for our class :Gg(zx), a € (—3,1], by using
Theorems 1 and 2.

Theorem 3. If f € é?(zx), a € (=3,1],and|z| <r,0<r<1,then

It 347 | log ‘711 e= 3ia | log qzl

r @« r o 4 o r x
_ < <

(1+r> (H"‘J) ] —f(zﬂ—l(lr) ( 3) ]

Proof. Let f € /Sg(a). Then, by Theorem 1, there exist F; € S; (%) and F, € §* [%}, such
that (25) holds.
Let F; € S*;[4]. Then, we have

zDyF(z) - 1
Fi(z) 1-z2’

which implies that

zDghi(z) 1 < T
Fi(z) 1—r2| " 1—7%

Using g-differential properties and partial g-derivatives, we get

(oB]

1
r(1+7)

< S log |Fy (re®)| < -

X
The g-integration gives us

1

r Y ioss 1 r\iosa T
< < .
(155)™ " <ImE< () )
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Raising (26) to power 14%/

(V) R < |R(2)|™s < (r> (1%)(%) @7)

we get

1+7r 1-r
Now, we suppose that F, € $*;[4], so we can write

zDgF>(z) 1
Bz 1+ ][4z

It follows that

5]

T1-(5)

as the linear transformation H[liﬂ‘]z maps |z| = r onto disc of center ; (1) > and radius
3 —\3) 7

zD;F(z) 1

B 1- (4)%r2

|51

1-(§)"r

. Additionally, we know that
zD Fz(z)} g
RIS = r— log |Fy(re’
e 5 Fs(re")],
so, we have

1 a 1
_ " og |F < — .
r(1—4%r ) =0 og Ex(re")] < r(1+44r)

The g-Integration on both sides gives us
19

1-q
r logg—1 r logg—1
_— < < .
(1—“;) = 1RES <1+“;) )

Raising (28) to the power 31—, we get

<1jg)(m(”g"ql> < |Fa(2)| 7 < (11,?)(31“)(“%#), 29)

because (59;) < 0, when a € (—3,0]. Multiplying (29) and (27), we obtain our required
result. [

Next, we will obtain the order of starlikeness in the class of convex functions.

Theorem 4. Let f € A, and let p = ;jﬂ,for we[-1,1],

Dy(zDyf (2) 1 p(1-2p)
“{ D,f() }>5 21-pR G0
Then, DLf(2)
Z q y4 .
%{ 7(2) }>ﬁ' €F
Proof. Consider
zDgf(2) 1+ (1-2B)¢(z)
f(2) 1-¢(z) G
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where ¢ is analytic with ¢(0) = 1in E. The g-logarithmic differentiation of (31) gives us

(P T - i o) (75)
1

On contrary, we assume z, € E, such that m > 1, |¢(z,)] = 1 and ¢(z,) = €,
zoDy(z0) = m¢(z,); thus, we have

%{ID'AZODEJ(ZO))} — %{Zquﬂza) + (1 —2B)zoDyp(20) n zDgp(zo) }

qu(ZO) f(z0) 14+ (1-28)¢(z0) 1—¢(z)
Using (31), we have
DAEDE)) _ gf L+ =200
L I =

=

14 ( 1—2,8 (z0)  1—¢(z0)
2‘B 19
1—619 }+

(1 —2B)me'? me'®
éR{ 1+ (1—2B)et® 1o eit) }

1—B1 —cosb(1— 1) n mpBycosd + mp? m

U
(1 —2[5 Zqu<P(Zo) 20Dg¢(20)
{ e )
_ m{

2(1 — 2cosb) 1—-2B1cosf+ B2 27
where B =1 —2B.1f 6 = 7, we have
%{ Dy(20Dgf(20)) } _ 1=h mpi(pr—1) m
Dyf(zo) 2 (1+p1)? 2
Re-substituting f; = 1 — 2, and since m > 1, so we have

%{ Dq(Zqu(f(Zo))} B— p1—-2p) 1

Dy f(20) 21-p2 2

9(1+a)
2(3+a)?’
required result follows. [

where = € [—1,1], which is contraction to our given hypothesis. Thus, the

We note that by substituting various values to the parameters involved in above result,
we get known and new results, as shown in the following corollaries.

Corollary 1. Let f € A, and « = 0. Then, if

Dy(zDgf(z)
%{ Do (2)) } =0

then

(524

By further taking g — 1=, we obtain the well known result that a convex function of order zero is
starlike of order one-half, see [27].
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Corollary 2. Let f € A, and o« = —1. Then,

%{ Dy (zDgf(z) } - -1

Dy f(2)) 27

implies that

zD,f(2)
%{ @)

Corollary 3. Let f € Aand « = 1. Then, if

{ Dy(zDyf(2)
Dqf(2))

}>O,z€E.

R } > 0.0692,

then

(27} 5

The following theorem shows the coefficients inequality for the functions of the class 73\;?(04).

Theorem 5. Let f € A, w € [—1,1]. If

s 9(1+a) ) 9(1+a)
A Sl <1- 1 32
g([”]q 2(3+“)2 |a71| — 2(3+0¢)2 ( )
where [n]q is given by (8), then f € /SE(IX).
Proof. It is sufficient to prove that the values for % lie in a circle centered at 1 and radius
1— 29((31::3)2. For this, consider
DS | [Duf) 11D .
f(2) f(2)
B Yoo ([n]q - 1)anz
N Z+ Y0 5 apz"
Lo ([l — 1) lanl |27
T - faalz !
o ([l — 1) laal
< . . (34)
1- Zn:Z |a71‘
. 9(1+a) 1 -
As (34) is bounded by (1 — 2(3+5)2) if
3 (1, = 1)lonl < (1- 2050 ) (1= F ol ),
n=2 23 +a) n=2
which is equivalent to
o 9(1+a) 9(1+a)
B Sl M A <117
n;(["b 2(3+a)2>|“"| 173572 (39)
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ZD’if(Z) _1’ S 1— 9(1""“)

However, (35) is true by hypothesis. Thus, we have &) RETAEE

and this gives us the required result. [

Taking g — 1~ and « = —1 in Theorem 5, we get the following known result.

Corollary 4 ([31]). Let f € A, a = —1. Then, if

Y nla,| <1, (36)
n=2

then f € 5*.

Taking q — 17, and & = 0 in Theorem 5, we obtain a result proved by Schild [32], as shown
in the following corollary.

Corollary 5 ([32]). Let f € A. Then, if

ad 1 1
7122(”_2>|‘1n| < 5 (37)

then f € S*(%) C C.
Set & = —1 in Theorem 5, this gives us the following result.

Corollary 6. Let f € A. Then, if

[ee}

Y nla,| <1, (38)
n=2

then f € Sj.

3. The Class f;" ()

In this section, we shall study the properties of the class i"\q; (a) shown in Definition 3.
For the following results, we have « € [—1,1], g € (0,1), z € E unless otherwise stated.

3.1. Coefficient Inequalities

Coefficient inequalities for functions belong to the class TE(&) are derived in
following theorem.

Theorem 6. Let f be given by (4). Then, f € ﬁ*(zx), if and only if

) 17L]” 9(1+06) 9(1+06)
7122(1_11 2(3+0¢)2>|an<12(3W/ z € E. (39)

Proof. In view of Theorem 5, it is sufficient to prove the only if part. Let f € T:;:(zx), that is,

2Dgf(2)\ _ oo f 2~ Loalnlglanlz" ) 9(1+a)
éR{ f(z) }_%{ z— Y0 |anlz" }>2(3+“)2' (40)
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zD,f(z)

Choose values of z on real axis so that ) is real. Upon clearing the denominator

in (40), and letting z — 1 through real values, we have
> 9(1+w)
1-— 1-— 41
bl > 5 ( zw) )

By (8), we have

2 1—g"  9(1+a) 9(1+«)
2(1—17 _2(3+a)2>|“” Sl_2(3+o<)2’

and this completes the proof. O
Corollary 7. Let f € T. Then, if f € TE(&), then

(202 +3a+9)(1—q)

ol < =G a9 T o) —q) ®2)
This result is sharp for the extremal function of the form
_ (202 +3x+9)(1 - q) n
L T NP LT s TG W i )

3.2. Distortion Theorems

The growth and distortion theorems for the functions in the class TE (a), fora € [—1,1].

Theorem 7. Let f € T. If f € i:[_f(tx), then

202 4+ 30 +9 ) 202 4+ 30 +9

Ty M A Il sy cpray T H)rz (|2 = 7).

Equality holds for the extremal function go(z), given as

_ 20% 4+ 30 +9 2 _
go(Z) =z- 2(1+q)(3+[x)2 _9(1_|_“)Z (|Z‘ - :|:7’) (44)

Proof. From Theorem 6, we have

1- 1+a)\ & 1-q"  9(1+a) 9(1+a)
( L 3+5 >Z|””|<Z(1 : 2(3+;)2)””|§12(3+5)2‘

1—q q
That is,
i 202+ 30+ 9
al < . (45)
n;'”' 2149)34+a)2—9(1 +a)
Consider
f@) < r+ ) aul”
n=2
< r+r7 Y |an
n=2
2 2
ra & +3x+9 2 (46)

20+ )3+ a)2—9(1+ua)



Fractal Fract. 2022, 6, 30 14 of 23

by (45). Similarly, we have

f(2)]

%

[ee]
r— 2 lan |
n=2

[ee]
r—r> Y |ay|
n=2

o 202 4+ 30 +9 2
20+9)B3+a)2—9(1+a)

%

(47)
From (46) and (47), we get our desired result. [

Theorem 8. Let f € T. If f € Tg(a), then

B 2(2a% +3a +9)r
21+9)3+a)2—9(1 +«)

2(2a% +3a +9)r
21+9)3+a)2—9(1+a)’

< [Daf(2)] <1+

(2] = £n).

Equality holds for the function o (z) given by (44).

Proof. Consider

Df(z) < 1+ fzmranuzw-l

IN

147 Y [n]glan. (48)
n=2

From Theorem 6, we have

[e9)

[”]q ||
=2

A\

[ 9+e)  9(1+a) (2a% +3a +9)

- 2(3+a)? 2(3+0c)2(2(1+q)(3+a)29(1+w)>
2(2a% 4+ 3a +9)

20+ 9)(3+a)2—9(1+a)

n

(49)

By substituting (49) in (48), we get the right hand side of required inequality.

Similarly, we have

[e9)

IDaf(z)] = 1} [n]glan]lz|""

n=2

1—7r Z [n]q|an|
n=2

_— 2(2a% +3x +9) .
= 2014+9)34+a)2—9(1+a)

v

(50)

This completes the proof. [J

Setting ¢ — 1~ and & € [—1,1] in Theorems 7 and 8, we get the results, derived by
Silverman [28].

3.3. Covering Results
Following is the covering result deduced by letting » — 1 in Theorem 7.
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Theorem 9. Let Let f € T, and let f € i?(oc). Then, f(E) contains an open unit disc of radius

29(3 + a)?
21+9)B+a)?2—=9(1+a)’

Equality holds for the function go(z) given by (44).

3.4. Radius of q-Convexity for f;* ()

Now, we investigate the radius of g-convexity for functions in class Tq; ().

Theorem 10. Let f € T and let f € Tg(vc). Then, f is g-convex in the disk

_ Cinf (20— (1 =) (B+a)? —9(1+a)(1—g)? T
|Z‘ <r= 7(0{) —nf ( (1 — qn)2(2a2 + 3u +9) > (51)

This result is sharp. Extremal function go(z) is given by (44).

Proof. We are required to show that |%| <1for |z| < r(a), we have
‘ Dy(zDyf () | =X [n]q([n]g — 1)z""
Dyf(2) 1=, an[n]gzr

Yealnlg([nlg — 1) an||2]" !
1-Y0 |an|[”}q|2‘n71

(52)

The left side of expression given in (52) is bounded above by 1 if

(e )

i [n]g([nlg = Dlanl2]""" < 1= ) [nlglan|l2|" ",

n=2 n=2

or

([n]g)?lan 2"t < 1,

agk

n=2

which will be true, if by Theorem 6,

2[n];(3+a)? —9(1 +a)
(202 +3a+9) ’

([n]q)?|z"~" <

It follows that

21— )1 - )3+ —9(1+a)(1— g2\
< ( L )" =250

21— g")(1—q)B+a)2 —9(1+a)(1—q)>\ ™! B
r(a) < ( (1—q")2(2a2 + 3a +9) ) (n=23...), (53)

which is the required result. O

Taking ¢ — 1~ and & € [—1,1] in Theorem 10, we obtain the known result, see [28].
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3.5. Integral Operators

In [15], g-Bernardi operator is defined as:
Let f(z) = z+ Y panz", andletc > —1,49 € (0,1), z € E. Then,

1 z 0 _ Al4c
F(z) = <11k | et g = 3 i—Z+ﬂ (54)

C
z n=2

We note that F(z) is well defined. Next, we prove that the class /fq; («) is closed under
g-Bernardi operator F(z) given by (54) for f € T, and f is defined by (4), and we also
discuss the converse case by investigating the radius of univalence.

Theorem 11. Let f € T be the function defined by (4), and let f € Tq;(zx) and c be real such that
¢ > —1. Then, the function F(z) defined by (54) belongs to the class Tg(zx).

Proof. From (54), we have

F(z) =z— Z b,z",
n=2
where
1— ql-‘rc
by = 1= qc+n ns (an > O)‘ (55)
Consider

5 (1 - s Yo = % (1l - 25 ) (125 o

n=2

=
N

d 9(1+a)

2 (1 g e o
1— 9(1+«a)

- 23+ w)?’

IN

(56)

as f € T\q;(zx). Therefore, an application of Theorem 6 leads us to the fact that F € Tq;(zx),
which is the required result. O

Next, we will investigate the radius problem for the function F(z) given in (54). For this
purpose, we prove the following lemma.

Lemma 3. (g-Noshiro—Warchowsky theorem) Let f € T. If for all z belongs to a convex domain D
and some real &, R{D;f(z)} > 0, then f is said to be a univalent function in E.

Proof. Letz; # z; € D. Since D is convex domain, so
L={z:z=(1—-t)z1+1tz, 0 <t <1},
Lliesin D, and
dgz = (22 — z1)dgt, (57)
consider
fe) = fz) = [ Dif2)dgz
- /01 Dy(f(2(t)) (22 — 21)dgt, (58)
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by using (57). We have

1
Flz2) = f(z1) = (22— 21) [ Dyf((t)dyt.

Since R{D;f(z)} > 0, s0

/01 Dy f(z(t))dgt #0,

and also we have zp — z; # 0; therefore, by Fundamental Theorem of g-Calculus, see [30],
we have f(zp) — f(z1) # 0. Thus, f(z) is univalentin D. [

Taking g — 17 in above lemma, we get the well known Noshiro-Warchowsky theorem,
see [27].

Theorem 12. Let ¢ be real number such that ¢ > —1. If F(z) € ?q;(zx); then, f is defined by (4) is
univalent in |z| < R, where

R= inf((l — ) (21— ") (B4 a)2 —9(1+a)(1—q))

(1—g")(1—g") (222 + 3a +9) ) , (n>2).  (59)

This result is sharp.

Proof. Let
F(z) =z— ) anz" (a,>0). (60)
n=2

Then, from (54), we have

zl_CDq(zCF(z))

f& = =,
® 1 qc+n
= ZzZ— Z ﬁﬂnzn, (C > *1)
n=2 q
Consider
1 _ c+n 1—g" B
IDef(z) =11 = 3 Ty (T2l < 1. 61)
n—2

From Theorem 6, we have

2(1-¢")(3+a)>—9(1+a)(1—q)
(202 +3a+9)(1—9q)

lan| < 1.

The expression (61) will be satisfied if

(1—g“"")(1—=g"), 2(1_’7”)(3"‘“)2—9(1—0—&)(1—q)
(1—qc+1)(1—q) |Z| 1 < (2“2+3“+9)(1_q) , (i’l 22)

Solving for |z|, we have

(1— 1) 201 g") (B +a)? —9(1 +a)(1—q))\ ™!
|z < ( (1—g")(1—g"t) (222 + 30+ 9) ) , (n>2).
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It follows that
|Dsf(z) —1| <1 for |z| <R,
that is,
R{Dyf(2)} >0, for |z| <R.

Thus, as an application of Lemma 3 (§-Noshiro-Warchawski theorem), f is univalent
for |z| < R, where Ris given by (59). O

3.6. Extreme Points for i];(a)

To investigate the extreme points of TE («), we have the following theorem.
Theorem 13. Let f1(z) =z, andn = (2,3,...)

(202 +3a +9)(1 — g)z"

o) =2 B e At —q) ©2)
Then, f € TE(&) if and only if it has the form
1) = L), (63

where py, > 0and Y77 1 pp = 1.
Proof. Let

fla) = iwﬁ(z)

> 202 + 30+ 9)(1 —q)z"

B ZTE””Z@—q"><3+«>2—9<1+a><1—q>'

Then, from Theorem 6, we have

ii‘ (202 +3a +9)(1 —q) (2(1—q”)(3+zx)2—9(1+¢x)(1—q)>
=21 —g)(B+a)2—9(1+a)(1—9) (202 +3a +9)(1 —q)

=Y n=1-m <1,
n=2

Thus f € Tq;(uc). Conversely, let f € Tq;(oc) ; from Corollary 7, we have

(2a%2 +3a+9)(1 —q)

|an| < 0B r a9 Ta)d g (n=2,3,...).
We may set
_21-¢")B+a)?-9(1+a)(1—9q)
Hn = (222 130 1 9)(1 —q) ’
and

up=1- ZV”'
n=2
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It follows that
f(z) = Z Hnfn(2),
n=1

and this completes the proof. [

Corollary 8. The extreme points of f;:(zx) are functions f,,(z) given by (62), (n =1,2,...).
We take g — 1~ and « € [—1,1], and this leads us the result derived in [28].

Remark 2. We note that our Theorems 6 and 7 can be derived alternatively by analysis of extreme
points shown in above theorem.

3.7. Application of the Fractional Calculus

In recent past years, the theory of g-calculus operators has been applied in the areas of
ordinary fractional calculus, see [3,5,33,34]. Using the concepts of g-theory, Al-Salam [7] and
Agarwal [8] introduced fractional g-integral operator and fractional g-derivatives operator
as follows.

Definition 5. The fractional g-integral operator fg/z of a function f(z) of order 5,6 > 0 is given by

ofte) = D1) = gy [ e s (0, (6

where f(z) is analytic function in simply connected region of z-plane containing the origin. Here,
the term (z — tq)s_, is q-binomial function defined by

_ (4 k
(z—tg);_, = 21 I1 [:(Z)QI : (65)

(%‘7) k-1

Definition 6. The fractional q-derivative operator Dg}z of function f(z) of order §, (0 <8 < 1) is
defined by

Dj.f(2) = D' U5(e) = 55D [ o= ) sf Wt )

where f(z) is suitably contained and the multiplicity of (z — tq) _; is removed as in Definition 5.
Definition 7. Fractional g-derivative of order (n 4 4) is defined by

Dyt f(z) = D"4(Dyf(2)), (67)
where 0 < 6 < landn € Ny = NU{0}.

It is noted that, from (64) and (66), and some simple computation, we have

1 ji1 v Tg(n+1) n+d

sy 1 s & Ty(n+1)
Dqzf(2) = r,2+6) n;z r,nt1-6)" (68)
=5 1 g & Tym+1)

Dl],Zf(Z) - Fq (2 _ 5\) z HZ:Z I_,q (n 1 3) anz . (69)
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For detalils see [7,8].

Next, we use the fractional g-derivative operator and fractional g-integral operator to
prove the following results for the class T; ().

Theorem 14. Let f € T, 0 < § < 0, and the function f defined by (4) be in the class Tq;(uc). Then,
we have

D5 f(2) > 2|14 {1_ (1—¢%)(202 +36+9)(1—g)|z] } 70

Tq(2-9) (1= g2 2(1+q)(3+a)> = 9(1+a))

and

5 ey < 2 (1—¢%)(202 +30+9)(1 —g) 2|
Paaf )] < Tq(Z—z?){1+ (1—q2—5)(2(1+q)(3+a)2—9(1+a>)}' 7

Equality holds for the function

DS.f(z) =

214 {1_ (1—¢*) (20 430 +9)(1 — ) 2| } 72)
L2=) 1 (A-g9)21+9E+a)?—9(1+a)

Proof. From (69), we have

[2—-8)2Dj.fz) = z- iz Fq(rn :;zlflq(—z(;) :
n— q

apz"

z — i 4)(11,5)11”2”, (73)

n=2
where

o _ Ty(n+ 12— )

¢(n,o) Fq(n+1—5) , n>2 (74)

is decreasing in 1, so by using the properties of g-gamma function, we have

~ ” 1-—
0<¢(nd) <28 =——T1_
and from Theorem 6, we have

T2 = &) (IDS.f(2)] > |zl — p(n,8)|z2 Y an
n=2

12| - (1A— 7%)(20% + 3a +9) |z 73
(1—=g>2)21+q)3+a)*—9(1+a))

v

Additionally, we have

T(2-8)|2(IDs-f ()] < |zl +9(n,d)[z]* Y an
n=2

(1—g%) (202 + 30 +9)|z|?
(=2 9) 21+ 9)(B+a)2 —9(1+a))

<zl + (76)
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From (75) and (76), we have the inequalities (70) and (71).
Equality holds for the function

214 {1_ (1-¢*)(2a2+3a+9)(1—¢q) }
2= -2 )1+ 9E+0)?-9(1+a) |

D g,zf (Z) = T
This completes the proof. [J

Theorem 15. Let f € T, 0 < § < 1, and the function f defined by (4) be in the class Tg(oc). Then,
we have

Ddfe) 2~ Il {1 - (207 430+ 9)(1 — g)2] } 77)
7(2+0) (1—¢?7)(2(14+q)B+a)2—9(1+w))

and

554 z[o+1 (202 +3a +9)(1—q)|z|

Pai /)1 Ty(2+9) {1 TR+ NG+ - 91+ ) } )

Equality holds for the function

D) = {1 - (207 430 +9)(1 ~g) } 79)

’ I;(2+9) (1—=¢>)21+q9)B3+a)2—9(1+n))

Proof. From (69), we have

n
n

o fa s ® Top(n+1)T,(2+9)
[,2+8)2°D2f(z) = z— 1 Al a

= z— i M (n,g)anz”, (80)
n=2

where

o Tg(n+1)Ty(2+9)
$1(n,0) = nt1-3) n>2 (81)

is decreasing in n, so we have
- o 1—gq
0< ¢1(7’l,5) < cpl(z/é) PN
and an application of Theorem 6, we have
T2+8)12D2f ()] = |zl = ¢1(n,8)lz* ) an
n=2

(1—g?)(2a® +3a +9)|z|2

> z] - ; . (82
(1—g2)(2(1+9)3+a)2—9(1 +a)
Additionally, we have
T2+ 8P ND 2 f()] < 2l +¢a(m,8)|2% Y an
n=2
2V (042 2
< 4 (1—g°)(2a= + 30 +9)|z| (83)

(1—g>)2(14+9)3+a)2—9(1 +a)
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From (82) and (83), we have the inequalities (77) and (78).

Equality holds for the function

B-35(z) = z5+1A - (1) (2% + 30 +9) [z '
“ Tg(2+9) (11— ) (2(1+9)(3+ )2 —9(1 +a))

This completes the proof. [

Corollary 9. Let f € T and the function f defined by (4) be in the class Tq;(ac). Then, we have

|22 {1 - (1—4°)(22% + 30 +9)|z] } < ’/Ozf(t)dqf

(1+g)! 14g94+42)2(1+9)B+a)2—9(1+a))
|z|? {1 (1—g%)(2a2 +3a +9)|z] }
~ (1+9g)! (1+g+¢)20+9)3+a)2—9(1+a)) |

and

(242 + 30 +9)|z|
A{1- 5

1+q)(3+o¢)29(1+0c)} < /&)l

2
S|Z|{1+ (2a* 430 +9)|z| }

214+9)34+a)2—9(1 +a)

Proof. By Definition 5 and Theorem 15, if we take § = 1, this gives us D; 1= foz f(t)dgt
and the result is true. Additionally, from Definition 6 and Theorem 14, for 5 =0, we have
Dg,z =Dy foz f(t)dst = f(z), and hence we get the required result. [

4. Conclusions

We introduced and studied two classes of starlike functions defined by g-fractional
derivative; one contains negative coefficients and one is of negative order. Both these
classes were discussed in detail, and certain geometrical properties were investigated that
generalized the already known results. We note that results proved in this article are the
g-extension and advancements of several results investigated in [26,28,31,32].
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