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Abstract: This paper deals with a new subclass of univalent function associated with the right half
of the lemniscate of Bernoulli. We find the upper bound of the Hankel determinant Hz(1) for this
subclass by applying the Carlson-Shaffer operator to it. The present work also deals with certain
properties of this newly defined subclass, such as the upper bound of the Hankel determinant of
order 3, coefficient estimates, etc.

Keywords: Hankel determinant; Carlson-Shaffer operator; analytic functions; lemniscate of Bernoulli;
starlike functions

1. Introduction

Suppose that # (E) represents the class of those functions that are analytic in any open
unit disk, i.e.,
E={z:z€C suchthat [z] <1}.

Here, C denotes the set of complex numbers.
In a similar way, we denote the class A of those analytic functions, which satisfies

flz)=z+ i anz" (forall z € E). (1)
n=2

The class A is normalized by
f(0) =0= f(0) - 1.

Let us consider the analytic functions with the form

p(z) =1+ paz", @)

n=1

are denoted by the class P, such that
R(p(z)) >0 (forall z € E).

Moreover, here S represents the class of univalent function in E. We represent by S*, the
class of starlike function in E, which satisfies
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2f'(2) o
) epP (forall z € E).

Furthermore, SL* represents the class of those functions that satisfying

(F9)

Hence, f € SL7, iff, Z}H(Z) is the inside region that is bounded by the right half of the

()
lemniscate of Bernoulli, it can be expressed by

<1 (forall z € E).

’w2—1’ <1.

Sokol [1], and Sokél and Stankiewicz (see [2]) have introduced this class. One may represent
subordination between any two analytic functions; f and g in E as

f(z) <g(z) or f=<g.

If we have a Schwarz function w in E, which is analytic and satisfying the following
conditions
lw(z)| <1 & w(0)=0,
implies
f(2) = g(w(2)).
Furthermore, if g satisfies the condition of univalent function in E, then the equivalence
becomes

f(z) <g(z) (z€E)= f(0)=g(0) & f(E) Cg(E).

Definition 1. Suppose that SL*(«, B) is the subclass of analytic functions given by

SL*(a,ﬁ)—{feA:|<W)2—1 <1}, ®)

L(a, B)f(2)
or
N s e o
where .
L pf() ==+ ), Eg;ﬂ_i anz", ®)
and
() =x(x+1)(x+2) - (x+n-1)
with
(@r=a  (B1=5
where

(@2 =a(@+1), (B2=pB+1)
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Suppose that 4 > 1 and n > 0. The definition of gth Hankel determinant is given by

an ap+1 - - - Opgg-1
n+1

Hy(n) =
An+q-1 - c e Apgo(g-1)

Several authors worked on this determinant. Different authors [3-8] worked on
H,(2) for various classes of functions and find its sharp upper bound. The functional
|az — a%‘ = Hj(1) is known as a Fekete-Szego functional. For any real and complex values
of y, this functional was generalized as |a3 — paj|. For a class of univalent functions f € S
and some real values of j, the sharp estimates of |a3 — pa3| were evaluated by Fekete and
Szegd, which is also known as functional |axa4 — a3| equivalent to Hy(2). Similarly, for a
subclass of analytic functions, the Hankel determinant of H3(1) was studied by Babalola
[9]. Several authors (Refs. [10-12]) also studied the Hankel determinant H3(1). Our main
focus in this work is for the class SL*(«, ) on the Hankel determinant H3(1).

2. Set of Lemmas
Lemma 1 ([13]). Assuming that p € ‘P be the form of Equation (2), we may write

—2+4v , v>1
lp2—opil <2 , 0<v<1
2 —4v , v<0

For 0 < v < 1, the sharpness of the upper bound stated above may be enhanced by

1
(1=0)|p1l* + Ip2 — vpil <2 (- <v<1)
2

1
olp1? +[p2 —opll <2 0<o<3)

Lemma 2 ([13]). Let us assume that p € ‘P be the form Equation (2), and for any complex number

v, we have
|p2 —vp3| < 2max(1,|1 —29]).

Sharp results can be obtained by following

1+z
p(z)_ l_Z/
and
()= 1TZ
Ay

Lemma 3 ([14]). Let us assume that p € ‘P be the form Equation (2); then, we have
p2 = 4x+ (1 —x)pi,

for any x, such that |x| <1

3
P p, o 1o e 2
p3—4+ 2x 4x +2(1 |x|7)z| (4 — p7),

forany z, if |z] < 1.
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3. Main Results

This section will provide proofs of the main results.

Theorem 1. Assuming that L(«, B) f(z) € SL*(«, B) and is of the form (5). Then

2
50D -98). <t
|a3 — pa3| < %1, 2 —3<u<y,
B B(+1) 5
16 (4yo7 - a(aJrl))’ #> g

Proof. If L(a, B)f(z) € SL*(«, B), then it follows from Equation (4) that

z[L(w B)f(2)]

o p)fa) 2@

Let us define the function,

=1+ Ep = 1128

AspecP,so

Using Equation (4), we have

Now as

so, we have

2p(z) 10 1 15
i) = trare (e mh)?
+(1P3—156P1P2+112?;3P?>23+"'
Similarly,
z[L(w B)f(2)]"  _ 3 ala+1), & 5]
L(w, f)f(2) 1*/%“2“{[5(5“)2 g™ ]
alw+1)(w+2)\ wa+1) 507 5
+[3a4<ﬁ(ﬁ+1)(ﬁ+2)> s ) ﬁ3]z *
Thus,
w=1tn, ©
_ BB+ 1 3
~a(w+1) [sz 64 2} @
e BBV 713 s
“Z @t 1) (a+2) [12’73 9671P? 768p1]° )
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Now, making use of Equations (6) and (7), we have

v -

Using Lemma 1 in conjunction with Equation (9), we obtained the require result. [

)

Theorem 2. Let, for any complex number u, L(«, B) f(z) € SL*(«, B) having the form Equation (5).

Then . )
e 1))

a(a+1) a?
EEESTL

H

1
< = max (1

Proof. The proof of this theorem is simple, so we omit the proof. O

)

Special Cases:

1. For L(a, a) we get;

g

1
‘ﬂg, — ‘ua%‘ < 1 max(l;

which is proved by Raza and Malik [15].
2. For L(a,«a)and p =1, we can get Hy(1).

Theorem 3. Assume that L(, B)f € SL*(«, B) is in the form Equation (5). Then

’”2”4*“ ‘ = 16(%518) '

Proof. By make use of Equations (6)—(8), we have
+1)(B+2) 13
”2”4_“§:(£p1>< §+1 f+2 )(ng 6P1P2+768P?)
(BB (13 5\
a(a+1)\8 64"1) | "

After simplification, we have

» BAB+1) [256(8+2) 192(6+1) ,
apas — a3 = 12288042(¢x+1)[ 12 P1P3—WP2
24(B+2)  144(B+1) 52(+2) 27(B+1)
*( @+2) @+ )"’%’“( @t2)  (at1) )"’ﬂ'

By substituting values of p and p3 from Lemma 3, after some simplification, we have

B*(B+1) 46+2) 3(B+1)
a0y — a3 < 12288042(1x+1)[< (@+2) (zx—i—l)) i
128(8 +2) 24(B+1)  16(B+2)
+ (+2) (4%”( (a+1) (a+2))
(4 — phpie + 0% (4 —p})
64(B+2) 48(B+1) 192(8 + 1)
{< @+2)  (a+1) >”%+ @+ 1) H

or by considering right-hand side as F(p1, p), we can write

aay — a3 = F(py,p).
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Differentiating w.r.t. p, assuming p > 0 and taking p; = p € [0,2], we can obtain

F(pp) _  PB+1) {<24(/3+1) B 16(/5+2)>
ap 12288a2(a + 1) (a+1) (a+2)
(4—pH)p*+20(4—p?)
64(B+2) 48(B+1) 192(8 4+ 1)
{< @+2)  (a+1) >P2+ (@+1) H

As %’;’p) > 0, we then find that F(p, p) increases on [0, 1]. Hence,
F(p)) = F(p,1) = maxF(p, p).

For p = 0, we can write

1<ﬁ<ﬁ+1>>{

2
— <
o208 =051 < e\ T D)

which is the desired result. [

Special Case:
If we put & = B, then for L(«, ), we can obtain

1
— 2= =
|ﬂ2ﬂ4 a3| 16’

which is proved by Raza and Malik [15].

Theorem 4. Let L(w, B)f € SL*(a, B) is in the form Equation (5). Then

L(BB+D(E+2))
a2 = a4 S6<o¢(rx+1)(a+2)> |
Proof. Using Lemma 3, we can write
_ BBV B 7(B+2)
24— e = a(uc—i—l)[(?;th_%(oc—i-Z))plpz

+<_ 36 13(5+2)> 5 BF2 }

2560 768(a+2) )P1 T 12(a+2)P?

By putting values of p, and p3, we can obtain

oi—ay = BEEDI(8_SUBLDY

a(a+1) [\ o  (a+2)
+ (%f — w> (4—pi)xp
+1?§cﬁ++2)2)(4 —ph)pix’ — WM —ra- |x|2)z}

Now, using triangular inequality, replacing |x| with p, assuming p; = p and differentiating
w.r.t p after simplification, we obtain

_ _ B(B+1) [[(9 31(B+2) 32(+2)
FI(P)—Gl(P)—WM[(a—M)P‘%*‘M(‘L—Pz)}

G0 = 7gaa s | Ca ~wrn ) (Wrn )]
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and
_ _B(B+1) 98  31(B+2) 64(B +2)
Gl(p)_768w(vc+1){<6“_(“+2)> _(oc+2)} <0

For p = 0, we can get

_ 1288(B+1)(B+2)
G10) = 768a(a +1)(a +2)”

Gy(0) = LEFD(E+2)

Cba(a+1)(a+2)

or

O
Theorem 5. Let L(x, B)f € SL*(«, B) be the form Equation (5). Then

1[92 (B+1)*  16B(B+1)(B+2)
\H3(1)|§% w2(a+1)2 ala+1)(a+2) 18]

Proof. As,
az(agay — a%) —ag(aq — azaz) + as(ajaz — a%) = H3(1).

By applying triangular inequality; it gives
|azay — a3||as| + |azas — ay||as| + |araz — a3||as| = |Hs(1).

After simplification, we can write

[Hs(1)] < }L(WH)Z) (B DEany (11

16a2(a +1)2 ba(a+1)(a+2) 84
Hence,
1 [9p*(B+1)*  16B(B+1)(B+2)
H3(1)|§56{a2(zx+1)2 2@+ D) (a+2) “8}
0

4. Conclusions

In this work, we introduced a new subclass of univalent function associated with a
Carlson-Shaffer operator, named as SL*(a, B). By applying the Carlson-Shaffer operator,
we derived an upper bound of H3(1) of the desired subclass associated to the right half of
the lemniscate of Bernoulli. Certain properties such as: upper bound of H3(1), coefficient
estimate, etc. for this newly defined subclass have also been discussed in detail. We also
compare the obtained results with known results in special cases.
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