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[S I N

Abstract: In this research, we investigate a novel class of granular type optimality guidelines for the
fuzzy multi-objective optimizations based on guidelines of vector granular convexity and granular
differentiability. Firstly, the concepts of vector granular convexity is introduced to the vector fuzzy-
valued function. Secondly, several properties of vector granular convex fuzzy-valued functions are
provided. Thirdly, the granular type Karush-Kuhn-Tucker(KKT) optimality guidelines are derived
for the fuzzy multi-objective optimizations.

Keywords: optimality guidelines; granular convexity; fuzzy-valued functions; granular differentiability

1. Introduction

The optimality guidelines can be used to identify the possible candidates for optimal
solutions, which plays a significant effect in the field of optimization principle and has
been researched for more than a century. However, since the data utilized in real-world
issues sometimes include uncertain or inaccurate data due to measurement mistakes or
other unforeseen factors, fuzzy optimization model is often used to deal with this actual
optimization problem containing fuzzy data.

In the past two decades, many results have been achieved in the research of optimality
guidelines for the fuzzy optimizations. As we all know, the comparison of fuzzy numbers
is often in partial order, so the resulting fuzzy difference and the derivative of the fuzzy
function are not as simple as the difference of the real function and the definition of the
derivative. Differentiability and convexity are two important conditions that are indispens-
able in the research of optimality guidelines of fuzzy optimization. For example, under
the Hukuhara difference and Hukuhara differentiability, the notion of convexity for real-
valued functions has been extended by Wu to LU-convexity for fuzzy-valued functions.The
KKT guidelines [1-4] for an optimization problem with a fuzzy-valued objective function
based on the premise of LU-convexity were then created. By using generalized Hukuhara
difference and generalized Hukuhara differentiability, Chalco-Cano et al. [5-7] researched
the optimality guidelines for the fuzzy optimizations. Zhang, Liu and Li researched the
optimality guidelines for the fuzzy optimizations based on the assumptions of univexity
[8] and invexity [9].

However, the Hukuhara differentiability or generalized Hukuhara differentiability of
the fuzzy optimizations have some disadvantages [10,11]. Recently, Mazandarani et al. [11]
have introduced the notion of a new fuzzy function differentiation as granular differen-
tiability (gr-differentiability). This result has brought many new results in the field of
fuzzy dynamic systems [12-15] and fuzzy differential equations [16-19] . Compared with
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generalized Hukuhara differential, a very important advantage of gr-differential is that
it is relatively simple in calculation. Zhang et al. [20] proposed the granular convexity
for fuzzy functions and researched the optimality guidelines for the fuzzy optimizations.
However, there are three essential differences between [20] and this article. Firstly, the
object of study is different from that of this paper. The fuzzy single-objective optimisation
problem is studied in [20], while the fuzzy multi-objective optimisation problem is studied
in this paper. The objective value for fuzzy single-objective optimization is the fuzzy
number, while the objective value for fuzzy multi-objective optimization is the fuzzy vector.
Secondly, the concept of solution is different. The solution in [20] is the optimal solution,
while the solution in this paper is the efficient solution. Thirdly, the convexity condition is
different. The condition of granular convexity of fuzzy function is studied in the [20], but
this paper is the condition of vector convexity of fuzzy function. For multi-objective fuzzy
optimizations [21,22], the computational complexity brought by Hukuhara or generalized
Hukuhara differentiation are particularly obvious.

Convexity is one of the important basic assumptions in the study of optimality con-
ditions. For the proof of the validity of convexity, Kalsoom [23] have proved some new
Ostrowsk’s type inequalities for g-differentiable preinvex functions by using the newly
offered identity. Butt [24] gave some new results by using convexity of exponential s-convex
functions of any positive integer order differentiable function. Kizil [25] obtained new
results for strongly convex functions with the help of Atangana-Baleanu integral operators.
Ekinci [26] obtained new inequalities for the class of functions whose absolute values of
first derivatives are convex on [a, b].

The purposes of this paper is to propose the optimality guidelines to fuzzy multi-
objective optimizations under the conditions of vector granular convexity and granular
differentiability. Firstly, we present the concepts of vector granular convexity for a fuzzy
function. Secondly, we present the attributes for the vector granular convexity for a fuzzy
function. Thirdly, we recommend the optimality guidelines for the fuzzy multi-objective
optimization issue based on the assumptions of vector granular convexity and granular
differentiability. Several examples are given to motivate our studies.

2. Preliminaries

This section covers some fundamental notions and arithmetics of fuzzy-valued func-
tions. The abbreviations used in this paper are collected in Table 1.

Table 1. The abbreviations have been used in this paper.

The Abbreviations The Full Name
KKT Karush-Kuhn-Tucker
FNs fuzzy numbers

gr-differentiability
gr-differentiable
gr-convex
gr-pseudoconvex
gr-quasiconvex
HMF
FMOP

FCMOP

ES
WES
V-gr-convex
V-gr-convexity
V-gr-pseudoconvex
V-gr-quasiconvex
V-gr-pseudo-convexity
SOP
KTCQ

granular differentiability
granular-differentiable
granular convex
granular pseudoconvex
granular quasiconvex
horizontal membership function
fuzzy multi-objective programming problem
fuzzy constrained multi-objective programming
problem
efficient solutions
weakly efficient solutions
vector granular convex
vector granular convexity
vector granular pseudoconvex
vector granular quasiconvex
vector granular pseudoconvex convexity
scalar problem
Kuhn-Tucker constraint qualification
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2.1. Some Notions of the Fuzzy-Valued Functions

Assume that R" is the n—dimensional Euclidean space, and E is the space
representing all fuzzy numbers(FNs) on R. The parametric form can be expressed as
[u]* = [ut,u"] : [a,b] — [0,1]. The horizontal membership function(HMF) [27] of i($) € E
is denoted by H (i) (y, «y) = u8"(p, ay,). For simplicity, H (i) (u, ay) can be abbreviated
to # (i), otherwise it would be too long. For a triangular FN & = (,¢,{), 7 < € < (,
H(u) = [y+ (e —7)u]l + [(1 — u)(C — v)]ay. The trapezoidal FN 0 = (vy,¢€,(,17), the HMF
isH(0) = [vy+ (e—7)ul +[(n—7) = (1 — 7+ €—Dplay, for p, ay, a € [0,1].

There are two FNs v and u. Then, 0 = # < H(0) > H(u) for all o, = a,, € [0,1] , and
nel0,1;0=u< H(v)=H(u)foralla, = a, € [0,1] ,and u € [0,1].

Remark 1 ([18]). The HMF H is a linear map. The following guidelines are met for any v € E,
u € E and any constant ¢ € R,

(1) H (0D i) = 0 (p, a0) + uS" (, o) = H(0) + H(W);

(2) H(cut) := cud" (yu, ay) = cH ().

Definition 1 ([11]). The following is the definition of the granular distance between v and il in E.

DS7(9, i) = sup,maxg,,a, [0%" (1, a0) — u8" (4, )|

Assume that g : le, f] — E is a fuzzy function with n distinct parameters iy, Uy, - - - , iy.
The HMF of §(7) is 1(8(0)) = 88" (T, 1, o), 88 < [e, f] x [0,1]R x [0,1]" — [k, 1] C R, where
Ko = (‘Xulr Kyp, vt /“un)~

Definition 2 ([11]). The fuzzy function § : e, f] — E is regarded as granular-differentiable
(gr-differentiable) at (o € e, f] if there exists an element %é&’) € E such that the following limit,

limag oS e0t ACX@@W 3(0) _ dgfgég()),

exists for A adequately value close to 0. %&é(’) is regarded as gr-derivative of § at Co. If the

gr-derivative exists for { € [e, f] C R, the g is gr-differentiable on [e, f] C R. The space of
fuzzy-valued functions of all constantly gr-differentiable on U C R is defined as C' (U, E).

Theorem 1 ([11]). The fuzzy-valued function § : [e,f] € R — E is gr-differentiable at
{ € le, f] < at that point its HMF is differentiable with reference to {. Furthermore,

dg 088" (¢, m, o
H( g(€)> _ %8G pg)
dg ¢
A multivariate fuzzy function’s partial derivative is defined by Zhang et al. [20].
Assume G(g¢) : K C R" - E, ¢ = (¢1,62,- - ,6n) € K, and which with #n distinct FNs

iy, 1y, - -+, . We denote that ag = (ay,, u,, - - -, &y, ) with respect to the distinct FNs
iy, 1y, -+ -, Uy, and p,ay; € [0,1].

Definition 3 ([20]). Assume that yo = (¢3,¢5, -+ ,¢%) € K is a fixed element and
hi(gi) = é(g?,- x ,g?_l,gi,g?ﬂ, - ,c%) be a fuzzy function. The G has the ith par-

tial gr-derivative at yo, if h; is gr-differentiable at ¢°, denoted by %&’”m and
1
9GS (yo, 1,
% = (1) (¢0), where ag = (&uy, &y, -+ + , &u, )
G is gr-differentiable at yy, if all the partial gr-derivative (%, e %70"”“6))

exist on some neighborhood of yo and are consecutive at y.
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Definition 4 ([20]). We say that

. oG8 (¢*, u, oG8 (¢*, u,n
ngr(g,‘u,“G):( (g *,u G),.._, (g *,u G))T
G Gn

is the granular gradient of G at ¢*, where % is the jth partial gr-derivative of G at ¢*.
]

From Definition 1, the fuzzy functions’ distance measure is defined as follows:

Definition 5. It is assumed that_ G,Q : K C R" — E, are two fuzzy-valued functions. The
distance measure between G and Q can be defined by

Dgr(é/ é) = SupgeK,ye[O,l]maxtXc,ﬂtQ |Ggr(C/ H, ‘XG) - Qgr(g, H, D‘Q) |/

where ag = (Qyy, Quy, = -+ , &y, ) and g = (&p,, oy, - - -, o, ) With respect to the distinct FNs
izl/ 172/ et /izfl and 51/772/ e /5171/ and ,’H; “ui/ “v,- S [01 1]

At present, we cope with fuzzy vector mapplng G:K— EP.ForG = (C~§1, R ép),
with respect to the different FNs 11, iijp, - - u,],] =1,---,n, and p, Xy € [0,1], each

Gj,i=1,---,pis a fuzzy function. The HMF of G is H(G ) ('H(G1), ,’H(ép)), where
H(Gi) = G{' (T, n,ac,) and ag, = (@uyy, -+, )

Definition 6. Consider a fuzzy vector mapping G=(Gy,---, ép) : K — EP. It can be said by
us that G is vector gr-differentiable at { € K < G is gr-differentiable at y foralli =1,-- -, p.

2.2. Solution Concepts

Firstly, we review the comparison of two real vectors. If ¢ = (cy,-++,cn)7,

d=(dy, - ,dn)T € R", then

)c=d<s ¢ =d;foralli=1,2,--- ,n;

(i) c<bec<djforalli=1,2,--- ,n;

(i)ceSd&sc; <dforalli=1,2,---,n;

(ivie<d< c<dandc #d.

Based on the partial order relationson E?, p =1, - - - , n, we also define the comparison
of two fuzzy vectors.

Definition 7. Let W = (@1, -+ ,@y)T,Z = (Z1, -+ ,Zn)T € E", then
()w=zsw;,=zforalli=1,--- ,n;

(i)W <z w; <z foralli=1,--- ,n;

([i)wZzew 2 ziforalli=1,--- ,n;

(iv)w =z w; 2ziforalli=1,--- ,nand w # z.

We can get the follows proposition for the fuzzy vector function.
Proposition 1. Assume afuzzy vector mappmg G = (él,- e, ép) :K— EP,and {,{" € K

with respect to distinct FNs Uiy, iljp, - u,],] =1---,ni=1,--,p and oty € [0,1].
Then, weNhave

() G(T7) = G(T) & H(G(T)) = H(G(D));

(i) G(T") < G(Z) & H(G(T")) < H(G(D));

(i) G(T") S G(0) & H(G(T")) = H(G(D));

(0) G(T") 2 G(7) « H(G(T")) = H(G(Z)) and H(G(T")) # H(G(Z))

Proof. It is easy to be proved by Remark 1 and Definition 7. [
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It is considered by us that the following two classes of gr-differentiable fuzzy multi-
objective programming problems:

(FMOP) min  G({) = (Gi1({), G2(2), -+, Gp(D))
{ € KCR".

where G(Z) : K — EP are (consecutively) gr-differentiable fuzzy functions, and K is a open
subset which is nonempty of R".
The constrained gr-differentiable fuzzy multi-objective programming problem,

(FCMOP) min  G({) = (G1(),G2(2), -, Gp(D))

qi(0) 20, ie]=A{1,---,m},

where G({) : K — EP,§; : K — E,i € ], are (consecutively) gr-differentiable fuzzy
functions, and K is a open subset which is nonempty of R". It is denoted by us that
S:={f€K:G;(Z) <0, icJ} as the feasible set of (FCMOP), J({*) := {i € ],§;(*) = 0}
as the set of indices of active constraints at {* € K.

We’ll employ the notions of efficient solutions (ES) and weakly efficient solutions
(WES) of (FMOP), which were brought in by [10].

Definition 8 ([22]). Assume that G(T) : S — EP is a p-dimensional fuzzy function. Reputedly, a
point {* € S is:

(1) a strongly ES if there exists no { € S such that G({) < G({*) ;

(2) an ES if there exists no { € S such that G() < G(Z*) and 3k such that G¢(Z) < G¢(T"),

ke{l,---,p}
(3) a mildly WES if there exists no § € S such that G;(T) = Gi(T*),¥Vj=1,---,p;

(4) a WES if there exists no { € S such that G(f) < G(L*).

Osuna-Gomez et al. have discussed the relationship between the above solutions, one
can refer to [21,22].

3. Vector Granular Convexity of Fuzzy Vector Functions

The notion of convexity is crucial in optimization theory. Recently, the notion of
convexity has been developed in a number of fields using new and imaginative approaches.
Based on the HMF of fuzzy vector functions, we define the notion of vector granular
convexity for fuzzy vector functions and suggest several aspects of this class of fuzzy vector
functions in this section.

Definition 9 ([20]). Assume that G is a fuzzy function defined on a convex set K C R™. It can be
said by us that G is granular convex if

H(G(ALy + 8 — Ao)) < AH(G(§1)) + H(G(5y)) — AH(G(Z2))

forall A € (0,1), ag = (@uy, @uy, - - -, &u,,) With respect to distinct FNs 11,1, - - -, iy, and each

01,0:(01 #0) € K.
It can be said that G is granular strict convex if

H(G(ALy + 8o — Ao)) < AH(G(§1)) + H(G(5y)) — AH(G(Z2))

forall A € (0,1), ag = (@uy, Cuy, - - -, &u,, ) With respect to distinct FNs 11y, 1, - - -, ily, and each

01, 0,(8y #0,) €K,
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Definition 10. A fuzzy vector function G = (G, - - ép) K — EV is regarded as vector gran-
ulur convex (for short: V-gr-convex) if there exist functzon r "Z,zu, agG, ) K x K x [0,1]/*1 —
— {0} such that for each {,T € K and for ag = (@, zxul]) i=1,---,p

H(Gi(§)) = H(Gi(@)) + 1" (5,8 a6 ) (VG (T, 1 06,),§ —T)

with respect to distinct FNs iy, i, - - - ,ﬁij,j =1,---,n,and y, oy € [0,1].

Remark 2. For p = 1 and rl.gr = 1, the above definition reduces to the granular convex fuzzy
function.

Definition 11. If each G; and qj is a V-gr-convex fuzzy function fori = 1,---,p, and
j=1,---,m,afuzzy multi-objective programming problem (FCMOP) is considered V-gr-convex
fuzzy multi-objective programming problem.

Remark 3. A gr-convex fuzzy multi-objective programming problem is necessarily a V-gr-convex
fuzzy multi-objective programming problem, but not conversely. In other words, each G; and qgjisa
gr-convex fuzzy function fori =1,--- ,p,and j =1,--- ,m, the problem of (FCMOP) is also a
V-gr-convex fuzzy multi-objective programming problem, but not conversely.

For the real-valued multi-objective programming problem, a good example has been given
by Jeyakumar and Mond in [28]. A similar fuzzy multi-objective programming issue example is
as follows.

Example 1. Let ¢ = (1,2,3) and d = (0,1,2), It is considered by us that the following fuzzy
multi-objective programming problem.

minimizercr:  G(7) = (G1(2), G2(D)) = (¢ Z i §j>
Subject to  §1(J) =1-1 <0,
732(0)=1-0<0
The following is the HMF of G (L) for u, ac, &g € [0,1].
H(G(D)) = (H(G1(2), H(G2(D))),
where 5
HGE) = [+ 1+ 2= 2] 2,
and
H(Go(0) = [+ (2= 2] - 2.

Seeing that this problem is a V-gr-convex fuzzy multi-objective programming problem with

rGl %, gcg g rgr r§2 = lis easy, but this issue does not live up to the gr-convexity

guidelines. N 7
For example, for G»(), we can check it satisfies the guideline of Definition 10 for {,{ € S.

—[p+ 22y -3 p+(2- zﬂ)o‘d)T,

VG (G 0c,) = ( 2 , 4
1

and

[+ (2 —2p)ag] - [3102 — Zzgl],

re (6.0 mac,) (VG (T ac,), L —0) =
0101



Fractal Fract. 2022, 6, 600

7 of 18

and

H(Ga(D) - H(Ga(@) = 1H 2 zf‘)gfél‘ (G162 = &b

The above equations means that

H(G2(8)) —H(Ca(D) = 1L, (8,0, 1,26, )(VGS (G, m,06,),§ — §),

So, Gy(Z) satisfies the guideline of Definition 10. We also can check that Gy and qgjisa
V-gr-convex fuzzy function for j = 1,2. From Definition 11, this issue is a V-gr-convex fuzzy
multi-objective programming issue. But this issue does not live up to the gr-convexity guidelines.

Proposition 2. Assume that ¢ : R — R is differentiable and convex with positive
derivative everywhere and § : K — EP is a V-gr-convex fuzzy vector function. Then,

Q) = (¢(51(0)), -, ¢(3»(0))) is also a V-gr-convex fuzzy vector function.
Proof. Let {,{ € K. According to the monotonicity of ¢ and V-gr-convexity of g, we get

P(H(8i(D))) PR (&(@D) +r{ (8 1,5 ) (VCE (T, m5,),§ — )]
> @HEG@)] + ¢ HEG@I (VG T mag), § D).

Y

Therefore, Q({) is also a V-gr-convex fuzzy vector function. [J

Definition 12. A viable point { € K is denoted as a vector critical point to (EMOP) if there exists
avector AS" € RF with A" > 0 such that

4 _
Y AVGE (T uac) =0
i=1

for ag = (0uy, Quy, - -+, &, ) with regard to distinct FNs iy, iy, - LT

The vector critical point of (FMOP) is defined as the point { where a non-negative linear
combination of the granular gradient vectors of each component fuzzy objective function equal to
zero.

Example 2. Let 77 = (—1,1,3),02 = (0,1,2),73 = (1,2,4),74 = (3,4,5),05 = (1,2,3). It is
considered by us that the unconstrained fuzzy multi-objective programming issue

minimize G(0) = (G1(2),Ga(2)) = (122 + 52010 + D303, 5403 + D503)
Subject to { € R

The following is the HMF ofé(g)for W, € (0,1 andi =1,2,3,4,5.
H(G(D)) = (H(G1(D)), H(G2(D))),
where

H(G1(8)) = [—1+2p + (4 — 4p)ae, J0T + [ + (2= 2u)aey 102 + 1+t + (3 = By, ] 23,
and N
H(Ga(§)) = [B+ p + (2= 2p)a0, J0F + [1 + p + (2 = 2p) s ]G3
The granular gradient of G as follows,
VG (G mac) = (2[=1+2p+ (4 —4p)av |01 + [+ (2= 2u) 0, )02,
[+ (2 = 20,101 +2[1+ p+3 = 3p1) e, ]02) T,
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and
VG (T, 1 ac,) = 2B+ p+ (2= 210,101, 201 + p + (2 — 2p) s ]02) "

We can see that { = (0,0)7 is a vector critical point to this unconstrained fuzzy multi-objective
programming problem, there exists a vector AS" € R? with /\fr > 0 such that ):le AfrVGigr

(Cuag) =0forag = (o, oy, -+, o) and i = 1,2.

Based on the HMF of the fuzzy function, we may delimit the notions of granular
pseudoconvex and granular pseudoconcave fuzzy functions, which are comparable to the
definition of real-valued generalized convex functions.

Definition 13. Assume that G : K — E is a gr-differentiable fuzzy function defined on an open
convex set K C R". G is denoted as granular pseudoconvex (gr-pseudoconvex) at { € K, if for all
d € K, one has N N

(VG (L, 1,0c), 6 =) > 0= H(G(d) > H(G(D));

or equivalently,

H(G() < H(G(L)) = (VG (L, m,a6),8 — ) <0

for ag = (auy, duy, - - - , &y, ) With respect to distinct FNs iy, 1lp, - - -, ily and p, ay; € [0,1].

The G : K — E is called gr-pseudoconvex on K, if the above property is contented for all
¢ € K. The G is called gr-pseudoconcave on K, if —G is gr-pseudoconvex on K. The G is called
gr-pseudolinear on K, if G is both gr-pseudoconvex and gr-pseudoconcave on K.

Definition 14. Assume that G : K — E is a gr-differentiable fuzzy function defined on an open
convex set K C R". The G is regarded as strictly granular pseudoconvex (gr-pseudoconvex) at
C €K ifforall § € K,T # J one has

H(G() < H(G(D)) = (VG (L, m,a6),8 — ) <0

for ag = (wuy, Quy, - - -, &y, ) with respect to distinct FNs 11,1, - - - , il and p, ay; € [0,1].

The fuzzy function G : K — E is called strictly gr-pseudoconvex on K, if the above property is
contented for all { € K.

It is clear that every strictly gr-pseudoconvex fuzzy function is also a gr-pseudoconvex fuzzy
function. However, in conclusion, the reverse is not true.

Proposition 3. Assume that G : K — E is a gr-differentiable fuzzy function defined on an open
convex set K C R". If the fuzzy function G is gr-convex on K, then it also is gr-pseudoconvex on K.

Proof. From Definition 10 and Remark 2, it can be easily proved. [

The Proposition 3’s converse is not true.

Example 3. Let ii; = (1,2,3),1p = (0,1,2), It is considered by us that g({) = ti1{ + Ual°.
The following is the granular gradient of g,

Ve (Gopag) = [ p+ (2= 2] + 31+ (2 - 2p)a, )07 > 0,

Then, we own
(V&S (&, wag), 0 —0) > 0= H((0) = H(g(E)),
which signifies g({) is a gr-pseudoconvex fuzzy function, but it is not a gr-convex fuzzy function.

Definition 15. A fuzzy vector function G = (Gy,-- -, ép) : K — EP is denoted as vector
granular pseudoconvex (for short: V-gr-pseudoconvex) if there exist function ‘B? "(Z,T,u, ag,) :
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K x K x [0,1))*1 — R* — {0} and t; > 0 such that for each {,{ € K and for
aG, = (D{uil,. . ’aui]_)’i =1,--- P,

p = —_
Y (VG (T mag),L—T) =0
i=1

P . _ P _ ~ _
= ;ﬁ?r(é Lo )H(GI(D) = ) B (€, g )YH(GI(D))

i=1
with respect to distinct FNs 11, i,

. ,1,71']',]' = 1, cee,n, and 125 a”ij S [0, 1}
We can also define the notions of granular quasiconvex and granular quasiconcave fuzzy functions.

Definition 16. Assume that G : K — E is a gr-differentiable fuzzy function defined on an open
convex set K C R". The G is denoted as granular quasiconvex (gr-quasiconvex) at { € K, if for all
d €K, and A € [0,1]

H(G(AL + 5 — A8)) < max{H(G(8)), H(C(D))}
for ag = (wuy, ®uy, - - -, &y, ) with regard to distinct FNs iy, iy,

-, Uy and p,ay, € [0,1].
The G is called gr-quasiconcave on K, if —G is gr-quasiconvex on K. The G is referred to as
strictly gr-quasiconvex if

H(G(AL+ 8 — Ad)) < max{H(G(J)), H(G(]))}
is contented for { # 6 and A € [0,1].

Example 4. The fuzzy function

Zf(é):{ R ALl

0, if =0,

@
anda = (1,2,3).

It is clear that §(Q) is a gr-quasiconvex fuzzy function on K.
For real-valued functions, the following theorem characterizes differentiable quasicon-
vex functions. The proof can be found in [29].

Theorem 2 ([29]). Assume that K C R" is an open convex set and assume that g : K — Risa
differentiable function on K. Then, g is quasiconvex on K, < The following implication is true.

g(8) < Q) = (Vg(D),6 =) <0,¥5,L € K.

Since the HMF of a fuzzy function is a real-valued function, we can propose the
following proposition for the gr-differentiable quasiconvex fuzzy function by Theorem 2.

Proposition 4. Assume that G : K — E is a gr-differentiable fuzzy function defined on an open
convex set K C R". Then, G is gr-quasiconvex on K < The following implication is true.

H(G(9)) <H(G(E) = (VG(§10a6),6 — ) <OV, €K,
for ag = (wuy, Quy, - -+, &y, ) with respect to distinct FNs 11,1, - - - , il and p, ay; € [0,1].
Proof. Since H(G(5)) and #(G(Z)) are two real-valued functions. From Theorem 2, we
can easily prove this proposition. O
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Definition 17. A fuzzy vector function G = (Gy,- - -, ép) : K — E? is denoted as vector granular
quasicorvex (for short: V-gr-quasicorrvex) if there exist function &7 (¢,T,u,ag,) = K x K x [0,1)/T1 —
— {0} and A; > O such that for each T, € K and for wg, = (Muy, - ,auij),i =1---,p

Z(Sgr (T, T uac)H Z5g (T.T 1 ac)H(G(D)),

:>2/\ (T uag),T-0) <0

with respect to distinct FNs tij1, i, - - - ,ﬂij,j =1,---,n,and y, oy € [0,1].

4. The Karush-Kuhn-Tucker Optimality Guidelines

In this part, we will present the KKT optimality guidelines for the problems of (FMOP)
and (FCMOP) based on the gr-convexity and gr-differentiability.

4.1. Optimality Guidelines for the Issue of (FMOP)

The following Gordan’s alternative theorem will be used to establishing the essential
optimality guidelines. Mangasarian [29] provides evidence for this.

Theorem 3. Assume that C is a p X n matrix, then either
(i) CT < O hasaresult € R";
or
(i)CTé6 =0,6;,>0,i=1,--- , p for some nonzero § € R¥, but never both.

At present time, we present the following KKT optimality guidelines for the issues of
(FMOP).

Theorem 4. Assume that G is a V-gr-convex fuzzy vector function, then T is a WES for the issue
of (FMOP) < T is a vector critical point to the problem of (FMOP).

Proof. (<) Since  is a vector critical point, then there exists a vector A$” € RP with )\;.gr >0
such that

p
8r 8 (7 —0 =
X:l)\i VG (L uag)=0,i=1,---,p
i=
forag = (wuy, duy, -+, ) with respect to distinct FNs #i1, ia, - - -, .
Suppose that the point { is not a WES for the issue of (FMOP). Then there exists { € K
such that

G() < G(D).
From Definition 7 and Proposition 1, we get

H(Gi(§)) < H(Gi(T)),i=1,--,p.

Since G is a V- -gr-convex fuzzy vector function, there exist function r (Aa ag;)
K x K x [0,1)*1 — RT — {0} such that for each {,{ € K and for ag, = (0(”,.1,~ ),
i= 1/ P,

H(Gi(0) = H(Gi() +r{" (T, T, 1w ac (VG (T, 1,06,),T D).
According to the two inequations above, we obtain

(VG (T uac,), 0 —0) <0,i=1,---,p,
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and for /\fr = rigr > 0, we have
! gr ST (7 = .
Y AUVG (T mag,), T —T) <0,i=1,---,p,
i=1

which is a conflict. So the point ;is a WES for the issue of (FMOP).
(=) Assume that the point  is a WES for the problem of (FMOP), then there exists no
{ € K such that

G(0) < G(D).
According to Definition 7 and Proposition 1, obtain
H(Gi(§)) < H(Gi(D),i=1--,p.
From the V-gr-convexity of the fuzzy vector function, we have
0> H(Gi(§)) - H(Gi(T)) > (VG (T, m06,),§ ~T),

which means

1=

r§r<VG§r(Z/ u, ‘XGZ-)/g - Z> < 0.
i=1

According to Gordan’s alternative theorem and the above inequation, there exists a
vector A$” € RP with A" > 0 such that

P _
N'VG (T uag)=0,i=1,--,p.
=1

1

So, the issue of (FMOP) has a vector critical point called Z O

As is known to all that for real-valued multi-objective optimizations, based on the
convexity hypothesis, the vector critical point, the WES and the solutions with optimality
for weighting scalar issues coincide. And Osuna-Gémez et al. [30] have proved this results
under the assumptions of invexity. We can also shown that the results are contented under
the V-gr-convexity hypothesis for (FMOP).

It is considered by us that the following gr-differentiable weighting optimization issue:

(SOP) min Al Gf"(g/ W, “Gl) + /\2G§r(€/ H, ‘XGZ) +F Apcgr(gl H, ‘XGP)
€ KCR"

where A = (Aq,- -+ ,A,)T € RP.

Theorem 5. Assume that G is a V-gr-convex fuzzy vector function on an open set K, then all WES
of (EMOP) work out the weighting scalar problem (SOP) with A > 0.

Proof. Assume that Z is a WES of (FMOP), from Theorem 4, then there exists
AT = (AF, -+, A3)T € RP with A > 0 so that

4 _
AN'VGE (T ua6) =0,i=1,-,p.
i=1

1=

Since G is a V-gr-convex fuzzy vector function, then

H(Gi(Q)) — H(Gi(D)) > ¥ (VG (T, m,06,),0 —T),
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and

p _ _ p _ _
YIHATGi(D) — HAT Gi(D))] = Y A r (VG (G mac,), L —T) =0.

i=1 i=1

Then, we have
14 . ~ _
Y H(AF'Gi(D) — H(ATGi(D))] > 0.
i=1

From the above inequation and Remark 1, we obtain
P P
H(Y_ AT Gi(2)) = H(Y AT Gi(8) = 0,
i=1 i=1

which means
14 4

AGE(L wag) > Y MG (T u, )
1 i=1

1

Therefore, { is a solutions with optimality for (SOP) with A" > 0. [

Theorem 6. Assume that Z isa vector crjtical point for (FMOP), and Gl-,i =1,---,pisa
gr-pseudoconvex fuzzy function at {. Then T is a WES of (FMOP).

Proof. Assume that { is a vector critical point for (FMOP), then there exists A$" > 0

such that
P

Y AMVGT (T uag)=0,i=1,--,p.
i=1
If there exists another { € K such that G(Z) < G(I), from Proposition 1, which
means H(G;({) < H(G;({)) fori = 1,---,p. According to the gr-pseudoconvexity of
Gj,i=1,---,p, wehave B B
(VG (T pmac), £ =) <0,

and

M=

ATVGE(Tpa6),T—-T) <0.

I
—

According to Gordan’s alternative theorem, this system

M'VG (T uag)=0,i=1,--,p.

P
=1

1

have no solutions, which contradicts Z is a vector critical point for (FMOP). So, 7 is a WES
of (FMOP). O

Example 5. Consider Example 2, G;() is a gr-pseudoconvex fuzzy function, so the vector critical
point {* = (0,0)T is a WES of (FMOP) based on Theorem 6.

4.2. Optimality Guidelines for the Problem of (FCMOP)

The following Motzkin's alternative theorem and Kuhn-Tucker constraint qualification
(KTCQ) will be used to establishing the necessary optimality guidelines. These results can
be found in Mangasarian [29].

The (KTCQ) is shown below.

Definition 18. Assume that the constraint functions qj,j = 1,- - -, m of the (FCMOP) is contin-
uously gr-differentiable at { € S. The (FCMOP) is said to be satisfy the (KTCQ) at T, if for any
d € R" such that

(Va (G m0qp),d) <0,9] € J(F),
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there exists a vector function B : [0,1] — R", which is continuously differentiable at 0 and some
real number v > 0 such that

B(0) =T, H[G;(B(s))] < 0,¥g € [0,1] and B'(g) = vd.
The Motzkin’s alternative theorem as follows.

Theorem 7. Assume that X, Y and Z is given p' x n, p> x nand p3 x n matrices, with X being
nonvacuous. Then,

(i) X¢ > 0,Y¢ > 0,Z¢ = 0, has a solution ¢ € R",

or

(ii) XTo1 + YT0, + ZTe3 = 0,01 > 0,03 = 0 has a solution @1, 07, 03,

but never both.

At present, we create the optimality guidelines for the issue of (FCMOP) based on vec-
tor granular convexity and granular differentiability. The necessary optimality guidelines
as follows.

Theorem 8. Assume that G({) : K — EP and q(¢) : K — E™ is continuously vector gr-
differentiable fuzzy functions at { € K C R". Assume that the (KTCQ) is contented at {. Then, a
guideline with necessity for { to be a WES for (FCMOP) is that there exist multipliers AS” € RF
and r8" € R™, such that

|4 _ m -
Y ATVGE (@ pac) + Y rf Vel (T ag) =0, )
i=1 ]‘:1

i (G ng) =0,j=1,--,m, 3)

8r qr .
)\Z- ZO,Ag"#O,r]- >0,i=1,---,p.

Proof. Suppose  is a WES for (FCMOP). First of all, we evidence the follows system has
no result d € R".

(VG (T mag,),d) <0,¥i=1,---,p. @)
(Ve (T, 1 aq),d) <0,% € J(D). ©)

If the above system has a result 4 € R". From the (KTCQ), there exists a function
B : [0,1] — R"™ which is a continuously differentiable function at 0 and some real number
v > 0 such that

B(0) = T, H[Fi(x(c))] <0, € [0,1] and a'(¢) = 7d.

Since G(Z ) : K — E? is a continuously vector gr-differentiable fuzzy functions at z,
then for every G;, we obtain

HGi(B(c))]  =HIG(E)] + (VG (T, ac,) Bc) =) + 1B(c) —Zllo(B(c).T)
B

7 |
SHIG D)+ (VET (T 1 ac,), () —BO)) - 1B(e)—BO) | p(B(c), B(0))
“H[CD)] + (VG T ac,), (0“2_“’%

HIB(S) - BO) | 9((c), BO)), ®)

where, for ¢ — 0, we get

limg0l[B(g) — B(O)[| =0,
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and
;B(O+gé_ﬁ(0) N ﬁ’(o) _ r)/d'

From (6) and the assumption <VG§V T, 1, wg,),d) <0,¥i=1,---,p, wehave

H[Gi(B()] < HIGI(E), Yi=1,---,p,

for sufficiently small ¢ > 0.
According to Proposition 1 and H([q;(B(5))] < 0, we get

Gi(B(¢)) < Gi(@Q),Vi=1,---,p,
and B
‘%(ﬁ(g)) = O,V]' =1,---,m,

which conflicts £ is a WES for (FCMOP). So, the system (4)—(5) has no solution. From
Motzkin’s alternative theorem, there exist /\?r > 0,A% £ 0, r}gr >0,i=1,---,pand

j € J(C), such that

P _ o -
NVG @)+ Y V(@ pag) = 0.
=1 j€I @)

1

If we setting r}gr =0forallje {1,---,m} \ J(T), we obtain

4 . m _
Y AVGE (@ pac) + ) VA (T pag) =0,
i=1 =1
V}gf’q]gr(zly/aqj) = O,j =1,---,m,

A =008 £ 0,18 > 0i=1,--,p.

are contented at . []

By the gr-convexity of objective and constraint functions, we obtain the guidelines
with sufficient optimality as follows.

Theorem 9. Assume that  is a feasible result for the (FCMOP) and G(f) : K — EF isa
V-gr-pseudoconvex and vector gr-differentiable fuzzy function, and q({) : K — E™ is a V-gr-
quasiconvex and vector gr-differentiable fuzzy function at . If there exist multipliers 0 < AS" € RP
and 0 < 8" € R™, such that (2)-(3) are satisfied. Then, Z is an ES for the (FCMOP).

Proof. Assume that { € S is a feasible result of the issue (FCMOP). Then,
l’i](g) j 6/v] = 1/' ce,m,
from Proposition 1, which means
H[g;(D)] <0,¥j=1,---,m.
Since (2)—(3) are satisfied at Z, then for 0 < r8" € R™, we obtain

gr

B Cag) =0 =1, m,

which means
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HIr GO =0,j=1,,m.

Then, from Remark 1, we obtain

m m .
Y1 (6)] < Y i HG D)
j=1 j=1
By the V-gr-quasiconvexity of q({) and the above inequality, we obtain

Z (Val' (T nag), T-0) <

Consequently, from (2), we obtain
ZAgr F@uac),t—0) >0.
By the V-gr-pseudoconvexity of G({) and the inequality above, we obtain
Zﬁg 6 ac)H(Gi()) = Zﬁg (8. 106 ) H(G(D), (7)

is contented for ﬁ;‘.’r(g,z, poag) : Kx Kx [0, 1Ji+1 — R+ — {0}.

On the contrary, assume that  is not an ES for the (FCMOP). Then, there exists some
point § € S, such that

G(2) = G(7),
and there exists k such that

Ge() < Gk(@) ke {1,---, p}.

By Proposition 1 and 0 < ,B‘Zgr, we have

Z BIH(Gi(D)) < Z B H(GI(D)),

i=

which is a conflict to (7). So,  is an ES for the (FCMOP). [

Example 6. Consider the example as follows.

minimize G({) = (G1(Z), G2(2))

St Gi(0) =1(81 —1)* +02(g2 — 1)%,
Ga2(0) = B3(21 — 02)%
§1(0) = {1 + 8482 — 6 = 0,
(D) =0501+(p— 60,

where 71 = (0, 1,2), Uy = (0,},2),%73 = (3,4,5),74 = (1,2,3) and v5 = (1,2,3).
The HMF of G1({) and G, () as follows,

H(G1(D) = [+ (2—2mw)ar](G1 — 1)* + [+ (2 —2p)an) (Lo — 1)%,
and N
H(G2(Z)) = B+ p+ (2 —2u)as](T1 — 52)*.
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The HMF of §1(T) and §(T) as follows,

H(q1(8) =T+ [1+u+ (2—2u)ag)02 — 6,
and
H(G2(0)) = 1+ p+ (2 —2u)as|gy + L2 — 6.

Then, we have

VG (G ac,) = 2+ 2= 2u)m] (G1 — 1), 2[u + (2 = 2u)a2] (G2 — 1)),

and

VG (L, mas) = 2B+ p+ (2—2p)as)(f1 — 32), —2[3+ p+ (2 — 2u)as)(51 — £2)),

where ag, = (a1, x2).

Vi (@ as) = (L [T+ p+ (2= 2u)as])T,

and
vqgf(g’ M, 0‘5) = ([1 +pt (2 - 2:”)“5]1 1)T
By the optimality guidelines, we have

208 [+ (2= 2u)aq] (81 — 1) + 275 B+ p + (2 — 2u)a3] (81 — 02)
=5 1+ u+ (2 - 2p)as] =0,

A [+ (2 = 2u)a2) (G2 — 1) = 2A5 B+ + (2 — 2u)a3) (51 — 02)
{4+ p+ (2 2p)g] — 15 =0,

G+ L+ p+ (2 —2p)aglly — 6} =0,

s {[1+p+(2—2u)as]i1 + 52— 6} =0,

M 20 20i=12j=12,

O+ [1+p+(2-2u)as]lr—62>0,

(1+p+(2-2u)as]f1+32—6>0.

where 1, a1, 0, 03,04, 05 € [0,1].

By calculating, we obtain * = (2,2)T isa KKT point when p = 1,00 =0,0 =1,2,3,4,5
and A‘fr =1, rfr = r§r = % Seeing the vector fuzzy function G() is a V-gr-convex vector fuzzy
function and the vector fuzzy function q(Q) is a linear vector fuzzy function is easy. So, this problem
satisfy the assumptions of Theorem 9. Then, {* is an ES for this issue.

5. Conclusions

In this thesiss, for vector fuzzy-valued functions, we recommended the notions of
V-gr-convexity, V-gr-pseudo-convexity, and V-gr-quasiconvexity. These are the vector
real-valued functions’ extensions of convexity, pseudoconvexity, and quasiconvexity. V-gr-
convexity, V-gr-pseudoconvexity, V-gr-quasiconvexity, and V-gr-differentiability for vector
fuzzy-valued functions were also explored. Under the assumptions of V-gr-convexity and
V-gr-differentiability, we also certificated the optimality guidelines. Our findings extended
the previous findings to the (FMOP) and (FCMOP).
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