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Abstract: In this paper, we study the existence of positive solutions for a system of fractional differ-
ential equations with ρ-Laplacian operators, Riemann–Liouville derivatives of diverse orders and
general nonlinearities which depend on several fractional integrals of differing orders, supplemented
with nonlocal coupled boundary conditions containing Riemann–Stieltjes integrals and varied frac-
tional derivatives. The nonlinearities from the system are continuous nonnegative functions and
they can be singular in the time variable. We write equivalently this problem as a system of integral
equations, and then we associate an operator for which we are looking for its fixed points. The main
results are based on the Guo–Krasnosel’skii fixed point theorem of cone expansion and compression
of norm type.
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1. Introduction

We consider the system of Riemann–Liouville fractional differential equations with
ρ1-Laplacian and ρ2-Laplacian operators{

Dδ1
0+(ϕρ1(Dγ1

0+x(t))) = f(t, x(t), y(t), Iµ1
0+x(t), Iµ2

0+y(t)), t ∈ (0, 1),
Dδ2

0+(ϕρ2(Dγ2
0+y(t))) = g(t, x(t), y(t), Iν1

0+x(t), Iν2
0+y(t)), t ∈ (0, 1),

(1)

subject to the nonlocal coupled boundary conditions

x(j)(0) = 0, j = 0, . . . , p− 2, Dγ1
0+x(0) = 0,

ϕρ1 (Dγ1
0+x(1)) =

∫ 1

0
ϕρ1 (Dγ1

0+x(τ)) dM0(τ), Dα0
0+x(1) =

n

∑
k=1

∫ 1

0
Dαk

0+y(τ) dMk(τ),

y(j)(0) = 0, j = 0, . . . , q− 2, Dγ2
0+y(0) = 0,

ϕρ2 (Dγ2
0+y(1)) =

∫ 1

0
ϕρ2 (Dγ2

0+y(τ)) dN0(τ), Dβ0
0+y(1) =

m

∑
k=1

∫ 1

0
Dβk

0+x(τ) dNk(τ),

(2)

where δ1, δ2 ∈ (1, 2], γ1 ∈ (p− 1, p], p ∈ N, p ≥ 3, γ2 ∈ (q− 1, q], q ∈ N, q ≥ 3, n, m ∈ N,
µ1, µ2, ν1, ν2 > 0, αk ∈ R, k = 0, . . . , n, 0 ≤ α1 < α2 < · · · < αn ≤ β0 < γ2 − 1, β0 ≥ 1,
βk ∈ R, k = 0, . . . , m, 0 ≤ β1 < β2 < · · · < βm ≤ α0 < γ1 − 1, α0 ≥ 1, ϕρi (s) = |s|ρi−2s,
ϕ−1

ρi
= ϕ$i , $i =

ρi
ρi−1 , i = 1, 2, ρi > 1, i = 1, 2, f, g : (0, 1) × R4

+ → R+ are continuous

functions, singular at t = 0 and/or t = 1, (R+ = [0, ∞)), Iθ
0+ is the Riemann–Liouville

fractional integral of order θ (for θ = µ1, µ2, ν1, ν2), Dθ
0+ is the Riemann–Liouville fractional

derivative of order θ (for θ = δ1, γ1, δ2, γ2, α0, . . . , αn, β0, . . . , βm), and the integrals from the
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boundary conditions (2) are Riemann–Stieltjes integrals with Mi : [0, 1]→ R, i = 0, . . . , n
and Nj : [0, 1] → R, j = 0, . . . , m functions of bounded variation. The present work was
motivated by the applications of ρ-Laplacian operators in various fields such as nonlinear
elasticity, glaciology, nonlinear electrorheological fluids, fluid flows through porous media,
etc. see for details the paper [1] and its references.

In this paper, we present varied conditions for the functions f and g such that problem
(1), (2) has a positive solution, and then it has two positive solutions. A positive solution
of (1), (2) is a pair of functions (x, y) ∈ (C([0, 1],R+))2 satisfying the system (1) and the
boundary conditions (2), with x(s) > 0 for all s ∈ (0, 1] or y(s) > 0 for all s ∈ (0, 1]. We
apply the Guo–Krasnosel’skii fixed point theorem of cone expansion and compression
of norm type (see [2]) in the proof of our main results. Connected to our problem, we
mention the following papers. In [3], the authors studied the existence of multiple positive
solutions of the system of nonlinear fractional differential equations with p1-Laplacian and
p2-Laplacian operators{

Dβ1
0+(ϕp1(Dα1

0+x(s))) = f(s, x(s), y(s)), s ∈ (0, 1),
Dβ2

0+(ϕp2(Dα2
0+y(s))) = g(s, x(s), y(s)), s ∈ (0, 1),

supplemented with the nonlocal uncoupled boundary conditions

x(0) = 0, Dγ1
0+x(1) =

m−2

∑
k=1

ξ1kDγ1
0+x(η1k),

Dα1
0+x(0) = 0, ϕp1(Dα1

0+x(1)) = ∑m−2
k=1 ζ1k ϕp1(Dα1

0+x(η1k)),

y(0) = 0, Dγ2
0+y(1) =

m−2

∑
k=1

ξ2kDγ2
0+y(η2k),

Dα2
0+y(0) = 0, ϕp2(Dα2

0+y(1)) = ∑m−2
k=1 ζ2k ϕp2(Dα2

0+y(η2k)),

where αi, βi ∈ (1, 2], γi ∈ (0, 1], αi + βi ∈ (3, 4], αi > γi + 1, i = 1, 2, ξ1k, η1k, ζ1k, ξ2k, η2k,
ζ2k ∈ (0, 1) for k = 1, . . . , m− 2, p1, p2 > 1, and f and g are nonnegative and nonsingular
functions. They applied the Leray-Schauder alternative theorem, the Leggett-Williams fixed
point theorem and the Avery-Henderson fixed point theorem in the proof of the existence
results. In [4], the authors studied the existence and nonexistence of positive solutions for
the system of Riemann–Liouville fractional differential equations with $1-Laplacian and
$2-Laplacian operators{

Dγ1
0+(ϕ$1(Dδ1

0+x(s))) + λf(s, x(s), y(s)) = 0, s ∈ (0, 1),
Dγ2

0+(ϕ$2(Dδ2
0+y(s))) + µg(s, x(s), y(s)) = 0, s ∈ (0, 1),

(3)

subject to the coupled nonlocal boundary conditions
x(j)(0) = 0, j = 0, . . . , p− 2; Dδ1

0+x(0) = 0, Dα0
0+x(1) =

n

∑
k=1

∫ 1

0
Dαk

0+y(ζ) dMk(ζ),

y(j)(0) = 0, j = 0, . . . , q− 2; Dδ2
0+y(0) = 0, Dβ0

0+y(1) =
m

∑
k=1

∫ 1

0
Dβk

0+x(ζ) dNk(ζ),
(4)

where λ and µ are positive parameters, γ1, γ2 ∈ (0, 1], δ1 ∈ (p− 1, p], δ2 ∈ (q− 1, q], p, q ∈
N, p, q ≥ 3, n, m ∈ N, αk ∈ R for all k = 0, . . . , n, 0 ≤ α1 < α2 < · · · < αn ≤ β0 < δ2 − 1,
β0 ≥ 1, βk ∈ R for all k = 0, . . . , m, 0 ≤ β1 < β2 < · · · < βm ≤ α0 < δ1 − 1, α0 ≥ 1,
$1, $2 > 1, the functions f, g ∈ C([0, 1]×R+ ×R+,R+), and the functions Mj, j = 1, . . . , n
and Nk, k = 1, . . . , m are bounded variation functions. They presented sufficient conditions
on the functions f and g, and intervals for the parameters λ and µ such that problem (3),
(4) has positive solutions. In [5], the authors investigated the existence and multiplicity of
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positive solutions for the system (3) with λ = µ = 1, supplemented with the uncoupled
nonlocal boundary conditions

x(j)(0) = 0, j = 0, . . . , p− 2; Dδ1
0+x(0) = 0, Dα0

0+x(1) =
n

∑
k=1

∫ 1

0
Dαk

0+x(ζ) dMk(ζ),

y(j)(0) = 0, j = 0, . . . , q− 2; Dδ2
0+y(0) = 0, Dβ0

0+y(1) =
m

∑
k=1

∫ 1

0
Dβk

0+y(ζ) dNk(ζ),

where n, m ∈ N, αk ∈ R for all k = 0, 1, . . . , n, 0 ≤ α1 < α2 < · · · < αn ≤ α0 < δ1 − 1,
α0 ≥ 1, βk ∈ R for all k = 0, 1, . . . , m, 0 ≤ β1 < β2 < · · · < βm ≤ β0 < δ2 − 1, β0 ≥ 1,
the functions f and g from system (3) are nonnegative and continuous, and they may be
singular at s = 0 and/or s = 1, and Mj, j = 1, . . . , n and Nk, k = 1, . . . , m are functions of
bounded variation. They applied the Guo–Krasnosel’skii fixed point theorem in the proof
of the main existence results. In [6] the authors studied the existence and multiplicity of
positive solutions for the system (1) subject to general uncoupled boundary conditions
in the point t = 1. We mention that our problem (1), (2) is different than the problems
from papers [4,6]. Indeed the orders of the first fractional derivatives in the system (3)
(from [4]) are positive numbers less than or equal to 1, and in our system (1) the first
fractional derivatives are numbers greater than 1 and less than or equal to 2. This difference
conducts to the consideration of different boundary conditions (more precisely, for our
problem, we have a bigger number of such boundary conditions)—see (2) and (4). Another
differences are the presence of the parameters in system (3)—here, we do not have any
parameters, and also the nonlinearities f and g from (3) which are nonsingular functions,
as opposed to our problem in which the functions f and g are singular; so here is a more
difficult case to study. On the other hand, the essential difference between the present
problem (1), (2) and the problem studied in [6], is given by the boundary conditions. In
[6] the last boundary conditions for the unknown functions are uncoupled in the point
1, and here in (2), the last boundary conditions for the unknown functions x and y are
coupled in the point 1; that is, the fractional derivative of order α0 of function x in the point
1 is dependent of varied fractional derivatives of function y, and the fractional derivative
of order β0 of function y in 1 is dependent of various fractional derivatives of function x.
Hence the novelty of our problem (1), (2) is represented by a combination between the
existence of ρ-Laplacian operators in system (1), the dependence of the nonlinearities in (1)
on diverse fractional integrals, and the nature of the last boundary conditions in the point
1 which are coupled here. We also mention the recent papers [7–12] in which the authors
study fractional differential equations and systems with ρ-Laplacian operators, and some
recent monographs devoted to the investigation of boundary value problems for fractional
differential equations and systems, namely [13–17].

The paper is organized in the following way. In Section 2, some auxiliary results which
include the properties of the Green functions associated to our problem (1), (2) are given.
In Section 3 we present the system of integral equations corresponding to our problem,
and the main existence and multiplicity theorems for positive solutions of (1), (2), and
Section 4 contains their proofs. Finally, two examples which illustrate our obtained results
are presented in Section 5, and the conclusions are given in Section 6.

2. Auxiliary Results

In this section, we consider the system of fractional differential equations{
Dδ1

0+(ϕρ1(Dγ1
0+x(t))) = u(t), t ∈ (0, 1),

Dδ2
0+(ϕρ2(Dγ2

0+y(t))) = v(t), t ∈ (0, 1),
(5)

with the coupled boundary conditions (2), where u, v ∈ C(0, 1) ∩ L1(0, 1).
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We denote ϕρ1(Dγ1
0+x(t)) = h(t), ϕρ2(Dγ2

0+y(t)) = k(t). Then problem (2), (5) is
equivalent to the following three problems{

Dδ1
0+h(t) = u(t), t ∈ (0, 1),

h(0) = 0, h(1) =
∫ 1

0 h(τ) dM0(τ),
(6)

{
Dδ2

0+k(t) = v(t), t ∈ (0, 1),
k(0) = 0, k(1) =

∫ 1
0 k(τ) dN0(τ),

(7)

and {
Dγ1

0+x(t) = ϕ$1(h(t)), t ∈ (0, 1),
Dγ2

0+y(t) = ϕ$2(k(t)), t ∈ (0, 1),
(8)

with the boundary conditions{
x(j)(0) = 0, j = 0, . . . , p− 2, Dα0

0+x(1) = ∑n
k=1
∫ 1

0 Dαk
0+y(τ) dMk(τ),

y(j)(0) = 0, j = 0, . . . , q− 2, Dβ0
0+y(1) = ∑m

k=1
∫ 1

0 Dβk
0+x(τ) dNk(τ).

(9)

By Lemma 4.1.5 from [16], the unique solution h ∈ C[0, 1] of problem (6) is

h(t) = −
∫ 1

0
G1(t, τ)u(τ) dτ, t ∈ [0, 1], (10)

where

G1(t, τ) = g1(t, τ) +
tδ1−1

a1

∫ 1

0
g1(ζ, τ) dM0(ζ),

g1(t, τ) =
1

Γ(δ1)

{
tδ1−1(1− τ)δ1−1 − (t− τ)δ1−1, 0 ≤ τ ≤ t ≤ 1,
tδ1−1(1− τ)δ1−1, 0 ≤ t ≤ τ ≤ 1,

for (t, τ) ∈ [0, 1]× [0, 1], with a1 = 1−
∫ 1

0 ζδ1−1 dM0(ζ) 6= 0.
By the same lemma (Lemma 4.1.5 from [16]), the unique solution k ∈ C[0, 1] of problem

(7) is

k(t) = −
∫ 1

0
G2(t, τ)v(τ) dτ, t ∈ [0, 1], (11)

where

G2(t, τ) = g2(t, τ) +
tδ2−1

a2

∫ 1

0
g2(ζ, τ) dN0(ζ),

g2(t, τ) =
1

Γ(δ2)

{
tδ2−1(1− τ)δ2−1 − (t− τ)δ2−1, 0 ≤ τ ≤ t ≤ 1,
tδ2−1(1− τ)δ2−1, 0 ≤ t ≤ τ ≤ 1,

for (t, τ) ∈ [0, 1]× [0, 1], with a2 = 1−
∫ 1

0 ζδ2−1 dN0(ζ) 6= 0.
By Lemma 2.2 from [4], the unique solution (x, y) ∈ (C[0, 1])2 of problem (8), (9) is

x(t) = −
∫ 1

0
G3(t, τ)ϕ$1(h(τ)) dτ −

∫ 1

0
G4(t, τ)ϕ$2(k(τ)) dτ, t ∈ [0, 1],

y(t) = −
∫ 1

0
G5(t, τ)ϕ$1(h(τ)) dτ −

∫ 1

0
G6(t, τ)ϕ$2(k(τ)) dτ, t ∈ [0, 1],

(12)
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where

G3(t, τ) = g3(t, τ) +
tγ1−1b1

b

(
m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ)

)
,

G4(t, τ) =
tγ1−1Γ(γ2)

bΓ(γ2 − β0)

n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ),

G5(t, τ) =
tγ2−1Γ(γ1)

bΓ(γ1 − α0)

m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ),

G6(t, τ) = g4(t, τ) +
tγ2−1b2

b

(
n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ)

)
,

g3(t, τ) =
1

Γ(γ1)

{
tγ1−1(1− τ)γ1−α0−1 − (t− τ)γ1−1, 0 ≤ τ ≤ t ≤ 1,
tγ1−1(1− τ)γ1−α0−1, 0 ≤ t ≤ τ ≤ 1,

g3i(ϑ, τ) =
1

Γ(γ1 − βi)

{
ϑγ1−βi−1(1− τ)γ1−α0−1 − (ϑ− τ)γ1−βi−1, 0 ≤ τ ≤ ϑ ≤ 1,
ϑγ1−βi−1(1− τ)γ1−α0−1, 0 ≤ ϑ ≤ τ ≤ 1,

g4(t, τ) =
1

Γ(γ2)

{
tγ2−1(1− τ)γ2−β0−1 − (t− τ)γ2−1, 0 ≤ τ ≤ t ≤ 1,
tγ2−1(1− τ)γ2−β0−1, 0 ≤ t ≤ τ ≤ 1,

g4j(ϑ, τ) =
1

Γ(γ2 − αj)

{
ϑγ2−αj−1(1− τ)γ2−β0−1 − (ϑ− τ)γ2−αj−1, 0 ≤ τ ≤ ϑ ≤ 1,
ϑγ2−αj−1(1− τ)γ2−β0−1, 0 ≤ ϑ ≤ τ ≤ 1,

for all t, τ, ϑ ∈ [0, 1], i = 1, . . . , m, j = 1, . . . , n, and b1 = ∑n
i=1

Γ(γ2)
Γ(γ2−αi)

∫ 1
0 ζγ2−αi−1 dMi(ζ),

b2 = ∑m
i=1

Γ(γ1)
Γ(γ1−βi)

∫ 1
0 ζγ1−βi−1 dNi(ζ), and b = Γ(γ1)Γ(γ2)

Γ(γ1−α0)Γ(γ2−β0)
− b1b2 6= 0.

Combining the above Formulas (10)–(12) for h(t), k(t), x(t), y(t), t ∈ [0, 1], we obtain
the following result.

Lemma 1. If a1 6= 0, a2 6= 0 and b 6= 0, then the unique solution (x, y) ∈ (C[0, 1])2 of problem
(5), (2) is given by

x(t) =
∫ 1

0
G3(t, τ)ϕ$1

(∫ 1

0
G1(τ, ζ)u(ζ) dζ

)
dτ

+
∫ 1

0
G4(t, τ)ϕ$2

(∫ 1

0
G2(τ, ζ)v(ζ) dζ

)
dτ, ∀ t ∈ [0, 1],

y(t) =
∫ 1

0
G5(t, τ)ϕ$1

(∫ 1

0
G1(τ, ζ)u(ζ) dζ

)
dτ

+
∫ 1

0
G6(t, τ)ϕ$2

(∫ 1

0
G2(τ, ζ)v(ζ) dζ

)
dτ, ∀ t ∈ [0, 1].

Now by using the properties of functions g1, g2, g3, g3i, i = 1, . . . , m, g4, g4j,
j = 1, . . . , n (see [14,16]), we deduce the following properties of the functions Gi, i =
1, . . . , 6.

Lemma 2. We suppose that a1 > 0, a2 > 0 and b > 0, Mi, i = 1, . . . , n and Nj, j = 0, . . . , m
are nondecreasing functions. Then the functions Gi, i = 1, . . . , 6 have the properties:

(a) Gi : [0, 1]× [0, 1]→ [0, ∞), i = 1, . . . , 6 are continuous functions.
(b) G1(t, τ) ≤ J1(τ), for all (t, τ) ∈ [0, 1]× [0, 1], where

J1(τ) = h1(τ) +
1
a1

∫ 1

0
g1(ζ, τ) dM0(ζ), ∀ τ ∈ [0, 1],

with h1(τ) =
1

Γ(δ1)
(1− τ)δ1−1, τ ∈ [0, 1].

(c) G2(t, τ) ≤ J2(τ), for all (t, τ) ∈ [0, 1]× [0, 1], where

J2(τ) = h2(τ) +
1
a2

∫ 1

0
g2(ζ, τ) dN0(ζ), ∀ τ ∈ [0, 1],
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with h2(τ) =
1

Γ(δ2)
(1− τ)δ2−1, τ ∈ [0, 1].

(d) G3(t, τ) ≤ J3(τ), for all (t, τ) ∈ [0, 1]× [0, 1], where

J3(τ) = h3(τ) +
b1

b

(
m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ)

)
, ∀ τ ∈ [0, 1],

with h3(τ) =
1

Γ(γ1)
(1− τ)γ1−α0−1(1− (1− τ)α0), τ ∈ [0, 1].

(e) G3(t, τ) ≥ tγ1−1J3(τ), for all (t, τ) ∈ [0, 1]× [0, 1].
(f) G4(t, τ) ≤ J4(τ), for all (t, τ) ∈ [0, 1]× [0, 1], where

J4(τ) =
Γ(γ2)

bΓ(γ2 − β0)

n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ), ∀ τ ∈ [0, 1].

(g) G4(t, τ) = tγ1−1J4(τ), for all (t, τ) ∈ [0, 1]× [0, 1].
(h) G5(t, τ) ≤ J5(τ), for all (t, τ) ∈ [0, 1]× [0, 1], where

J5(τ) =
Γ(γ1)

bΓ(γ1 − α0)

m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ), ∀ τ ∈ [0, 1].

(i) G5(t, τ) = tγ2−1J5(τ), for all (t, τ) ∈ [0, 1]× [0, 1].
(j) G6(t, τ) ≤ J6(τ), for all (t, τ) ∈ [0, 1]× [0, 1], where

J6(τ) = h4(τ) +
b2

b

(
n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ)

)
, ∀ τ ∈ [0, 1],

with h4(τ) =
1

Γ(γ2)
(1− τ)γ2−β0−1(1− (1− τ)β0), τ ∈ [0, 1].

(k) G6(t, τ) ≥ tγ2−1J6(τ), for all (t, τ) ∈ [0, 1]× [0, 1].

Under the assumptions of Lemma 2, we find that Ji(τ) ≥ 0 for all τ ∈ [0, 1] and
i = 1, . . . , 6, and J1, J2, J3, J6 6≡ 0. In addition, J4 ≡ 0 if all the functions Mi, i = 1, . . . , n
are constant, and J5 ≡ 0 if all the functions Nj, j = 1, . . . , m are constant.

We also deduce easily the next lemma.

Lemma 3. We suppose that a1 > 0, a2 > 0 and b > 0, Mi, i = 1, . . . , n and Nj, j = 0, . . . , m
are nondecreasing functions, u, v ∈ C(0, 1) ∩ L1(0, 1) with u(s) ≥ 0, v(s) ≥ 0 for all s ∈ (0, 1).
Then the solution (x, y) of problem (5), (2) satisfies the inequalities x(s) ≥ 0, y(s) ≥ 0 for all
s ∈ [0, 1], and x(s) ≥ sγ1−1x(τ) and y(s) ≥ sγ2−1y(τ) for all s, τ ∈ [0, 1].

3. Main Theorems

By using Lemma 1, the pair of functions (x, y) is a solution of problem (1), (2) if and
only if (x, y) is a solution of the system

x(t) =
∫ 1

0
G3(t, τ)ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
∫ 1

0
G4(t, τ)ϕ$2

(∫ 1

0
G2(τ, ζ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ,

y(t) =
∫ 1

0
G5(t, τ)ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
∫ 1

0
G6(t, τ)ϕ$2

(∫ 1

0
G2(τ, ζ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ,
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for all t ∈ [0, 1]. We introduce the Banach space U = C[0, 1] with supremum norm
‖x‖ = sups∈[0,1] |x(s)|, and the Banach space V = U× U with the norm ‖(x, y)‖V = ‖x‖+
‖y‖. We define the cone

Q = {(x, y) ∈ V, x(s) ≥ 0, y(s) ≥ 0, ∀ s ∈ [0, 1]}.

We also define the operators E1, E2 : V→ U and E : V→ V by

E1(x, y)(t) =
∫ 1

0
G3(t, τ)ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
∫ 1

0
G4(t, τ)ϕ$2

(∫ 1

0
G2(τ, ζ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ,

E2(x, y)(t) =
∫ 1

0
G5(t, τ)ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
∫ 1

0
G6(t, τ)ϕ$2

(∫ 1

0
G2(τ, ζ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ,

for all t ∈ [0, 1] and (x, y) ∈ V, and E(x, y) = (E1(x, y),E2(x, y)), (x, y) ∈ V. We remark
that (x, y) is a solution of problem (1), (2) if and only if (x, y) is a fixed point of operator E.

We define the constants: Ξi =
∫ 1

0 Ji(τ)ξi(τ) dτ, i = 1, 2, Ξj =
∫ 1

0 Jj(τ) dτ, j = 3, . . . , 6,

and for σ1, σ2 ∈ (0, 1), σ1 < σ2, Ξ7 =
∫ σ2

σ1
J3(τ)

(∫ τ
σ1
G1(τ, ζ) dζ

)$1−1
dτ, Ξ8 =

∫ σ2
σ1

J6(τ)(∫ τ
σ1
G2(τ, ζ) dζ

)$2−1
dτ.

We now present the assumptions that we will use in our theorems.

(H1) δ1, δ2 ∈ (1, 2], γ1 ∈ (p− 1, p], p ∈ N, p ≥ 3, γ2 ∈ (q− 1, q], q ∈ N, q ≥ 3, n, m ∈ N,
µ1, µ2, ν1, ν2 > 0, αk ∈ R, k = 0, . . . , n, 0 ≤ α1 < α2 < · · · < αn ≤ β0 < γ2 − 1,
β0 ≥ 1, βk ∈ R, k = 0, . . . , m, 0 ≤ β1 < β2 < · · · < βm ≤ α0 < γ1 − 1, α0 ≥ 1,
Mi : [0, 1] → R, i = 0, . . . , n, and Nj : [0, 1] → R, j = 0, . . . , m are nondecreasing
functions, ϕρi (τ) = |τ|ρi−2τ, ϕ−1

ρi
= ϕ$i , $i =

ρi
ρi−1 , i = 1, 2, ρi > 1, i = 1, 2, a1 > 0,

a2 > 0, b > 0 (given in Section 2).
(H2)The functions f, g ∈ C((0, 1)×R4

+,R+) and there exist the functions ξ1, ξ2 ∈ C((0, 1),R+)

and ψ1, ψ2 ∈ C([0, 1] × R4
+,R+) with M1 =

∫ 1
0 (1 − t)δ1−1ξ1(t) dt ∈ (0, ∞), M2 =∫ 1

0 (1− t)δ2−1ξ2(t) dt ∈ (0, ∞), such that

f(t, w1, w2, w3, w4) ≤ ξ1(t)ψ1(t, w1, w2, w3, w4),
g(t, w1, w2, w3, w4) ≤ ξ2(t)ψ2(t, w1, w2, w3, w4),

for any t ∈ (0, 1), wi ∈ R+, i = 1, . . . , 4.
(H3)There exist li ≥ 0, i = 1, . . . , 4 with ∑4

i=1 li > 0, mi ≥ 0, i = 1, . . . , 4 with ∑4
i=1 mi > 0,

and θ1 ≥ 1, θ2 ≥ 1 such that

ψ10 = lim sup
∑4

i=1 liwi→0

max
t∈[0,1]

ψ1(t, w1, w2, w3, w4)

ϕρ1((l1w1 + l2w2 + l3w3 + l4w4)θ1)
< c1,

and ψ20 = lim sup
∑4

i=1 miwi→0

max
t∈[0,1]

ψ2(t, w1, w2, w3, w4)

ϕρ2((m1w1 + m2w2 + m3w3 + m4w4)θ2)
< c2,

where

c1 =

{
min

{(
4ρ1−1Ξ1Ξρ1−1

3 dθ1(ρ1−1)
1

)−1
,
(

4ρ1−1Ξ1Ξρ1−1
5 dθ1(ρ1−1)

1

)−1
}

, if Ξ5 6= 0;
(

4ρ1−1Ξ1Ξρ1−1
3 dθ1(ρ1−1)

1

)−1
, if Ξ5 = 0

}
,

c2 =

{
min

{(
4ρ2−1Ξ2Ξρ2−1

4 dθ2(ρ2−1)
2

)−1
,(

4ρ2−1Ξ2Ξρ2−1
6 dθ2(ρ2−1)

2

)−1
}

, if Ξ4 6= 0;
(

4ρ2−1Ξ2Ξρ2−1
6 dθ2(ρ2−1)

2

)−1
, if Ξ4 = 0

}
, with d1 = 2 max

{
l1, l2, l3

Γ(µ1+1) , l4
Γ(µ2+1)

}
,

d2 = 2 max
{

m1, m2, m3
Γ(ν1+1) , m4

Γ(ν2+1)

}
.
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(H4)There exist si ≥ 0, i = 1, . . . , 4 with ∑4
i=1 si > 0, ti ≥ 0, i = 1, . . . , 4 with ∑4

i=1 ti > 0,
σ1, σ2 ∈ (0, 1), σ1 < σ2 and η1 > 1, η2 > 1 such that

f∞ = lim inf
∑4

i=1 siwi→∞
min

t∈[σ1,σ2]

f(t, w1, w2, w3, w4)

ϕρ1(s1w1 + s2w2 + s3w3 + s4w4)
> c3,

or g∞ = lim inf
∑4

i=1 tiwi→∞
min

t∈[σ1,σ2]

g(t, w1, w2, w3, w4)

ϕρ2(t1w1 + t2w2 + t3w3 + t4w4)
> c4,

where

c3 = η1

(
2d3Ξ7σ

γ1−1
1

)1−ρ1
, c4 = η2

(
2d4Ξ8σ

γ2−1
1

)1−ρ2
with d3 = min

{
s1σ

γ1−1
1 , s2σ

γ2−1
1 , s3

σ
µ1+γ1−1
1 Γ(γ1)

Γ(γ1+µ1)
, s4

σ
µ2+γ2−1
1 Γ(γ2)

Γ(γ2+µ2)

}
,

d4 = min
{

t1σ
γ1−1
1 , t2σ

γ2−1
1 , t3

σ
ν1+γ1−1
1 Γ(γ1)

Γ(γ1+ν1)
, t4

σ
ν2+γ2−1
1 Γ(γ2)

Γ(γ2+ν2)

}
.

(H5)There exist ui ≥ 0, i = 1, . . . , 4 with ∑4
i=1 ui > 0, vi ≥ 0, i = 1, . . . , 4 with ∑4

i=1 vi > 0
such that

ψ1∞ = lim sup
∑4

i=1 uiwi→∞

max
t∈[0,1]

ψ1(t, w1, w2, w3, w4)

ϕρ1(u1w1 + u2w2 + u3w3 + u4w4)
< e1,

and ψ2∞ = lim sup
∑4

i=1 viwi→∞

max
t∈[0,1]

ψ2(t, w1, w2, w3, w4)

ϕρ2(v1w1 + v2w2 + v3w3 + v4w4)
< e2,

where

e1 <
[
2Ξ$1−1

1 (Ξ3 + Ξ5)Λ1k1

]1−ρ1
, e2 <

[
2Ξ$2−1

2 (Ξ4 + Ξ6)Λ2k2

]1−ρ2
, with Λ1 = max

{
2$1−2, 1

}
, Λ2 = max

{
2$2−2, 1

}
,

k1 = 2 max
{

u1, u2, u3
Γ(µ1+1) , u4

Γ(µ2+1)

}
, k2 = 2 max

{
v1, v2, v3

Γ(ν1+1) , v4
Γ(ν2+1)

}
.

(H6)There exist pi ≥ 0, i = 1, . . . , 4 with ∑4
i=1 pi > 0, qi ≥ 0, i = 1, . . . , 4 with ∑4

i=1 qi > 0,
σ1, σ2 ∈ (0, 1), σ1 < σ2 and ς1 ∈ (0, 1], ς2 ∈ (0, 1], η3 ≥ 1, η4 ≥ 1 such that

f0 = lim inf
∑4

i=1 piwi→0
min

t∈[σ1,σ2]

f(t, w1, w2, w3, w4)

ϕρ1((p1w1 + p2w2 + p3w3 + p4w4)ς1)
> e3,

or g0 = lim inf
∑4

i=1 qiwi→0
min

t∈[σ1,σ2]

g(t, w1, w2, w3, w4)

ϕρ2((q1w1 + q2w2 + q3w3 + q4w4)ς2)
> e4,

where
e3 =

(
σ

γ1−1
1 2ς1 kς1

3 Ξ7

)1−ρ1
, e4 =

(
σ

γ2−1
1 2ς2 kς2

4 Ξ8

)1−ρ2
, with k3 = min

{
p1σ

γ1−1
1 ,

p2σ
γ2−1
1 , p3

σ
µ1+γ1−1
1 Γ(γ1)

Γ(γ1+µ1)
, p4

σ
µ2+γ2−1
1 Γ(γ2)

Γ(γ2+µ2)

}
, k4 = min

{
q1σ

γ1−1
1 , q2σ

γ2−1
1 ,

q3
σ

ν1+γ1−1
1 Γ(γ1)

Γ(γ1+ν1)
, q4

σ
ν2+γ2−1
1 Γ(γ2)

Γ(γ2+ν2)

}
.

(H7) A$1−1
0 Ξ3Ξ$1−1

1 < 1
4 , A$2−1

0 Ξ4Ξ$2−1
2 < 1

4 , A$1−1
0 Ξ5Ξ$1−1

1 < 1
4 , A$2−1

0 Ξ6Ξ$2−1
2 < 1

4 ,
where

A0 = max
{

maxt∈[0,1], wi∈[0,v], i=1,...,4 ψ1(t, w1, w2, w3, w4), maxt∈[0,1], wi∈[0,v], i=1,...,4 ψ2(t, w1, w2, w3, w4)}, with

v = max
{

1, 1
Γ(µ1+1) , 1

Γ(µ2+1) , 1
Γ(ν1+1) , 1

Γ(ν2+1)

}
.

Lemma 4. We suppose that (H1) and (H2) hold. Then E : Q→ Q is a completely continuous
operator.

We introduce now the cone

Q0 = {(x, y) ∈ Q, x(τ) ≥ τγ1−1‖x‖, y(τ) ≥ τγ2−1‖y‖, ∀ τ ∈ [0, 1]}.

If (H1) and(H2) are satisfied, then by Lemma 3 we obtain E(Q) ⊂ Q0 and then the
operator E|Q0 : Q0 → Q0 (which we will denote again by E) is completely continuous. For
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κ > 0 we denote by Bκ the open ball centered at zero of radius κ, and by Bκ and ∂Bκ its
closure and its boundary, respectively.

Our main existence results are the following theorems.

Theorem 1. We suppose that assumptions (H1)–(H4) hold. Then there exists a positive solution
(x(t), y(t)), t ∈ [0, 1] of problem (1), (2).

Theorem 2. We suppose that assumptions (H1), (H2), (H5), (H6) hold. Then there exists a
positive solution (x(t), y(t)), t ∈ [0, 1] of problem (1), (2).

Theorem 3. We suppose that assumptions (H1), (H2), (H4), (H6) and (H7) hold. Then there
exist two positive solutions (x1(t), y1(t)), (x2(t), y2(t)), t ∈ [0, 1] of problem (1), (2).

4. Proofs of the Results

Proof of Lemma 4. By (H2), we have Ξ1 =
∫ 1

0 J1(τ)ξ1(τ) dτ > 0 and Ξ2 =
∫ 1

0 J2(τ)ξ2(τ)
dτ > 0. In addition, by using Lemma 2.2 we find

Ξ1 ≤
M1

Γ(δ1)

[
1 +

1
a1

(∫ 1

0
ζδ1−1 dM0(ζ)

)]
< ∞,

Ξ2 ≤
M2

Γ(δ2)

[
1 +

1
a2

(∫ 1

0
ζδ2−1 dN0(ζ)

)]
< ∞.

Using now Lemma 3, we deduce that the operator E maps Q into Q.
Next, we will show that E transforms the bounded sets into relatively compact sets.

Let S ⊂ Q be a bounded set. So there exists L1 > 0 such that ‖(x, y)‖V ≤ L1 for all
(x, y) ∈ S . Because ψ1 and ψ2 are continuous functions, we find that there exists L2 > 0
such that L2 = max

{
supτ∈[0,1], wi∈[0,Λ], i=1,...,4 ψ1(τ, w1, w2, w3, w4), supτ∈[0,1], wi∈[0,Λ], i=1,...,4

ψ2(τ, w1, w2, w3, w4)}, where Λ = L1 max
{

1, 1
Γ(µ1+1) , 1

Γ(µ2+1) , 1
Γ(ν1+1) , 1

Γ(ν2+1)

}
. Because

|Iω
0+z(t)| ≤ ‖z‖

Γ(ω+1) for ω > 0 and z ∈ C[0, 1], by Lemma 2 we obtain that for any (x, y) ∈ S
and t ∈ [0, 1]

E1(x, y)(t) ≤
∫ 1

0
J3(τ)ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
∫ 1

0
J4(τ)ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)ψ2(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ

≤ L$1−1
2 ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ) dζ

) ∫ 1

0
J3(τ) dτ

+L$2−1
2 ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ) dζ

) ∫ 1

0
J4(τ) dτ

= L$1−1
2 Ξ$1−1

1 Ξ3 + L$2−1
2 Ξ$2−1

2 Ξ4.

In a similar way we have

E2(x, y)(t) ≤ L$1−1
2 Ξ$1−1

1 Ξ5 + L$2−1
2 Ξ$2−1

2 Ξ6.

Therefore
‖E1(x, y)‖ ≤ L$1−1

2 Ξ$1−1
1 Ξ3 + L$2−1

2 Ξ$2−1
2 Ξ4,

‖E2(x, y)‖ ≤ L$1−1
2 Ξ$1−1

1 Ξ5 + L$2−1
2 Ξ$2−1

2 Ξ6,

for all (x, y) ∈ S , and then E1(S), E2(S) and E(S) are bounded.



Fractal Fract. 2022, 6, 610 10 of 20

In what follows, we prove that E(S) is equicontinuous. By Lemma 1, for (x, y) ∈ S
and t ∈ [0, 1] we find

E1(x, y)(t) =
∫ 1

0

[
g3(t, τ) +

tγ1−1b1

b

(
m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ)

)]
×ϕ$1

(∫ 1

0
G1(τ, ζ)f

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
dτ

+
∫ 1

0

tγ1−1Γ(γ2)

bΓ(γ2 − β0)

(
n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ)

)
×ϕ$2

(∫ 1

0
G2(τ, ζ)g

(
ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)

)
dζ

)
dτ

=
∫ t

0

1
Γ(γ1)

[
tγ1−1(1− τ)γ1−α0−1 − (t− τ)γ1−1

]
×ϕ$1

(∫ 1

0
G1(τ, ζ)f

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
dτ

+
∫ 1

t

1
Γ(γ1)

tγ1−1(1− τ)γ1−α0−1

×ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
tγ1−1b1

b

∫ 1

0

(
m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ)

)
×ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
tγ1−1Γ(γ2)

bΓ(γ2 − β0)

∫ 1

0

(
n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ)

)
×ϕ$2

(∫ 1

0
G2(τ, ϑ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ.

Then for any t ∈ (0, 1), we obtain

(E1(x, y))′(t) =
∫ t

0

1
Γ(γ1)

[
(γ1 − 1)tγ1−2(1− τ)γ1−α0−1 − (γ1 − 1)(t− τ)γ1−2

]
×ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ))dζ

)
dτ

+
∫ 1

t

1
Γ(γ1)

(γ1 − 1)tγ1−2(1− τ)γ1−α0−1

×ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
(γ1 − 1)tγ1−2b1

b

∫ 1

0

(
m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ)

)
×ϕ$1

(∫ 1

0
G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
(γ1 − 1)tγ1−2Γ(γ2)

bΓ(γ2 − β0)

∫ 1

0

(
n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ)

)
×ϕ$2

(∫ 1

0
G2(τ, ζ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ.
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So for any t ∈ (0, 1) we deduce

|(E1(x, y))′(t)| ≤ 1
Γ(γ1 − 1)

∫ t

0

[
tγ1−2(1− τ)γ1−α0−1 + (t− τ)γ1−2

]
×ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
dτ

+
1

γ1 − 1

∫ 1

t
tγ1−2(1− τ)γ1−α0−1

×ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
dτ

+
(γ1 − 1)tγ1−2b1

b

∫ 1

0

(
m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ)

)
×ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
dτ

+
(γ1 − 1)tγ1−2Γ(γ2)

bΓ(γ2 − β0)

∫ 1

0

(
n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ)

)
×ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)ψ2

(
ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)

)
dζ

)
dτ

≤ L$1−1
2 Ξ$1−1

1

{
1

Γ(γ1 − 1)

∫ t

0

[
tγ1−2(1− τ)γ1−α0−1 + (t− τ)γ1−2

]
dτ

+
1

Γ(γ1 − 1)

∫ 1

t
tγ1−2(1− τ)γ1−α0−1dτ

+
(γ1 − 1)tγ1−2b1

b

∫ 1

0

(
m

∑
i=1

∫ 1

0
g3i(ϑ, τ) dNi(ϑ)

)
dτ

}

+L$2−1
2 Ξ$2−1

2
(γ1 − 1)tγ1−2Γ(γ2)

bΓ(γ2 − β0)

∫ 1

0

(
n

∑
i=1

∫ 1

0
g4i(ϑ, τ) dMi(ϑ)

)
dτ.

Hence for any t ∈ (0, 1) we find

|(E1(x, y))′(t)| ≤ L$1−1
2 Ξ$1−1

1

{
1

Γ(γ1 − 1)

(
tγ1−2

γ1 − α0
+

tγ1−1

γ1 − 1

)
+
(γ1 − 1)tγ1−2b1

b

∫ 1

0

(
m

∑
i=1

(∫ 1

0

1
Γ(γ1 − βi)

ϑγ1−βi−1(1− τ)γ1−α0−1 dNi(ϑ)

))
dτ

}
+L$2−1

2 Ξ$2−1
2

(γ1 − 1)tγ1−2Γ(γ2)

bΓ(γ2 − β0)

×
∫ 1

0

(
n

∑
i=1

(∫ 1

0

1
Γ(γ2 − αi)

ϑγ2−αi−1(1− τ)γ2−β0−1 dMi(ϑ)

))
dτ

= L$1−1
2 Ξ$1−1

1

[
1

Γ(γ1 − 1)

(
tγ1−2

γ1 − α0
+

tγ1−1

γ1 − 1

)
+

(γ1 − 1)tγ1−2b1b2

b(γ1 − α0)Γ(γ1)

]
+L$2−1

2 Ξ$2−1
2

(γ1 − 1)tγ1−2b1

bΓ(γ2 − β0 + 1)

= L$1−1
2 Ξ$1−1

1

[
1

Γ(γ1 − 1)

(
tγ1−2

γ1 − α0
+

tγ1−1

γ1 − 1)

)
+

tγ1−2b1b2

b(γ1 − α0)Γ(γ1 − 1)

]
+L$2−1

2 Ξ$2−1
2

(γ1 − 1)tγ1−2b1

bΓ(γ2 − β0 + 1)

= L$1−1
2 Ξ$1−1

1

[
(b+ b1b2)tγ1−2

b(γ1 − α0)Γ(γ1 − 1)
+

tγ1−1

Γ(γ1)

]
+ L$2−1

2 Ξ$2−1
2

(γ1 − 1)tγ1−2b1

bΓ(γ2 − β0 + 1)
.

We denote by

Θ1(t) =
(b+ b1b2)tγ1−2

b(γ1 − α0)Γ(γ1 − 1)
+

tγ1−1

Γ(γ1)
, Θ2(t) =

(γ1 − 1)tγ1−2b1

bΓ(γ2 − β0 + 1)
, t ∈ (0, 1).
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Then for any t1, t2 ∈ [0, 1] with t1 < t2 and (x, y) ∈ S , we deduce

|E1(x, y)(t1)− E1(x, y)(t2)| =
∣∣∣∣∫ t2

t1

(E1(x, y))′(τ) dτ

∣∣∣∣
≤ L$1−1

2 Ξ$1−1
1

∫ t2

t1

Θ1(τ) dτ + L$2−1
2 Ξ$2−1

2

∫ t2

t1

Θ2(τ) dτ.
(13)

Because Θ1, Θ2 ∈ L1(0, 1), by (13), we conclude that E1(S) is equicontinuous. By using a
similar technique, we deduce that E2(S) is also equicontinuous, and so E(S) is equicontin-
uous. We apply now the Arzela-Ascoli theorem and we obtain that E1(S) and E2(S) are
relatively compact sets, and then E(S) is relatively compact, too. In addition, we can prove
that E1, E2 and E are continuous operators on Q (see Lemma 1.4.1 from [16]). Therefore,
the operator E is completely continuous on Q.

Proof of Theorem 1. From (H3) we deduce that there exists r ∈ (0, 1) such that

ψ1(t, w1, w2, w3, w4) ≤ c1 ϕρ1((l1w1 + l2w2 + l3w3 + l4w4)
θ1),

ψ2(t, w1, w2, w3, w4) ≤ c2 ϕρ2((m1w1 + m2w2 + m3w3 + m4w4)
θ2),

(14)

for all t ∈ [0, 1], wi ≥ 0, i = 1, . . . , 4 with ∑4
i=1 liwi ≤ r and ∑4

i=1 miwi ≤ r. We consider
firstly the case Ξ4 6= 0 and Ξ5 6= 0. We define r1 ≤ min{r/d1, r/d2, r}. For any (x, y) ∈
Br1 ∩Q and τ ∈ [0, 1] we find

l1x(τ) + l2y(τ) + l3 Iµ1
0+x(τ) + l4 Iµ2

0+y(τ)
≤ 2 max

{
l1, l2, l3

Γ(µ1+1) , l4
Γ(µ2+1)

}
‖(x, y)‖V = d1‖(x, y)‖V ≤ d1r1 ≤ r,

m1x(τ) + m2y(τ) + m3 Iν1
0+x(τ) + m4 Iν2

0+y(τ)
≤ 2 max

{
m1, m2, m3

Γ(ν1+1) , m4
Γ(ν2+1)

}
‖(x, y)‖V = d2‖(x, y)‖V ≤ d2r1 ≤ r.

Therefore by (14) and Lemma 2, for any (x, y) ∈ ∂Br1 ∩Q0 and t ∈ [0, 1] we deduce

E1(x, y)(t) ≤
∫ 1

0
J3(τ)ϕ$1

(∫ 1

0
J1(ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
∫ 1

0
J4(τ)ϕ$2

(∫ 1

0
J2(ζ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ

= Ξ3 ϕ$1

(∫ 1

0
J1(ζ)f

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
+Ξ4 ϕ$2

(∫ 1

0
J2(ζ)g

(
ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)

)
dζ

)
≤ Ξ3 ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
+Ξ4 ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)ψ2

(
ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)

)
dζ

)
≤ Ξ3 ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)c1 ϕρ1

((
l1x(ζ) + l2y(ζ) + l3 Iµ1

0+x(ζ) + l4 Iµ2
0+y(ζ)

)θ1
)

dζ

)
+Ξ4 ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)c2 ϕρ2

((
m1x(ζ) + m2y(ζ) + m3 Iν1

0+x(ζ) + m4 Iν2
0+y(ζ)

)θ2
)

dζ

)
≤ Ξ3 ϕ$1

(
ϕρ1

(
(d1‖(x, y)‖V)θ1

))
ϕ$1(c1)ϕ$1(Ξ1)

+Ξ4 ϕ$2

(
ϕρ2

(
(d2‖(x, y)‖V)θ2

))
ϕ$2(c2)ϕ$2(Ξ2)

= Ξ3Ξ$1−1
1 c$1−1

1 dθ1
1 ‖(x, y)‖θ1

V + Ξ4Ξ$2−1
2 c$2−1

2 dθ2
2 ‖(x, y)‖θ2

V

≤ Ξ3Ξ$1−1
1 c$1−1

1 dθ1
1 ‖(x, y)‖V + Ξ4Ξ$2−1

2 c$2−1
2 dθ2

2 ‖(x, y)‖V
≤ 1

4‖(x, y)‖V + 1
4‖(x, y)‖V = 1

2‖(x, y)‖V.
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In a similar manner we obtain

E2(x, y)(t) ≤ Ξ5Ξ$1−1
1 c$1−1

1 dθ1
1 ‖(x, y)‖V + Ξ6Ξ$2−1

2 c$2−1
2 dθ2

2 ‖(x, y)‖V
≤ 1

4‖(x, y)‖V + 1
4‖(x, y)‖V = 1

2‖(x, y)‖V.

Then we conclude

‖E(x, y)‖V = ‖E1(x, y)‖+ ‖E2(x, y)‖ ≤ ‖(x, y)‖V, ∀ (x, y) ∈ ∂Br1 ∩Q0. (15)

If Ξ4 = 0 or Ξ5 = 0 we also find in a similar manner inequality (15).
In what follows, in (H4) we assume that g∞ > c4 (in a similar manner we study the

case f∞ > c3). Then there exists a positive constant C1 > 0 such that

g(t, w1, w2, w3, w4) ≥ c4 ϕρ2(t1w1 + t2w2 + t3w3 + t4w4)− C1, (16)

for all t ∈ [σ1, σ2] and wi ≥ 0, i = 1, . . . , 4. From the definition of Iν1
0+, for any (x, y) ∈ Q0

and τ ∈ [0, 1], we find

Iν1
0+x(τ) =

1
Γ(ν1)

∫ τ

0
(τ − ζ)ν1−1x(ζ) dζ ≥ 1

Γ(ν1)

∫ τ

0
(τ − ζ)ν1−1ζγ1−1‖x‖ dζ

ζ=τz
=

‖x‖
Γ(ν1)

∫ 1

0
(τ − τz)ν1−1τγ1−1zγ1−1τ dz =

‖x‖
Γ(ν1)

τν1+γ1−1
∫ 1

0
zγ1−1(1− z)ν1−1 dz

=
‖x‖

Γ(ν1)
τν1+γ1−1B(γ1, ν1) =

‖x‖τν1+γ1−1Γ(γ1)

Γ(γ1 + ν1)
,

(17)

and similarly

Iν2
0+y(τ) ≥ ‖y‖τ

ν2+γ2−1Γ(γ2)

Γ(γ2 + ν2)
,

where B(z1, z2) is the first Euler function defined by B(z1, z2) =
∫ 1

0 tz1−1(1 − t)z2−1 dt,
z1, z2 > 0. Then by using (16) and (17), for any (x, y) ∈ Q0 and t ∈ [σ1, σ2] we obtain

E2(x, y)(t) ≥
∫ σ2

σ1

G6(t, τ)ϕ$2

(∫ τ

σ1

G2(τ, ζ)g
(
ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)

)
dζ

)
dτ

≥ σ
γ2−1
1

∫ σ2

σ1

J6(τ)

(∫ τ

σ1

G2(τ, ζ)
[
c4
(
t1x(ζ) + t2y(ζ) + t3 Iν1

0+x(ζ) + t4 Iν2
0+y(ζ)

)ρ2−1

−C1]dζ)$2−1dτ

≥ σ
γ2−1
1

∫ σ2

σ1

J6(τ)

(∫ τ

σ1

G2(τ, ζ)
[
c4

(
t1σ

γ1−1
1 ‖x‖+ t2σ

γ2−1
1 ‖y‖

+t3
σ

ν1+γ1−1
1 Γ(γ1)

Γ(γ1 + ν1)
‖x‖+ t4

σ
ν2+γ2−1
1 Γ(γ2)

Γ(γ2 + ν2)
‖y‖

)ρ2−1

− C1

dζ

$2−1

dτ

≥ σ
γ2−1
1

∫ σ2

σ1

J6(τ)

(∫ τ

σ1

G2(τ, ζ)

[
c4

(
min

{
t1σ

γ1−1
1 , t2σ

γ2−1
1 , t3

σ
ν1+γ1−1
1 Γ(γ1)

Γ(γ1 + ν1)
,

t4
σ

ν2+γ2−1
1 Γ(γ2)

Γ(γ2 + ν2)

}
2‖(x, y)‖V

)ρ2−1

− C1

 dζ

$2−1

dτ

= σ
γ2−1
1

∫ σ2

σ1

J6(τ)

(∫ τ

σ1

G2(τ, ζ)
[
c4(2d4‖(x, y)‖V)ρ2−1 − C1

]
dζ

)$2−1
dτ

= Ξ8σ
γ2−1
1

[
c4(2d4‖(x, y)‖V)ρ2−1 − C1

]$2−1

=
(

Ξρ2−1
8 σ

(γ2−1)(ρ2−1)
1 c42ρ2−1dρ2−1

4 ‖(x, y)‖ρ2−1
V − Ξρ2−1

8 σ
(γ2−1)(ρ2−1)
1 C1

)$2−1

=
(

η2‖(x, y)‖ρ2−1
V − C2

)$2−1
, C2 = Ξρ2−1

8 σ
(γ1−1)(ρ2−1)
1 C1.
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So we find

‖E(x, y)‖V ≥ ‖E2(x, y)‖ ≥ E2(x, y)(σ1) ≥
(

η2‖(x, y)‖ρ2−1
V − C2

)$2−1
, ∀ (x, y) ∈ Q0.

We choose r2 ≥ max
{

1, C$2−1
2 /(η2 − 1)$2−1

}
and we deduce

‖E(x, y)‖V ≥ ‖(x, y)‖V, ∀ (x, y) ∈ ∂Br2 ∩Q0. (18)

Now based on Lemma 4, the relations (15), (18) and the Guo–Krasnosel’skii fixed point
theorem we conclude that the operator E has a fixed point (x, y) ∈ (Br2 \ Br1) ∩Q0 with
r1 ≤ ‖(x, y)‖V ≤ r2 and x(s) ≥ sγ1−1‖x‖, y(s) ≥ sγ2−1‖y‖ for all s ∈ [0, 1]. So ‖x‖ > 0
or ‖y‖ > 0, that is x(s) > 0 for all s ∈ (0, 1] or y(s) > 0 for all s ∈ (0, 1]. Therefore,
(x(t), y(t)), t ∈ [0, 1] is a positive solution of problem (1), (2).

Proof of Theorem 2. From assumption (H5) we deduce that there exist C3 > 0, C4 > 0
such that

ψ1(t, w1, w2, w3, w4) ≤ e1 ϕρ1(u1w1 + u2w2 + u3w3 + u4w4) + C3,
ψ2(t, w1, w2, w3, w4) ≤ e2 ϕρ2(u1w1 + u2w2 + u3w3 + u4w4) + C4,

(19)

for any t ∈ [0, 1] and wi ≥ 0, i = 1, . . . , 4. By using (H2) and (19), for any (x, y) ∈ Q0 and
t ∈ [0, 1] we obtain

E1(x, y)(t) ≤
∫ 1

0
J3(τ)ϕ$1

(∫ 1

0
J1(ζ)f(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
dτ

+
∫ 1

0
J4(τ)ϕ$2

(∫ 1

0
J2(ζ)g(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
dτ

≤ Ξ3 ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1(ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)) dζ

)
+Ξ4 ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)ψ2(ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)) dζ

)
≤ Ξ3 ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)

[
e1 ϕρ1

(
u1x(ζ) + u2y(ζ) + u3 Iµ1

0+x(ζ) + u4 Iµ2
0+y(ζ)

)
+ C3

]
dζ

)
+Ξ4 ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)

[
e2 ϕρ2

(
v1x(ζ) + v2y(ζ) + v3 Iν1

0+x(ζ) + v4 Iν2
0+y(ζ)

)
+ C4

]
dζ

)
≤ Ξ3 ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)

[
e1

(
u1‖x‖+ u2‖y‖+

u3‖x‖
Γ(µ1 + 1)

+
u4‖y‖

Γ(µ2 + 1)

)ρ1−1

+ C3

]
dζ

)

+Ξ4 ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)

[
e2

(
v1‖x‖+ v2‖y‖+

v3‖x‖
Γ(ν1 + 1)

+
v4‖y‖

Γ(ν2 + 1)

)ρ2−1

+ C4

]
dζ

)
≤ Ξ3 ϕ$1

[
e1

(
max

{
u1, u2, u3

Γ(µ1+1) , u4
Γ(µ2+1)

}
2‖(x, y)‖V

)ρ1−1
+ C3

]
×
(∫ 1

0
J1(ζ)ξ1(ζ) dζ

)$1−1

+Ξ4 ϕ$2

[
e2

(
max

{
v1, v2, v3

Γ(ν1+1) , v4
Γ(ν2+1)

}
2‖(x, y)‖V

)ρ2−1
+ C4

]
×
(∫ 1

0
J2(ζ)ξ2(ζ) dζ

)$2−1

= Ξ$1−1
1 Ξ3

(
e1kρ1−1

1 ‖(x, y)‖ρ1−1
V + C3

)$1−1
+ Ξ$2−1

2 Ξ4

(
e2kρ2−1

2 ‖(x, y)‖ρ2−1
V + C4

)$2−1
.

In a similar way we find

E2(x, y)(t) ≤ Ξ$1−1
1 Ξ5

(
e1kρ1−1

1 ‖(x, y)‖ρ1−1
V + C3

)$1−1

+Ξ$2−1
2 Ξ6

(
e2kρ2−1

2 ‖(x, y)‖ρ2−1
V + C4

)$2−1
.
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Hence we conclude

‖E1(x, y)‖ ≤ Ξ$1−1
1 Ξ3

(
e1kρ1−1

1 ‖(x, y)‖ρ1−1
V + C3

)$1−1

+Ξ$2−1
2 Ξ4

(
e2kρ2−1

2 ‖(x, y)‖ρ2−1
V + C4

)$2−1
,

‖E2(x, y)‖ ≤ Ξ$1−1
1 Ξ5

(
e1kρ1−1

1 ‖(x, y)‖ρ1−1
V + C3

)$1−1

+Ξ$2−1
2 Ξ6

(
e2kρ2−1

2 ‖(x, y)‖ρ2−1
V + C4

)$2−1
,

and then

‖E(x, y)‖V ≤ Ξ$1−1
1 (Ξ3 + Ξ5)

(
e1kρ1−1

1 ‖(x, y)‖ρ1−1
V + C3

)$1−1

+Ξ$2−1
2 (Ξ4 + Ξ6)

(
e2kρ2−1

2 ‖(x, y)‖ρ2−1
V + C4

)$2−1
,

(20)

for all (x, y) ∈ Q0. We choose

r3 ≥ max

1,
Ξ$1−1

1 (Ξ3 + Ξ5)Λ1C$1−1
3 + Ξ$2−1

2 (Ξ4 + Ξ6)Λ2C$2−1
4

1−
[
Ξ$1−1

1 (Ξ3 + Ξ5)Λ1e$1−1
1 k1 + Ξ$2−1

2 (Ξ4 + Ξ6)Λ2e$2−1
2 k2

]
.

Then by (20) and the inequalities (a + b)$i−1 ≤ Λi(a$i−1 + b$i−1), for a, b ≥ 0, i = 1, 2 we
deduce

‖E(x, y)‖V ≤ ‖(x, y)‖V, ∀ (x, y) ∈ ∂Br3 ∩Q0. (21)

Now, in (H6) we assume that f0 > e3 (the case g0 > e4 is treated in a similar way). So
there exists r̃4 ∈ (0, 1] such that

f(t, w1, w2, w3, w4) ≥ e4 ϕρ1((p1w1 + p2w2 + p3w3 + p4w4)
ς1), (22)

for all t ∈ [σ1, σ2], wi ≥ 0, i = 1, . . . , 4, ∑4
i=1 piwi ≤ r̃4. We define r4 ≤ min{r̃4/k̃3, r̃4},

where k̃3 = 2 max
{

p1, p2, p3
Γ(µ1+1) , p4

Γ(µ2+1)

}
. Hence for any (x, y) ∈ Br4 ∩Q and t ∈ [0, 1]

we find
p1x(τ) + p2y(τ) + p3 Iµ1

0+x(τ) + p4 Iµ2
0+y(τ)

≤ 2 max
{

p1, p2, p3
Γ(µ1+1) , p4

Γ(µ2+1)

}
‖(x, y)‖V = k̃3r4 ≤ r̃4.

Therefore, by using (22) and the inequalities Iµ1
0+x(τ) ≥ ‖x‖ τµ1+γ1−1Γ(γ1)

Γ(γ1+µ1)
and Iµ2

0+y(τ) ≥

‖y‖ τµ2+γ2−1Γ(γ2)
Γ(γ2+µ2)

, for all τ ∈ [0, 1] and (x, y) ∈ Q0, we obtain for any (x, y) ∈ Br4 ∩Q0 and
t ∈ [σ1, σ2]

E1(x, y)(t) ≥
∫ σ2

σ1

G3(t, τ)ϕ$1

(∫ τ

σ1

G1(τ, ζ)f(ζ, x(ζ), y(ζ), Iµ1
0+x(ζ), Iµ2

0+y(ζ)) dζ

)
dτ

≥ σ
γ1−1
1

∫ σ2

σ1

J3(τ)

(∫ τ

σ1

G1(τ, ζ)e3

(
p1x(ζ) + p2y(ζ) + p3 Iµ1

0+x(ζ)

+p4 Iµ2
0+y(ζ)

)ς1(ρ1−1)
dζ

)$1−1
dτ

≥ σ
γ1−1
1

∫ σ2

σ1

J3(τ)

(∫ τ

σ1

G1(τ, ζ)e3

(
p1σ

γ1−1
1 ‖x‖+ p2σ

γ2−1
1 ‖y‖

+ p3
σ

µ1+γ1−1
1 Γ(γ1)

Γ(γ1 + µ1)
‖x‖+ p4

σ
µ2+γ2−1
1 Γ(γ2)

Γ(γ2 + µ2)
‖y‖

)ς1(ρ1−1)

dζ

$1−1

dτ
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≥ σ
γ1−1
1

∫ σ2

σ1

J3(τ)

(∫ τ

σ1

G1(τ, ζ)e3

(
min

{
p1σ

γ1−1
1 , p2σ

γ2−1
1 , p3

σ
µ1+γ1−1
1 Γ(γ1)

Γ(γ1 + µ1)
,

p4
σ

µ2+γ2−1
1 Γ(γ2)

Γ(γ2 + µ2)

}
2‖(x, y)‖V

)ς1(ρ1−1)

dζ

$1−1

dτ

= σ
γ1−1
1

∫ σ2

σ1

J3(τ)

(∫ τ

σ1

G1(τ, ζ)e3(2k3‖(x, y)‖V)ς1(ρ1−1)dζ

)$1−1
dτ

= σ
γ1−1
1 e$1−1

3 2ς1 kς1
3 ‖(x, y)‖ς1

V

∫ σ2

σ1

J3(τ)

(∫ τ

σ1

G1(τ, ζ) dζ

)$1−1
dτ

= σ
γ1−1
1 e$1−1

3 2ς1 kς1
3 Ξ7‖(x, y)‖ς1

V

≥ σ
γ1−1
1 e$1−1

3 2ς1 kς1
3 Ξ7‖(x, y)‖V = ‖(x, y)‖V.

Then we deduce

‖E(x, y)‖V ≥ ‖E1(x, y)‖ ≥ E1(x, y)(σ1) ≥ ‖(x, y)‖V, ∀ (x, y) ∈ ∂Br4 ∩Q0. (23)

By Lemma 4, (21), (23) and the Guo–Krasnosel’skii fixed point theorem, we conclude that
E has a fixed point (x, y) ∈ (Br3 \ Br4) ∩Q0, so r4 ≤ ‖(x, y)‖V ≤ r3, and x(s) ≥ sγ1−1‖x‖,
y(s) ≥ sγ2−1‖y‖ for all s ∈ [0, 1], which is a positive solution of problem (1), (2).

Proof of Theorem 3. Because assumptions (H1), (H2) and (H4) hold, then by Theorem 1
we deduce that there exists r2 > 1 such that

‖E(x, y)‖V ≥ ‖(x, y)‖V, ∀ (x, y) ∈ ∂Br2 ∩Q0. (24)

Next because assumptions (H1), (H2) and (H6) hold, then by Theorem 2 we conclude that
there exists r4 < 1 such that

‖E(x, y)‖V ≥ ‖(x, y)‖V, ∀ (x, y) ∈ ∂Br4 ∩Q0. (25)

Now, consider the set B1 = {(x, y) ∈ V, ‖(x, y)‖V < 1}. By assumption (H7) for any
(x, y) ∈ ∂B1 ∩Q0 and t ∈ [0, 1] we find

E1(x, y)(t) ≤
∫ 1

0
J3(τ)ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
dτ

+
∫ 1

0
J4(τ)ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)ψ2

(
ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)

)
dζ

)
dτ

≤ A$1−1
0

∫ 1

0
J3(τ)ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ) dζ

)
dτ + A$2−1

0

∫ 1

0
J4(τ)ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ) dζ

)
dτ

= A$1−1
0

(∫ 1

0
J3(τ) dτ

)(∫ 1

0
J1(ζ)ξ1(ζ) dζ

)$1−1

+A$2−1
0

(∫ 1

0
J4(τ) dτ

)(∫ 1

0
J2(ζ)ξ2(ζ) dζ

)$2−1

= A$1−1
0 Ξ3Ξ$1−1

1 + A$2−1
0 Ξ4Ξ$2−1

2 < 1
4 + 1

4 = 1
2 ,

E2(x, y)(t) ≤
∫ 1

0
J5(τ)ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ)ψ1

(
ζ, x(ζ), y(ζ), Iµ1

0+x(ζ), Iµ2
0+y(ζ)

)
dζ

)
dτ

+
∫ 1

0
J6(τ)ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ)ψ2

(
ζ, x(ζ), y(ζ), Iν1

0+x(ζ), Iν2
0+y(ζ)

)
dζ

)
dτ

≤ A$1−1
0

∫ 1

0
J5(τ)ϕ$1

(∫ 1

0
J1(ζ)ξ1(ζ) dζ

)
dτ + A$2−1

0

∫ 1

0
J6(τ)ϕ$2

(∫ 1

0
J2(ζ)ξ2(ζ) dζ

)
dτ

= A$1−1
0

(∫ 1

0
J5(τ) dτ

)(∫ 1

0
J1(ζ)ξ1(ζ) dζ

)$1−1

+A$2−1
0

(∫ 1

0
J6(τ) dτ

)(∫ 1

0
J2(ζ)ξ2(ζ) dζ

)$2−1

= A$1−1
0 Ξ5Ξ$1−1

1 + A$2−1
0 Ξ6Ξ$2−1

2 < 1
4 + 1

4 = 1
2 .
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Therefore we deduce ‖E1(x, y)‖ < 1
2 , ‖E2(x, y)‖ < 1

2 for all (x, y) ∈ ∂B1 ∩Q0. So we obtain

‖E(x, y)‖V = ‖E1(x, y)‖+ ‖E2(x, y)‖ < 1 = ‖(x, y)‖V, ∀ (x, y) ∈ ∂B1 ∩Q0. (26)

Then, by (24) and (26) we conclude that there exists a positive solution (x1, y1) ∈ Q0
with 1 < ‖(x1, y1)‖V ≤ r2 for problem (1), (2). By (25) and (26) we deduce that there exists
another positive solution (x2, y2) ∈ Q0 with r4 ≤ ‖(x2, y2)‖V < 1 for problem (1), (2). Hence
problem (1), (2) has at least two positive solutions (x1(t), y1(t)), (x2(t), y2(t)), t ∈ [0, 1].

5. Examples

Let δ1 = 7
4 , δ2 = 5

3 , p = 3, q = 4, γ1 = 5
2 , γ2 = 17

5 , n = 1, m = 2, µ1 = 23
6 , µ2 = 19

7 ,
ν1 = 47

9 , ν2 = 22
3 , α0 = 4

3 , α1 = 2
3 , β0 = 9

4 , β1 = 3
4 , β2 = 5

6 , ρ1 = 27
8 , ρ2 = 38

9 , $1 = 27
19 ,

$2 = 38
29 , M0(τ) = 5τ

7 , τ ∈ [0, 1], N0(τ) =
{

1
2 , τ ∈

[
0, 1

3

)
; 11

10 , τ ∈
[

1
3 , 1
]}

, M1(τ) ={
3
4 , τ ∈

[
0, 1

2

)
; 93

28 , τ ∈
[

1
2 , 1
]}

, N1(τ) =
{

1
3 , τ ∈

[
0, 4

5

)
; 29

24 , τ ∈
[

4
5 , 1
]}

, N2(τ) = 3τ
2 ,

τ ∈ [0, 1].
We consider the system of fractional differential equations D7/4

0+

(
ϕ27/8

(
D5/2

0+ x(t)
))

= f
(

t, x(t), y(t), I23/6
0+ x(t), I19/7

0+ y(t)
)

, t ∈ (0, 1),

D5/3
0+

(
ϕ38/9

(
D17/5

0+ y(t)
))

= g
(

t, x(t), y(t), I47/9
0+ x(t), I22/3

0+ y(t)
)

, t ∈ (0, 1),
(27)

with the boundary conditions

x(0) = x′(0) = 0, D5/2
0+ x(0) = 0, ϕ27/8

(
D5/2

0+ x(1)
)
= 5

7

∫ 1

0
ϕ27/8

(
D5/2

0+ x(τ)
)

dτ,

D4/3
0+ x(1) = 18

7 D2/3
0+ y

(
1
2

)
,

y(0) = y′(0) = y′′(0) = 0, D17/5
0+ y(0) = 0, D17/5

0+ y(1) =
(

3
5

)9/29
D17/5

0+ y
(

1
3

)
,

D9/4
0+ y(1) = 7

8 D3/4
0+ x

(
4
5

)
+ 3

2

∫ 1

0
D5/6

0+ x(τ) dτ.

(28)

We obtain here a1 ≈ 0.59183673 > 0, a2 ≈ 0.71155008 > 0, b1 ≈ 1.45311179,
b2 ≈ 2.39587178, b ≈ 1.09690108 > 0. Then assumption (H1) is satisfied. We also
find

g1(t, τ) =
1

Γ(7/4)

{
t3/4(1− τ)3/4 − (t− τ)3/4, 0 ≤ τ ≤ t ≤ 1,
t3/4(1− τ)3/4, 0 ≤ t ≤ τ ≤ 1,

g2(t, τ) =
1

Γ(5/3)

{
t2/3(1− τ)2/3 − (t− τ)2/3, 0 ≤ τ ≤ t ≤ 1,
t2/3(1− τ)2/3, 0 ≤ t ≤ τ ≤ 1,

g3(t, τ) =
1

Γ(5/2)

{
t3/2(1− τ)1/6 − (t− τ)3/2, 0 ≤ τ ≤ t ≤ 1,
t3/2(1− τ)1/6, 0 ≤ t ≤ τ ≤ 1,

g31(ϑ, τ) =
1

Γ(7/4)

{
ϑ3/4(1− τ)1/6 − (ϑ− τ)3/4, 0 ≤ τ ≤ ϑ ≤ 1,
ϑ3/4(1− τ)1/6, 0 ≤ ϑ ≤ τ ≤ 1,

g32(t, τ) =
1

Γ(5/3)

{
ϑ2/3(1− τ)1/6 − (ϑ− τ)2/3, 0 ≤ τ ≤ ϑ ≤ 1,
ϑ2/3(1− τ)1/6, 0 ≤ ϑ ≤ τ ≤ 1,

g4(t, τ) =
1

Γ(17/5)

{
t12/5(1− τ)3/20 − (t− τ)12/5, 0 ≤ τ ≤ t ≤ 1,
t12/5(1− τ)3/20, 0 ≤ t ≤ τ ≤ 1,

g41(ϑ, τ) =
1

Γ(41/15)

{
ϑ26/15(1− τ)3/20 − (ϑ− τ)26/15, 0 ≤ τ ≤ ϑ ≤ 1,
ϑ26/15(1− τ)3/20, 0 ≤ ϑ ≤ τ ≤ 1,

G1(t, τ) = g1(t, τ) +
5t3/4

7a1

∫ 1

0
g1(ζ, τ) dζ,

G2(t, τ) = g2(t, τ) +
3t2/3

5a2
g2

(
1
3

, τ

)
,
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G3(t, τ) = g3(t, τ) +
t3/2b1

b

[
7
8
g31

(
4
5

, τ

)
+

3
2

∫ 1

0
g32(ϑ, τ) dϑ

]
,

G4(t, τ) =
18t3/2Γ(17/5)

7bΓ(23/20)
g41

(
1
2

, τ

)
,

G5(t, τ) =
t12/5Γ(5/2)
bΓ(7/6)

[
7
8
g31

(
4
5

, τ

)
+

3
2

∫ 1

0
g32(ϑ, τ) dϑ

]
,

G6(t, τ) = g4(t, τ) +
18t12/5b2

7b
g41

(
1
2

, τ

)
,

h1(τ) =
1

Γ(7/4) (1− τ)3/4, h2(τ) =
1

Γ(5/3) (1− τ)2/3,
h3(τ) =

1
Γ(5/2) (1− τ)1/6(1− (1− τ)4/3),

h4(τ) =
1

Γ(17/5) (1− τ)3/20(1− (1− τ)9/4),

for all t, τ, ϑ ∈ [0, 1]. In addition we deduce

J1(τ) = h1(τ) +
5

7a1Γ(11/4)

[
(1− τ)3/4 − (1− τ)7/4

]
, τ ∈ [0, 1],

J2(τ) =


h2(τ) +

3
5a2Γ(5/3)

[(
1
3

)2/3
(1− τ)2/3 −

(
1
3 − τ

)2/3
]

, 0 ≤ τ ≤ 1
3 ,

h2(τ) +
3

5a2Γ(5/3)

(
1
3

)2/3
(1− τ)2/3, 1

3 < τ ≤ 1,

J3(τ) =



h3(τ) +
b1
b

{
7

8Γ(7/4)

[(
4
5

)3/4
(1− τ)1/6 −

(
4
5 − τ

)3/4
]

+ 3
2Γ(8/3)

[
(1− τ)1/6 − (1− τ)5/3

]}
, 0 ≤ τ ≤ 4

5 ,

h3(τ) +
b1
b

{
7

8Γ(7/4)

(
4
5

)3/4
(1− τ)1/6

+ 3
2Γ(8/3)

[
(1− τ)1/6 − (1− τ)5/3

]}
, 4

5 < τ ≤ 1,

J4(τ) =


18Γ(17/5)

7bΓ(23/20)Γ(41/15)

[(
1
2

)26/15
(1− τ)3/20 −

(
1
2 − τ

)26/15
]

, 0 ≤ τ ≤ 1
2 ,

18Γ(17/5)
7bΓ(23/20)Γ(41/15)

(
1
2

)26/15
(1− τ)3/20, 1

2 < τ ≤ 1,

J5(τ) =



Γ(5/2)
bΓ(7/6)

{
7

8Γ(7/4)

[(
4
5

)3/4
(1− τ)1/6 −

(
4
5 − τ

)3/4
]

+ 3
2Γ(8/3)

[
(1− τ)1/6 − (1− τ)5/3

]}
, 0 ≤ τ ≤ 4

5 ,

Γ(5/2)
bΓ(7/6)

{
7

8Γ(7/4)

(
4
5

)3/4
(1− τ)1/6

+ 3
2Γ(8/3)

[
(1− τ)1/6 − (1− τ)5/3

]}
, 4

5 < τ ≤ 1,

J6(τ) =


h4(τ) +

18b2
7bΓ(41/15)

[(
1
2

)26/15
(1− τ)3/20 −

(
1
2 − τ

)26/15
]

, 0 ≤ τ ≤ 1
2 ,

h4(τ) +
18b2

7bΓ(41/15)

(
1
2

)26/15
(1− τ)3/20, 1

2 < τ ≤ 1.

Example 1. We introduce the functions

f(t, w1, w2, w3, w4) =
(3w1 + 2w2 + w3 + 5w4)

19a/8

tz1(1− t)z2
,

g(t, w1, w2, w3, w4) =
(w1 + 7w2 + 4w3 + 2w4)

29b/9

tz3(1− t)z4
,

(29)

for t ∈ (0, 1), wi ≥ 0, i = 1, . . . , 4, where a > 1, b > 1, z1 ∈ (0, 1), z2 ∈
(
0, 7

4
)
, z3 ∈ (0, 1),

z4 ∈
(
0, 5

3
)
. Here ξ1(t) = 1

tz1 (1−t)z2 , ξ2(t) = 1
tz3 (1−t)z4 for t ∈ (0, 1), ψ1(t, w1, w2, w3, w4) =

(3w1 + 2w2 + w3 + 5w4)
19a/8 and ψ2(t, w1, w2, w3, w4) = (w1 + 7w2 + 4w3 + 2w4)

29b/9 for
t ∈ [0, 1], wi ≥ 0, i = 1, . . . , 4. We also obtain M1 = B(1 − z1, 7/4 − z2) ∈ (0, ∞),
M2 = B(1− z3, 5/3− z4) ∈ (0, ∞). Then assumption (H2) is satisfied. In addition, in (H3),
for l1 = 3, l2 = 2, l3 = 1, l4 = 5, θ1 = 1, m1 = 1, m2 = 7, m3 = 4, m4 = 2, θ2 = 1, we find
ψ10 = 0 and ψ20 = 0. In (H4), for [σ1, σ2] ⊂ (0, 1), s1 = 3, s2 = 2, s3 = 1, s4 = 5, we obtain
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f∞ = ∞. Then by Theorem 1 we deduce that problem (27), (28) with the nonlinearities (29) has at
least one solution (x1(t), y1(t)), t ∈ [0, 1].

Example 2. We define the functions

f(t, w1, w2, w3, w4) =
p0(t + 3)

(t2 + 8) 4√t3

[(
1
2

w1 + w2 +
1
4

w3 +
1
5

w4

)υ1

+
(

1
2 w1 + w2 +

1
4 w3 +

1
5 w4

)υ2
]
, t ∈ (0, 1], wi ≥ 0, i = 1, . . . , 4,

g(t, w1, w2, w3, w4) =
q0(2 + sin t)

(t + 6)4 7
√
(1− t)5

(
wυ3

1 + ew2 + ln (w3 + w4 + 1)
)
,

t ∈ [0, 1), wi ≥ 0, i = 1, . . . , 4,

(30)

where p0 > 0, q0 > 0, υ1 > 19/8, υ2 ∈ (0, 19/8), υ3 > 0. Here we have ξ1(t) = 1
4√t3

, t ∈ (0, 1],

ψ1(t, w1, w2, w3, w4) =
p0(t+3)
(t2+8)

[(
1
2 w1 + w2 +

1
4 w3 +

1
5 w4

)υ1
+
(

1
2 w1 + w2 +

1
4 w3+

1
5 w4

)υ2
]
, t ∈ [0, 1], wi ≥ 0, i = 1, . . . , 4, ξ2(t) = 1

7
√

(1−t)5
, t ∈ [0, 1), ψ2(t, w1, w2, w3, w4) =

q0(2+sin t)
(t+6)4 (wυ3

1 + ew2 + ln(w3 + w4 + 1)), t ∈ [0, 1], wi ≥ 0, i = 1, . . . , 4. We obtain M1 =

B(1/4, 7/4) ∈ (0, ∞), M2 = 21
20 ∈ (0, ∞). Then assumption (H2) is satisfied. For [σ1, σ2] ⊂

(0, 1), s1 = 1
2 , s2 = 1, s3 = 1

4 , s4 = 1
5 , we find f∞ = ∞ (in (H4)), and for p1 = 1

2 , p2 = 1,

p3 = 1
4 , p4 = 1

5 , ς1 ∈
(

8υ2
19 , 1

]
, we have f0 = ∞ (in (H6)). So assumptions (H4) and (H6)

are satisfied. Then after some computations we deduce Ξ1 ≈ 3.93816256, Ξ2 ≈ 1.53523525,
Ξ3 ≈ 1.40740842, Ξ4 ≈ 0.97489748, Ξ5 ≈ 1.04873754, Ξ6 ≈ 0.92404828, v = 1, and
A0 = max

{
4p0

9

(( 39
20
)υ1 +

( 39
20
)υ2
)

, q0m0(1 + e + ln 3)
}

, where m0 = maxt∈[0,1]
2+sin t
(t+6)4 ≈

2.00035047. If

p0 <
9( 39

20
)υ1 +

( 39
20
)υ2

min

{
1

427/8Ξ19/8
3 Ξ1

,
1

438/9Ξ29/9
4 Ξ2

,
1

427/8Ξ19/8
5 Ξ1

,
1

438/9Ξ29/9
6 Ξ2

}
,

q0 <
1

m0(1 + e + ln 3)
min

{
1

419/8Ξ19/8
3 Ξ1

,
1

429/9Ξ29/9
4 Ξ2

,
1

419/8Ξ19/8
5 Ξ1

,
1

429/9Ξ29/9
6 Ξ2

}
,

then the inequalities A8/19
0 Ξ3Ξ8/19

1 < 1
4 , A9/29

0 Ξ4Ξ9/29
2 < 1

4 , A8/19
0 Ξ5Ξ8/19

1 < 1
4 ,

A9/29
0 Ξ6Ξ9/29

2 < 1
4 are satisfied, (that is, assumption (H7) is satisfied). For example, if υ1 = 2,

υ2 = 3 and p0 ≤ 0.0008, q0 ≤ 0.0004, then the above inequalities are verified. By Theorem 3,
we conclude that problem (27), (28) with the nonlinearities (30) has at least two positive solutions
(x1(t), y1(t)), (x2(t), y2(t)), t ∈ [0, 1].

6. Conclusions

In this paper we investigated the system of coupled fractional differential equations (1)
with ρ-Laplacian operators and Riemann–Liouville fractional derivatives of varied orders,
supplemented with general nonlocal boundary conditions (2) containing Riemann–Stieltjes
integrals and fractional derivatives of differing orders. The nonlinearities from the system
are dependent on various fractional integrals and they are nonnegative and singular in the
points t = 0 and t = 1. The last boundary conditions for the unknown functions x and y
are coupled in the point 1, in contrast to the boundary conditions from paper [6] in which
they are uncoupled in the point 1. We presented diverse assumptions on the functions f

and g so that problem (1), (2) has one positive solution (in Theorems 1 and 2), and two
positive solutions (in Theorem 3). We also gave the corresponding Green functions and
their properties used in the proof of the main results. We transformed our problem into a
system of integral equations and we associated an operator E for which we looked for the
fixed points by applying the Guo–Krasnosel’skii fixed point theorem of cone expansion and
compression of norm type. We presented finally two examples for illustrating our main
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theorems. For some future research directions we have in mind the study of some systems
of fractional differential equations with other nonlocal coupled or uncoupled boundary
conditions.
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