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1. Introduction

Models using instantaneous impulses do not appear to be able to explain the specific
dynamics of the evolution process in pharmacotherapy. For example, when one analyzes
a person’s hemodynamic equilibrium, the entry of drugs into the bloodstream and the
subsequent absorption for the body are gradual and ongoing processes. Hernéndez and
O’Regan [1] and Pierri et al. [2] began by investigating Cauchy problems for first-order
evolution equations with instantaneous and non-instantaneous impulses. The works
in [3-11] and their references include current results for evolution equations with non-
instantaneous impulses. Many authors have examined qualitative properties such as
existence, uniqueness, and stability for many integral, differential, and integrodifferential
equations, see [12] for more details.

Whenever the system’s behavior relies not just on its present condition, but also on its
history, the past history is important in the analysis of a system represented as functional
and partial functional differential equations. We assume that the histories yy belong to
some abstract phase space B, to be specified later. When the delay is infinite, we introduce
the phase space concept B. It is crucial in the study of both qualitative and quantitative
theory, see [13]. A usual choice is a seminormed space satisfying suitable axioms, which
was introduced by Hale and Kato in [14].

Functional evolution equations with state-dependent delay appear frequently in math-
ematical modeling of a variety of real-world problems, and as a result, the study of these
equations has received considerable attention in recent years, see, for instance, [15-17].

In fact, the resolvent operator, which takes the place of the Cy-semigroup in evolution
equations, is critical in solving (1), in both the weak and strict senses. Based on these
important works, many authors have done extensive work in recent years on various
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topics such as existence, regularity of solutions and control problems for semilinear integro-
differential evolution equations using the theory of resolvent operator, see [18-21], and the
references therein.

Motivated by the works [4,19,22-26], we will investigate the existence and attractivity
of mild solutions for non-instantaneous integrodifferential equations via resolvent operators
with infinite delay:

¢'(9) = Ap() + £(9, 9o, (HP)(8)) + J) B (0)ds, if 0 € I,k € Ny,
¢(9) :Ek(ﬂ,(P(ﬂk_)),ifﬂE J k€N, 1
$(9) = d(8), if¥ € R_,

and with state-dependent delay:
¢'(9) = Ap(9) + f(19, oo, ( ) + B $(5)ds, if 0 € I, k € Ny,
P(0) =Z(8,9(8,)),if 0 € J, k€N, @
$(8) = d(8), if 9 € R_,

where Iy = [0, 191], Iy Z((Sk, l9k+1} et Ji :(ﬁk,ék], N = {1,2,. . } and Ny = NU {0} with
0:(50<l91 S(Sl <th<... <5m71 <Oy <om §l9m+1—>+00,(k—>+00),AD(A) C
E — E is the infinitesimal generator of a strongly continuous semigroup {T(9) }9>0, B(9)
is a closed linear operator with domain D(A) C D(B(9)), the operator H is defined by

(H)(9) = /Ouh(ﬂ,é,<p(5))d5, a>0,

the nonlinearterm f : [ X BXE =+ E; k€ Ny, B¢ : iy xE—=E keN,..., P:R_ - E,
p: ] x B — (—o0,00) are a given functions, and (E, || - ||) is a Banach space.

The following is how this manuscript is structured. Section 2 is reserved for some
preliminary results and definitions which will be utilized throughout this manuscript. After
we present and prove the existence and attractivity of solutions for problems (1) and (2),
we study as well the controllability of solutions. Finally, we provide a relevant illustration.

2. Preliminaries

We introduce in this section some of the notations, definitions, fixed-point theorems
and preliminary facts that will be used in the remainder of this paper.

Let BC(J, E) be the Banach space of all bounded and continuous functions y mapping
J :=[0,4+00) into E, with the usual supremum norm

[Ylleo = sup [y (8)]-
ve]

A measurable function u : [0, +c0) — E is Bochner integrable if and only if ||u]| is
Lebesgue integrable. (For the Bochner integral properties, see [27], for instance). Let us
denote by L!(]0, +c0), E) the Banach space of measurable functions u : [0, +-0) — E which
are Bochner integrable, with the norm

+0c0
lull = [ @) lat
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We consider the following Cauchy problem

¢'(8) = AP(8) + [y B(8 — 8)p(6)ds; for 9 >0, 3)
¢(0) = ¢o € E.

The existence and properties of a resolvent operator is discussed in [28-30]. In what
follows, we suppose the following assumptions:

(Hp) A s the infinitesimal generator of a uniformly continuous semigroup {T(9) }s~0;

(Hz) Forall @ > 0,B(9) is closed linear operator from D(A) to E and B(¢) € B(D(A), E).
Foranyy € D(A), the map ¢ — B(®)y is bounded, differentiable, and the derivative
® — B/(8)y is bounded uniformly continuous on R™.

Theorem 1 ([29]). Assume that (Hy)—(Hp) hold, then there exists a unique resolvent operator for
the Cauchy problem (3).

Let
PC(R,E) = {y : R = E : ylg- € B,yl; =& k€N, y[; k € Ny,is continuous,
y(65),y(8; )andy(9,") exists with y(6,) = gk (0, y(d; )) and (8, ) = y(ﬂk)}.

In this paper, we assume that the state space (B, ||.||g) is a seminormed linear space of
functions mapping (—oo, 0] into R, and satisfying the following fundamental axioms which
were introduced by Hale and Kato in [14],

(A1) Ify € PCand yg € B, then for every ¢ € ], the following conditions hold:

(i) yo€B;

(ii) There exists a positive constant H such that [y(9)| < H||ys| 5

(iii) There exist two functions L(-) and M(-) : R; — R independent of y with L
continuous and bounded and M locally bounded such that :

lyollg < L(8) sup{[y(d)| : 0 <& < 8} + M(8)|[yol| -

(Az)  For the function y in (A1), vy is a B-valued continuous function on R™ \ Jj.
(A3) The space B is complete. Denote L, = sup{L(?): 9 € J}, M, =sup{M(9) : ¥ €
J}, N =max{L., M.}

Now, let (6 )ken be a sequence defined by
O =% — 0 keN, 9 c R,
Then, for [y = R~ \ {6 : k € N}, we define the space
PCy(R™,E) ={y:R™ — E: y|j, is continuous and
y(0), y(6) exist with y(6,) = y(0) },

and the space
Co:={¢ € PCy(R™,E) : Em ¢(7) existin E},
T —00

endowed with the norm
[@lle = sup{lp()| : T < 0}.
Then, the axioms (A1)—(A3) are satisfied in the space Cy. Thus, in all that follows, we
consider the phase space B = Cy, and let

BPC(R,E) = {y € PC(R,E) : y is bounded on R" with the norm || - ||zpc},
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such that
lvllspc = sup{|ly(®)| }-
veR

Definition 1 ([31]). Let X be a Banach space and Q) x—the bounded subsets of X. The Kuratowski
measure of noncompactness is the map p : Qx — [0, 00| defined by

#(B) =inf{e > 0: B C U] B; and diam(B;) < €}, here B € Q,

where
diam(B;) = sup{||lu —v||g : u,v € B;}.

Lemma 1 ([32]). If Y is a bounded subset of a Banach space X, then for each € > 0, there is a
sequence {yi}yq C Y such that

u(Y) <2u({yety) +e

Lemma 2 ([33]). If {yx}t>, C L is uniformly integrable, then the function 9 — a({yx(8)},)

is measurable and
”({ /oﬂyk“)dﬁ}:o_o) <2 /Oﬂm{yk(a)}z"om(s.

More properties of the Kuratowski measure of noncompactness can be found in [31,34,35].

3. Global Existence and Attractivity for Functional Integro-Differential Equations

In this section, we will demonstrate the existence and attractivity of mild solutions of
the problem (1). We will begin with the existence result, which is based on Moénch'’s fixed
point theorem with the noncompactness. We move next to the attractivity of solutions [36].

3.1. Existence of Mild Solutions

In order to define a measure of noncompactness in the space X = BPC(R, E), let us
recall the following special measure of noncompactness which originates from [37], and
will be used in our main results.

Let us fix a nonempty bounded subset S of the space X. Forve H, T >0, € >0,
k1,%2 € [T, T), such that |x; — x| < €. We denote w’ (v, €) the modulus of continuity of
the function v on the interval [—T, T], namely,

wl(v,e) = sup{|le™u(xy) — e ™u(xy)| ; x1,%2 € [T, T]},
wT(H,e) = sup{w(v,e);ve H},

wl (S) = limo{w’(S,€)},

wolS) = limr o] (H)

If ¢ is fixed from R, let us denote S(8) = {v(d) € E; v € S} and
d®(S(8)) = diam (S(8)) = sup{|le ®u(®) — e %0 (8)||; u, v € S}.
Finally, consider the function x defined on the family of subset of X by the formula

Xpc(S) = wo(S) + lim supd®(S(9)).

[8]|—o0

It can be shown similar to [38], that the function xpgpc is a sublinear measure of
noncompactness on the space X'
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Definition 2. A function ¢ € X is called a mild solution of problem (1), if it satisfies
)+ Jo R f(8, 95, (H)(0))ds; if ¢ € Iy,
R(¥— &) [Ek(§k1 } + f() (5 ¢s, (H¢)(5))d5,l9 €y, keN,

Er(0,¢(0,)), 0 € Jr, kEN,

D(9); ifo € R_.

The following assumption will be needed throughout the paper:
(C1) f:]xBxE — EisaCarathéodory function and there exist two functions p}, pjz, €
L'(J,R*) and a continuous nondecreasing functions w}, 1,0}2( : ] = (0, +o0) such that:

1£(8,91, )11 < pLOPE o1 18) + 29392l for 1 € B, ¢z € E,
and for every M;, Mp > 0,

[
: —u(0-9) 1 2 _
01_1&&5;33/() e (Mlpf(é) +M2pf((5))d5 0.

(C2) The function h : Dy, x E — E is continuous and there exists a continuous function
he, : Dy — (0,400) such that,

(0,8, p1) —h(D,8,¢2)|| < he,(8,0)]|¢1 — ¢2]|, for each (8,6) € Dy and ¢y, ¢ € E.

max{sup{hcl(ﬁ 0)}, sup{||h(9,9, 0)||}} = max{hy, "} < co.
Dy D,

(C3)  Eg:Jx x E — E are continuous and there exist functions Lz, : ] — (0, +), k € N,
such that

12k (8, ¢1) — Ex (0, ¢2)|| < Lz, (8)ll¢1 — ¢2l|, forallgy, ¢ € E, k€N,

and

maxsup{Lz, (¢), k € N} = Ly < H-oo0.
keN €] k

(C4) Assume that (Hy)-(Hy) hold, and there exist Mg > 1 and p > 0, such that
IR(8) | p(g) < Mge H°.
Theorem 2. Assume that the conditions (C1)—(C4) are satisfied. If
MRLEk <1,

then, the system (1) has at least one mild solution.
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Proof. Transform the problem (1) into a fixed-point problem, consider the operator
A: X — X defineby :

R($)D(0) + [y R(8 = 6)£(5, g5, (HP)(6))do; if 9 € I,

R(ﬂﬂ— 6) [k (0, 9 (0 )]
Ap(@) = | T I RO = 075,93, (Hp)(8))ds; i£ 0 € Iy, k€N, W

Ee(0,¢(8)); if 8 € Jy, k€N,

(9); if 0 € R_.

The transformation that we are going to use now is to simplify the calculations and
the conditions and not to have a norm as soon as our space is already a Banach space.
Let x(-) : (—oo, +00) — E be the function defined by:

R(®)®(0), ifd € Iy,
x(8) =4 0, if 0 € (81, +00),

o(8), if9eR. .

Then, xg = ®, and for each z € X, with z(0) = 0, we denote by z the function
z(9), ifd e R,

(8) =
0, ifoeR_.

If ¢ satisfies Definition 2, then we can decompose it as ¢(¢) = z(8) + x(8), which
implies ¢y = zy + xy, and the function z(.) satisfies

SR = 8)£(6,25 + x5, H(z + x)(8))ds; if 0 € Iy,

(19 5k)[ (5 (2)(5 )]
+ [y R F(8,25 + x5, H(z)(8))d5; if 8 € I, k €N,

Ee(8,(2)(8;)); if 0 € Jr, k€ N.

Set
Q={ze X : z(0) =0}.

Let the operator A : Q) — Q) defined by
fo (6,25 + x5, H(z+ x)(6))ds; if ¢ € I,

~ (19 &) [Ex(0k, (2) (5 )]
+f5 R(®—0)f(3,2zs + x5, H(z)(8))ds; if 0 € I, k€N,

Ex(8, (2)(9;)), if O € J, ke N.

Obviously, the operator A has a fixed point is equivalent to A having a fixed point,
and so we turn to proving that A has a fixed point. We shall use Moénch’s fixed-point
theorem [33] to prove that A has a fixed point.

Let Ag = {z € Q: |ly[|x < 6}, with

0 < max {AG,Ag,Ag} <9,



Fractal Fract. 2022, 6, 615

7 of 27

such that

8y = Me(IpHIngh ) + PR ) ),

=0 1 1(Q* 2 2 (IJx
A MR(EQ + Ippllp g (R) + ¢y (H))
2 1 MgLE, ’
A = LLo+E,

and N*, H*, H*, R* are constants, they will be specific later.
The set Ay is bounded, closed, and convex. We have divided the proof into four steps:

Step 1: A(Ag) C Ay.
e Cuasel: 9 € Iy

For each z € Ag and from (C1)-(C3), it follows that

llzo + x4

And

<
<
<

2ol + X0l
L(9)]z(8)] + L(9) (MR ([[@(0)[])) + M(3)(||®]|5)
N(0+ (Mg +1)[|®]5) = R*.

I1H(z + x)(9)[| < alhe, (6 + Mg[|®||5) +h*) = H".

Then, we have

1Az(8)]

o Case2: ¢ €.

IA

M [ (PHOWHON) + PO W) ) do

Mg (IIp}l 9} (%) + 3l 9} (H))
< 6.

IN

For each z € Ag, by (C1),(C2) and (C3), we obtain

Hence, for

12(8, u(-))l < Lz, (8) [u()| + E.

H* = a(h} 0+ ") and R* = R(0 + | @] 5),

we obtain

1Az(®9)] <

IN

e Case3: ¢ €.

*

Mg [L2,0 +E+ ||}l 9} (%) + |}l 9 ()|
6.

For each z € Ay and from (C3), we obtain

Thus,

IAz(®)] < Lz6+8
)
1Az < 6.

Consequently, A(Ag) C Ag and A(Ay) is bounded.

Step 2: A is continuous.

Let {z" },,en be a sequence, such that z, — z*,
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Case 1: 9 € Iy. We have

I(Az")(8) = (Az")(8)|| < MR ./019 10,25 + xs, H(z" 4 x)(0))
— f(6,(z5 + x5), H(z" + x)(0))]|dé.
By the continuity of i and f, we get
h(9,6, (2 +x)(8)) — h(8,9,(z* +x)(J)) as n — +oo,

and
[1(8,6, (2" +x)(8)) — h(8,9, (z" +x)(6))[| < he, l|lz" — 27

By the Lebesgue dominated convergence theorem, we obtain

9 9
/0 1(o,s, (z”+x)(5))d5—>/0 19,5, (2" +x)(5))ds, as n — +oo.

Hence, from the continuity of the function f, and also by the Lebesgue dominated
convergence theorem, we obtain

[(Az") — (Az*)||x — 0, as n — +oo.
Case 2: ¥ € I.. We have
1A2")(8) = A(z") ()]l < MrlIEx(dk, (2")(6)) — Ex((8k, () ()
M [ 1506, + 300, HE)O)
= f(0,(25 + x5), H(27)(3))]|dé.
Similar to Case 1, by the continuity of k, f and E, we obtain
[(Az") — (Az*)||x = 0, as n — +oo.
Case2: ¢ € Ji. We have
IRE)@) =A@ < 128, (")(87)) — Eel8, () (97 )]l
By the continuity of 5, we obtain
[(Az") — (Az*)||x = 0, as n — +oo.

Thus, A is continuous.

Step 3: the set A(Ay) is equicontinuous.

ForI1 C Ay, T >0, and ky € Nwith T > B, and z € I, we have
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Case 1: 1,17 € I.
|Rz(1) — Az() |
< /0'“ IR(ex = 8) = Rk = )| (pHOWHN) + p3(0) 3 (H") ) do
+ [ IRG = 0) | (PHOWH) + pROWF(H))do
< 9}00) [" IR = 8) = Rixa = 8)[p}(0)ds
+ 930 [ IRGa — 8) ~ R — ) |p3(0)ds
Mg [ (9} OX)pH(©) + Y3 (H)pR(0) ) do.
By the strong continuity of R(-) and (C1), we have
| Av(x1) — Av(ia)|| = 0, as k1 — Ko.
Case 2: k1, € I.

[ Az (1) — Az(xz) |
< ||R(r1 — 6k) — R(r2 — &) |12k (0, (2) (6,))

+ /b IR(e1 = 8) = Rl = )| (PH@)PHN) + p}(6) w3 (H") ) ds
+ [ IR = 0) (PHOWHE) + pHOWFE) ) do
< ||[R(k1 — &) — R(ia — &) || (L, 0 + E7)
+pH0) [ IR( = 8) = Rixa = )|} (0)d0
+ 930 [ IRGa - 8) ~ Rl — 9)|p3(5)ds
+ My [ (9} () p}(6) + 2 (H) p3(8) ) do.
By the strong continuity of R(-) and assumption (C1), we obtain
[ Az(k1) — Az(kp)|| — 0, as k1 — K.
Case 3: K1,%2 € Ji.
|Rz(k1) — Az(a)l| = [|Zx(rr, 2((k1) ) — Bz, z((k2) )]l
From (C3), the set {Ey (8, ) }];0:1 is equicontinuous, then
H/A\z(iq) — /A\z(K2)|| — 0, as k] — K.

Hence, the set A(I1) as equicontinuous, then wo(A(IT)) = 0.

Step 4: the set A(Ayg) is equiconvergent.

Case 1: ¢ € I.
For each z € Ay and by (C1), (C3), we have

A= < My [ e OO (phRIPHE) + #HH ) ) —— 0

o0
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Then, R R
|Az(8) — Az(4o0)|| —— 0.

9—+o0

e (Case2:9¢€ .
For each z € Ag by (C1), (C2) and (C3), we obtain

~ 4 —~ N
[Az(®)|] < MR<L§k9+Eg+/5 €”(ﬂ‘sk)(l,b}(N*)p}(é)+¢%(H*)p§((5)>d§)

— s Mgr(L: 0+ E).
PR r(Lz, 0 + )

Therefore,

IA2(0) ~ Aarea)]| < Mu( [ MO (4} FIp0) + yHE }H0))a0

— 0.
¥—+o0

e Case3: 9 € .
For each z € Ay, by (C3)

“~ * QO * ’:‘0

Then, we obtain R R
|Az(®) — Az(4o00)|| ——— 0.

09— o0

Now, let IT be a subset of Ag, such that IT ¢ A(IT) U {0}. IT is bounded and equicon-
tinuous, therefore, the function ¢ — ¢(8) = x(II(9)) is continuous. By (C3) and the
properties of the measure xppc, we have

@(8)

IN

(R u{o}),
< x(Aam)@).

As the set A(Ayg) is equicontinuous, we get

p(9) < nmsupdA((?\(H))(ﬁ)).

¥—o0 8e)

Now for z,z € I1, we have three cases:
e Casel: 9 € Ij. We have

I(Az)(8) — (Az)(8)]|

< Mg /019 1£(6,25 + x5, H(z +x)(6)) — £(8,25 + xs, H(Z + x)(0))[|d6

9 5
< ZMR/O et (lp}(N*)p}(é) T IPJ%(H*)F)J%(&)) B—+00 0
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e Case2: ¢ € I . We have
I(Az)(8) — (Az)(9)]
-0
< MRJ|Ex (5, (2) (6 ) = Ex (3, (2) (6 )| + Mr ‘/ka 1£(6,25 + x5, H(2)(9))
—f(5,5+x5,H(2)(5))Hd5
< MpLg,[|z(8) —Z(8)]]

oMy [ O (ph(F)ph(o) + 3HIED))

O 9—+o0

When ¢ — +c0 and by (C1), we obtain

9(9) < (MRrLg, )xppc(I1).

Then,
(1 - MgrLg)[l¢llx <O.

e Case2: 9 € J.
We have

o~

I(Az)(8) — (Az)(8)]| 12£ (9, (2) (8 ) — 2k (8, (D) (8 )

Lz, [12(8) = Z(9)]-

ININ

Hence,
(1-Lg)ll¢llx <O0.

Consequently, ||¢||gpc = 0, implies that ¢ (&) = x(I1(#)) = 0, then I'1(9) is relatively
compact in E. In view of the Corduneanu theorem, IT is relatively compact in Ay. Ap-
plying now Monch’s fixed-point theorem [33], we conclude that A has at least one fixed
point z*. Then, ¢* = z* + x is a fixed point of the operator A, which is a mild solution of
problem (1). O

Remark 1. The transformation we used allows us to find a mild solution without imposing
conditions on the function x(-) and with simple calculations, but it imposes a strong condition
on the space X (z(0) = 0 is necessary for decomposition ), then, to avoid this constraint, we can
directly show the existence of the fixed point for the operator A without imposing this condition.
Indeed, if we assume that

max {E,Kg} <@,

with
= _ My (max{ @], &2} + ||pHl g () + [Pl (H))
1 1-Lg MR ’

N =0
Al = Iz6+E.

then A(Ag) C Ag and A(Ayg) is bounded.

In addition to the estimates that we have obtained in the proof of Theorem 2, we can see that
the map & — R(9)®P(0) and & — D(8), are continuous on Iy, R™, respectively. We have also the
set {Si}izon = {R((1—1)0)(P(it)) }i=0,1 which is equicontinuous and equiconvergent.

From similar analysis as in the proof of Theorem 2 and from Monch's fixed point theorem [33],
we can conclude that A has at least one fixed point which is a mild solution of problem (1).

3.2. Attractivity of Solutions
Firstly, we introduce the following concept of attractivity of solutions.
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Definition 3 ([36]). We say that solutions of Equation (1) are locally attractive if there exists a
closed ball B(¢*,p) in the space X for some ¢* € X such that for arbitrary solutions ¢ and ¢ of
Equation (1) belonging to B(¢*, p) we have that

lim (¢(8) — §(8)) = 0.

9—+oc0

When the last limit is uniform with respect to B(¢*, p), solutions of problem (1) are said to be
uniformly locally attractive (or equivalently that solutions of Equation (1) are locally asymptoti-
cally stable).

Let ¢* be a solution of problem (1), such that ¢* = z* + x, such that z* is a fixed point
of operator A, then for ¢ = z + x and ¢ = Z + x, we have

Jlim (9(8) = §(8)) =0 & lim (2(6) —Z(8)) = 0.

Theorem 3. Suppose that the hypotheses (C1) — (C4) hold, and for v > 0,

max {Ty, Tp, T3} <, and v+ ||x]|x < p,

such that
T = 2M(llpHlpgb) + IpHIn g} () ),
Ty = 2 (2,7 + 2+ (1o} %) + 1) )
T3 = 2%y,
with
Ry = R(y+ (Mg +1)[®]5),
Ry = R(y+[|o)s),
H, = a(hf(v+Mg||®| ) + 1),
H; = a(h 'y—i-h*)

Then, the problem (1) is attractive.

Proof. For z € B(z*; ) by (C1) and (C3), we get
e (Casel: ¢ € Iy. We have

IR2)(®) -2 (®)] = [A@)(®) - A )
2Me (|lpHl 9} %) + [P}y ()

.

IN N

Therefore, we obtain A(B,) C B,,.
Now, for each z,z € B(z*; ) solutions of problem (1) and ¢ € I, we have

12(8) —2@)| = [[(Az)(8) — (AZ)(9)]|
']
< 2Mgsup | eH(8=0) (lp}(N,’;)p}(J)+¢}(H;)pj%(5))d(s.

Then, from (C1), we conclude that

|z(8) —2(8)|| = 0, as® — +oo.
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e Case2: ¥ € I. We have

~

I(R2)(0) ~ (A=) )]

MelZ4(05, (2)(67)) — Bl ()57 ) |

b [ 16, (s + %0, H(2) 0)

10, (25 +%5)(6), H(z) 0)) s

2Mr (L2, + 50+ (P}l 9} (%) + P}l v} () ))
Y.

I(Az)(8) —z*(8)]]

IN

IN A

Therefore, we obtain A(B,) C B,.
So, for each z,z € B(z*; ) solutions of problem (1) and ¢ € I;, we have

l2(8) —Z(®)I = [(Az)(8) — (AZ)(9)]
< Mre MO |1 2(8, 2(5; ) — Ex(6, 2(5)l

9 — —

+2Mg <sup ¢ H(8=9) (¢}(N:;)p}(5) + lp}(H;)p}((S))da.)
del, 7o

< Mge PULE |1z(5) — Z(5) |

9 — —
+2Mpy sup e H(8-9) (lp}(m)p}((s)+¢}(H;)p]%(5))d(s.
S

Then, from (C1), we conclude that
|z(8) —Z(9)]] = 0, as ® — +oo.

e (Case3: 9 € J.. We have

1(Az)(8) — (Az*)(9)]
12k (8, (2) (8 ) — E((8, () (8 )l
2Lz y

e

v-

I(Az)(9) —2* (9]

ININ A

Therefore, we obtain /A\(BW) C B,.
Thus, for each z,z € B(z*; ) solutions of problem (1) and ¢ € J, we have

12(8) = z(®)| 1(Az)(8) — (A2)(8)]|

< [IE(8, (2) (8 ) — Ex (8, (2) (8 )l
< Lz llz(8) —z(9) |,
then
(1-Lg)[lz(®) —=z(®)| < 0,
hence,

12(8) = z(8)] = 0.
Consequently, the solutions of the problem (1) are uniformly locally attractive.

O

4. Functional Integro-Differential Equations with State-Dependent Delay
4.1. Existence Results
To prove our results on the existence, we introduce the following conditions.
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(C5) (i) There exists a function /¢ € L'(J,R*), such that for any bounded set B C E,
and By € B and each ¢ € R, we have

u(f(9,By, H(B(8)))) < I¢(9)u(B(9))-

(ii) There exists T > 2, such that MLy < i
)

(Cy) SetR(p~)={p(0,¢):(d,9) €] xB, p((S ¢) <0}. We assume thatp: ] x B — R
is continuous. Moreover, we assume the following assumption and hypothesis:
¢ (Ho) The function ¢ — Py is continuous from R(p~ )into B and there exists a
continuous and bounded function L? : R(p~) — (0, 00) such that

1®ollg < LT(8)|®]l5, forevery & € R(p™).

Remark 2. The condition (Hg) is frequently verified by functions continuous and bounded. For
more details, see, for instance, [39].

Lemma 3 ([40]). Ify : (—oco, +00) — E is a function such that yo = ®, then
lyslls < (M+£2) @15 + Isup{|y(8)| ; 6 € [0,max{0,8}]}, 6 € R(p) U],
where L® = SUPyeRr (o) L2(9).

We define on X measures of non-compactness by

uape(I1) = wo(ID) + lim sup{e™ ™ pu(11(9))},

[§]—00

with £(8) = [ £(6)d6, X(9) = 4Mgls(8) and TI(9) = {5(8) € E; 6 € IT}.
Notice that if the set IT is equicontinuous, then wy(IT) = 0.

Theorem 4. Assume that the conditions (C1)—(C5) and (Cyy) are satisfied. Then, the system (2)
has at least one mild solution.

Proof. Define the operator, Y : X = X, by :
0) + Jy R(® = 8)F (8, p(s 951, (HP)(6))dd; if 6 € I,

R(6 - m[& <5k,4><5->>]
Y19(8) = +J5 R F(8, Bpiop5) (HP)(8))d6; if 9 € I, k € N,

Ee(9,¢(8)); if 8 € Jy, k€N,

P(9), if e R_.

If ¢ is a fixed point of Y, then similar transformation to that in the proof of Theorem 2,
give the following decomposition ¢(¢) = w(¢) + x(¢), which implies ¢y = wp + x5. Thus,
consider the operator Y, : (0 — () defined by,

% .
fO R(l9 — 5)f(5, Wo(8,w5+x5) + xp(§,w§+xo_),H(w + x)(é))d&, if ¢ € I,

?2%0(19) — R(ﬁﬁ_ 5k) [‘Ek(5/ w(5]:))]
S R(8 — 8) (6, Wp(s,0525) + Yp(a0p-1y) H@)(8))d6, if 9 € I, k €N,

(8, (w)(9;)), if 0 € J, k€ N,
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The operator Y; having a fixed point is equivalent to saying that Y, has one, so it turns
to prove that Y, has a fixed point. We shall check that operator Y; satisfies all conditions of
Darbo’s theorem [41].

Let Ag = {w € Q: |w| x < 0}, with

0 < max {AY, A5, A5} <¥,

such that
A= M (I} 1) + Iy ),
N MR(32+||P}HL1¢}(H§)+\|P%||Ll¢fc(ﬁ+)),
1— MgLg,
A = L5 0+E)

where H;‘,, H*, H+, He‘t are constants, they will be specific later.

The set Ay is bounded, closed, and convex. We have divided the proof into four steps:
Step 1: ©(Ag) C Ay

This step is similar to Step 1 in the proof of Theorem 2, we need only to change
constants N*, H*, H*, R* with H;, H, H+,Hét,
e Cuasel: 9 € .

Forw € Ay, ¢ € Iy and by (C1)-(C3), we have

which we are going to define now:

”wp(é,w§+x§) T Xo@wstrs)| g S pr(o‘,w,;w) st pr((s,wﬁx&) 5
< L®)sup (@) + (M) +£2) |@]15
+L(8) sup [[x(60)
[0,]

< L+ (M + L2) @] 5 + L M| 5
< NG (L0 R(Mr 1)) [ @5 = Hy

Furthermore,

1H (w + x)(8)|| < ahf, (6’ + Mg||®||5) +ah* = H".
Then,

1V20(@)| < Me(p}HIPHl +3EDL ) =AY,

o (Case2: 9 € I.
For each w € Ay, from (C1), (C2) and (C3), we have

Hf = N0+ (R+ L) ®||pand H' = al, 6" + ah*.
Then
V * - 5+ /
Yaw(d)]| < MR(LakG’+d2+¢}(HJ)IIP}IIL;M +y7(H )IIP}HL;M) = A5

e Case3: 0 € J.
For each w € Ay and by (C3), we obtain

IY2w(®)| < L6 +E9=af.
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Thus,
HY2ZU || X S 9//

Step 2: Y, is continuous.
Let {wy, },,c be a sequence such that w,, — w* in Ay . First, we study the convergence

,0 € J.1f 6 € Jis such that p(6, ws) > 0, then we have

of the sequences wm(
meN

p(ow})

m
p(6.wy)

m *

p(oay) ~ “oom;)

IN

* *
@ Co(ap) ~ Co(sm;)

*

B

B

*

< L —w* * —
< Lllwm =@l + 1w ) ~ Wy (s)

7

B

. m *
which proves that w, (s.07) = Wo (s,

0. Similarly, if p(, ws) < 0, we get

) in B, as m — oo, for every ¢ € ] such that p(d, ws) >

w", o\ —w =[|®" =P . =0,
’ p(on) ~ oo H p(onr) ~ Polows) |
. " N .
which also shows that wp (o00) = W (5.05) 1D B, as m — oo, for every § € ] such that

p(6,ws) < 0.
e (Casel: ¢ € Iy. We have

1(Y2w0"™) (8) — (Yow") (8) ]
< M 00 ) + s HO™ +0)0)
= (8 (0 ) + Tl 1)) A" +2)(0) 0,
Since h and f are continuous, we obtain
h(9,6, (w™ + x)(6)) — h(9,6, (w* +x)(5)), as m — +oo.
Additionally,
11(8,6, (W™ + x)(6)) = 1(8,6, (w* + x)(8))|| < he, [|w™ —w]].

We have by the Lebesgue dominated convergence theorem

m—»+00 0

/019 1(8,5, (" + 1) (6))d6 ——— [ 1(8,5, (" + x)(6))d5,

Then, by (H1), we obtain

f(él w;n((;,wgr) + xp(é,wg'”rx(g)r H(wm + X) (5))

P8, (05 5 ) + Tt 1) H' +3)(0))

m—r+oo

By the Lebesgue dominated convergence theorem, we obtain

| (Yow™) — (Yow*)|| =0, as m — +co.
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e Case2: ¢ € I . We have
1V2(20™) (8) = Ya(@*) ()] < Mgl|Zx (8, (") (8 ) = Ex((0, () (5))l
40 [ 16, -+ x0), H ) 9)
= f(6, (w5 + x5), H(w")(8))||ds.
Similar to Case 1, by the continuity of , f and 5, we obtain
| (Yow™) — (Yow*)|| = 0, as m — 4o

e Case3: 0 € J. we have

~

1(Y2(@™))(8) = Ya((@))(®) < MrIZx(S (@™)(8;)) = Ei(O (@) (8))I-
Since B are continuous, we obtain
||\A{2(wm) —\A{z(w*)H — 0, as m — +oo.

Thus, \A{z is continuous.
Step 3: We have Y5(Ag/) C Ay, which implies that Yo (Ag ) is bounded.
Step 4:

Let I'T be a bounded equicontinuous subset of Ay, for IT C (Ag) and w € 11, similar
to Step 3 in the proof of Theorem 2, we obtain

e (Casel: Ky, € .
[Vawixg) - Vawla)| < 9hH;) [ 1RG0 = 8) = R(xz = 0) | ph(&)ds
HHE) [T IRG - 6) ~ Rix — &)l|p ()
My [ (wh(H )P} (6) + 93 (T )p3(6) ) 6,

— 0.
K1 —Kp

e (Case2:xq,K € .
[Yaw(i1) = Yow(io)|| < [[R(x1 — &) — R(xa — &) || (L&, ' + E7)
FpHHD) [T IR = 8) = Rixa = ) [p}(6)d8
HRE) [T IR —8) — ROz — 8)7(0)d0

+Mp /: (wH(HG ) PHO) + 9H(H )p3(2))ds,

— 0.
K1—Kp
e Case3: 0 € J.
IX20(k1) = You(ka) | = [1Z(x1, 0(k1x ")) — B2, 0(x2 7)) | = 0 as 11 = 72,

Hence, the set Y, (IT) is equicontinuous, then wy (Y (I1)) = 0. O

Now for any ¢ > 0, there exists a sequence {wk},‘f’zo C ITsuch that
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e (Casel: ¢ € Iy. We have
#(Ya(IT) (0
4
< ({7 RO = 00716 05000 + s w1000 0 € 11} )

9
=2 <{ /0 R(®-0)f (e wZ(é,w’g) + xp(é,w’ngxzs)’H(wk +x)(0))dd; v € H})

<4 [ Mal O)u(TI5)))ds + o
< [ OOz (1)) + o

4 = ~
</ 2(6)e™@) sup e~ ™)y (11(5))ds + o
0 5€(0,9]

VESUAY
cpare (222

eri(ﬂ)

<— uppc(IT) + @.

Since ¢ is arbitrary, we obtain

thus

o Case2: 9 € I.
We have

¢
s u({ [ RO =06,y + 3psasn H) @0 we 11} )

< Lum(e)) +4 [ Muty@r(me)as + o
2€Ti(0)

T

<

uppc(IT) + @.

Therefore,

VBPC(?Z(H)) < %VBPC(H)'
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e Case3: 9 € Jx. By (C3), we obtain

p(VAM®) = p({ECwE))w e 1))

1

< MRTMH(&))
eri(ﬂ)
< - Mx puppc(IT),

then

-~ 1
MBPC(Yz(H)> < TMR,”BPC(H)'

As a consequence of Darbo’s theorem [41], we deduce that \A{z has at least one fixed
point w*. Then ¢* = w* + x is a fixed point of the operator Y1, which is a mild solution of
the problem (2).

4.2. Attractivity Results
Theorem 5. Suppose that the hypotheses (C1)—(C5) and (Cyy) hold, and for 7 > 0,

max {S1,5,,S3} <7, and ¥ + ||x[|x < p,

such that
S = 2MR<||P1| (R + (£ +R(Mr+1)) | @l )
fULYYf R B

+||p3cImp%(ahzz(f7+MR||<1>||B>+ah*>>,

S = 2MR<L*EJ+5,2+||p}||Lllp}(m+(N+£‘I’)||q>|3)
+||p}|p¢§<ahzﬁ+ah*>),

S3 = 2L% 7.

Then, the problem (2) is attractive.

Proof. The proof is similar to this of Theorem 3, then, by parallel steps, we can prove that
the solutions of problem (2) are locally attractive. O

4.3. Controllability Results

Now, we present a controllability result for the system:

9'(8) = AP(8) + £ (8, 9p(0.9,), (HP)(8))
+ [V B(8 — 6)p(8)ds + Cu(8); if 9 € I, k € Ny,

5
P(8) =E(9,9(0,));ifd €y, keN, ©)

$(0) = D(9); ifd € R_,

where the control function u is a given function in L?(J, U) Banach space of admissible
control with U as a Banach space. C is a bounded linear operator from U into E. Before
this, we introduce the the following type of solutions for the problem (5).
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Definition 4. The system (5) is said to be controllable on the interval |, if for every initial function
® ¢ Band O € E, there is for some i > 0, some control u € Lz([O, 7], E) such that the mild
solution v(-) of this problem satisfies the terminal condition v(i1) = 9.

We will need to introduce the following hypotheses:
(C6) (i) For each 7, the linear operator W : L2([0,7], U) — X, defined by

Wi = /0 R(7 — 8)Cu(6)ds,

has a pseudo inverse operator W~!, which takes values in
L?([0,7], U)\Ker(W),
(ii) There exist positive constants 11, 11y, such that
ICll < my and W] < m.

(iii) There exists g, € L1 (J,RT), mc > 0, such that for any bounded sets M; C
E, ]\712 c u,

HWTIM)(9)) < go(8)p(Mr),  p((CM2)(9)) < mep(Ma(9)).

C7) There exists a positive constant @, such that max{¢?, @, L: @ + 20} < @, with
p 91,92, L5, k

o = Me(PHEDIPH + HE I

@+ || P * 7%
sy (S g I + AL ),

08 = M(L5,0+ 5+ p}Ra) IpHlo + BRI

@

+m1mz(MR + L, @ + B + ¢y (Ro) I pjll o + ¢?(RTO)IP?I|L1)>/

and
Hjy = R@ + (L2 +R(Mg + 1)) [|®| 5,

H* = ahf, (@ + Mg||®||) + ah*,
Rop =R@ + (R + L?)[|®] 5,
R% = ahi @ + ah™.

Theorem 6. Suppose that the hypotheses (C1)—(C7) and (Cy) are valid. Then, the problem (5)
is controllable.

Proof. The steps of the proof will not be presented in detail, since the calculation methods
have been discussed in detail in the previous proofs. [

We define in X’ measures of noncompactness as in Section 4, but we change % by 7,
such that for 52(8) = [ 5(6)ds, (8) = 4Mp (sz) +me (Mg )qw(ﬂ)).
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Now, using (C6) and defining the control:

w1 (v(ﬁ) — R(@)®(0) — [o R — 8) (8, 0p(5,0,), H(© )(5))d5); if 9 € Iy,

1o (8) = w1<v(ﬁ)—R(ﬁ—5)(E (6,0(57)))

— f(s’z R(¢ = 6)f(6,vp(5,0,), H(v) ((5))51(5); ifd el keN.
We shall note that when using the control u(-), the operator Y} : X — X defined by:

R(9)D(0) + [ R(8 — 8)f(8,0p(50,) H(0)(8))d5 [ R(9 — 6)Cuio(8)do,
1fl9€10,

R(8 = 5¢) (Ex(8,0(5; ))) + [y R(8 = 6)F(8,0y(5,0,), H(0) (6))do
Y50(8) =\ 4 [ R(8 — 6)Cuy(8)ds; if 6 € Iy, k €N, ©)

Er(9,0(0,)); if 0 € Jy, k€N,

D(8), if 0 €R_,

has a fixed point, this fixed point is a mild solution of system (5), and this implies that the
system is controllable.

If ¢ is a fixed point of Y}, then there is similar transformation to that in the proof
of Theorem 2, given the following decomposition ¢(8) = y(8) + x(¢), which implies
P9 = Yo + Xp.

Let the operator Y3 : 3 — () defined by

Jo R R(0 = 0)F (0 Yo 20 + Xp(oaxpy H(Y +)(0))do
+f0 19 5 Cuy+x( )d&, ifd e 10,

Rw—m[ak(a,yw;m
Yay(9) =

YO =0 4 2R 8)F (0, s+ To(i ey, H(1)(6))d0
+ [ RO~ 5) cMy( )dd; if 0 € I, k€N,

E(8, () (8;)), if 6 € Ji, k€ N.

The operator Y} having a fixed point is equivalent to saying that Y3 has one, so it turns
to prove that Y3 has a fixed point. We shall check that operator Y} satisfies all conditions of
Darbo’s theorem [41].

Let Bo = B(0,@) = {y € Q : |y|lx < @}, then the set By is closed, bounded,
and convex.

Step 1: Y3(Bo) C Bo.
For ¢ € Iy and y € By, we have

Yay(@)[ < (lP}(Hé)IIP}llu + ¢ (H) 17l

@+ [P * g
ey (TR a2 bl + A1 ) ).



Fractal Fract. 2022, 6, 615 22 of 27

If ¢ € Iy and y € By, we obtain

IYay(®)] < MR(szwa% + 9HR)IPHI + w3 (RE) [P

@ . _ .
s (47 + 12,0 + 5+ 9H(Ra) P}l + V3R I ) )-

Additionally, for ¢ € |, and y € By, we obtain

ay(8)l < L@+
Thus, we deduce from (C7) that Y3(Bo) C By and Y3(Bw) is bounded.
Step 2: Y3 is continuous.
Let {yx } nen be a sequence such that y, — vy, in Be.
Since f, h, B, C are continuous, and by the Lebegue dominated convergence theorem,
we have

9 9
/ R(8 — 8)City,4+(8)d6 —— [ R(8 — 6)Cuty, ++(6)ds.
0 0

n—+oo

Then similar to Step 2 in proof of Theorem 4, we obtain
1(Y3yn)(8) = (Yay)(0)|| = 0, as n — +-oo.

Consequently, Y3 is continuous.
Step 3:

Let I'T a bounded equicontinuous subset of By, we have {Y3(II)} is equicontinuous,
implies wy(Y3(IT)) = 0, and for any ¢ > 0 there exists a sequence {yx };-, C I, such that
for ¢ € Iy, we have

HOGD) < 4 [ Melly(6) + me(MRlligl)ay(0)(TI5) s + o
T32(0)
< eT upc(IT) + o,
therefore

uppc(Y3(IT)) < %VBPC(H)'

Now, for & € I, similar to Case 01, we obtain
1 9
W) < zuirne) +2({ [ RE-0)

(f(5, VZ(,s,yg) + xp(é,y§+x5)’H(yk)((s)) + ”yk(5))d5; Yk € H}) +o

207%(9)

IN

T VBPC<H> + o,

thus
puppc(Y3(IT)) < 2uppc(T1).
Additionally, for ¢ € [, we obtain

uppc(Y3(IT)) < ﬁ]ﬁ;pc(n).

By Darbo’s fixed-point theorem [41], we conclude that Y3 has at least one fixed point
y*. Consequently, ¢* = y* + x is a fixed point of the operator Y3, which implies that the
system is controllable.
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5. An Example

Consider the following class of partial integrodifferential system:

$50(0,%) = (252 — 6:2(8,%)) — 6:2(6,%)
e - (ax(ag<sx>+elg(5 x))+92g(5,x))d5

_ f,g ysin(t)e AT~ (19*T)d B ?]COS(677H*(19+7I)77)§(19,X)
- (9+7)2+1) (92+1)(A+1Z(3x)])

+ACu

psin(e=7®) ra In(1+e ) (1+7(8,x))e" 109 7
@+1) Jo 1420262 a5, 9 €I, x€ (0,1), @

7(8,0) =¢(8,1) =0, ford >0,
¢(9,x) = slgsin(G(k~,x)), if 8 € J, x€(0,1),
{(0,x) =®(9,x), ifo€R_ and x € (0,1),

where [, = (2k,2k +1]; k € Ny, Jy = (2k—1,2k]; k € N, T : R* — R is continuous,
61,00 € R, 7 € (0,m7 1), A € {0,1}. u is given in L?(J; U) Banach space of admissible
control functions with U as a Banach space. C is a bounded linear operator.

Let

H:=12(0,1) = {u .(0,1) — R: /1 lu(x)|Pdx < oo},

be the Hilbert space with the scalar product (u, v) fo x)dx, and the norm

nmu:(%ﬂmeM)Ui

and the phase space B be BUC(R™, H), the space of bounded uniformly continuous func-
tions endowed with the following norm: ||¢||g = sup_, <o [|[¥(7)| 2, ¥ € B. It is well
known that B satisfies the axioms (A7) and (A;) with K = 1 and L(9) = M(9) = 1,
(see [39]), and put Y = BPC(R™, X).

We define the operator A induced on H as follows:

Az = 7"+ 612 4+ 65z, 61,6, € Rand D(A) = H2(0,1) N H}(0,1),

which is the infinitesimal generator of an analytic semigroup (G(%))s>o on H. Since the
semigroup generated by A is analytic, then it is norm continuous for ¢ > 0. THis implies
that the resolvent operator is operator-norm continuous for ¢ > 0 (see [42]).

As in [29,43], for some 7 > r > 1, we assume that ||['(9)|| < & " and T (9)] < ¢
we get that [|R(9)|| < e~ 7%, whereG =1 —r~1.

We define also the operators B(¢) : H — H as follows:

—79
r2

B(9)z =T(9)Az, ford >0, z€ D(A).
More appropriate conditions on operator B, (C4) hold with Mg =land =1 — r1
Casel: A(d,7)=(0+7,x), A=0.
We assign {(9)(x) = (8, x), for ¢ € [0, +o0), and define

-0 n sin(f)eifpl (O+1x)—7(0-1)

(99200 = [ R
_neos(e "= (0+m)7T)  $1(9,x)
(92+1) (1+ |18, x)])
1 sin(e7?)

1) e pr(9)(x),
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$2(8)(x) = H(¢1)(x)

~ sin(e77?) /” In(1+ e~ ) (1+ (8, x))e1(0=9) s
(92 +1) Jo 14202 + 62 ’

E4(8,9(6,)) = 5+ sin(p(k, ).
Using these definitions, we can represent the system (7) in the following abstract form
¢'(9) = Ap(8) + £(9, g0, (HP)(8)) + [} B (6)ds, if ¢ € Iy, k € Ny,
P(9) =Bk (8,9(8,)),if 0 € Jy, k€N, ®)
p(0) =P(9), ifv e R_,
For ¢ € Iy, we have

7] cos(t=T — (04 )~
(192+1)

e
||_’7

Bl

1£(8, 5219y, 5 (1+ I2all8) +

So, i 11(89) = ¥+ i, are continuous nondecreasing functions from R to [i, +00),i = 0, 1.
And, we have

_ f|cos(e” V" — (§(14i) 4+ 1)

i+1 )| .
pf (1‘9) - (192+1)€7i19 s 1*0/1/

this clearly forces (p}“)z —01 € L'Y(J,R"),and

8 o 8 o—(utni)d
lim sup ej‘w*")p}*l( )dd =1y lim supe ’“9/ eizdé =0,i=0,1,

and 1
MgLZE 1.
Rl = 5tel ©

Now, for i and &, we have

In(1+e~ 2) —7(9-9)

||h(19'5'%1)_h(l9/5'%2)” < (1—|—2192—|—§2)(l92—0—1)” 1 %2(l9>||
< @) (8) - ()],
I2k6a) () ~ k() (O] < o glla(8) —(8)]
< ela(®) )]

Additionally, for some positive constant cy, we have

(1+2[@]15 + co)llpylL
+(1+ [[@lls + co)aln(2)[|pFl 1

7(1 +aln(2) + (2+1n(2))(|®[5)

+(§ + aln(\/i)n) 1cy.

Mr (1P HI g 8% + 1P| w3 () )

IN
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On the other hand,
Me(E)+ 4l o) + P32 (E) (L e+ [@]8) Pl
1— MgLg, o 1_5437
+aln(2)(Ce+1)HP}IIL1
1_54331

IN

1
= (37T17(1 + | @) + 67a 1n(ﬁ)17)
1
+z (37‘(17 + 67'cln(\/§)a17)c9.
Hence, from the previous estimate, we assign

R, = (1 +aln(v2)) (1 + | ®]|5)
1—aln(vV2)my —my

3ty (1+aln(2) + ||| 5)
5-3ny(l1+aln(2)) -

N, =

Therefore, we can choose 6, 7y as the following:
max(Ny, Ny) < 6 <20 <.

Thus, all conditions of Theorems 2 and 3 are verified. Then, the problem (7) has at
least one mild solution, which is locally attractive.
Case 2: A(0,7) = (0 +0(9,0(8 +7,x)),x), ¢ : ] x R — R s given function, A = 0.

In addition to the estimates that we have obtained in Case 01, we have for any bounded
setITC X,and Iy € B,

HOF(8, 15, H(D))) < (07 +1) (1D, and (2 +1) " € LI(J, ).

For ® € BUC(R™, H), we assign p(9,®) () = ¢(8,(8 + 7, x)), such that (Ce) hold,
and let & — @y be continuous on R(p™).

Consequently, the assumptions of Theorems 4 and 5 are satisfied, which guarantees
the existence and attractivity of solutions for the problem (7).
Case 3: A(9,7) = (04 0c(8,{(0+T,x)),x), 0 : ] x R — R is given function, A=1

In addition to the estimations obtained in Case 1 and Case 2, we assume that the
operator W given by Wu = ' R(7 — 6)Cu(6)ds, satisfies (C6). Then, all the assumptions
given in Theorem (6) are verified. Therefore, the problem (7) is controllable.

6. Conclusions

Under certain conditions and by employing Darbo’s fixed-point theorem with the
measure of noncompactness, we demonstrated the existence, attractivity, and controllability
results for semilinear integro-differential equations with non-instantaneous impulses on an
infinite interval via resolvent operators in the case of neutral and state-dependent delay
problems. We believe that the provided results will have an influence on the relevant
literature and have various potential applications. The results may be extended to a variety
of fields, notably in fractional calculus.
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