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Abstract: In the current paper, we analyzed the existence and uniqueness of a solution for a coupled
system of impulsive hybrid fractional differential equations involving {-Caputo fractional derivatives
with generalized slit-strips-type integral boundary conditions. We also study the Ulam—Hyers stability
for the considered system. For the existence and uniqueness of the solution, we use the Banach
contraction principle. With the help of Schaefer’s fixed-point theorem and some assumptions, we
also obtain at least one solution of the mentioned system. Finally, the main results are verified with
an appropriate example.
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1. Introduction

Extensive applications and significant contribution leads the popularity of fractional
calculus, and operators of arbitrary order gives us more realistic and useful mathematical
modeling of many phenomena (see [1-3]). In different fields of science and engineering,
fractional-order nonlinear boundary value problems appear with different aspects. In
recent studies the main focus is on the existence, uniqueness and stability of nonlinear
arbitrary order differential equations with boundary conditions [4-8].

Coupled nonlinear fractional differential equations (FDEs), finds their uses in different
applied and scientific models such as disease models [9,10], ecological models [11], syn-
chronization of chaotic systems [12], etc. In recent years Hybrid differential equations of
fractional-order is also very important area of research [13-19]. Ahmad et al. studied a new
idea of slit-strips type conditions, which has very fundamental uses in acoustics [20] and
imaging via strip-detectors [21].

In [22], the authors studied the following problem with slit-strips type condition:

CDgx(z = fi(z,x(z)), m—1<p<m,z€[0,1],m €N,
:0,

)
x(0) = 0,x (0) =0,...,x"2(0) = 0,
1x(s)ds, 0O<m<g<i<l,

x(&) =m /(;71 x(s)ds + az/

¢1

where D} denotes the Caputo fractional derivative (CFD) of order p, f; is a given function
and a1,a; € R.
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In 2017, Ahmad et al. [23] studied a coupled system of nonlinear FDEs

{CDS]X(Z) =fi(z,x(z),y(z), z€[0,1], 1 <y <2,
Dby(z) =f(zx(2),y(z), z€[0,1], 1 < p1 <2,

supplemented with the coupled and uncoupled boundary conditions of the form:

x(0) =0, x(&) =dy []y(s)ds +dy [7 y(s)ds, 0 <y <& <& <1,
y(0) =0, y(&) =d [ x(s)ds +dy [; x(s)ds, 0 <y <& <& <1,
x(0) =0, x(&) =dy [J x(s)ds +dy [2 x(s)ds, 0<yp <& <& <1,
y(0) =0, y(&) =di [Jy(s)ds+da [z y(s)ds, 0<ny < &< <1,

where ‘Dj! and CDg ' denote the CFD of order a; and B; respectively, f1, fo : [0,1] x R x
R — R are given continuous functions and dy, d; are real constants.
In 2019, Bashir Ahmad et al. [24] studied a coupled system of hybrid nonlinear FDEs

‘DY [u(z) — h1(z,u(z),v(z))] = 01(z,u(z),v(z)), z€[0,1], 1< <2,
CDgl [0(z) — ha(z,u(z),v(2))] = 62(z,u(z),v(z)), z€1[0,1], 1< <2,

equipped with coupled slit-strips type integral boundary conditions:

u(0)
v(0)

0, u(;yl):wlfolvsds—i—wzfglvsds, 0<gi<m<ir<l,
0, 0(771)*601 (s)ds+w2f§ s)ds, 0<& <m<é&<l,

where CDg I and CDgl denotes the CFD of orders 1 and ¢; respectively, 6;,h; : [0,1]
R x R — R are continuous functions with %;(0,1(0),v(0)) = 0,i = 1,2 and w,, w, are
real constants.

In this article, motivated from the aforementioned work, we study the coupled system
of impulsive hybrid FDEs with generalized slit-strips type integral boundary conditions:

DY [x(z) - fi(z,x(2), CDQ‘;;” x(2))] = g1(z,x(2), CD;‘;;" x(2)), z€ (22l k=0,1,...,p,

DEHy(2) — folz,y(2), “DEFy(2)] = 82(2.y(2), “DEXy(2)), z€ (zr2k1a], k=0,1,...,p,

x(0)=0, x(n) =m fzi” (t)dt + ap f52":1 x(T)dt,  zp < Sop <1 < Oppy1 < Ziki1, )
y(0) =0, y(n) = a1 [* y(v)dT +az ffz’;j y(T)dT,  zp <Oy <1 < a1 < Zks,

Ax(zi) = x(z) — x(z) = Ie(x(t)), ,,(Zk) = ( ) —x (7)) = Je(x(2), k=12,...,p,

Ay(zi) = y(z) —y(z k‘) =L(y(z), My (z)=v () -y (z) =Ji (=), k=12,...p,

where CDZ:,;Z‘/J and CDE;,"ZIP denote the -CFDs with a1, 1 € (1,2],and J = [0, Z] with Z > 0,
f1,81, f2.82 + J x R x R — R are given continuous functions with f1 (0, x(0), ‘D5 x(0)) = 0,
£2(0,4(0), CD’glz y(0)) = 0 and a4 , a; are real constants.

The main novelty of our paper is that, to the best of our knowledge, no one have
studied the impulsive systems with slit strip boundary conditions. Here we introduced the
generalized form of this boundary condition for each interval of the impulsive systems. In
the problem (1), the integral boundary condition describes that the contribution due to finite
strips of arbitrary lengths occupying the positions (zx, dp) and (dp11, 2x+1) on the intervals
(zk,zks1], k= 0,1,..., p, is related to the value of the unknown function at a nonlocal point
1 on each impulsive interval (zx < dox < 17 < Jppyq1 < zxy1), k =0,1,...,p located at an
arbitrary position in the aperture (slit)—the region of the boundary off the strips. Examples
of such boundary conditions include scattering by slits silicon strips detectors for scanned
multi-slit X-ray imaging, acoustic impedance of baffled strips radiators, diffraction from an
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elastic knife-edge adjacent to a strip, sound fields of infinitely long strips, dielectric-loaded
multiple slits in a conducting plane, lattice engineering [25-33].

2. Preliminaries and Notations

To overcome the vast number of Definitions of fractional derivatives and integrals [2],
we can for instance consider general operators, from which choosing special kernels and
some form of differential operator, we obtain the classical fractional integrals and deriva-
tives. For example, for the kernel k(x,t) = x — t and the differential operator d/dx, we
obtain the Riemann-Liouville fractional derivative, and for k(x, t) = In(§) and the differ-
ential x%, we obtain the Hadamard fractional derivative. But, in this case, most of the
fundamental laws of the derivative operator can not be obtained, due to the arbitrariness
of the kernel. The problems that arise from this approach are the natural limitations to
the study of the basic properties of the fractional operators. To overcome this issue, Alme-
dia [34] considered the special case when the kernel is of the type k(x,t) = ¢(x) — (¢)
and the derivative operator is of the form ﬁ %. Although the kernel is still unknown,
involving the function ¢, he deduced some properties for the fractional operator known as
yp-Caputo fractional derivative. Here we recall few definitions and lemmas for {-Caputo
fractional derivative.

Definition 1 (see [34]). The left-sided y-Riemann-Liouville (RL) fractional integral of order aq (>
0) for an integrable function h(z) : [0,1] — R with respect to another increasing differentiable

function ¢ : [a,b] — R such that 1[1/(2) # 0 for all z € [a,b] is defined by

Z,7"h(z) —(s)" T h(s)ds

where T is the Euler Gamma function.

Definition 2 (see [34]). Let n € N and y(z), h(z) € C"([a, b], R) be two functions such that i (z)
is increasing and 1/)/ (z) # 0 for all z € [a,b]. The left-sided {-RL fractional derivative of a function
h(z) of order a is defined by

P = (Wtz);)"zﬁawh(z)
- F(nl—al dz /‘/J —(s))" 1 h(s)ds

where n = [aq] + 1 and [wq] denotes the integer part of the real number ay.

Definition 3 (see [34]). Let n —1 < a1 < n,n € N and (z), h(z) € C"([a,b],R) be two
functions such that {(z) is increasing and ' (z) # 0 for all z € [a,b]. The left-sided -CFD of a
function h(z) of order ay is defined by

n—1 h[l](ﬂ)
T (=) = p(@),

"Dy h(z) = DY [h(z) -
1=0

where hg] (z) = (¢’1(z) IVh(z) andn =[] + 1 foray & N, n = oy forag € N.
Further if h(z) € C"([a,b],R) and a1 ¢ N, then

X1; n—uq; d "
CDHIPh(Z) = ZIpy Y ’tz)dzj h(z)
= ! ) n—ay—1p 1]
= i L ¥ — (s (5)ds.
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Thus ifay = n € N, then CDgiwh(z) = h[;f] (2).
Lemma 1 (see [34]). Let aq > 0, and the following holds:

Ifh(z) € C([a,b], R), then ‘DAY T2V h(z) = h(z), z € [a,b].
Ifh(z) € C"([a,b],R), n —1 < ay < n, then

ToYDIYh(z) = h(z) — Y a(p(z) — 9(a))!, z € [a,b],

)
where ¢; = 4

Lemma 2 (Schaefer’s fixed point theorem [35]). Let T : E — E be a completely continuous
operator (i.e a map that restricted to any bounded set in E is compact). Let S(t) = {x € E :
x = vt(x), forsome 0 < v < 1}. Then either the set S(t) is unbounded or T has at least one
fixed point.

Definition 4 (see [30]). A differential equation

o = fe) @

is said to be Ulam-Hyers stable, if there exists a constant Iy € R, such that for every € > 0and
any solution y(z) of the inequality:

dy ’
— — <
Y eyl <€,

there exists a solution x1(z) of (2), such that,

ly(z) —x1(z)] < lfe/.

3. Main Results

For zy € Ji, suchthat 0 = zp < z1 < 220 < -+ < zp = Zand J = JU
JU---UJp, where Jy = (0,z1], 1 = (z1,22),--.,Tp = zp,2p41] and J' = J —
{z0,21,22, -+ ,zp}. We define the space X = {x : J — R | x € PC([J,R]), such that
the right limits x(z;"), x'(z]) and left limits x(z, ), x(z; ) exists and Ax(z) = x(z) —
x(z; ), AxX'(z) = x'(z) —«'(z;), k = 1,2,...,p}. Then clearly, X' is a Banach space
equipped with the norm ||x(z)| = max,c7 |x(z)|. Similarly, define the space Y = {y:
J — R | y € PC([J,R]), right limits y(z;"), y'(z;") left limits y(z, ), y'(z; ) exists and
Ay(zy) = y(z5) —y(z0), DY (zx) = ¥'(z0) =¥ (z7) k = 1,2,..., p}. Then clearly, Y' is a
Banach space equipped with the norm ||y(z)|| = max,c 7 |y(z)|.

Lemma 3. The solution x(z) € PC(],R) of the impulsive FDEs with slit-strips type integral
boundary condition

DY [x(z) - i) =g1(2), z€ T, 242, 1<m <2, k=0,1,...,p,
Ook Zkt1

x(0) = 0, x(y) = ay / X(T)dT + a3 / x(t)dr, 3)
Zk Ok41

Ax(zi) = x(z) — x(z7) = L(x(z)), Ax (z0) = X' (zF) = (z7) = Ie(x(z)), k=1,2,...,p,

is given by
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A+ 1y ¥ W — 9D s+ A0+ g [0 O00) — 9D (o)
¥ (e [ VO v o

S H I [ g )90 - 9(e) )i

wtixtz) + 0 ) ) o [ (A0 + s [ 00 -y (o

¥ ([ ¥ Owe) - vt

B [ Y @) -y i

rtix(z) + PO IE ot ) Jar o [ (A + s [ O - pie) " i e)as
¥ (e [ VO v o

[ 9 60— ) g1 (6)ds

a1) Jz 4

Y )
O - g s + 1 Il

i=1

+
M=
<
o

|
=
0
N
4
M=
=

l
—_
I
A

_|_
=
NS

n
|
<
o

Il
—_

M=
< <
~
|
=

Z.
" )ix(zi), forz € (zx, zk4al, k=1,2,...,p,

+

i=1 171) Zl)
where
Ok P
A = o [T - 9@+ L) )
Zk+1 d
ta /5 ($(1) = P(z) + Y (9 (1) — ¥(zi1)))dT
2k+1 =1
p
~(00n) = (0 + L0z~ 9 i)
Proof. Let

DLY x(z) - fi(2)] = 81(2).

Then applying Lemma 1 to the differential Equation (3), for any z € Jj, there exist constants
co, €1 € R, such that

H2) = &)+ s [P EOWE) ~ 9 s o+ alpla) - pla)) @

Using initial condition x(0) = 0, Equation (4) yields that

COZO.
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Therefore, Equation (4) takes the form

X2) = 2+ iy [V EWE) — 9 s+ e (p(e) — yie))

Furthermore, we obtain

1
(e —1) Jz

For z € (z1, 23], there are dy, di € R such that

{ x(2) = fil2) + iy J2 4 () (9(2) — p(s) g1 (s)ds + do + i (9(2) — (=),

X (2) = fi(z) + w (s)($(2) — ¥(s))M1 21 (s)ds + 19 (2).

¥ (2) = [2) + gy S ¢ () (9(2) — () 2ga(s)ds + diy (2).

Hence it follows that

Using

we obtain

{ " F(}q) fzzol ¥ (s)(Y(z1) — ()17 g1 (s)ds + 1 (p(z1) — (20)) + 1x(z1),

= s J2 W O W(z) — () i (s)ds + o1 + L Jix(an).

¥ (z1

Thus

X2 = A+ [ VW 18 ()ds

(1 YO WE) - ) s
+e1($(z = P(20)) + hix(z1) + 1 (9(z) — ¢(z1))
4

+<(z)><()> L9 O - e 2
LPE) —9(=)
¥ )

J1x(z1), z € (z1,22].
Similarly, we have
o L ¥ O0E 96 s (s + e ((z) ~ ¥z

A
(lP(Zi) - lp(zifl)) + ,:Zl F(oq)

z) —y(zi) [ e P
Pt gy o ¥ OWE) — oo s + L hxtz)

¥(z) — ¢(zi)

x(z) = fA2)+

!

[ 6 OweE v e ©

+

Il
-

+
g
< =
T
|

N

_|_

Jix(z;), forz € (zx,zk1], k=1,2,...,p.

Il

—_
<
—~
EN
~
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|fi(z,x1(2), D

Finally, after applying x(17) = a1 f P x(T)dT +az [5, Z"“ (T)dT, to (5) and calculating the
value of ¢;, we obtain

a i[fl(”)J“r(l)/zZlP/(s)(lP(’?)lP(S))“l_lgl(s)ds

a1

|4 zi
X (ry [ ¥ W) - pe) o

() —¢z) (= .
T 1) o, ¥ OWC) 4O (s
¥(7) — 9(zi) S
+1ix(z;) + M}m(zﬂ) — /Zk (fl(T)

+1"(;) ZZ P (s)((1) — ()" g1 (s)ds
3 ! K . a1—1 d
+z; (1) /2,71 ¥ (s)((zi) — 9(s))™ " g1(s)ds

+Ix(z;) + IIJ(T),(i)()]ix(ZI)»dT”z /;M (fl(T)

P (z 2%k-+1

g ¥ O =) ()i
1) Jzg
03 (ms [ 9 W) - (o) g1 ()
i— T(a1) Jz 4 ' !
W) = plz) [
ety L O W) g aeds
o) s PO =G
where
ok p
b= [T 9@+ LW - gl
42 [ 70 - 9l + L) - pleia))de
p

Put the value of ¢; in Equation (5), we get Equation (4). O

4. Existence and Uniqueness Results for the Problem (1)

In this section we study the existence of solution for the considered problem. Here we
consider some hypothesis, which will be used in our results.

(G1) Foreachz € Jand xq,x; € X/, there exist positive constants M . Np such that

(2)) = fi(z, x2(2), “ D x2(2))| < Mp, [x1(2) — x2(2)] + Np, D5 31 (z) — “DEF 25 (2) .

There exist positive constants Lg,, K¢, such that
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181(2,%1(2), “DE 1 (2))

(G2)

(2,1 (2), DEF 1 (2))

182(2,11(2), Dy (2))

(Gs)

—21(2,%2(2), “DEZ x5(2))] < Ly [x1(2) = 32(2)| + Ky, I*DEF 31 (2) = “DEH 3 (2)].

Foreachz € Jand yy,y2 € Y/, there exist positive constants M for N I such that

— (2 12(2), DEF 12 (2))| < My, ly1(2) — y2(2)| + Np [“DEF s (2) — “DEF o (2)].

There exist positive constants Lg,, K, such that

— 02(2,2(2), “DEy2(2))| < Ley|y1(2) — y2(2)| + Kg, |“DEF 1 (2) — “DEF s (2)].

For every x1,x2 € X' and there exist constants A1, Ar > 0 such that
(21 (z6)) — Ie(x2(zk))| < Azfxa(zi) — x2(2x)
[Tk(x1(z6)) — Je(x2(zk))| < Azfxa(zi) — x2(2¢) |-
For every y1,y2 € Y’ and there exist constants A3, A4 > 0 such that
1I¢ (va(zx) — I (v2(zi)) | < Aslya(ze) — va(zi)l,
Tk (va(zx)) = J§ (v2(zi) | < Aalya(z) — ya(ze) -
There exist constants 6, 6; and 60, such that
fi(z,x(2), D2 x(2))| < 60(2) +61(2)|x(2)] + 62(2) D27 x(2)],

with sup,; 00(z) = 05, sup,; 01(z) = 07 and sup,; 6»(z) = 6;.
There exist constants 63, 64 and 05 such that

181(2,x(2), ‘D5 x(2))] < 03(2) + 0a(2) |x(2)| + 05(2) D57 x(2)],

with sup, ., 05(z) = 03, sup,; 04(z) = 6] and sup, 65(z) = 65.

For each x(z) € R there exist constants A1, N; > 0 and Ay, N, > 0 such that the
functions I, Jy : R — R are continuous and satisfy the inequalities:

Ix(z)| < Arfx(2) + Np, [Jex(z0] < A2lx(2)] + Noy k=1,2,...,p.

For each y(z) € Y' there exist constants A3, N3 > 0 and Ay, N; > 0 such that the
functions I/, J; : R — R are continuous and satisfy the inequalities:

Iy(zi)| < Asly(2)| + N3, [Jio(ze)| < Agly(z)|+ Ny, k=1,2,...,p.

Let us define an operator P: X' x Y — X' x Y’ such that

P(x,y)(2) = (P1(x,y)(2), P2x, y)(2)),

where
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P(x,y)(z) = filzx ()CDZka( 2))
¢1x1 /‘/’ p(s)M g1 (s, x(s), D2 x(s))ds

1
[(ap)
1

4 4
+i=21 <FM1) /ZF1 P () (P(z1) — 9(5))1 g (s, x(s), ‘D x(s))ds

3 [flw,x(n),fpz‘;;”x(m) iy o ¥ O@O) — pE) 1(5,x(5), DY x(s) s

B [ 6) ) = 96 s x(0), D ()

i) + X0 )~y [

(Al D) + iy [0 O0) = 96" 16505, DY ()

p u N
<X (g [ 9O =00 s x(0), D x(e)ds
e /:1 ¥ ($) () — 9™ (s, x(), DY x(9)ds

((na0), D () + s / e )1 gu(5, (), ‘DS x(s))ds

p zi ®
<X (g [ 9O =00 (s x(0), D x(e)ds
)

l,,(z)r_ozj(f)l) /Z1 ¥ () ((zi) — (s)) g1 (s, x(5), ‘D ¥ x(s) ) ds

p z1
PR W) 9+ Ly L ¥ O@E) ) il x(s), DY x(s)ds
i=1 i=1 " \*1) Jzia

z) — P(z; “ w a
) AE I [ g 00 — 906" a(sx(6), D (0 + ) vtz

i=1



Fractal Fract. 2022, 6, 618

10 of 48

Py(x,y)(2) =

[ ¥ O @@ — ()P gl (), D x()ds

+3 [ 201, 201), “DEF3(0) + £ [V O@0) =9 1(s,x(6), DEL () ds

+ fl (s L #6)(a = 9P als, (6), DY ()

B [ 6 (p(a) — 9P 2 eals (6), DI x(0)ds

+iy(z) + LUy ) )

b [ (a0, D5 0) + s (19O 90 s x69),DEEx(9)s
+ fl (mgy L #/6)(a — 9P als, (6), DY ()

F(,Bl) i
)

S [ ) (e — 9P a0 (6), DI x(0)ds
+1iy(z)+ LBy ) Jae

b [ (Aalrx (0, DEE) + s [ W) — 96 gl (6), DT x(5))s
p Zi / «
2 (g L, ¥ OWE) 96 ga(e.x(9), DY x(0)ds
YO =9 -
Pt oy L ¥ W) 9P s (), D x()ds
* lp(T>_lP(Zi) *
+1iy(z)+ LB g ) ) Yar] (2) - p(an)
|4
+;(lp(zz) l/J(Zl,l))
FL e [ WO — 9P gl x(5), D x(5))ds
i=1 r(lgl) Ziq Z o
L@ - 9E) [ s g, 1(6), D (o)) = B 1
Y e 1 ¥ O W) )P (e x(6), DY x(5)d +zr
SR ()
+1:21 1/)/ ZZ) ]i y(zl)

Our first result is stated as follows.
Theorem 1. Assume that the conditions (G1) — (Gs) are satisfied, and

Z* =max{Zy, 722} <1, (6)
where Z1 and Zy are provided in the proof, then the coupled system (1) has a unique solution.

Proof. Let (x,v), (%,7) € X x Y then:
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IN

IPy(x,y)(z) — Py(%,7)(2)]
fi(z,x(2), “D¥ x(2)) — fi(z,7(2), ‘DEF x(2))|

+1~(i1) Z: P (s)((z) — p(s)) 2 (|ga (s, x(s), “DEF x(s)) — (s, %(s), “DEZ 7(5)) | )ds
+|i {fl (7, x(n), “DEZ x(n)) — fo(n, (), “DEZ ()|
+r(i1) U 9 () (90n) = () Mg (s, x(s), ‘D2 x(s)) — g1(s, %(s), “DE Y 2(5)) Ids

P zi . ) .
+) (o) /Z ¥ (5)(P(z1) — () Vg (s, x(5), “DEF x(5)) — g1(5, %(s), “DE Y %(s)) |ds

S H L [ ) 9(e) = 906" a5, (0), DI x(5) — 16,209, "D 5(5) s
ix(z;) — L;x(z; 71/1(17)—1/7(21') ix(z;) — Jix(z;
+l1i(z) — i) + LU EE () — sz )

Dok s _ —
tlor] [ (130, (2), DL x(0) = e, (0), D2l +

I'(aq)
<[ () () — ()17 Y g1 (s, x(s), DY x(s)) — g1 (s, %(s), ‘DY %(s) )| ds

P Zj ’ A1 _ a3 -
+) (r(lﬁ L9 60 9o s x(), DEZx(6)) — g5, 2(5), D () s

i=1 a

() —plz) (5 N — w(s))M— s, x(s), D ¥ x(s)) — ¢1(s, %(s), “ DY %(s))|ds
+W/Zi_lw<s><¢<zz> P(5))"1 g1 (5, x(5), ‘DI x(s)) — g1 (5, %(5), ‘DL x(s)) |d

() — L)+ Wuix(zi) - L-x(zm))dr

ket cyX1YP = CXY = 1
+|ﬂ2|/5 |f1(T,x(1), Dz x(1)) — f1(T, %(7), Dz 2(1))| +
2k+1

I'(ar)
x ” ¥ @(0) = 9() Iga(5,x(5), DEFx(6)) — 8105, 5(5), DT E(5))lds

3 (a9 06 = 9o o506, D2 3(9) = s 50), D)
+HE B 7 6) () = ) 2o, (6), DL x(9)) = a5, 5(6), DI () s

ix(z;) — L;X(z; 74]“)_1”21') ix(z;) — Jix(z; z) —P(z
+l1e(z) et + X () — stz ) Jae] ) - p(z0)

L ¥ @ W) 96 s x(e), P ()

Sy —pz) e , - ephit
+l; ¥ @) —1) /ZH ¥ () ((z0) — $(5))" 2(ga(s, x(s), ‘Dz 7 x(s))

. p
—81 (s,x(s),cpg‘;,’zwx(s))|ds + Y Iix(zi) — Lix(z))|
i—1
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PL(xy)(2) = PL(%9) (@) < Mpllx =] + N [‘DEFx — DY x|
LGB (1 - )+ Ko DA x — D)
a7 | My = 1+ N DS x = D]
+p= ‘fﬁ'j’;)) (Lol — ]+ Ky D3 x — D52
v (W PEI 1 e s+ K DA — DRl +
0 e pe g
e [ DAY x =D 2]) + Arf(z) — (2| + 2O pofo(z) — 2(2)

o2k M & N CDal . CD“l W
+a] fillx =%l + Ng, [|°Dz 2 x — ‘Dz 2 x|
k

zZ
PO 1 g+ Ky, D85 — D2 s

w1+n
3 (W (1 s+ K DY~ DY)
L= 4,(? Eig‘?()az)lp(z”))a]l (Lgy [l = 51| + Ky, |“ D5 x — D5 )
+A1|x(z1) — %(z;)| + WAﬂx(zi) - J?(Zi)|>)d1'

Zk+1 B
tloal [ (M = 7l + Ny D2 <D )
2k+1

—_ z X1
W) = PED™ (] e 5] 4 K, DY x — DB Y]

I'(ay)
p D) . aq
# 3 (PR - o1+ R D m )
— . 2 — , ag—1
+ (L VD PP (1 e s+ Ky, DY — DY )
Al — 5(z)] + WAZM - xn))dr] 9(2) - p(z0)]
P P(zia))" ]
+IZ: “1_'_1) (Lngx_xH
14 a—1
epfY . eptud o P(z) — p(zi) (¢ (zi) — P(ziz1)) _
+K81 H Dzkz X Dzk,z x”) + Z l/), (zi)l“(oq) (Lgl Hx XH
p
+Kg, D x —DEFx|) + Y Arlx(z:) — %(21))
i=1

T 2 ¢ = P& =9 41 - ()]
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|Pr(x,y)(2) —

Pi(%,7)(2)]

<

Mp,|x = 2|+ Np, |°D5E x — D3| +

((2) — P(z)™ (P(2) = PED™ | e, ey
e+ T 1) KalPadx - Dy2x|)

Lngx_xH +

_|_

+< = T ap IPE = x|

(WO = 9@) | o (B = BED e ep
r<a1+1>m| Lol =4 Sy ja) Kl PEE — P

—P(zi-1))" e W) — s )M ema . et
+1; @t DA Lg, [|x x||+i; Tl s /A Kq, |° D2 x — DI ¥ 5|

3 — 9(z) (P(zi) — P(zim1)) ] i

; PIES AN Loy [l =]

P ) . le—l

2 ¢(3)<@>(Z&1>|12(|21_1)) K |* D42 x — DY

Aq 1/’ —P(z)
WHx xH_'_Z )|A| A Hx ||

i=
o %] (6~ 2N DS — DS |

1] _
| (02 — )Mf1||X—x||—|—W

|
* (¢Igz0)(1—+¢1()z|,2)“1 |21 (8o — 2¢) Lg, [l — ||
o o = 200K D P = DY )
+i—il T()oc1—|— Z)Z|Al|)) | (62 — 26)Lg, 1x — 5]
+é ?(),,( f(?'g')) 1] (83 — 2Ky |I"DEY x — D]
L) — () (=) — lzi)™ ™ 1|a1|(52k*2k)Lg1HX*f”

¥ (zi)T (1) [4|

(p(7) = () (P(z:) — Pp(zi1)) !
¢ (zi)T(a1)|Al . |a1](d2x — zx)Kg,

X\I”Di‘,}z"’x—cDé‘,};"x||

_l’_

JrPw|’11|(f52k —zi)[|x — x|

+2¢ |a|)'“1'<‘52k 2) Az x = 3]

2 -

||A| (21 = Sareen)Mp, [lx = %]

ar|(z — 0
ezl Al 2e1) N epstte DI

L ) — gy

-9 L —x
NEDIN |a2| (241 — Ookt1) Ly || X — %]
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D= ]z — )R D2 DY)
3 W) P o a1 — ) =51
+i_£1 (lp(lzf()al_i’:(lz;@))al |a2|(zk11 — 62k41)Kygy
<[ D5 x — eDE |
Tl e = o) [ =51
+Zquﬂaﬂ—@Hﬂu—ﬂQ<<m—waﬂ
vy WO e
+ié ("’(Zi% (;1"1251))“1 Kg, [‘D5¥x — D52 x|
+ﬁ;””‘¢@$g$&j@””“”gﬁx_w
vy YOI DR epe - o)
tpAlx — ) + Az é Wu x|l

|mmw@—mewn<<(Mw“wﬁéﬂﬁwi&
(St
+ﬁ¥¢$&rf%¢p -
|4 _ . ) . wp—1
f vy,
+|"Z||((52k 21) My,
+ (¢r(81—+1p1()z|,2|)“1 1| (8 — z¢) L,
3 el
) WO 05, oty -

Y (z1) (1) A
Dop(r) — (=)
z':zl ¥'(zi)|A]

a2 (0o — 22) Az + 12

|A|| (Zk+1 52k+1)Mf1
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() — p(ze))™

|az|(zk1 — 52k+1)Lg1

+; (p(z z(“ (Z)z|Al|))"‘1 |az|(zg1 — ‘52k+1)Lg1

Aq
+Pm|a2|(zk+1 — 02k 41)

+ Z T 2 |aa| (21 — 52k+1>w> <1P(7~) —¢(Zk)>

~—

P ((zi) — ¢(zi-1))*
+l; T(ag +1) . L

Pop(z) — ¢lzi) ((zi) — ¢lzimg)) !
L PERTY P L
+pA1+ Ay i lp(Tl;,zZ:/;(ZO) x— xH

N (Nfl N <¢<zr>(;1 i(izg))“l K,

Ny (w0 — 9z Pl
+<w+ o K&*Z ;K

+iw(n)—¢<zi><¢<zi>—¢<zz-l>>“l 1K o+ 1l 2

i=1 ¥ ()T (a1)|A| |A
) : a1 |(dax — zk) K¢,

T
4 _ . LS|
+2 lp(?()ﬁél Jlf (12)ZI_A1I)) |31/ (02 — 2i) Kg,

L) - (zp)()z() ((“)1)_|A|(Zz D)ml 1| (6o — zi) Ky, + |az|(2k+1A|— 5zk+1)Nf1
+ (lp(ﬂl—')((xl) (A| )) |012|(Zk+1 (52k+l)Kgl

P . . 31
N ; (¢(;I()a1 Jlf(12)1|_All)) |aa|(zx 11 — 52k+1)Kg1> (4’(2) - lP(Zk))

) — P(zig))M
i=1 I(ay + 1)1 K

¥ 9 = b)) — pa) )

CD‘XI Yy CD‘xl W=
i=1 ¥’ (zi)T (ar)

ZkZ Zka
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My | (9(n) — p(z0)"
+<M+Iwwnw b

Po(9(zi) — plziq))™
) F(oc1+1)|Al|

() — (z) (=) — lzin)™
+i:21 ¢’ (z)T(a1)|A| Lg,

P

A &gl - p)
RS T Gal

Le, +

+‘T1,(5zk z) My,
”’52 ?”ff"ﬁfal ol — 20
’ P(zi 1))

+l§ 041+1)|A1| |1 ](d2k — z¢) Lgy
L@@ = @) () — p(zia))m

¥’ (zi)T(a1)|A|
+42 ;Wﬂ |(52k—2k)+w(zk+1 Sai1) My,

n (lp(ﬂr)(oql)ﬂfr)) |a2|(zk41 — d2k41) Lg,

|4
n ; ((zi) la ’Z>1|Al|)) |a2| (21 — d2k41) Lgy

+Pw|“2|(zk+1 — 02k+1)

Pp(t) —
& |aa|(zg11 — 2k41) Z il ( )> <¢(2) —¢(Zk)>

A
|a1|(62x — zk) Lg, + Pﬁ|“l|(52k — 2

)
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and

0 — Nf1+<w<z>—¢<zk>>“11<gl

r(a1+1)
( e
+(¢F(Ti +’/’()Z’<A)|) |a1|(6ax — zk) Ky,

S (¢(z) — p(zia))"™
+Z (‘X1+1)|Al| ’u1’(52k_zk)Kg1

UGS <¢ >(>Z <) <(a>1)A|<zz D (oo — 20K, + |az|<zk+|lA - i)
+<¢( I?((Xl)|(A|)) |112| Zk4+1 — 52k+1)Kg1

P 7 81
# 3 P el - azm)Kgl) <¢<z> - ¢<zk>>

.
Thus we have,

1P (x,y) = PUE D) < Oallx — ]| + Q| DEF x — D2 Y ).
But

WE—pE)"™™ 1 4 M L
leDt¥y — pU¥z| < ) g Mt Ix — %|
ke K WEH—pEN"™ 1 4 ’
1 - ( - rlfgjli (LP/(Z) E)Nfl + Kgl)

Then,

» 1-aq
B WO (1M + 1y, ]
[P, y) = PLE DI < (O1+D ) [l — ]|

1 d
¥ (z) E)Nfl + Ky

Provided that,

d
TINp + K, <1

Similarly,

z Z 1-p1
Wl N (1 g i, _
)ny—yn

1_— ((#’(Z)*lﬁ(zk))]fﬁl ( 1

IPa(xy) — Po(5,9)]| < (03+o4 :
T(B1) 7@ = Ns +Ke)
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Provided that,
(p(2) = p(zp)! A ( 1
T'(B1) ¢ (2) dz
Where
— P(z0))P

o =y PEEER

N (Aﬁj} . <¢<1(7[>32—+¢1<;|kA>|>ﬁ2 Le

ﬂzi /32 + 1Z)ZIA1I))I% et

vy M0 )<(¢>(ZEZ§> i
+P|A|+121¢¢ e

+H(5zk 2c) My,

R o

P (p(zg) — 9z 1))P
s W

|az|(62x — zk) Lg,
i=1

P(T) = () (P(z) — Plz1))F !
( ) (B2)1)

+

p(r) - |‘12’(52k zx) Az + |A|

i—1 l// (zi |A|

L) =y
Bo)la] R
(z

52k+1 ) ng

- 52k+1 ) ng

Z ((zi) — ¢(zi 1))ﬁ
+i§ ['(B2+

)|A| ‘az‘(zk-‘rl

Aq
+W|“2|(Zk+1 — 02k+1)

|az| (O — zk

d
TN +Kg, < 1.

A
)Lg, + |Af1||ﬂ2|(52k -z

2 (21 — Okp1) My,

2l a1 baer) i W) (¢<z> - ¢<zk>>

)

P (p(zi) — $(zi 1))
D

Pop(z) — 9(zi) (P(zi) — P(zi1))P !
tL ¥ ()T () bz
FpA; + A i lp(Tl/)lezjl)’(Zi)>

)
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Oy

Let

(¥(z) — ¥(z))P
Net g ) ke

Ny, () — p(z) ¥(zi_1))P

*(mﬁ ] K“Z sl e
P () — ) () — PP ]

iy ¥/ (z)T(B2)]A] Ko 37 G2k = 2N,
T) — ¥(z))P2

+<l[]() I,U( k)) |a2|<52k_zk)ng

. B2
) ‘112‘ (52k - Zk)ng

Then we obtain

Similarly,

where

As it is assumed that

P ) e Bl tan)
+ (l’b(ﬂr)(;;’)b&]()) |az|(zk+1 — 2x41) Ky,
+i—il (lp(?()ﬁgf(lz)ﬁﬁ)ﬁz |aa|(zk 1 — 52k+1)1<gz> (#’(Z) - 1P(Zk)>
OIS TR
p 0 (0(2) — Bz 1))
R
Z o= O+ (w(Z)rl/{%))lT(”’/l(Z) D¥atle
1 (WEREEE = (S N + Ky)
1PL(x,y) = Pu(%, 9)[| < Zaf|x — x]].
1P2(x,y) = P2 (%, 9) | < Zaly — 71,
oo (w(z)—rufgk)))lﬁl(w,l(z) LIMy, + Ly, |
1— (BSR4 N, + Ky,)
max{Zy, Zp} = Z* < 1. )

So we have

1P(x,y) = P(x,9)l| < Z°([lx = x[| + [ly — 7l)-

Then from above inequality we can say that P is a contraction mapping and by Banach
contraction principle P has a unique fixed point. [J

Theorem

2. Assume that the conditions (G1)—(Gs) are satisfied, then the coupled system (1) has

at least one solution.
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[P(x,y)(z)] <

Proof. To prove that the coupled system (1) has at least one solution, we use the Schaefer’s
fixed point theorem. As fi, g1, 1, ] are continuous functions, so P; is continuous. Also
from the continuity of f;, g and I*, J* the operator P, is continuous. This shows that P
is continuous.

Consider a set:

Q={(xy) eX xY :|(xy)| <r}
For any z € [0, Z], we have

fiz,x(2), D (2 P(s))" g (s, x(s), D x(s)) |ds

o
T [m nx( () g1 (5, x(s), DU F x(s)) s

1) Sz

P f o
L (r(i / Y EWE) = 9(s)" g (s x(s), “DEZx(s)lds
BN / ,Z,i () (9(zi) — () 2[g1(s, x(s), “DEH x(s)) |ds

o B )
1tz + LY |f,<l>|)

o2k a; / - ey
lorl [ (1020, DL + s [ 6 $(s)" g (5, x(5), "D x(5))lds

061

oy (ry [ ¥ @) 96D g (s,x(9), D x(o) s

i=1

+m [ 60 = ) 2l (0), DY () s
)

k+1
Haal [ (1A
2k+1

p Z; f o
) (r(1 /Z 9 () (z0) — 9()" 31 (5, x(5), “DEH x(5)) lds

=1 w1) Jz

cy*1s 1 ! o — cyX1;
O DN+ iy [ )~ ) 305, DY () s

B [T 6 (e = ) s, (0), D x(9) s

L)) + Wul»x(zm))dr} ($(2) — p(zx)

|4 14 'Z1 it
+ 2 ((z) = ¥(zi) + ; <w /Z;1 P () (P(z) — 9(s))" g (s, x(s), “DEZ x(s)) |ds
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< t0(a) + 61(2) r(a) + 2@ DE () + LD I (0, 1o @) + 0502 DL (2

+|i| [em 017 | ()] + 0207 D2 x ()|

(Y1) — (=)™
+ I‘(oq + 1§

4 - )
+Z( o a1¢4(—i)1)) (83(zi) + 04 (zi) | x(zi)| + 05(2)) | ‘DE Yz x(20) )

(05(7) + 0a(17) | x ()| + 65 () I*DEA x (1))

#2210y ()] -+ 05020 DE s x)

A ()] + Ny + W(Azlx(z)l +N2>)
Hanl [

k (90( ) + 61 (1) [x(1)] + 62(7) DU x(7)|

() — p(z)™
+ (0(1+1)

é( ¥(z “11/«’_'(—21)1)) 1(93(zl-)+94( )1x(z)] + 05(z) DI x(2))])

(65(17) + 0a (1) | x ()| + 65() I* D5 x (1))

) — . a—1
( 3) (ZI)( ) X (4’(21) I:I(Ji?)l)) (93(21) +94(Zi)|x(2i)| +95(zi)|CD;“1 tlliz x(z )|)

A (@) N+ W(Azlx(m n N2)>>d7

ool [ (80l)+ 3(0) ()] + a0 DL ()

L0 9™ o o ) )]+ 8501 DL x ()

F(zx1+1)
+f( ) EA) 9u () + 042 (a0 + Os(z) DAL x(2) )
O W) b ) 404 )] + 5020 D )
+A1|x(2)| + N + W(A2|x(z)| 4 Nz)))dr] ((z) — p(z)
+i_i1(lp( %) = 9leia) +i< ,xllpfi)l)) " (03(z20) + 4 z1) ()| + 05 (20) DL x(20)])
O W) b ) 404 )] + 5020 D 0]
+ @)+ N+ L TEE () + )

From (G4) and (3), we have

x L (WE=P()) T g
03 + ) 6

(a
DL x(z)| < -
1— (9; + (y(2) I“ll(Jn(c?}S)) 9;)
_ 1—u
(GZ + (¥(z) I“ll()o(jg)) 1 9;)

- |x(z)]
_ 1—w «
1— (9; + (y(2) r‘fi?l;)) 1 92)



Fractal Fract. 2022, 6, 618

22 of 48

Let .
* — M
gy + WG g,

1— (6 + B2 g

and

Then
FDEFx(z)] < A+ Ax(z)].
Let |x(z)| < r1, then we get
‘DI x(z)| < A+ Aory.

Using the above estimates, we get

®)

<8+ 07n + 05 (A + Agry) + PE PRI g g o (4 4 o))

T(ag+1)

|A| |:90 + 911’1 + 92(./41 + Az?’l)

N (lP('I[)(DC—1 ﬁ(ig))“l (03 + 0571 + 05 (A + Axry))

: 1
3y < P(z allpfi)l)) (05 + 0571 + 02 (A + Apry)

AR . a1 -1
+¥ ;(ZZ)( i) () ;’(’zl)l)) (685 + 831 + 6 (A1 + Aor)

$n) —(z)
Y (z:)
Ok
tlonl (6 + 651+ 65 (41 + Aar)

+Air1 + N1+ (Apry + N2)>

P )(le +(1))) (63 + 0371 + 05 (A1 + Aar))

4 _ . a1
+Z ((lP e _f_zjl[;l)) (9§+9171+9;(.A1+A271))

) — . a1 -1
+¥ 4)](21)( i), () rl/()i?)l)) (685 + 831 + 6 (A1 + Aor)

+A1r1 + Ny + W(Azrl + Nz)))d’f

i
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Zk4+1
+\a2\/ B (95+9;rl+9;(A1+A2r1)
Ook41

L= 67 1 0301+ 65 (s + o)

N

Il
—_

. ((IP(Zi) —P(zi-1))" (05 + 0571 + 02 (A + Aary))

F(vq + 1)

1

4

—~

- 1 S) — . ap—1
Tl;/ (Zzl;(zz) % (¥(zi) rl/()izl'z)l)) (05 4 051 + 62 (Ay + Axry))

+mn+M+¢ﬁﬁ$@NMn+M0)hkww—w4»

9z = pCaca)) + 1 (L HE 65y 4654+ o)

+

+

N

Il
—_

0(1—|—1)

1

— . L) — . a1 —1
+¢(Tll/ (Zzp)(Zl) % (p(z:) Flfijsl)) (0% + 0571 + 02 (Aq + Aor))
+Aqr1 + Ny + W(Ay’l + Nz))

Therefore,

1P1(x,y)(2) 5 < Fa

In the same way, we can prove that

1P2(x, y) (2) [l < Fa

Let max{F 1,F 2} = F . Then we have

IPCe,y) (@)l oy < F-

The above inequality shows that the operator P is bounded. Now we need to show that
the operator P is equicontinuous. For this let wy,wy € J; such that w; < wp where
k=0,12,...,p.

Let (x,y) € Qy, and then we have
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<

Pi(x,y)(w2) — P1(x,y)(w1)

filwa, x(w2), “DEF x(w2)) — fi(wr, x(wr), D x(wr))
S
(ap)

= [T O @) = 9D (s, x(), DL x(5))ds

k

L7 (@) = 6™ (), DL ()

1

1P/(Zi)r wy —1) Jzy ¢
+Iix(zi) + IIJ(TIL,Z:@( i) ]ix(zz))) dt

p Z; , X1,
3 (g [ W — 9l (s x(6), D x(e)s

i=1

B 7 ) — 00 s x(s), DY ()
dr}

+ILx(z;) + lp(r)_lp(zi)fix(zi>>)

@) |(p(w2) = ¥(2k)) — (P(w1) — ¥(z1)) |

P _ _ _ ‘ .
Y [ (((w2) i/(éi)))r(a(lw_(cﬁ) 9(z))| / 9 (5)(0(z) — 9(5))5 21 (5, x(s), D
Ly [(@lw2) = 9() — (lwn) —9ED)] oy

i=1 l/J, Zl) ! !

From above inequality, if w; — w», we deduce that

1Py (x,) (w3) — Py (x, ) (wn)] = 0.

In the same way we can prove that

|P2(x,y) (w2) = P2(x, y) (w1)] = 0.

L9 G0 — 9 s x(6), D x(s

Hence, by the Arzila-Ascoli theorem P; and P, are completely continuous. This shows that

P is completely continuous.



Fractal Fract. 2022, 6, 618

25 of 48

IN

Now let us define a set:
G={(xy) eX xY;(x,y) = AP(x,y);0 < A < 1}.

we prove that the set G is bounded.

For z € J and (x,y) € G then (x,y) = AP(x,y) ie. x(z) = APj(x,y) and y(z) =

AP (x,y). Now

[x(2) = [AP1(x, y)]
A{Iﬁ z,x(2), “DiH x(2))|

iy L, YO0 - lp(s))“l*l|g1<s,x<s>,f7>2‘;$x< ))lds

/

1 C
Ty [mw,x( ), DI () @ 1)g1 (s, x(5), ‘DY x(s)) s

p 4, N
L (H}m L veweE - lP(S))“l’llgl(Sfx(s)szkfx( ))ds

B 7 6 = 90 s (o, (0), D x(9) s

oy PO )
Hlx(z) + lp,(Zi) L<,>)

|a1|/ <|f1 T, x( ;‘;#’x |+

+z§ (ru) / ¥ () (9(zi) = 9(s)™ g1 (s, x(5), ‘DG x(s))|ds

o e 41 gy 5, 1(5), “DEE x(s) s
1

L [ @) = 90 s (o,(0), D x(0) s

ey PO =)
+lix(z) + LB gz ) Jae

tloal [ (5@ DS + iy [ 900 = 96D a3, D x(5)lds
+f1 (r(l> [ ¥ @) 9 s x(6), D x(s) s
l/J T) - lP(Zi S 1 — cyX1;
P T L YO = 90 s (sx(5), DE x(s) s
) + 0RO ) Jae | (06z) - wz0)

' (z)

p ’ p 1 z1 ) ap—1 CDal W d
+l;1(lp(zz) - ¢(Zl,1)) + 1:21 (w ‘/Zl;l lp (S)(l/J(Zl) — l/J(S)) |g1(S,X(S), A x( ))| 3
+1/J1’1L;(Zf;r_;i(2i)l) ‘/‘:11 lpl (s)(¢(zi) — lP(S))al_zg1 (s)ds + | I;x(z;)]

Y(z) —9z) oo
T >)}
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< )\{90(2) + 0@l + 6a(a) DL x(2) |+ O 0,2) - ,2) x(2)| + 65 DL 3(2) )

+Ta7 P01+ 1) +200) DL xC0)|
)

. <¢(’7(“—1 %))m (631) + 04.0n) | x ()| + 0 (1) | DE < ()]

p 2 : .
l;( P(z Mlpil)l)) (03(z;) + 04(zi) |x(z)| + 05(z;) | "Dz 11/’2 x(z)])

—I—lp 13] (Zl)( ) % (lp(zl) I}f{i‘jl’)l))%—l (93(21') + 94(21')‘35(2[” + 95(2{)|CD51 11/12 x(zz)D

LA ()] Ny +W(A2|x(z)|+1\72)>

ol [ (0(0) + 0 (2)x(0) + 60D E (o)

(¥(7) — p(z)"
T T 1)

+

(63(17) + 64(17) |x(17)| + 65(7)|°DELT x(17)])

+

i( o afpfbl)) -(Ba(21) + 0a(20) (2| + 05(20) DL (20

LY ;(Zl)( zi) , (W(z) r@é}ﬁi)ﬂ)al—l (03(21) + 0a (20)[x (i) | + 05(2:)[ DY - x(2) )

+A1|x(z)| + Ny + W(A2|x(z)| + N2)>)dr

ool [ (80(r) + 64(0) ()] + ea(DI DL E (1)

+(¢(’%)(Mﬁ(i’;)) (03(7) + 0a(17) (1) | + 65(1) |“DEL x () )

p
+lZ%< ocll/;(-zi)l)) (03(z;) + 04(zi)|x(z;)| + 65(z)|° Dgﬂlpz (z))

zi) — P(zi1))0 ! p
G W)= (o) + )] + 652 D002

FAx() 4 Ny W(Azlx@)l 4 Nﬁ))dr} ($(2) - 9(=))

Y () - plz)) +f( — PG g2 4 0z z)] + 05(20) DB ()
Zi—1

= 0(1 + 1)

T V2 wp—1 .
0 )< o WD ZPEAR 632 + 0 ) )| -+ 052 D x(2) )

FAx(z)] + Ny + W(Azlx(Z)l 4 Nz)) }

Using (4.3), we have
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x(z)| < A{eg 0 x(2)] + 05 (A + Aolx(z)]) + PE ZWEIT o g L or (g 4 Aolx(2)])

I'(a;+1)

1
o [ez; 071 (n)] + 65 (Ar + Aolx())]

. (lP(?%)(;l li(ilﬁwl (05 + 60511 + 02 (A1 + Az|x()]))

p N . 151
'y (("’(zﬁwfbfﬁ”) (03 + 65 x()|| + 02((Ar + Aslx(n)]))
)

_ . z:) — . a—1
Pl —la) | Wla) =@ D) g o) 102 (A + Aalx(n)]))

¥ (i) ()
—i—Alx(z? + N1+ W(Azx(z) + N2)>

1
| [ (96‘ +01[x(7)[ + 63 (A1 + Az|x(7)])

JZj

N (tP(?(;l Iﬁ;))"” (05 + 05 1x()| + 02 (A1 + A x()])))

p N . a1
N ((lP(Zzg(waﬁl)) (65 + 071x(n)| + 62 ((Aq + Aolx(1)])))

—P(z; zi) — P(ziq))0 !
A0 W= (05 031 () 63 (1 + Aal())

A (@) + Ny + W(Aﬂx(zn n Nz)))dT

"Zk+1
+loal [ (8 +611x(0) + 63 + Aala(2))
2k+1

. (w(?@; ﬂil;”"” (85 + 03 x(n)| + 83 ((Ar + Azlx(1)])))

e
+i—l<
_ AN . ap—1
P LB BE T (654 o51x)| + 65 (s + Aalx()])
T+ Ny PO PG () 1 Nﬁ))dr} ($(2) — p(z)

i%(;lllﬂfi‘)l))“l (0% + 61 ()| + 62 (A1 + A x(n)])))
Zi

+

¥'(z)
F P 2) — w(ze 1))
# L 0) —y) + 3 (PRI )]+ 05 + Aok

1

— . ) . ap—1
A0 B (55 031 () 4+ 03 (1 + Aalx()])

LA (@) 4+ Ny + PO PG () 4 Nz)) }

¥ (z)

By further simplification, we get that
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x(z)| < A{eg 0 x(2)] + 05 (A + Aolx(z)]) + PE ZWEIT o g L or (g 4 Aolx(2)])

T(ag +1)
+|i| [eg; + 605 ]x ()| + 605 (A + Aa|x(1)]))

(W) — P(ze))™
+ (g + 1’;

(63 + 6371 + 65 (A1 + Az |x(1)]))

p N . a1
'y (Wzlg(aﬂzﬁl)) (65 + 071 (n) | + 62 (A1 + Ao|x(p)])
)

+¢(’7 ,_ l[J(Zi) % (lp(zi)_lp(zifl))alil (9§+92x(17)+9§(A1+A2|x(17)|))

¥ (i) ()
—i—Alx(z? + N1+ W(Aﬂx(zﬂ + N2)>

Sox
| (93+ef|x<r>+ezAl+Az|x<T>

JZj

N (w(?(;l %f?;))"” (65 + 05 1x(1)| + 02 (A1 + Az |x(m)]))

p N . 151
'y ((w(zzg(a;ﬁfﬁl)) (05 + 05 x ()| + 03 (As + A [x(p)])

—P(z; zi) — P(ziq))0 !
A0 W= (554 0 1x(1) + 65 (41 + Aal()])

A (@) + Ny + W(Aﬂx(zn n Nz)))dT

"Zk+1
+loal [ (8 +671x(0) + 6341+ Aala()
2k+1

. (t/J('%)(a—1 ‘_/ﬁ?;»“ (65 + 05 x ()| + 03 (A + A |x(p)]))

a z:) —W(zi_1))™
X <(¢( l%(wﬂi)l)) (65 + 03 x(i7) [ + 65 (A1 + Az [x (1))

_ . ) . ap—1
W LB (55 1)+ 05 (41 + Aalx()])

AL |x(2)] 4 N + W<A2|x(z)| + Nﬁ))dr} () — ¥(zp))

P p 7)) — (z: 31
V(e - plarm0) + 1 (PLELIE 6 4 g5l -+ 054 + Aale))

+

(PO @) W) = )T o g0 462 (A + Aolx(n)])
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Let us assume that M* < 1, where

07 + 034, + LE 0D (g ey

= A
M F(oc1+1)

|A| [91 + 654+ (w(’ll)(a_l ﬁ(i’;))al (65 +65.42)

+ Z ( 1/7(21') — 1‘[)(21»71))”‘1 (QZ + Q;AZ)
i=1

F(oc1+l)
($0) ~ PN @)~ ) e
' ¥ ) (0t 654
$lr) — 9(z)
T 4’/(21‘) (4 )>

1"(041 + 1)
z

(1) —9(z)  (plzi) —plzia) "t .
- ¥ (z) . T'(ag) 1 (6 +6542)

+A1+ W&) ) (Oak — zx)

Zk+1 " "
ool [ (07 1x(7)] + 03 Az x(7)|
O2k+1

L0 = 9@ g g 4

F(D(l +1)
- IIJ(ZI )) * *
+1—21< 061+1)1 (65 + 05.42)
ll] ) ( )X( ( ) 1/7(21 1)) (94+9;A2)

) ['(a1)

¥ (z;)

p
+ Y ((zi) — p(zi1)) + ( ($lzi) ~ 9(zi-1) 94 + 05.42)

DC1+1

i=1 i=1

SO =) | ) ) o o

¥'(z
+A + W(A2)>) (ZkJrl — 52k+1):| (lP(Z) - 1P(Zk))
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Then we have

[x(2)|l < wa{%+%Aﬁfwa;ﬂ%W%@+@m)

a7 |6 + 63040
(9"(’7) _IP(Z ))’X] * *
HM+S (65 854

|4 ) — . 31
) ((lzb(zllz(a;l)—i(_zisl)) (9;-'-9;./41)

_.|_

i=1

Y) —v(z)  (plz) =) e o .
+ (Pl (Zi) X F((xl) 1 (93 + 94.7((77) + 95./41)
ORI

N ;
T ¥ (zi)

ol (93 L3 A,

. (lp(?@; ﬁ(?ﬂ))m (65 + 65 A1)

_.|_

z (lab(zl) _lp(zi— ))lxl * *

L (o e
— . L) — . 0(1—1

(V) B g,

o) (ezs L3 A,

(1P(77) — lP(Zk))M (Bék +9§A1)

(a1 + 1)
" é (W) ~E 6y 4 gz
+Wﬁﬁg@>xww*ﬁ;y”“7%+%m>

8+ PO EEIN, ) ) (s ) | (902) —920)

# Y0~ ptar)+ 1 (LB g
(DY) () gCaI

+N1 + lp('?b/?z:l)’(zi) N2> }

Thus there exists a positive constant /1, such that
¥l < Fa
In the same way, we can prove that there exists f 1, such that

[Ylly < Fa.
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i

|8y (zx)

Let max{f 1,F 2} = F. Then we have

H(x/]/)H[U/XY/ <r.

Thus the set G is bounded, and by the Schaefer’s fixed point theorem, the operator P has at
least one fixed point, i.e., the problem (1) has at least one solution. [

5. Ulam’s Stability Results
Using Definition 4, in this section we give the Ulam-Hyers stability of the problem (3).

Theorem 3. If assumptions (Gy), (Gy) are satisfied, then the coupled system (1) is Ulam-Hyers
stable.

Proof. Let (x,y) € X' x Y bean approximate solution of the inequality:

[x(2) — fi(z,x(2), D x(2))] — g1z, x(2), D x(2))| < €1, z € (z, 211,
|Axl(zk) —I(x(zg))| <e€1, k=1,2,...,p,

AY (z4) — |
DX [y(z) — falz,y(2), “DEFy(2))] - 82(2,y(2), DEF y(2))| < e,
Ay (zi) — I (y(z))] < e2,

—Liy(z) < e, k=1,2,...,p.

Je(x(zx))| < e1. ©)

From the inequality (9), we have

DI x(2) - fi(z,x(2), DY x(2))] = g1(z,x(2), DL x(2)) + 9(2),

z € (zg, 211}, k=0,1,2,...,p.

Ax/(zk) = Le(x(zk)) + ¢x(2), k=1,2,...,p,

AX (z) = Ji(x(zh)) + o (2). 10)

DBV [y(2) - folz,y(2), DEPy(2))] = 2z, y(2), DELy(2)) + 9(2),
z € (Zk,ZkJrl , k=0,1,2,.. P,

]
By(zi) = I (y(z)) + ¢x(2), k=12,....p,
Ay (z) = Ji (y(zh)) + i (2).

The x and y parts of the solution (x,y) of problem (10) are equivalent to
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f1(z x()sz;;” < + s fzklp P(2) — 9(s))1 g1 (s, x(s), “De ¥ x(s))ds
o Ja v () (9(z) - < > ds

n[fl(n,() D2t oy (19 6ot0) o)

<g1(5,x(5), D x(s >>ds+r() ¥ 69— e gl

X (e 2, 0 — 96 a0 ;‘;M s+ 1
1

<S4 (L) — () <s>ds+l,ﬂ’(z)r(m . fz,l (5)(pla) — p(s)) 2

xg1(s, x(s), D5 x(s)ds + JFLTEL, lel (21) = 9(5))" " 2g(s)ds

Hlpx(z) + 9i(2()) + P ix () 4 (;{’)( >¢<zi>)

o [ <f1(T,x(T),CD§‘£2”x i S ) (o) zp(s))*flgl(s,x<s>,61>;‘;,;¢x<s>>ds
s [ () —w<s>>“f1<o< >ds+zp ( ) ) — ple) »
01(5,x(5), CDzksx<s>>ds+ ot pn wz,>—¢<s>> g1<s,x< ), DAY x(s))ds
Hix(a) + giz(i) + 200 it >+W¢<zi>))dr

<>(
—a 270 (A0, DEERE) + iy S0 6 (0(0) — 9l a5, (6), DY ()
g S8 () (1) = 9(s) 1 gp(s)ds
L, (ml 2 9 6)9) — 515, 26), D x(5)) s
e MO ICICH ¢<s>>“1 -2 < x(s), “DEY x(s) )ds
i) 4 90)+ "’(w L () + H D () ) Y| (91— 9i20)

1

FLL (e G 1>>+zzlr fflllp $)((z) — 9(s)" g (s, x(s), “DEY x(s))ds
T s 1)f,,,] <z1> 9(s)) 281 (5, x(s), ‘DI () )ds + L, 1ix(z)
T2 i) + T O () + I P g (a(i)),
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fz<zx<>CD§;$x< +r f;kw’ P(2) — ()P ga(s,y(s), ‘DE y(s)) ds
g Jo ¥ —9(s ) ()ds

“[fZ(” X, Zkzx<'7>> 7 S ) @) — 9(5)P 1 ga(5,y(5), “DE Yy 5))ds
i [ () (e — PP g
I (m lellP ((z:) — (s))P1 L ga (s, y(s), “DE y (s))ds
e ) () — pls)P 1 p(s)ds
ya

z; zz- 11— cpBuy
+%I ¥ (5)((=1) — 9(s)P2ga(s,y(s), DLy 5))ds
+ AUV E () (2

Ui

) = ¥(s))
i) = ()P 72 (s)ds
) )

HEYGE) + i) + By )+ e )

¥ (zi)
oy [ (fz<r,x<r>, DR () + by [ 9 (6)(T) — 9(8)P g (s, y(s), DEy(s))ds
1y S ¥ (5) () — 9(5))P1 1 p(s)ds
X0 (i 2, ¥ () = 9062509, DIy
+AELEL (5 () (=) — ()P 2gas, y(s), DLy (s)ds

HY(E) + ) + Syl + 1) ) Yt = 7 (ol x(), DAY ()

(
iy ¥ O @) = 9)P g5 y(6), DEFy(s))ds
iy S () () - ¢(S))ﬁ1_1¢(s)ds

iy ( TP @) — 9(6)Pga(sy(s), DEPy(s) s

+ e fz,] (=) — 9(5)P2ga(s,y(s), DEFy(s))ds

Hliy(e) + itz >+¢<T>(“”§Zl>1,*y<zi>+‘”j,}“”(zf‘)q)(zn))dr} (#(2) ~ p()

+ 20 (=) — (zi1)) + llr,gl F LSS () — 9(s)P g2 (s,y(s), DL y(s))ds

+21 1lplp(Z IZ(Z 1) fzzllllp ) 1)[;(5))/51 82(5 ]/( ), Cpgls y( ))dS+le 111* (Zz)+zl 1‘P1(Z( i))

+ I POy () + O e ),

zy(zl

(12)

Now let (x,y) be the solution of (3) and (x1,y1) be the solution of (5.2), then
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z) —(zg))%
x(2)— (@) < My x5l + Ny D% — Dby 4 PEVET,

F(uq + 1)
(Y(2) = @)™ o eprp, _ epya
) Kal D x - D
+ (IP(Z) — ¢(Zk))”‘1 |‘P(S)|

T +1)

+< Sl 5+ R DA — D]

L ) = plz)" () =9 ¢ epui, eppt

T(a; + 1)|A| Lngx_fH"‘ T(a; + 1) 2z X — zkzx”
(p(y) — (=)™
|A|F(ocl+k1) ()]
+Z (Zz l)) L HX—??H
= F (aq +1)\A| 81
Do (z) — (i)™ jepmit, e zi-1))"
+§1 T (ay +1)\A1| Kg, | ‘D x - Dzké”x||+121 |A|F MHl) 9(s)]|
Doyl — () () — )T
L ol =1
Son) — ) (9z) — )T cpa e
L et Kol PP
Eop(y) — ¢z (9(zi) — p(zi0)) "
3 ¥ G w)A e
LAy blr) V) .
NG |+Z|A|I¢ |+Z )|A| D Z V2D Ay lx(z) — 2(z1)]
- $07) — ¢ (=)
e
0o = 2My = 7]+ L 0~ 20N

Lty —epttg 1 1M, )

A]
(¢(T)—1P(Zk)) ‘a ‘(5 _ 5
T(ag +1)[A[ 02T

_|_

)Lg1||x—3?||
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T) —p(z))"
(lpé(o)q +¢1()|A)|) a1 |(62x — z¢) K, D2 x — D x|

= HEI 16— 20 o)

P N b \\ay
+ 1 e~ =)
P — . o
L R =D oy 0 200K DY — DY)
p N o \\a
L WE) =S ) 6 — 20l

(
(Y(1) = 9(z) (P(zi) — P(ziq))1 !
¥ (zi)T (1) A

(P(7) — (z) (P(zi) — P(zi_1)) !
¥ (zi)T(a1)|Al
x| DYFx — DI x|
P (p(r) — 9(z0) ((zi) — p(zimg))
L ¥/ (z)T(ar) A

+Z |A||111| ook — z) |x(2;) — %(z; \+Z |A||111| Ook — 2k)|¢(2)]

+

Il
-

|a1|(Ook — zi) Lg, [|x — %]

+

I
—

a1 |(dak — zk) K¢,

|a1](6ax — zk) |P(2)|

+ i MWH@M — 2k) Ag|x(zi) — X(2i)]
= ¢(z)]A

! y(c) - p(z)
i MariieaTIy
|

+ﬁ(zk+l = Ok1) My, || x — x|

1] (62x — zk) |P(2)]

|a2|(zk+1 — Opk11) 22
" +|A| + Nf1||Cng1;pX*C'D§;z¢ H+W(Zk+1 Sak11)9(2)]

($(n) — (ze)™

-0 L —x
F(rxl)|A| ‘QZ‘(Zk-‘rl 2k+1) g1Hx XH

+
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. (w(ng(;ll)ﬁflk”“ a2 (21 — S 1)Ky, D5 x — DI 5|
4 “”“7)(;1‘)”(3))“ 02)(ze41 — ) I(2)|

x || D?ﬁz‘”x — Dy x|

3 WA o o = o)

+Z |A| |H2| Zy1 — 52k+1)|x(zl - |+ Z ‘Al |a2| Zk41 — 52k+l)|¢(zl)|
D )‘|’j§)|az|<zk+l ) lx
Poy(t) — (=) , B
+) WA 2] (zk 41 — Sak1) |9 (zi)| ) | 9(2) — ¥(zk)
i=1 lP ‘A|
P ((zi) — 9(zi1))" -
+i:21 (“1+1> Lg1||x_xH
Po(p(zi) =9 (zic)™ o emant . e
+; F(Dcl—l-l)l Kg1|| 7-)zkzl’bx_ Dzkzlpr
P (p(zi) — 9(zi1)™
P e )
D) —wE)(E) — )M
tL ¥ ()T (o) Larllx =l
Pop(z) = ¢(zi) (@(zi) — 9(zic) o e
+1:21 lpl(zi)r(“l) ! KSIH Dzkzxf Dzkzx”
Sop(z) - (@) () — )
tL e 1o(2)

+pAillx — x| + plo(z)| + ZA2 ¢ ( 5

PR PG gy ZW|¢<z>|.
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|x(z) — x(z)] < <Mf1 + (lp(‘;)(a_l ‘i(ik))) ! Lg,

+<Mf1 W) =z

A T(ay +1)[A|
P(zii1))™
+Z ALt
() = (z) (P(=z) — 9zi)
¢ (z)(ar)[A] *

p
+)
i=1
A $ )~ )
LAt L g @a 2

= T

+Tl|(52k - Zk)]\/Ifl

wr(&fl(;ﬁf% |a1](J2x — zi) g,

p ) —(z; 1))

; (117(;1()“1 1’(12)’;')) |a1](d2x — zx) Lg

—_~

+

_I_

) — (z: 2) — W(z: a—1
(1) — 9(zi) (Y(zi) — ¢(zi-1)) |a1|(52k—2k)Lg1+P|IZlal(‘sZk_Zk

* ¢ (z)T (1) [A]

+ ; Wwﬂ(%k zy) Az + |22||(Zk+1 — dak11)Mp,

lP(Ug(;ll)/"(Azk)) |a2|(zk41 — Ook41)Lg
)

i i (p(zi

o Tl

1
+ |
zi_1))

Jlf( )lAll)) |22 (zk+1 = O2k1) Ly

A
+pﬁ|azl(2k+1 — O2k41)

+IZZ||‘12|(ZI<+1 - 52k+1)w> <¢(Z) - 1P(Zk)>

P (p(zi) — 9(zi1))"
D (o +1)1 La
Pop(z) — (zi) (9(zi) — P(zi—1)) !
L ¢'<zi (@) g

)

i=1 I

i=1 170
+<Nf1 N (w(?)(;lti(?;) K,,

i=1

81

X —X

)
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N () — () Plzin)™
+<w+ o KWZ K

+Z¢ — 9 (PE) — 9(E)M” 11< plmlg

' (z1) (1) A Al

(lP() P(zk))™
F((X1+1)|A| |al|(52k_zk)Kg1
P

(¥(zi) —p(zig)™
; T a1+1)|Al| |a1|((52k_zk)Kg1
P(0) = 9(2:) (P(z:) — P(zi1)) "
¥’ (z:)T (1) |4
(p(7) — P(ze))™

A] 2| (zk1 — 52k+1)Kg1

z)Ny,

+

)
|a2|(zk1 — Ook41) N

+ A f

|a1|(dak — zk)Kg, +

cyry ey
D, ;x—"Dy %

Pop(z) — 9(z0) (9(zi) — ¢lziq1)) 1!
2 VT (@) Kgl)
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Where we assumed that
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Hence, we have
100 y) = (X Pl oy < Oe.
Thus system (1) is Ulam-Hyers stable. [

6. Example

In this portion, we discuss an example related to our main results.

Example 1.
5. D3y (z)| 3 4+ |x(z)]
e ie(a) _ (_C08Zx()] | _ 3, A+
MO~ G0+ @) T aeo D)) 7 360001+ [x(2])
DI x(2)
1650 + [cD37x(z)|
4
€[0,1], z # 5
: D3y (z)| 5 |siny(z)
eIy (z) — (082 "Dy _ 5. '
V&~ (o= @D a0t oIy 7 200+ [sing(E)])
c E;y
+1250|cos D3Yy(z)|.

z€[0,1],z # g

5 =20+ k@ ) T 20y o)

5 1 5 1
I* Z) = AEA TN/ y(2) = ’
1y(6) 250 + |y(2)| hy(6) 300 + [cD3Vy(z)|

We see in the proposed problem, that a1 = 1 = %, and zj # %, wherej=1,2,...,60.
Forz € [0,1] and x1(z), x2(z), y1(2), y2(z) € R, we have,

[z 31(2), DI (2)) — fo(2, 02(2), “DF0s(2))| € s 11 (2) = x2(2)| + 15 DI (2) — DI (2)].

, : 1 1 :
81(2,31(2), “D3x1(2)) - 81(2,32(2), “DI*x2(2))| < 510 (E) — %2(2)| + 155D (2) = DI ()]

2l (2), D3 (2)) = ol (), D3| < g5l (2) — 12| + g5 DHmn (2) = D)

18202,31(2),“ D3y (2)) — 822, 12(2), DI (2))| < sl (2) = 12(2)| + s [ DIy (2) = DI 2)].

1250



Fractal Fract. 2022, 6, 618

46 of 48

1

11(2)(2) — Ix2(2)(z1)] < 1221 (2) 32, 1a(2) (20) — () ()] < o1 (2) — 2a(2)]

130 — 160

1

Iy (2)(z) = Iy (2)(2)] < 355101(2) = 2(2)|, Ty1(2)(2) = T'ya(2) (z))] < ziﬁOWl(Z) = y2(2)|-

From above inequalities, we obtain that Mf] = Allﬁ,Nf] = 41@,Lg1 = ﬁrK& = ﬁ,Mf2 =
1 1

1 _ 1 _ 1 _ 1 _ 1 _ _ _
0 N, = 10/ Le, = 1a00- Ko = 1350/ 1 = 130/ M2 = To0- #3 = 150/ H4 = 200
Since
Z1 = (QOMfl + Qngl + 02)

2)—(z))
(¥(z)—9(z) L fl(z)%)Mfl"‘Lgl

+(QoNf1 + QlKgl + 02)( (lp(zr)(fip)(z ))1*“11/} 1 d ),
- — (@ +Ka)
Zy = (QoMy, +OsLg, +Qy)
WE—pE)"P1 1 a4
N & Ok O ) yadMetls
+(QoNp, + 03Ky, + Q) W@ -p) P 1 4 -
=) (g aNe 1K)

On calculating Z1 and Zy we have Z, = 0.40370658619 < 1 and Zp = 0.51479638 < 1. Then
max{Zy,Zy} < 1, and the coupled system (1) has unique solution.

Also on calculating ® = 8.92827998857, and e = 0.00214, we get ®e = 0.01910651917 > 0.
Therefore, the coupled system (1) is Ulam-Hyers stable.

7. Conclusion

In this article, we studied the existence and uniqueness property of the coupled system
of impulsive hybrid fractional differential equations with slit-strips integral boundary
conditions. We utilized the Schaefer’s fixed point theorem for the existence of at least one
solution of the problem (1). For the uniqueness of the solution of problem (1) we used
Banach contraction principle. Also we studied the Ulam-Hyers stability of the proposed
problem (1). Finally the we provide an example for the support of the results. Our
obtained results can be utilized in the impulsive problems involving the scattering by slits
silicon strips detectors for scanned multi-slit X-ray imaging, the acoustic impedance of
baffled strips radiators, diffraction from an elastic knife-edge adjacent to a strip, sound
fields of infinitely long strips, dielectric-loaded multiple slits in a conducting plane, lattice
engineering. The Ulam-Hyers stability means that for any approximation in specific region
we will get to the exact distinction, so the obtained results can be utilized in numerical
analysis and approximation theory of the related impulsive problems.
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