i fractal and fractional

[

Article

Properties of Hadamard Fractional Integral and Its Application

Weiwei Liu *

check for
updates

Citation: Liu, W.; Liu, L. Properties of
Hadamard Fractional Integral and Its
Application. Fractal Fract. 2022, 6, 670.
https://doi.org/10.3390/
fractalfract6110670

Academic Editor: Agnieszka B.

Malinowska

Received: 28 September 2022
Accepted: 10 November 2022
Published: 13 November 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2020 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Lishan Liu **

School of Mathematics Sciences, Qufu Normal University, Qufu 273165, China
* Correspondence: lls@qfnu.edu.cn
t These authors contributed equally to this work.

Abstract: We begin by introducing some function spaces L (R*), X?(]) made up of integrable
functions with exponent or power weights defined on infinite intervals, and then we investigate
the properties of Mellin convolution operators mapping on these spaces, next, we derive some
new boundedness and continuity properties of Hadamard integral operators mapping on XP(])
and X?(J). Based on this, we investigate a class of boundary value problems for Hadamard frac-
tional differential equations with the integral boundary conditions and the disturbance parameters,
and obtain uniqueness results for positive solutions to the boundary value problem under some
weaker conditions.

Keywords: hadamard fractional integral operator; boundary value problem; infinite interval; uniqueness

1. Introduction

Due to its extensive and sustainable development in theory and applications, partic-
ularly in various branches of applied sciences including physics, electronics, mechanics,
engineering, biology, etc., fractional calculus has attracted a lot of interest in recent decades.

Apart from the most well-known Riemann-Liouville and Caputo fractional integral
and derivative, there are other definitions of fractional integrals and derivatives, such as
the Hadamard fractional integral and derivative. The fundamental distinction between
the Hadamard integral and the Riemann-Liouville or Caputo integral is the type of kernel
used; the Hadamard integral contains a logarithmic function, which was first developed by
Hadamard in 1892 ([1]), whereas the Riemann-Liouville integral uses a power function.

Another distinction is that Hadamard fractional calculus is more suitable for describing
phenomena unrelated to dilation on the semi-axis, while Riemann-Liouville fractional
calculus is better appropriate to describe abnormal convection and diffusion phenomena.
In igneous rocks, there is a creep phenomenon in the rheology and super slow kinetics.
The Lomnitz logarithmic creep law describes it, and Hadamard fractional calculus can
more clearly illuminate its mathematical underpinnings ([2—4]). In addition, Hadamard
fractional calculus can also be used to describe a wide variety of material mechanics issues,
including fracture analysis ([5]).

The properties of Hadamard fractional calculus, including the semigroup property,
Mellin transformation formula of Hadamard fractional calculus, the boundedness of
Hadamard fractional integrals have been investigated in [6-15]. The consideration of
the boundedness, continuity, and compactness of integral operators in earlier work has pri-
marily focused on the expansion of integrable, continuous, or Holder’ continuous functions
that are defined on finite intervals. There are not many conclusions about the outcomes of
Hadamard integral operators for integrable or continuous functions on infinite intervals.

The boundary value problems of fractional differential equations on infinite inter-
vals have been extensively studied by a large number of researchers in recent decades,
see [16-32]. Among them, there are also many studies on the boundary value problem of
Hadamard fractional differential equations on infinite intervals, see [25-32]. In [26], the fol-
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lowing boundary value problem of Hadamard fractional integro-differential equations on
infinite domain was considered

Hpey () + f(t,u(t),H 17u(t), T D*u(t)) =0, 1 <a <2, t € (1,0),
u(1) = 0, FD* lu(oo) = ¥ AHIBiu(y),
i=1

where D% denotes Hadamard fractional derivative of order &, I () is the Hadamard frac-

tional integral, 7 € (1,00),7,B;,A; > 0(i =1,2,...,m.)and I'(a) > f FAL(‘;;) (10g1’])“+ﬁi_1

f(t,u,v,w) : [1,00) X R3 —» Rt is nondecreasing with respect to u, v, w. By using mono-
tone iterative technique, the existence of positive solutions was obtained, meanwhile the
positive minimal and maximal solutions and two explicit monotone iterative sequences
which converge to the extremal solutions were acquired.

Similarly, Wang et al. [27] used monotone iterative technique to investigate a new
class of boundary value problems of one-dimensional lower-order nonlinear Hadamard
fractional differential equations and nonlocal multipoint discrete and Hadamard integral
boundary conditions

HDax(t) + o(t)f(t,x(t)) =0,2< g <3, t € (1,+00),
x(1) = x'(1) = 0,H DI~ 1x(00) = aH [Px(E) + br'”g_lzaix(m),

where H D7 denotes Hadamard fractional derivative of order 7,6>01<¢< 171 < 7y <
o< H4oo,abeR>0i=12,...,m—2).0:[l,00) = [0,00)and 0 < [;"0(s)%E < oo.
f € C([1,00) x [0,00),[0,00)).

In [28], by making use of a fixed point theorem for generalized concave operators,
the existence and uniqueness of positive solutions for a new class of Hadamard fractional
differential equations on infinite intervals is established

Hpvx(t) +b(t)f(t,x(t)) +c(t) =0, 1 <v <2, t € (1,00),
{x(l) =0, HD"1x(e0) = & 41 IPix(n),
i=1

where DV denotes the Hadamard fractional derivative of order v, B;,7v; > 0(i = 1,2,...,m),

7 € (1,00) and I(v) > >: F (log )"+ =1.b,¢ € C([1,00),[0,00)), f : [1,00) X [0,00) —

[0, 00) is continuous. By makmg use of a fixed point theorem for generalized concave oper-
ators, the existence and uniqueness of positive solutions was established.

In [30], utilizing the generalized Avery-Henderson fixed point theorem, Zhang and Ni
presented a new result on the existence of positive solutions for Hadamard-type fractional
differential equation with more general boundary conditions on infinite interval as follows

HDY x(t) +a(t)f(t,x(t) =0,2 <a <3, t € (1,400),
n
x(1) = 2/(1) = 0, "D} x(+oo) = z wf! I x0n) + p X x(E))
]:
where H DY o is the Hadamard-type fractional derivative of order w. B; > 0(i = 1,2,...,m);
1< <61 <G <...<@<+o5p0,0;,0; > 0(i =1,2,...,m;j =1,2,...,n) and
m n
T(a)— .Zlair(i(if/)&-)(lnﬂ)ﬁﬁﬁl_P,Zl‘fi(ln‘:f)“il >0.a : [l,eo) — [0,00) and
i= j=

0 < [Ta(s)% < co. f 1 [1,00) x [0,00) — [0,00) and f(,0) % 0 on any subinterval
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Inspired by these above studies and other relevant references, this paper will study the
existence of unique solution for the following Hadamard fractional differential equation

() (), Tu() =0, 1<t < 4o, M)
supplemented with integral boundary conditions and disturbance parameters

ds

DY Pu(l) = As+ps [, " ga(s)u(s) %,

DY 2u(1) = A+ o [, ga(s)u(s) %, 2)

Dy tu(teo) = A+ [T ga(s)u(s) %,
where 2 < « < 3,8 > 0. y;,A; > 0(i = 1,2,3) and at least one of these parameters is
positive. f: ] x (RT)> = R¥,g;: ] = R¥(i = 1,2,3),] = (1,+00), Rt = [0,00) and f
may be singular at t = 1. Df, denotes Hadamard fractional derivative of order «, .71ﬁ 4
denotes the left-sided Hadamard fractional integral of order B.

Compared to the existing papers, the new insights presented in this paper can be
summed up as follows: first, some new properties of Hadamard fractional integral operator
acting on functions defined on infinite intervals are presented, and these properties are
demonstrated in Section 3; second, the function f may be singular at t = 1 and it should
be mentioned that the boundary value problem takes non-zero values at the initial point
and has the boundary values containing integrals and disturbance parameters ; and finally,
with the help of some of the results from Sections 3 and 4, the existence of unique solution
for the boundary value problem of Hadamard fractional differential equation is obtained
in two different function spaces. A special point to mention is that we prove that there
exists a unique positive solution to the boundary value problem on the space XZ (]) under
weaker conditions.

The remainder of this paper is structured as follows. Section 2 includes some mapping
properties of the Mellin convolution operator among function spaces. By utilizing these
properties, in Section 3, we obtain the boundedness and continuity of Hadamard integral
operator in the spaces X? (J) and X?(J). Section 4 gives some auxiliary results that will be
used in the study of the Hadamard fractional boundary value problem. In Sections 5 and 6,
uniqueness results of Hadamard fractional boundary value problem are acquired in two
different function spaces. In Section 7, we give a conclusion to summarize the core and
highlights of the whole paper.

2. Auxiliary Results

In this section, we present auxiliary results needed in our proofs later. From here on,
for a positive real number B, we use 9 to denote the function defined on ] or J; = [1,00)
by 84(t) = (Int)P~1/T(p).

The left-sided Hadamard fractional integral of order a(a > 0) on the infinite interval |
has the form

ENW = [0 )

This definition is just a formal one. Obviously, the rationality of the definition lies in
the selection of appropriate functions for the existence of the integral, that is, the selection
of functions to ensure that the integral is convergent. In some literature, we can see some
results, not only can we see what kind of function can guarantee the existence of fractional
integrals, but also get the boundedness of integral operators, see ([6-15]).

Let us introduce some function spaces. One is the space of p- integrable functions
defined on J, i.e., LP(J)(1 < p < o), whose norm is defined by

gy = ([ 1) 1< p < ), Iflimg = essup 0
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If the p- Lebesgue integrable function is defined on RT, we denote the Lebesgue
integrable function space as L? (R*), whose norm is written as || f| .» (r+)-

The other is the space with exponential weight consisting of those real-valued Lebesgue
measurable functions f : R* — R denoted by LF (R*)(1 < p < oo,¢ € R) by defining
the norm

o 1
||fHLf(R+) = (fo |3th<t)|pdt) P, 1<p<oo,ceR,
£l Loy = ess sup [e" f(¢)], c € R.

teR 4

®)

The space L! (1 < p < o0,c € R) was defined in [7], where it contained those complex-
valued Lebesgue measurable functions f defined on R with || f|| < .

The third is the weighted LF- space with the power weight, which is denoted by
XP(J)(c € R,1 < p < o) and consists of those Lebesgue measurable functions f on | for
which || f ”Xf < o0, where

1
Iflxey = (ST IEFOPE) 1< p<ooceR, “
Iy = esssuplelf ()], e € R
c

The space Xf (1 < p < oo,c € R), first defined in [6], is composed of complex-
valued Lebesgue measurable functions f on finite intervals [a, b] satisfying || f|| y» < co.In

particular, for ¢ = 0, we denote X} (J) = X”(J) and the norm is defined as

||f|xp(;)=(/1w|f()|pdt) (1 <p <o) [flxeq) =essuplfl. )

te]

As for the relation between those function spaces mentioned above and Lebesgue
integrable functions space L?(]), from the norm relation between each other, namely
I £llxe ¢y < Mflxery < Ifllpy(c < 0,1 < p < o), we can conclude that

LP(]) € XP(]) € XE(]), ¢ < 0,1 < p < 0. 6)

Fora > 0,1 <r < oo, we have

© dt_ 1 © a— rdt_ 1 © rds
/l ﬂa(t)T—W/o (h’lt)( 1)7_W/0 g@=1) =

The integral f (@=1) rds is never finite for « > 0,1 < r < co. Fora > 0,7 = oo,

we know esssup||9(t)|] = c0. Hence Oy ¢ X'(J)(« > 0,1 < r < o0). From inclusion
te]
relation (6), we further deduce 9, ¢ L"(J)(« > 0,1 < r < o). Consider another integral

00 dt 1 [ee]
c r — crs o (a—1)r
/1 [0, (8)] n 7(““))?/0 e®s ds

1 1 8]
_ crs (a—1)r / crs o (a—1)r
T {/o es ds + L e ds}.

By convergence discriminant of the integral, if &« > 1,1 < r < o0,c < 0, we know the
improper integral foo 351 s s Convergent Ifo<a<1,c<0, fl ecrss(“_l)’ds is con-
vergent under the condition 1 < r < 1=, and divergent under the condition 1 - <1 <o,

meanwhile, fl erss(=1rds g convergent forany 1 < r < oco. To sum up, when
0<a<1,c<0,wehave

00 dt
¢ —_ <
/1 |t ()]" ; < oo(1 "< 1_&a

) and / [t°8 = (L<r<oo).
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In addition,

esssup|[t|0x(t)]]

<oo,a0>1,c<0,
te]

=00, 0<a<1,c<O.

In summary, the subordinate inclusion relationships of the function () with spaces
X!(J)(c <0),X"(]) and L"(]) respectively are presented in the following Table 1.

Table 1. Inclusion relation.

Condition X(J)(e <0) X"(]) L"(])
a>1,1<r<o € ¢ ¢
O<a<ll<r< i € ¢ ¢
O<a<l i <r<o ¢ ¢ ¢

It is known that the classical Riemann-Liouville fractional integral of order & > 0 on
the half-axis R™ is defined by

@A) = g [ =00, (x> 0)

o

In order to establish the connection between Riemann-Liouville fractional integral
and Hadamard fractional integral, we have to introduce an elementary operator. For a
real-valued function f(x) defined almost everywhere on R*, the operator A is defined

as follows:
(Af)(x) = f(e?).
Then for a function ¢ defined almost everywhere J, its inverse A~! has the form
(A71g)(x) = g(Inx).

Using these two operators, we establish the connection between Hadamard fractional
integral and Riemann-Liouville fractional integral, which can be shown by the relation:

(TH2£)(x) = (AT I5, Af) (). 7)
Remark 1. The aforementioned operators A, A=\ are indicated in part in [7].
Theorem 1 ([7]). Letc € Rand1 < p < oo.
Az X{(]) = LERY) or X[ (RY) — LI(R),
{Al tLE(RT) — XE()) or L{(R) — XZ(RT)
and A, A1 are isometric isomorphism, that is ||Af||L? = ”fHXf' ||A‘1f||X5 = ||f||L§
It is obvious that the following Corollary holds when ¢ = 0.

Corollary 1. Assume1 < p < co.
(1) A is isometric isomorphism of XP (J) onto LF(R™), and || Af||pw+) = || fllxr())-
(2) A=Y is isometric isomorphism of LP(R™) onto XP(]), and IAflxe () = [Flr ety

Let h and f be real-valued functions defined on |, then Mellin convolution product,
written as / * f, is the function defined by

Xy £

(e )= [ n(3)F0)] ®)
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Remark 2. The definition of Mellin convolution product h = f of functions f and h is a little
different form the definition in [7], where the integral interval is from 1 to co. Moreover, we can also
obtain the relation h = f = f = h from the definition.

Remark 3. According to the definition of Mellin convolution product (8), we rewrite the integral
definition as

(J15 ) (x) = (B * ) (x). ©)

In view of Holder’s inequality, we get the following mapping properties (Theorem 2 (1)
and (2)) of the Mellin convolution operator in X¥ and, just like Young's inequality ([33,34]),
we derive a similar result (Theorem 2 (3)), which is described but not proved in the
literature [7].

Theorem 2. Assumec € R,1 < p,q,r <oolet1—1= % - %.Supposeh e Xi(]), f e xXE()).

Then < £ € X3(J) and |11+ £l < e L fll - Specifcally,
(D) Ifr=1,q9 =p, then
% Fllye gy < Wl Fllge ) (1< p < e0).
(2) Ifr = p’ (p' be the exponent conjugate to p) and q = oo, then
i fllxsy < Wl Wl
B)If1 <r<p ,max{p,r} < g <ooandp < oo, then
% Fllyag < Izl lxe

Proof of Theorem 2. The proof of the conclusions (1) and (2) is similar to the proof in [7],
then the process is omitted.
(3) Puts = %,t = 1, then % + % + % = 1. By the generalized Holder’s inequality,

forh € XI(]), f € XI(]), z\:er,have
(% ) ()
=< /1 y‘ch(Dycf(y) dyy
- (5) B sl () jllfﬂwiﬁ u
yr Ys ya
(G 2) (o)
(frn(2) [ rmras)

<x ¥ (Ihllx ) (L flle (1)F ( /f‘ych(;)

then
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s il
r l o ooz X x| dy dx
| : < w2V ) r
<l flg)* [ 3 [lmen(2) e
o o cr
I

qar dx d
<) ¥ (Il ) h(y)\ = )yresery

s w [ c rd c
<) F Uflg)* [ luenlr®e [~ ny(y)l”?
(Il xz)T (Ul e )P-

Hence, It # 1.5, < Illxp Il O

s

Following the same technique, similar results are obtained in X?(]) and LP(]).

Corollary 2. Assume1 < p,q,r < oo, let1+ % = %—I— 1. Suppose h € X7(]), f € XP(]). Then
hx f e XA(]) and [[h = f xary < [[Bllxr )1 f lx ()

Corollary 3. Assume1 < p,q,r < oo, let 1 —|—% = %4— 1. Suppose h € L'(]), f € LF(]). Then
hxf € L1(]) and ||h*f”m(]) < HhHL’(])”fHLP(])-

There is a well-known fact that the Riemann-Liouville fractional integral Zy, is a
Laplace convolution operator of the form

X _ pa—1
Z3 ) = [ “‘r(fj)fmdt = (ko f)(x)

where k(x) = F(a (k@ f)(x) = [, k(x — t)f(t)dt. It is obvious that the Laplace convolu-

tion operator has similar propertles to the Melhn convolution operator.

Theorem 3. Let1 < p < oo,c € R.
(a) Suppose k € LY(RT), f € LE(RY), then k® f € LY (R*) and the following estimate holds:

1@ fllrggey < Ikl iz 1o ey

(b)) Let1 < g < 00,7 = 1+f— L Ifk € LL(RT), f € LE(RY), then k ® f is bounded from
LE(R™) to LZ(R*) and

Ik® fllpagey < Mellizwe) 11 e @)

Applying Theorem 3 to Riemann-Liouville fractional integrals, we will get the proper-
ties of Riemann-Liouville fractional integrals as follows.

Theorem 4. Let1 < p,q < oc0,c <O0.
(1) 7§, : LE(R*) — LE(R™) is bounded, and IZ64 fll gy < lel 1A g y-
2)If1<p<g<coanda > l — l Then the operator Iy, is bounded from LY (R*) into

LURT), and || Z§, £l gy < (Ic |> “*1_’W&#\|fﬂy’ R+):

3. Properties of Hadamard Fractional Integrals

In this section, we first establish the following boundedness property of Hadamard
integral operator in the spaces X (J) and X?(J).
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Property 1. Let 1 < p < oo,a > 0,c < 0. Then the integral operator J}", is bounded in
XF(]) and
198 Fllxe ) < Clfllxegy €= lel ™.

Proof of Property 1. Let us first take the case where p = 1. For any f € X}(J), Utilizing
Fubini’s theorem and appropriate variable substitution, we have

" * dt dx
17 Fllxa) < / [ I Ts

_ r(llx)/1 (/ (m t)"‘ 1d’“)|f< e

= gy T [ e tay
= lel™* I fllxa )

If1 < p < oo, by (9), Hadamard integral operator is considered as the Mellin con-
volution operation, on the basis of the generalized Minkowski inequality, we derive the
following inequality

Ol AN =[ | oo ()

<[ (oG]
S/loo(lnt)“ltjit(/t cpf(t) pd;)é

Making variable substitution x = ty, the above integral is then transformed into

/t Cpf(t)‘pdxx t%(/looycpv(y”pdyy)

Hence, we further derive

1

o] _ dt o) . d LY

C@IT Sy < [ = (nty® H( [Ty fwyy)p
=T (@)lel Il

X

pdx]

then
1T ey < lel™ I fllxer gy

If p = oo, for almost x € |, we get
||f|\x°°(]) Xoox\e—l _ dt
C 70 < c ¢ e -
T < S /1 (n%)" s
||f|\x°°(]) o0
< c x—1 cy
S T /0 Y eYdy
= el fllxe= )
This completes the proof of the property. O

Remark 4. The theorem has been formulated as a special case in [7,11], where the following two
methods have been used to prove it. From Table 1 we know that ¢, € X, the norm can be computed
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directly ||0a||x1 = [c|~*. By (9), applying Theorem 2 (1) to Hadamard integral operator, we get
Property 1. In fact,

1T S e = 18 FIF < 18llxall fllxpr = lel ™I fllxe = ClIfllxp-

There is another way to prove it. From (7), using Theorem 1 and Theorem 4 repeatedly, for any
f e XP(]), we will get Jif € XE(D).

Property 2. Suppose 1 < p < g < oo, > %—%,c < O,let% = % %—}-1 Then *71+ :
XP(]) = XX(]) is bounded and
1
. SRR § (s Vs
||~71+fHXg(]) < CleHXf(])r C1 = ([c|r) W

Remark 5. As with Property 1, we can obtain Property 2 in two ways. One is applying the
properties of Mellin convolution operator, i.e., Theorem 2 (3), to (9). The other is using an operator-
theoretic approach, according to (7), combining Theorem 1 and Theorem 4, we confirm that Property 2
is established.

The conclusion in Theorem 9 in [7], left a little problem with the constant Cq, the constant Cq

1
is the norm of 8y, that is Cy = ||y |xr = (|c|r)*“+1*% w So the exponent should be

1 1
—a—i—l—;not—zx—i—;.

Property 3. Let 1 < p < 00,1 < g < oo,v < u < Oand ap > 1,0(—1-1—% > 0. Then
the operator J{'_ is bounded from Xﬁ(]) into X}l (]), there holds the estimate ||j1“+f HX;’(I) <
C||f||X£(]), where C is a constant.

Proof of Property 3. First we consider the case 1 < p < oo. Then the exponent p’ conjugate
to p satisfies 1 < p’ < co. Using Holder’s inequality, for almost x € | we have

(TN < g L nem01£)|F

IIfIIXP(] it
N(@-1)p' —up’
< ——= (/ (In t t) (10)

By the change of variable t = xe™Y, the above integral in (10) gives the following estimate

1

o dx\ 1

vq| 7 g X

([ e swn)
Hf”x”(]) % X ox dt J dx
_ AnlU) vq (a=1)p"—pup' 22\ 7 B4
< l/l x (/1 (In 3) 0Pt x]
Hf”XV(]) Y] Inx i’d
) vg [ —np (a=1)p' up'y ar
=T l/l o [Ty ) ]

Hf”xp(]) 0 % © 7
< ) (v—p)g—1 (a=1)p o1ty g\ "
<r () (e rera)

Let up'y = —s, from the definition of the gamma function we can obtain
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=

1
o

(/ yla- 1pem’ydy>

1 o0
_ (a=1)p' ,—s
((WW—WH /o ST ds)

_(C((x— 1)y +1>>%
(Julp")" r

Since v < p,q > 1, the integral [~ x(-"7~1dx is convergent. Hence, there exists a
constant C; such that

Hn71a+f||xﬂ(]) = Cle”Xﬁ(I)

where C; is a positive constant related only to u#, v, p, g and a.
If p =1, for almost x € |, applying Holder’s inequality again, we obtain

x—1dt

|(t71“+f)(x)|<r(la)/lxlt"f(t)wl/t_q Fol(n2)

t

< (o) (o) e’

/
||f||§(1
<

1
;L(I) x - E ("‘—1)17@ q
T(a) (/1 eI (ng) P

It follows from Fubini’s theorem that

11,
0)] a=1)qdt dx
198y < il [ [T P m ) ]

) |\f||;1(,

_ r(;))[/lf”(/t (1 7)(« 1)qux> _yv(t”dttr'

Substituting the variable x = te¥, we get

® (1 2\ g /oo vay, (a—1)qg, _ g L& =g +1)
/t g (lnt) x ' 0 Y =t (Jv|q)@-Da+1

As a result,

. I 030) (0@~ 1)g-+ )3 [ ottt ]
172 s < ) L [ e 1

(lV\q)""”%
(T((x = 1)g+1))7 N
5 1 1 ) F(E) |22
< F(zx)(|v|q)“*1+g Hf||x () (/ Lf(1)] ; )
- CZHfHX}l(])

(C((a-1)g+1)7

1
r(w)(jvlg)* 7
Set C = max{Cy, 2}, for 1 < p < oo, the conclusion || T fllys ;) < CHf”ij(])

always holds. 0O

where C; =

Property 4. Let 1 < p <oo,1< q < oo,a > 0. Then J}, is bounded from XF(]) into X1(]J) if

and only if 0 < & < 1 p <Lg= meanwhile, there holds the following estimate

P

1T fllxa) < Call Fllxe(p)
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where C; is certain unspecified positive constant.

Proof of Property 4. In literature [7,12], there is only conclusion about the sufficiency of
Property 4, but the corresponding result of necessity is also valid. Now, we prove the
necessity. For any f € LP(R™), by Corollary 1, we know A : X?(J) — LP(R™) is isometric
isomorphism, then there exists a function ¢ € X?(]) such that Ap = f. According to
the condition, J*, ¢ € X(]), that is ATIZ8, A € X9(]). Using Corollary 1 again, we
have A(A™'Z}, Ag) € L1(R™). Thereupon, A(A™'I§, Ag) = I§, Ap = I, f € L1(RT).
In view of Hardy-Littlewood theorem ([11] Lemma 2.11) with limiting exponent, we get
the conclusion. O

Remark 6. By Corollary 2, although the mapping property of Mellin convolution is just like
Theorem 2 in the space X1, since 0, ¢ X" from Table 1, Property 4 cannot be inferred from this.

Remark 7. Given the inclusion relation of the function spaces (6), combining the above properties
we can directly deduce some other mapping properties of the Hadamard integral operator, such
as Jf, : LP(]) — XP(]) or JE 2 XP()) — XP(]) is bounded for 1 < p < oo,c < 0. If
0<a< % <1lg= ﬁ, then Jf', : LP(]) — X(]) is bounded and so on.

The above properties reveal that the boundedness of Hadamard fractional integral is available
in the space of integrable functions. The latter two properties present that Hadamard integral
operator can be mapped to a certain class of weighted continuous function spaces and the operator
is continuous.

Property 5. Let 1 < p < oo,ap > 1, then the operator Jf', : XP(]) — C%%,ln(h) is

|2(x)]

continuous, where C 1 wmU1)={2€C()|sup —— < oo} isa Banach space endowed

x€j; 1+(Inx)" P
|2 (x)]

a—

with the norm ||®||,_1 = sup

T-
P xef; 1+(Inx)" 7

Proof of Property 5. First, we will show the conclusion holds for 1 < p < oo. For any
f € XP(]), we first prove the continuity of the function 77", f. Selecting two elements x1, x,

from J; satisfying 1 < x1 < xp < oo, using Holder’s inequality we find

T(@)[ T f (x2) = T f (xa)

, 1
S”f”xp(]) [(/):2 (1n3;2)(oc—1)ri'dtt);’ n </1xl (ln if>a—1 B (ln%yx—l P it) P ]

= fllxr() (I + L)

Now we estimate these two integrals I; and I, respectively.

I = ((lx—l)p’+1)*% (mxz)ap, (11)
X1

and from the inequality (x —y)7 < x7—y7,(0 <y < x,q > 1) we know

-
L < (/
1

g((w—l)p’ﬂ)ﬁ'(

1
)
t

(In xz)(zxfl)purl — (In xl)(zxfl)p’ﬂ _ (ln %
1

() )

A

> (ﬂcfl)pq*l

)”.
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If0<a<1,then0< (« —1)p'+1 < 1. Hence,

(a=1)p'+1
<ln x2> > (Inxp) @ VP (Inp )@ DP'H1 5,

The inequality gives that

_1 a3
L < (((X*l)p/ﬂLl) Y (hlji'?') p. (12)
1
1)yl 1V x (a=1)p'+1 L. .
If & > 1, then (Inxp) @D+ — (Inxy ) (- Dp'+1 > <ln ﬁ) . This implies that
_1 / ’ i/
L<((a—1)p +1) ¥ ((lnxz)(“*l)p 1 (Inxy )@= Dp H) . (13)

Collecting the estimates (11)—(13) for I3, I, we take the limit |x; — x2| — 0, then we
have |71, f(x1) — Jf, f(x2)| — 0. Thus, the conclusion Jt, f € C(J1) holds. For x € ]y,
using Holder’s inequality, we know

i3 ||f|| -1 a1
TS < SR P a0y 177 (),
therefore
||~71a+f”“,% = sup T4, f(3)] < Il ((a — 1)p’+1)_% < oo,

x€l1 1+ (lnx)%% ~ Te)

This shows that J* f(x) € C,_1,.(J1)-
pr
Let f, — fin XP(]), the following inequality is obtained by Holder’s inequality,

| T1 frn — ~71a+f||,x_% < W((a— ' +1) 7,

e

which implies that J}, f, — J{ finC,_1, (J1).
3
When p = 1, from ap > 1 we know « > 1. Suppose f € X!(]), then

n a—1  rco 1
gt s01 < OO 1 g < VR0 e, e,

Consequently,

TS@_ Wflag)
1+ (Inx)*=1 = T(a) ~

1T flla—1 = sup

xefp

Choose arbitrary sequence {f,} with f, — f in X!(J), from the same deduction
method, we obtain 7, fu — Jf, f in Co_11n(J1). O

Property 6. Let 1 < p < oo,c < 0,ap > 1. Then the integral operator Jf', : X! (]) —
Cone 1 ,ln( J1) is continuous, where

Cou-tin() = {@(x) € C(1) | sup _xfo(x)|

r < oo}
a1
x€h 1+ (Inx)" 7
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is a Banach space endowed with the norm |||, 1 = sup L(x)‘l. Furthermore, 7 f(1) =0,

xefy 1+(lnx)" 7

vf e XZ(]).

Proof of Property 6. When 1 < p < oo, forany x € J;, f € X! (J), we have

Ifllxery ¢ p oy e dt ¥
o c (lel)p e had
78 S0 <=2 ([mnevr ()77 )
xfc||f||xv(]) Inx i/
_ c (zx 1)p’ cp's
I(@) (/o ‘ ds)

<X7C||f”XfU) oo( 1)y cpsd l/
=TT /o °

Wl Ea 1)y )7
T T (elp)*=7

it follows that x°| 7}, f(x)| < %Hf”)(” < oo, that is to say J}', f is well
c

defined. Meanwhile we obtain

WMz (i N7 Iflxegy (nx)tr
[Tt f(x)] < C( sa=1)p ds) < ¢ e
1+ [(a) /0 T(«) (a1 +1)7

Now we will show that J, f € C(J;) for any f € XF(J). For any x;,x, with
1 < x1 < xp < o0, one has

I(a) [T f(x2) — ~71+f(x1
L) o [
§|f||>(f(])[</x1 (1 7)0% Rl cp’%)

()t

() e

([

1
v

:HfHXg(])(Il‘f'IZ)' (15)
For the first integral I;, substituting the variable s = %, we get
1
a—1 1 csp’ 7
I =x;° (lnx2> g’ </ a1y (x2> ds) ’
X1 0 X1
1
x5 ° v \Yp
< 2 == )
< ; <ln xl) (16)

(a=1)p'+1)¥

We consider the integral I, for two cases. If « > 1, let t = x1e™%, then
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<X+ <(ln 962)@‘7])’7,+1 — (In X1)(“71)p/+1) (=1 H. (17)

1

—c (a—1)p'+1 , 7
B ((1“ =) — ()@ DPH (1 xy) (1P “) p
((a-1p 47 \\L
e a1
g#(m ’2) ' (18)
(=1 +1)7 L

Let’s substitute (16)—(18) into (15), if [x — x1| — 0, then | T}, f(x1) — Jf', f(x2)| — O.
From (14), we know

. (X T4 f (%)

|

< ”f”xf(]) _

T() (@« = 1)p'+1)7

su
x€1 1+ (Inx)

Next, we will show that 7, : X/(]) — CC,%%,IH( J1) is continuous. Let {f,} be

convergent sequence in X! (]) and || f, — f|| xt(j) — 0. According to the initial conclusion
of the proof, we get
1
1o = fllxr(y T((a = 1)p’ +1)7
1T o = T fllos < AURA(C) AL
AR (lelp)*?

then it comes to the conclusion that the operator J7', is continuous. From (14), let x — 1,
the conclusion Jf, f(1) = 0 is satisfied.
When p = 1, then & > 1. Suppose f € X!(]), then

X Jiy f(x) (In x)*—1 x at flxg
‘1+(1nx)“*1| = F(Dé)(1+(lnx)“*1)/1 x't |i'L f(t)|? < W/ te .
Hence, "
" fllxag
||«71+f c,u—1 < W)() < 0o

Choose arbitrary sequence {f,,} with f, — f in X}(J), likewise, we obtain J}*_f, — VA

in CC,tX*l,l]fl (Il ) .
This completes the proof. [

Remark 8. In addition to focusing on the mapping properties of Hadamard integral operator
between function spaces of the same type, we are more interested in the properties of the integral
operator between spaces of different types, especially whether the integral operator has good results
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on the mapping from larger spaces to smaller spaces, as in properties 5 and 6 above. This point will
be left for further thinking.

4. Preliminary Results

In this section, we recall some related lemmas and give some auxiliary results that will
be used in the study of Hadamard fractional boundary value problem on the infinite interval.
The left-sided Hadamard fractional derivative of order a(a > 0) is defined by

(D)) = (TN = ) g | 0D 0F,)

where § = xD,D = d% is so-called é—derivative, n — 1 < a < n,n = [a] + 1.
Whena = m € N, then (Df_f)(x) = (6" f)(x),x > 1.

-

If « < 0, we also denote Dﬁ =J 5

Lemma 1 ([11]). Leta,f > 0,1 < p < oo, ¢ < 0. Then for u € X! (J),
@ I, I = 7.
(2) DY, T u(t) = u(t), for almost t € J.

3) D2, IF u(t) = TP u(t), provided that B > w.
Lemma 2. If B,y > 0, then

(1) T, 9p(t) = Bpq (1).

(2) DY, 8p(t) = 8, (t), provided that B > .

(3) ,D/1Y+l9r>/,j+1(t) =0forn—1<y<nj=12...,n

Lemma 3 ([11]). For & > 0, the equality DY, u(t) = 0 valid if and only if,

u(t) = i c/-(lnt)“*j,

j=i

where n is the smallest integer greater than or equal to a and ¢;(j = 1,2,...,n) are arbitrary
constants.

In view of Lemmas 1 and 3, it is easy to deduce the following lemma.
Lemmad. Let1 < p <oco,c<0.IfD}f u€ Xf(]), then
TE (DY u)(t) = u(t) +cr(Int)* 1+ oa(Int)* 2 + ...+ cu(Int)¥ ",
wherec; e R (i=1,2,...,n),n = [a] + 1.

Now we introduce a linear space

nt)3=%|x
X—{x:]—>R|x(t)€C(]), fél]pw<oo},

(Int)3~*x(t) ‘

then X is a Banach space with respect to the norm || x||x = sup T |
te]y

We establish the inclusion relationship of the spaces X and XX (J).

Lemma5. Let2 <a <3,1<p< 3_%,0 < 0. Then X C Xf(]) and there exists a constant My
related only to w, c and p, such that ||MHX;7(]) < My ||ulx.
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Proof of Lemma 5. For any u € X,
1
o (14 (nt)2\ dt\”
epl 27 ) =
Hu”)(f(]) S”””X(/l t < (Int)3—= ¢
[e9) [e9) 1
<alul ([ erateIax+ [T erratrax)”
0 0

Obviously, the integral f eP*x(@=1rdy is convergent. Since

/ooecpxx(,xﬁ%)pdx:/ ecpxx(af?))pdx_'_/Wecpxx(af?ﬂpdx,
0 0 1

these two integrals are convergent under the condition2 < # < 3,c¢ < 0,1 < p < 3%0(
Therefore, such constant M; exists and guarantees the conclusion |[ul|» g <M Il x
holds. O

Lemma 6. Assume that 2 < a < 3,a+B—-3 > 0,c < 0and p > 1 satisfies
Br >1,(3—wa)p < 1. Then

(1). jl’i XP() — Cc‘Bfl 1n(J1) is continuous.
B
(2). jl’g X = Caw,l,]n( J1) is bounded and there exists a positive constant C such that
17 #llap-amll < Cllullx.
Proof of Lemma 6. Under the assumptions fp > 1,c < 0, p > 1, the first claim (1) can be

derived directly from Property 6.
Forany u € X,t € J;, we know

[u t\P"11 + (Ins)2 ds
o) < (1) Ll

r'(B) (Ins)3—® s
Il e e
:r(/;; (B(tx—Z,ﬁ)(lnt) 83 4 B(w, B)(Int)* P 1)
=r(t)[Jullx < eo. (19)

Since u € X, from Lemma 5, then u € X (]), it gives that Jlli_u € C(J;) from (1).
By (19), we further deduce

IEu®l _ r()llul
14 (Int)*tF=1 =1 4 (Int)*+h-1
_(B@-2B) (nH*F>  B(ap) (Inprhl
_( r'(B) 1+ (In t)”“*‘ﬁ—l () 1+ (In t)”‘+5—1> ]| x

Since & + 8 — 3 > 0, we know by normal calculation that there must be a positive
constant Cj such that

a+p-3 a+p—1
Sup Lﬂ(-‘r—l >~ CO arld Sup % S 1
rej, 1+ (Int)a+p tef, 1+ (Int)
B(a—-2B)Co |, B(wB)
Set C = T6) + T(B) / , then
T u(h)]
1T ullaspotin = L < Cllullx < oo.

sup —mm——
ey 1+ (Inp)e 1 =
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In order to present the fixed point theorem which we will use in our study, we
introduce a family of functions F, which contains a serious of functions ¢ : (0,00) — R
satisfying
(i) ¢ is strictly increasing.

(ii) For any sequence {t,} C (0,00), we have

fim 1 =0 <= Jim () = oo

(iii) There exists 8 € (0,1) such that

lim #w(t) = 0.
A )

Choose 0 < 0 < 1,let 1 (t) = —t~%,t € (0,00), then ¢y (t) € F. Again, for example,
Po(t) = Int, P3(t) = In(t) +¢,... These are examples of functions belonging to class F.
Next, we present the above announced fixed point theorem which appears in [35].

Theorem 5. Let (X, d) be a complete metric space and T : X — X a mapping such that there exist
T > 0and ¢ € F satisfying, for any x,y € X with d(Tx, Ty) > 0,

T+ P(d(Tx, Ty)) < (d(x,y))-

Then T has a unique fixed point in X.

For further analysis, we introduce the following denotations:

1 (Int)* 1 — (In)* 1,1 <s <t < +oo,
Galt,s) = F(tx){ (Int)*1, 1<t<s< oo, (20)
3
O(t) = Y A (t), (21)
=1
00 dt . .
lij = /1 gi(t)ﬂtx—]‘ﬁ-l(t)Tr ,]= 112/3/ (22)
1—mhi  —plp  —wpsls
A= | —mb1 1—mlby —usls |, (23)
—pilzr —uolzn 11—l
A 1 An Ax Az
Al = A= TA] A Axn Ap |, if|Al £0, (24)
Az A Az

where A~! is inverse matrix of A, A*,|A| denote the adjoint matrix and determinant of
matrix A, A;; is the algebraic cofactor (i, j = 1,2, 3).

13 .
@i(t) = AT Y A (t), 1 =1,2,3, (25)
i

1 [ ,
ik=1



Fractal Fract. 2022, 6, 670

18 of 28

Now we list some basic assumptions as follows.
(C1)2<a<3,a+Bp—3>0,c<0andp > lsatisfiesfp >1,(3—a)p < 1.p'is
conjugate exponent of p, i.e., % + % =1
1
(Ca) gj: ] = RY,and Iy, = (i |gj(s)|'s™ ¥ &) 7" < o0,j=1,2,3.
(Cs) Ai]' > 0and |A| > 0.

Lemma 7. Suppose the conditions (Cy), (Cy) hold and |A| # 0. Let h € X'(]), then the unique
solution of Hadamard fractional differential equation

DY u(t) +h(t) =0, (27)
subjected to the same condition (2) can be expressed by

(o) 3 (e 9)
)= [ Gt S+ it [ g o), @9

and the solution can be further expressed as

) s 3 ) s 3
0 = [T+ Lot [T G @OT + Lty @

where . i
gi(s) = /1 Galt, )80, i=1,2,3, (30)

Gu(t,s), 9i(t), w; are defined in (20), (25) and (26) respectively.

Proof of Lemma 7. Due to Lemma 4, applying the Hadamard fractional integral operator
J{. to both sides of (27), we have

u(t) = =TI h(t) +cr(Int)* 1+ co(Int)* 2 + c3(In )3,

where ¢; € R(i = 1,2,3) are arbitrary constants. By Lemma 2, we have

Dy Pu(t) = —Ji h(t) + clié’;‘;(ln t)? +czr(l‘f(;)1)(1nt) +ete=2)

From Di‘f’u(l) =A3+us3 fl+°° g3(s)u(s)%, we have

57

¢ = r(ﬂfi 5+ s /. oL,

Similarly, the boundary condition Di‘;zu(l) =X+ [ 1+°° 2(s)u(s) % implies that

=T F(aAi RATCEy /:m s>,

and the boundary condition Di‘;lu(—l—oo) =AM+m f1+°° g1(s)u(s)® gives

A U +eo ds 1 too ds
c1 —T;)—i-ﬁ;)/l gl(s)u(s)?—l—wfl h(s)?.
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Consequently, the solution of Equation (27) subjected to the condition (2) is

u(t) =—Jh(t) + ¢ (lnif)“*1 + cz(lnt‘)"‘*2 + c3(In t)“*3
d

—+o0

3 )
= [Tt O + Y e [ g o). @D
. L

Multiplying both sides of (31) by @ (i =1,2,3) and integrating from 1 to oo, then
we get

[T = [Tso ([ aunma?) T8y a0
+2y,(/1 800 0F ) [gione T
,/ (/ Galt,5)8:(1) ) +2Al,]+2y],]/ gj(s)u ()d:
_/ g (s)h(s) +ZAZU+E;4] ,]/ g](s)u()—,1—123 (32)

where [;;, g7 (s) are given in (22) and (30) respectively. For convenience, we denote

00 dt
gj:/l gj(t)u(t)T, G; —Z)\klk+/ gj (s ]—123

Then (32) can be rewritten as

81 G1
A by = G2 .
83 Gs

Since | A| # 0, the matrix equation is solvable and the solution is uniquely expressed as

3
;lAilGi
81 . G1 A* G1 1 lg
2 | =A G2 = TAl Go = T4l L AG;
g3 Gs Gs =S
'ZlAzBGi
1=

1

Thatis to say, g; = TAT | A iGi, j = 1,2,3. Substituting g1, g2 and g3 into (31), we infer
i

e

« 1(
u(t):/1 Ga(t,8)h +Z 1 “|]£| ZA”G +ZA19“ j+1(t)

i=1

0o it 1(
:/1 Ga t, S +2 ] “|A‘|" ZA1]<Z/\kllk+/ gl )
3

j=1 i=1

+ 2 )‘jﬂa—j-i-l (t)

j=1
00 3 o) 3
= [T Z + L) [ gt o6 E + L w0
i=1 j=1
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5. Uniqueness Results of Hadamard BVP in X/ (J)
For the readers’ convenience, in this section, we list the assumptions needed in the

proof of the existence of unique solution.

(Hy) f(t,u,0) : ] x R* x R* — R* and f(t,0,0) € X1(]).

(Hz) There exist two nonnegative functions a(t), b(t) defined on | such that for any
teJand u;,v;(i=1,2) € R,

|f(tur,01) — f(tup,02)| < a(t)|ug —uz| +b(t)]or — 02,
where a, b satisfy [, = floo apl(t)t’cf",% < 00, and

dt

1 -1 [e] 1
b= (T@ -0y +1)7 ) [Teennfheet <o
Let

at\ v .
hi= (7o a0F) =123, 33)

by Table 1, we know 0 < d; < co.
According to the representation of G,(t,s) in (20), the following estimate holds

0 < Gu(t,s) < 0u(t), Vs € J1. (34)

It follows from (33) and Table 1 that &(t) € X?(J), hence
dt\ 7
°° r
0<lp= (/ thcD”(t)t> < 3(Ardy + Aady + Agds) < co. (35)
1

Theorem 6. Assume that conditions (Cq), (Cz), (Hy) and (Hy) hold. Then the boundary value
3
problem (1), (2) has a unique positive solution in X (J) provided that d1 (1, + 1) + ¥ pidilg; < 1.
j=1

Proof of Theorem 6. We consider an operator on X? (]) as follows

d

oo 3 [e9)
() = [ Gt )l ts), TN T+ Rt ya®) [ (6T + 000
e

According to Lemma 7, the fixed point of T is the solution of the boundary value
problem (1), (2). It suffices to show that the operator T has a unique fixed point.

Step 1. For any u € X!(J), we first show that f(t,u(t),jﬁru(t)),gj(t)u(t) e XY(J).
Given the assumptions, by Holder’s inequality, we have

[T 1t ute, o))

/ £)fu(t |*+/ 177, u +/ \ft00|—
0 Y Cp/dt H””)(f(]) G t (B-1)p' /ds P dt
gHuHXfU)(/l o ()t 7) + ) /1 b(t) /1<lns> =) 2

+/ \ftOO\—

H HXV(]) e 1 1
_ c /3—— _ A}
=l ullyp,, JFW/1 b(+)(Int) p(/o (1— 1)V cpTdT>

+/ \ftOO\—

dt
<+ )l + [ 170,01 F <o

==

dt
f
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Similarly, by (C), using Holder’s inequality, we get
e ds
| 18uE)1 < lgllullgy ) < o
SetQ = {ue Xf(])| u(t) > 0}. Notice that Q is a closed set of X! (]), if we define a

metric d(x,y) ( ST P |x(t) — y(t)|P dt) on it, then (Q), d) is also a complete metric space.
Step 2. T : 3 — Q) is well defined. According to Minkowski’s inequality, for any

u e,
(/1°° tfﬂTu(t)Pd:)’l’
<[[Ter (7 cau,s)f<s,u<s>,$ﬁ+u<s>>|‘is)pit} %
+Zm/\& {/” —_ ﬂ;+ut%wof

<\ [T 1 uts), T (s +Zﬂ;d]/ OIS + o

7

where d;(j = 1,2,3) is defined in (33). Combining those two estimates in Step 1, we get

”TuHxé’(]) < %,

hence Tu € X! (]). Notice that G, > 0 (see (34)) and 18 (j =1,2,3) are nonnegative, it is
obvious that Tu(t) > 0 and Tu € Q.

Step 3. We will show that T has a unique fixed point in (). Following the proof method
in Step 1, for any x,y € (), we have

dUWJy)z(AwfﬂTﬂﬂ—ﬂyaﬂT>;
<[[7 o (7 Gattolstsx(o) 7 xte)) — flswis), TyteN| ) |
—i—ZF‘]/ |gj(s)]x(s) — y(s)|ﬂlss{/1 PP ]+1()it:|
ds

< [dl [ 1660, T (6)) 560, Tyl
: « ds
+;W@AI%MM®—WMS]

3
<|di(la+1)+ ) ﬂjdjlg,-] d(x,y).
=

-1
Let e = [dl(la +1) + 213:1 yjdjlgj} , () = Int. It follows that T > 0 from the
condition and

$(d(Tx, Ty)) + T < p(d(x,y))-

Therefore, the conditions appearing in Theorem 5 are satisfied and the operator T
has a unique fixed point u in ). Since at least one of these coefficients y;, Ai(i=1,2, 3) is
positive in the expression of operator T, the unique solution u must be positive. [



Fractal Fract. 2022, 6, 670 22 of 28

Example 1. Consider the following boundary value problem

D“ u(t) + f(tu(t), JPu(t) = 0,
”(1)—21+01f (Ins) 0.05570.81/[(5)015

05 —0.1,—1 d?, (36)
DI8u(1) = 5.8+ 0.005 [*(Ins) O1s~Tu(s) %,
7318 (1) = 8.8+0.025 [;~(Ins) 55~ 12u(s) L.
Let « = 28, = 09,p = %,p’ = 5c¢c = —%. Then (Cy) is satisfied.
Set g1(t) = (Int)"00t=08 go(t) = (Int)"O1t~1, g3(t) = (Int)*°t~12, then gj : | — RT and
o, = (/ B4 t)_025dt> (T(0.75))5 ~ 1.0416
81— 1 t ~ ’
1 1
lo, = (&\/%5))5 ~ 1.0462,1,, = (rgg))S ~ 0.5893. It implies that the condition
(Cy) holds.
Let f(t) = (Int)~05t~1 4 (Int)~016¢708 |sin £ | 4 A (Int)~ 06t_15‘sm ‘ (t,x, y)

J x RY x RT. From this function expression, we have f(t,0,0) = (Int)~%%t~1 4+ L (Int)~0
t‘l'S)sin 1 ‘ By the fact that [~ (Int)~0%+~14l = T(0.5) < o0 and

[e] 1 dt [ee]
0.6, 1.5 : —0.6,—1.
/1 (Int)~"°t smt’t §/1 (Int) r = 1504 < o0,

we know flwf(t,0,0)# < oo. In addition, for (t,x1,y1) € ] x RT x R" and (t,x3,y2) €
J x Rt x R, we infer the following conclusion

(8 x1,51) — f(Ex2,42)]
S(lnt)’o'lét’o'gHsin (Int)~06¢~15 Sm]/1t+1’ _

_ yatl
16t‘ ’ 16tH+20 N H

<(Int)~0-16 08‘ X1 ‘
<(Im#) ™%t Sm16t sin 16t+

(In£)~%t12lyy — yal.

(Int) %6t~ 13]sin

1 1
ntl —siniyzj_ ‘

. —0.16,—0.8
SqgInt) R X2\+20

Let a(t) = 1 (Int)~0164=08 p(t) = L(Int)=06+=15 by calculation, we have

1
I A P T Y A 02
=15 < /1 Ft(Int) = 1¢([(02))°? ~ 0.0848,

t
6dt _ r(0.5)

1\~ [
zb:(r(og)(os)s) /1 b0 20(0.5)%r(0.9)\/@%0'1002'

According to (33), we get

B dt 1/ T(325) \°
0.75 225 ~
dy = </ t (Int) ; ) 238 <(0.75)3_25> ~ 2.6619,

similarly, dy ~ 1.6998,ds ~ 1.2005. Synthesizing the above formulas, one has d1(l, + 1) +
Z?:l pjdjlg; ~ 0.7571 < 1. Therefore, all these conditions in Theorem 6 are satisfied, and the

boundary value problem (36) has a unique positive solution in X1-2(J).
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6. Uniqueness Results of Hadamard BVP in X

In this section, we will use the following conditions

(Hz)' There exist nonnegative functions c(t),d(t),n;(t)(i = 1,2) defined on ] such
that for any t € Jand u;,v;(i = 1,2) € R,
|1 — up| it 01 — 02

(14 11(£) uy — 12]6) (14 na(£)|vr — va]6)8

|f(t,u1,01) — f(t,u2,02)| < c(t)

where ¢, d, 7;(i = 1,2) satisfy

@ 1+ (Int)? dt Y dt

infn (t)

te]

(1+(1nt)2 f

(int) ) >7 >0, 1161] ()1’ (t) > 1 >0,

0 < 6 < 1isa constant, r(t) is defined in (19).
(Hz)" There exist two nonnegative functions a; (t), by (t) defined on | such that for any
teJand u;,v; e R(i=1,2),

[f(tur,01) = f(tu2,02)| < alt)|ur — uz| +b(t)|o1 — 0o,

where a3, by satisfy I, = fl ay (¢t 1(;;:?)“ < ool = floo by (t ﬂ < oo.

If we introduce a metric d(x, y) = sup
tefy

X| u(t) >0,t € J}. Then (P,d) is a complete metric space.
Based on (29), we define another one operator on the space P,

3—u
%‘ on the space X, let P = {u €

0 s 3
au(t) = [ G(18)f (s 1), T 6D + Y wibe (o), @)
1 s o

3

where G(t,5) = Gu(t,5) + ¥ @i(£)g7 (s).
i=1

Lemma 8. Assume that conditions (Cq)—(Csz) hold. Forany t € J,s € J;,G(t,s) is nonnegative
and has the following estimate

3—a
sup (Int)°~*G(t,s)

<lg, Il isa positive constant.
tse, 1+ (In t)2

Proof of Lemma 8. From (22) and condition (C,), we have

==

e _ rds
0ty ([TigOFsE) o il <o

Due to this inequality and (30), we infer

N 00 dt
0<g ()< [ @il T =la <o
Furthermore, for any s € J;, we deduce that the following limit exists

. (Int)37*G(ts)
Am g s <o
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Considering the above limit, combining condition (C3) and (25), there must be a
positive constant /; such that

(Int)3~%G(t,s) (In )30, (t) | & (Int)®- “<p1(>

P ez S e “(s)| < lg < oo.
t,selj)l 14+ (nt)2  — t,sel?l 1+ (Int)2 Z 1+ (Int)? g (s) G

O

Theorem 7. Assume that conditions (C1)—(Cs), (Hy) and (Hz)' hold. Then the boundary value
problem (1), (2) has a unique positive solution in P provided that 15 (I. + 1) < 1.

Proof of Theorem 7. According to Lemma 7, the fixed point of A is the solution of the
boundary value problem (1), (2). It suffices to show that the operator A has a unique
fixed point.

Now we will prove that

f(s,u(s),jﬂru(s)) e X\(]), Vu € P. (38)
In fact, in view of (H;)’, we have

oo Ly us) ds
Tt < e

/1 f(s,uls), Tyyuls))— /1 C(S)(1+T71(S)(u(s))9)§ s
™ (s Ifyu(s) ds .
' ' “ )(1+772(5)(jﬁ u(s))ﬁ’)% s +/1 f(s,0,0 .

=L+ L+ 1.

To make further estimates of the integral I, I, let us first introduce a function p(x) =
(T > 0). It has been proved that p is increasing in R™ (see [16] Lemma 4). Using

(1+rx9)
(H)" again, we get

(Ins)3—*

o0 2 = u($)
0<1h S/ c(s) s (h;fl i) T &
1 (Ins) (Ins)-o o\ & S
(1+n (L))
lellullx

< 00,

= et
(1+7ful%)?

From (19), following the same technique, we deduce that 0 < I, % < o0.
(1+affull%) ?

By (H;) we know 0 < I3 < co. The conclusion ffof(s,u(s),J1+ (s)) < oo is drawn
by summing up the above inequalities.

Next we show that A : P — Pis well defined. Let us modify and rewrite the expression
of the operator A as follows

Aute) =0u(e) [ s, u(s), T (o) = T2 f (4, u(e), T, u(0)
3
+ Y 0i) [ O, Tu) E 4 Dty
j=1
It is obvious that ¢,_;,1(t) € C(J)(j = 1,2,3), then it follows that ¢;(t) € C(J)

(é; )1,2,3) from (25). According to Property 5 and (38), we get J*_f(t, u(t), Jﬁru(t)) €
1)-
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To sum up, we know Au(t) € C(]). Since G(t,s) > 0 and w; > 0 from (26) and (C3),
then Au(t) > 0. Furthermore, from Lemma 8 and (38), we have

(Int)>~*Au(t / d 3 -
Sl et DAY | ad
ep 14 (2 —© f(s,u(s), Tl s+]zra—]+1)
This proves that A applies P into itself.
At last, we check the other conditions in Theorem 5 are satisfied. Let T = min{t, 1o},
similarly, for any x,y € P with d(Tx, Ty) > 0, we have

i d(x,y) A(xy)
W Av) Slo (ZC Tt nd et <1+Tzd"<xr3/>>‘l9>

d(x,y)
SZG(ZC + ld) (1 i Tde(x,y))%

<Ay (39)
(14 (x,))
From this, it follows
1 1
— < — .
d(Ax, Ay) — d%x,y)

Choose () = —t~%, then the inequality is rewritten as T + ¢ (d(Ax, Ay)) < ¢(d(x,y)),
which shows that all the conditions in Theorem 5 hold. Hence, the operator A has a unique
fixed point in P, and this means that BVP (1), (2) has a unique positive solutionin P. [

Theorem 8. Assume that conditions (C1)—(Cs), (Hq) and (Hz)" hold. Then the boundary value
problem (1), (2) has a unique positive solution in P provided that I (s, +1p,) < 1.

Proof of Theorem 8. As the proof in Theorem 7, we know A : P — P is well defined.
Moreover, from (H,)” we have

ds
s

d(Ax, 4y) <l [ (a(©)]x(s) ~ y(s) | + L @ITx(6) - Ty6)) T
§1G<lu1 + lbl)d(x/y)'

By Banach’s fixed point theorem, we know that the operator A has a unique fixed
point on P. Therefore, BVP (1), (2) has a unique positive solution in P. 0O

Example 2. Consider the following boundary value problem

D) +00) R ) -0

24u(1) = 0.1 f7(Ins)? u( )ds, @0)
DOﬁu(l) =6+08 [ (Ins)%4s ( )ds,
DI0u(1) =124 0.5 [;7(Ins)~01s710y(s) %

Leta = 2.6, = 0.6,p = p’ = 2,c = —%. Then (Cy) is satisfied. Set

g1(t) = (nt) 16710, g3(8) = (Int)*4 6, g3 (1) = (In) ¢,

1
7

then g; : | — R Applying the formula Iy, = (fl |gj(s)|F's ™ ds) " we have

1 1 1
r(0.8)\? _ r(18)\? _ r(42)\? _
g, = (1908) ~0.3324, I, = (1118 ~ 01116 g, = ( ~gg5~ ) = 00276,
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it implies that the condition (Cy) holds. According to (22), let i,j = 1,2,3 we calculate in turn
l13 = 0.3763, 115 = 0.0314, 117 ~ 0.0029,

I3 = 0.1119, I ~0.0311, Iy; ~ 0.0065,
I33 = 0.0214, I3 ~ 0.0157, I3; ~ 0.0063.
Let yqy = 0.5, up = 0.8, us = 0.1, substituting them into (23), one has

—0.0033 09751 —0.0112

09995 —0.0251 —0.0376
A=
—0.0032 —-0.0126  0.9979

It follows that |A| ~ 0.9722 and

0.0033 0.9973 0.0113

0.9729 0.0255 0.0369
A
0.0032 0.0127 0.9745

Therefore, (Cs) is satisfied. By (33), we have

g = (Fr(ézg)) ~ 19475, dy — (rr((zfg)% ~ 0.625,d5 “158)26))) ~ 1439,
Let
Ftxy) = c(t)m + d(t)(lﬂjw +e(t),
where c(t) = 11—0 O(Int)=92, d(t) = %t_lé(lnt)_()j/ e(t) = %2 sin% ,

np)od \05 0.5 n)-023 05
m) = {1+(1ﬂ(fr{t)2) }(H}) () = 1+ (L) Let 2(t) = ke

t € (0,00),a > 0is a constant, from Lemma 4 in [16], we know |z(t) — z(s)| < z(|t —s|).
Thus, we can derive the inequality relation for f in (Hy)'. Furthermore,

w0 (i) ~w(1+5)
roes 1 r(0.6)

inf2(1)r°(8) 2 N 12 TF (b2~ T(12)

1 /T(04)  T(24)\ _ 1/T(0.6)T(0.5)  T(26)T(25)\ _
lc_lo< “o01 T qger ) 008881y = ¢ F(12) 165 T (a2 165 ) ~ 0144

~ 0.7068, then, Ig(lc +1;) ~

From Lemma 8, we choose lg = ﬁ +121 TA] Z r = ]+1)

0.1645 < 1. All these conditions in Theorem 7 are satzsﬁed, hence the boundary value problem (40)
has a unique positive solution.

Remark 9. After the derivation, we can see that Example 2 satisfies the conditions of both
Theorems 6 and 7, which means that Example 2 can also lead to the conclusion of Theorem 6.
On the other hand, Example 1 does not satisfy the conditions of Theorem 7.

7. Conclusions

The main purpose of this thesis is to study the boundedness and continuity of
Hadamrd integral operators on weighted integrable function spaces, which consists of
functions defined in infinite intervals. While the previous articles focused more on the
properties of Hadamard integral operators on the spaces of functions defined in finite inter-
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vals, this increases the difficulty. Based on these properties, we discuss a class of boundary
value problems with integral boundary values and interference parameters, and obtain the
uniqueness of the problem in two different spaces. Theorem 6 reveals that under weaker
conditions, we may obtain the uniqueness of solution for the problem (1) and (2) on the
weighted integral space X! (J), whereas Theorem 7 shows that the unique continuous
solution of the boundary value problem is achieved on the weighted continuous function
space X.
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