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Abstract: In this work, the exact and approximate solution for generalized linear, nonlinear, and
coupled systems of fractional singular M-dimensional pseudo-hyperbolic equations are examined by
using the multi-dimensional Laplace Adomian decomposition method (M-DLADM). In particular,
some two-dimensional illustrative examples are provided to confirm the efficiency and accuracy of
the present method.
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1. Introduction

Fractional calculus has attracted much attention from many researchers due to its
applications in physical sciences, engineering problems and finance. The partial differential
equations (PDE) having fractional order have also attracted much attention. This is mostly
due to their frequent appearance in many applications in fluid mechanics, viscoelastic,
biology, engineering, and physics. There are many methods to solve the PDEs with
fractional order, however, most of them do not have an exact analytical solution, so there are
some numerical techniques to obtain approximate solutions. We can list some of these as the
Adomian decomposition method (ADM), homotopy analysis method (HAM), variational
iteration method(VAM), and homotopy perturbation method(HPM), see [1]. In [2], the
authors discussed the solutions of linear time-fractional differential equations. The system
of second-order singularly perturbed delay differential equations of convection—diffusion
type problem is studied by using Runge-Kutta methods and hybrid finite difference
method, see [3]. Similarly, in [4], an efficient meshless approach for approximating the
nonlinear fractional fourth-order diffusion model in the Riemann-Liouville sense was
described. The error estimates and convergence rate of a three-level explicit time-split
MacCormack scheme for solving the two-dimensional nonlinear unsteady advection—
diffusion equation with constant coefficients have been considered to see [5].

Among the PDEs, the parabolic and hyperbolic equations appeared very often in
applied mathematics, see for example [6-9], due to a wide range of applications. Similarly,
the solution of the fractional diffusion equation has been obtained by using the Adomian
decomposition method(ADM) as well as the series expansion method by some authors,
see [10,11]. Further, there are several studies in the literature, which are associated with
the qualities and applications of fractional derivatives, see [12-14]. There are also many
works on the pseudo-parabolic equation since they represent diverse physical operations in
the study of various problems such as hydrodynamics, thermodynamics, filtration theory,
etc. At the same time, there are some studies, on the existence of solutions, see [15]. In
general, the nonlinear equations including either ordinary or partial differential types
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in real-life problems are so far very difficult to solve either theoretically or numerically
(since they require complicated computations). Currently, many researchers made some
suggestions on exact solutions to the one-dimensional coupled parabolic equation, see
the details in [16,17]. On the other side, the convergence of the Adomian method (AD)
was discussed by several researchers, we may refer the readers to see [18-21], in [22], the
modified method is applied to accelerate the convergence of the series solution for coupled
pseudo-parabolic equations.

In recent years, the 3-dimensional Laplace Adomian decomposition (3-DLADM) has
been applied to many problems, such as to solve regular and singular coupled Burgers’
equations, see [23]. Similarly, in [24], singular pseudo-parabolic equations were studied.
Later, very recently, the g-modified Laplace transform method was introduced and applied
to solve the homogeneous and non-homogeneous Mboctara partial differential equations,
see [25]. In the present study, we expand the definition of the Laplace transform to the
multi-dimensional Laplace transform and some related theorems are proved. Later, we
generalize the linear and nonlinear pseudo-hyperbolic equations. Further, we apply the
multi-Laplace transform to solve the generalized singular fractional pseudo-hyperbolic
equations and we provide three different examples in order to check the present methods.

2. Some Basic Ideas of the Multi-Dimensional Laplace Transforms (n+1)-DLT

First of all, we recall the multi-dimensional Laplace transform:

Definition 1. Let g : R" x [0,00) — R be a piecewise continuous function on the product
of intervals
[0,00)" 1 = [0,00) x [0,00) X ... x [0,00) x [0, 00),

then the (n + 1)-DLT is defined by

)
) = G(p1,p2,p3 - PnsS)

o0 o0 o0
= /...//e*plxl—p2x2“'*7””x”75tg(x1,xz,X3,...,xn,t)dxldxz...dxndt,
0 00

where the symbol Ly, ... Ly indicate to (n+1)-DLT and p1, p2, p3,. .., Pn, s € C. The inverse of
G(p1, P2, 73, ---,8) is determined by

LGPy, 2, p3s---08)] = g(x1,X2,%3,. .., X, t)

cq+ico -y 1 cy+ico Pt g 1 d+ico sta ;
e 141 e T ePnin i e , , o, s s,
/c.l—ioo P 27ti /cn—ioo p"Zm /d—ioo (P1, P2, P3 Pn,S)

where L, ... Ly indicates the inverse respect to py, pa, p3, - - ., pn and s.

2.1. Existence Condition for the Multi Laplace Transform

The function f(x1,x2, x3,..., Xy, t) is said to be multi-dimensional exponential order
for Va;, b > 0 on forallx;in[0,0), t € (0,0), if there exists a positive constant K such that
foralli,x; > Xand t > T

|f(x1,%0,%3, ..., X, £)| < KeM¥1Ha2xataxatetanxu+bt

where f(x1,x,x3,..., Xy, t) can be written as

f(xll X2,X3, - -+, Xn, f) — O(ealxl+u2x2+,a3x3+...+anxn+bt)

4
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|F(p1,p2, -

as x; — oo foralliand t — oo, or

: —01X]—&pX)—NX3X3—...— Ky Xy —at
xp,%2 xlsl.r.r.‘xﬁooe R P f(x, X2, x5, X )|
t—o0
= k lim o~ (1 —a)x1—(az—a2) 2 — (a3 —a3)X3—...— (an—an)xn— (a=b)t _
X1,X2,X3 ..., X —>00 4
t—o0

®p > ay,0p >dy,03 > a3...08, > a0 > Db,

that is f is simply called an exponential order as for all i, x; — oo, and does not grow faster
than Ke®1*1+a202 833+ FanXntbt 55 ¢y o0,

Theorem 1. Ifa function f(x1,x2,X3,...,Xn, t) is a continuous function in every finite intervals
(0,X1), (0,X7), (0,X3), (0,Xy),...,(0, Xy,) and (0, T) and of exponential order then the double
Laplace transform of f exists for all p1, p2, 3, - . ., pn and s provided Re(p;) > a; foreach1 <i <mn
and Re(s) > b.

Proof. Since we have

o0 o0 00
S PnS)| = /...//e*pl"l*pzxzf"'*p"x”*Stf(xl,xz,x3,...,xn,t)dxldxz...dxndt
0 00

<K / / e~ (P1=a)x1=(p2=2) 2= (p3—a3) s == (Pa—n) 80— (50N e s it
0 0

K
T (p1—m)(p2—a2)(p3 —a3) .- (pn —an)(s — b)’

For Re(p1) > a1, Re(pa) > ay, Re(ps) > a3 ..., Re(py) > ay and Re(s) > b. [

In particular, two and three-dimensional Laplace transforms are defined as:

Definition 2. Let g(x,y) be a continuous function then the 2-DLT of g is given

Lofg(xy)] = / / g (x,y)dx dy,
where x,y > 0, Ly indicates to 2-DLT and p, o are complex values.

Definition 3 ([26]). Let ¢(x,y,t) be a piecewise continuous function on the interval [0,00)3 of

exponential order and consider a, b, c € R where |ga(r by +C)t| < oo. Then 3-DLT is defined by

Ls(g(x,y,t)) = G(p,0,5) = '/OOO /OOO /Om e PXTIY St o (x, y, t)dtdydx,

where, the symbol Ly indicates the 3-DLT and p,0,s € C. Then, the inverse of G(p,0,s) is
determined by

L_l c 1 a+ioco px 4 1 c+ioco o4 1 d+ico e p
5 (p,o*,s)]—g(x,y,t)——,/a e me/ e Ufm/i " G(p,0,s)ds

2711 Ja—ico c—ico —ico
where Ly Y indicates to inverse 3-DLT with respect to p, o and s.
Furthermore 3-DLT of the derivatives ¢ (x,y,t) and §¢(x,y,t) are presented by

Ly[yx(x,y,t)] = p¥(p,0,5) —¥(0,0,s)
Ly[pe(x,y,t)] = sy(p,0,5) —¥(p,0,0). 1)
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In the next, we recall Mittag-Leffer function in two parameters which will play a significant
role in this work.

2.2. Mittag-Leffler Function (MLf)
The Mittag—Leffler function of one parameter is established by

5(1) =Y —
By (1) = l-;()r(ﬂi-i-l)’ 7€ C,Re(n) >0, ()

similarly, two parameters is determined by

By il 7€ C,Re(y) >0, (©)]
l;) T(ni+o
see [27].
If we set 7 = 1 in Equation (3) we obtain Equation (2). It appears from Equation (3) that
=ZTri+1)  Fil ’
o Ti [} Ti 1 (o) ,l.z+l et —1
51,2 T) = ; = : = = : = ’ (5)
(7) Igf(z+2) izz(:)(z+1)! Tlg(l-l-l) T
and -
ad Tt ad T 1 & 7 et —1-1
31,3 T) = ; = ; = - - = ’ (6)
(7) i:ZOI’(z—i—?)) l.;o(z—i—Z)! 2 = (i+2) (&
hence, in general
_ 1 m—2 Ti
=t = - L ?
i=0
Differentiation of the MLf is represented by
d}’l
o [F R ()] = a1 ®)

for more details, see [28].
Next, we provide the 3-DLT of MLf{s are helpful in this research

21
L = t _—,
3|:x 1,§+1( ) pao,sg(s 7 1)
1
Ly[#E -
[ 1§+1( ) pO’Sg(Sfl)

pos% (s —1)’

[fg 1~1§( )

}
}

L3{ g\3412§+1( )}
| = ey
}

1
126715, or (At —_—. 9
|: 12(,( ) pO’SzéT*l(S—)\) )
In the same way, the 3-DLT of two-parameter MLfs
&=
Ly [ 8, (+A£0) | = ———. 10
3[ §,r]( )] p(T(Sg—/\) (10)
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Theorem 2. Let f be a piecewise continuous function on [0, 00) x [0,00) x [0,00) X ... x [0,00) X
n x n
[0, 00) (n+1)-DLT of the partial derivatives of order x—th TT x; o and [ Xif(x1,%2,%3,...,%n,t),
are given by
n aLX " al
LyL; Hxiwlp(xl,xz,xg,...,xn,t) =(-1)"— [A], (11)
i=1 [19pi
1
where
n—1 . ot
A =s"Y(p1,p2,P3, -+, Pn,S) — Z EL {atltp(xl,xz, X3,...,%,,0),
i=0
and
n " 9!
LmLt Hxif(x1/x2/x3r--~/xn/t) = (_1) n [F(pll PZIPSr-~-/Pn/S)]~ (12)
i=1 [T dpi
i=1
. I "y .
Proof. On using the definition of n-DLT for S We obtain
a“lp [e9) oo 00 [XIIJ
LmLt( o ) - / . / / e PP PSS (1, X, i D1 Lt (13)
0 00
and taking partial derivatives 2 onboth sides of Equation (13), we have
Lo
o' 0" 40"
7 (LmLt<atfxp>> :/ e st a;f / / (emPr-PrX2-=Pu¥ndy dxy ... dxy) |dt. (14)
I—[l apl 0 0 H apl
i=
The integral inside bracket determined by
© o ai
/o /0 - (emPr-PrX2=Pn¥ngydx, .. dx,) = / / A)dxidxy .. .dxy, (15)
1 9p;
i=1
n
where A = H xje P1¥1-P222-—Pnin_hence, we find that
i=1
ai x ) o poo N o
m (LmLt (%;f)) = —1)"/ / / Hxie*plxlfpz"z"'*p”x”*“a 1de1dx2 L dxpdt
11 9p: 0 0 Jo 7
i=1 pi
n alX
= (—1)anLt HX{@IP(X],JQ,X&...,XWO (16)
i=1

now substituting the Equations (14) and (15) into Equation (16), we achieved

n atX
Ll \Txigz (22, %3, ..
i=1

[T op;
i=1
Similarly, one can obtain Equation (12). O

.,xn,t)] SN
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In particular at n = 2, we have
alxlp _ 82 o a—1
LoLy {xy 3 } = apom {S ¥(p1,p2,5) —s 'T'(Phpz,o)], (17)
and 5
0
LaLilxyf(x,y,1)] = o (LaLelf (%, y,D)])- (18)

3. Singular m-D fractional Pseudo-Hyperbolic Equation

In this unit, the (m + 1)-D Laplace-Adomian Decomposition Method is addressed for
the solution of m—dimensional pseudo-hyperbolic equation.

Problem 1. The (m + 1-DLADM), is a useful method to solve linear singular m-dimensional
pseudo-hyperbolic equation.

We consider, 0 < & < 1, a general form of fractional singular m-D pseudo-hyperbolic
equation.

S TR T U U OO I ST
Lo xiax,» laxilp xiaxiat 1axilp f 1/ X2, -, Xm,t),

i=1 i=1

with condition

#)(xlle/-”/xm;O) = f](Xl,Xz,...,xm)
lPt(X1,JC2,...,xm,O) = fZ(xlleI- --,xm)/ (20)
where ili x'i is defined as Bessel’s operator and f(xq,x X, t)
’ = X; 0X; laxilp P 1,X2, oo, X, t),

fi(x1,x2,..., %) and fo(x1,x,..., %) are given functions. Now the objective is to solve
the Equation (19), then we have the following steps:

m
Step 1: First, we multiply the both sides of Equation (19) by Z X
i=1

m m m B 9
o —
Ij[x]Dtth = gijaTc, (xl o ¢>
j=1 i=1j=1
J#i
3 T Tvigass (et
i=1j=1 9% i
J#i
m
+ij(f(x11x2/'--/xm/t))- (21)
j=1

Step 2: By implementing Equations (17), (18) and (1) in the previous step and m-DLT for
condition, we obtain
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o™ 1 oM
—‘P , IRy ,S :——L X1,X0,...,%
aplapzapm (pl P2 Pm ) saplapzapm m[fl( 1,42 m)]
—i—lLL [f2(x1,x Xm)]
Szaplap2-~-apm m|)2 1/ A2,/ Am
b (LuLi{f(n, e )
SzaaplaPZ---apm mt 17 X2, ooy Xmy
8
ZaLmLt an]a lp
i=1j=1
J#i
1 m m 82 a
+ g LinLs ;ijaxiat <xiaxilp) (22)

Step 3: The integration of Equation (22), from 0 to p1, 0 to po, ...

, 0 to p;;, with respect to

P1, P2, - - -, Pm, respectively, we obtain
1 pm om
‘Ij(pl,pz,,pm,s) — g/o /0 (aplapzamem[fl(x1,x2,,xm)]>dpl dpm
1 rm pm oM
1 P1 Pm am
+Sﬂ/0 /0 (aplapzamemLt[f(xl,xz,,xm,t)])dpldpm

1 p1 Pm mom ) 2
L J#

1 p1 Pm m i 92 0

527/0 /0 LuLi ,_Elﬂxfaxlat< — 4;) dpi...dpm. (23)
L J# i

Step 4: Now, the series solution of the singular m-D pseudo-hyperbolic equation follows:

lp(xl,xz,.. .,

x1’I1/

[e9)

=X

xl/-XZr v Xmy t) (24)

Step 5: Working with the 3-DLT both sides of Equation (23) and apply Equation (24),

we obtain
Z (x1,%0,.. ., xm,t) = filxy,x2,. ., xm) + fa(x1,%0,. .., Xm)t
(1 [mn P o
e A R oy T
TS| 0 0 (amam...amemLf[f("lfx% ,xm,t)])dp1 dpm]
| 2 o | £ P2 (520 ||
+ m s o200 0 0 m it ;Ex E ( Zaxi¢> dpl dpm
L L j#
1 P1 Pm m.m 82 9
Lt —/ / LL . 9
+Ly, L g2 0 0 mbt i;gx]axiat xlaxi¢ dpl dpm ,
L L j#F ]
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in view of the first approximation,
Yo = fi(x,x0,. .., xm) + fa(x1, X2, ..., X))t
e I /m /p'" L Lif( 0] )dps ...d (25)
m s 2a Joo 3P1apzapm mbt | J (X1, X2, , Xm, pP1-.--apm|,
and the remaining components ¢, 1, n > 0, are denoted by
1 P1 Pm m.m a
—_7-17-1
Pnt1 _Lm Ls Sj/o /0 Ly Ly Z%l—lli axl< ) dPlde
J#l
P1 Pm 9
+ Lt 2“/ / LuL: an/axat< Frs 1/;) dpy...dpm|. (26)

i=1j=1
j#i

Here, we consider the inverse (m + 1)-DLT respect to p1, pa, ..., pm and s of Equations (25)

and (26) to be exist. Next we display an application at m = 2.

Example 1. Singular 2-D pseudo-hyperbolic equation is given by:

J 1 0
Dy = x78x (x1%x,) + ) 2(9(21/%)
1 92 1 @

+x 0x1 at( 1) + X9 0Xp Bt( 2Px) =

0<xq,xp,t<00, 0<aa<1,

subject to
P(x1,x2,0) =0, Pe(x1,x2,0) = x% - x%.

By applying previous steps, Theorem 1 and 3-DLT for Equation (27), we compute:

Yo = <x1 - x%)t

and

.1 g ogp2 d
P11 = Lzlle[sztx/o /0 (Lth{sz(xlkbnm)]>dP1dP2]
o 41 o2 [ 9
+Ly Lt S@/ / (Lth xlam(xziﬁnxz)})dpldpz}
B P1 P2 : 02
+L'Lt 52“/0 / < 2Ly xQM(xﬂanl)])dmdpz]

p2 [ 92
<L2Lt 1axZat(le/Jnxz)DdPldPZ]

+L, 'Lt

/Pl
0

=h
_ [1 p1 P2
—-L, 1LS 1 /0 / (LoLy] xlxzun])dpldpz}

SZoc

(27)

(28)

(29)

(30)
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according to the (3-DLADM) we obtain the following components: at n = 0

P

P

o .1 p1 P2 9 p]
Lzlle 2 Jy /o <L2Lt[xzaxl(xl¢0x1)+x18x2(lelr’0xz)DdPldPZ}

1.1 1 ypPropP2 92 02
L2 1LS 1 _Sﬂ /0 /0 <L2Lt [xZanat (X11/J0x1) + Xlaxzat(XZIPOxZ):| )dpldp2:|
. 1 pr P2
_LZ lLs 1 [SZ’J‘ /0 /0 (Lth[X1X2u0])dp1dP2
4. 41 g P2
L = /0 /0 (Lth [f (x{’xz - xlxg)t} )dpldpz}

2 2
Lylnt - +
2 s i Pipas2t2 | pypds2et?

22+ . 22
F2a+2) T(a+2)

In the same way, we receive that at n = 1

112

1)

atn =

P3

I ) 9 9

e[ 7 (e oy ) 055 o) e
T I B S R 92 92

+Ly 'Lt [52"‘/0 /0 (Lth [Xzaxlat(xl%xl) +X1W(Xz¢1x2)DdP1dP2}
1. 1 p1 P2

Lzlle[sz‘" /0 /0 (Lth[x1x2u1])dp1dp2]

1 e Bogt2tl 32t
—17-1| 1 1 _ 2
Ly Ls [52*/0 /0 (Lth[F(th—i—Z) T2 12)| | PP

2 2
Lot -
2 bs lp{,mszzwz p1p354a+2]

x% t4zx+l x%t‘*"‘“

I'(4a+2) T(4a+2)

1. 1 P (P2 ] 9
LZ lLs 1 |:52a /O /0 (LZLt {XZaxl (x11p2x1) + X]axz(XZIszZ):| > dpldpz]
1.4 1 P P2 92 0>
+L2 1Ls 1 [SZIX /0 /0 <L2Lt [XQM (xllllle) + X1anzat(xz¢2x2)] )dpldp2]
1 1 p1 P2
! [52“/0 /O (LQLt[xlxzuz])dpldpz}
1 pP1 P2 x3x2t4tx+1 x1x3t404+1
—17-1| 1 1 2
Ly Ls LZW /0 /0 (LZL’* [ T@x12)  Taat2|)iPar:

Lyt

22 1
pappstet? | py plshat2
x%t6“+l x%t6a+l
F(6a+2) T(6a+2)
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By adding the all terms, we have

vy t) =g+ 1+ 2+t

Thus, the approximate solution of Equation (27), is given by

o) = (d-)i- () gy
I(2a+2)
t4tx+1 , t6zx+1

2 2\ - AN
+<x1 xz)r(4a+2) (xl x2>1‘(6¢x+2)+”'
By using « = 1, the approximation solution becomes
£ t7 £
— 2 .2 v -
l)b(x/ ]// t) - (x] x2> ( 3 + 5' + 9' .. >
P(x1,x2,t) = (x% — x%) sin t.

Problem 2. Consider the the following nonlinear singular m-D pseudo-hyperbolic equation

19 oY 1 92 oY
29 —
Duy = Z x; 0x; ( 8x1> + Z * x; 0x;0t ( 8x1>

i=1

o9 99
Ty TYa, + fx1,x2,t), (31)
subject to

P(x1,x2,0) = fi(x1,x2)
Pr(x1,x2,0) = fa(x1,x2). (32)

Then, the first approximation is as follows

82
ap18p2

o=ty ) + ol w100 | g [ (55 (el o v ) @)

and the rest terms is given by

nop My 9 ([ u
Ppi1 =Ly 'LS! LM/ / ( 2 t[xza ( 3 >+xla< 29, )deldpz}
1 Pofp 9? oy, 9? Py
tloLs [SZa/ / (Lsz {"za 1ot <x1 o ) T a0t \ Mo, )| )PP

P1 Pz
+ L3 [s"‘/ / Ls x1x2A —I—xlxz Bn])dpldpz} (34)

where nonlinear terms A, and B,, are decomposed as

>, i a¢n
= LSt Bu= 1 e (35)
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The nonlinear terms 1/)8871/)1 and l[)% are denoted by

Ap = llﬂog%f

A= pogtt 4y S,

Ay = lpogfff +¢1% +#’2g%f,

1‘1321/102(—%/;°> +¢1%+¢2%+¢3%@' (36)
and

By =¢og%

By :BUO%-F%?)%,

W2,y 01 90
axz +lpl axz +IP2 axz’

axz + lpl axz * lPZ axz + ll]3 axz ’ (37)

Ba = 1o
B3 = 1o
Next, we provide the following illustrative example.

Example 2. Consider the nonlinear pseudo-hyperbolic equation

2.1 9 ( oy 21 o2 oy
0. 10/ dp 1 oy
Dipyp = Z X; 0X; (x’ axi) + 1221 X; 0x;0t (xl axi)

i=1

oY oY ( 2 _yz)eft

+x21p87x1 + .7@1/]@ + (x
0 < x,x,t<00, 0<a<l, (38)
subject to
Y(x1,%2,0) = 27 — 33, e(x1,%2,0) = — (X% - x%) (39)
By using the mentioned method and Theorem 1 we have:
Yo = (x% - x%) - (x% - x%) t+ (x% - x%) P2 9y i1(—t), (40)

and

1,1 1 P P2 0 oY d oYy,
— 17 -1 n
o= 15105 [ [ (12t (35 ) +2i ( ) | Jomere)

1 [P orp2 02 oY 02 oY
—17 -1 n n
iy L [52"‘ /o /o (Lth {xz dx10t <x1 0x1 ) T 0x,0t <x2 9xp )} > dpldpz}

1 P1 P2
4o [/O /0 (Lth [xpc%An + 2%, Bn})dpldpz}, 41)
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where A, and B, are defined in Equations (36) and (37). The next terms are

1 Pio[pa 9Py J 9o
1 =1L, Ly |:SZo¢ / / (Lth {xza ( 19xr ) T 90 \ 25y, dp1dp:
1 P /Pz 02 81p0 02 Yy
tLy Ly [52"‘ / Lol |25 5 \(Max, ) T Y5500\ 2o, ) | ) IP19P2
p1 P2
+ L2*1 L;l [504 /0 /0 Lth [xpc%Ao + X%XQ BQ:| )dpldpz}

1 =0.

Following in a similar manner, we have

Pr=0, P3=0,94 =0,...
Hence, according to Equation (24) we have
oot = (3-) - (6 )1+ (4 )21,
if we set w = 1 then, the exact solutions of Equation (38) is presented by
P(x1,x,t) = (xz - yZ)e*t.

4. Singular m-D Coupled Pseudo-Hyperbolic Equation and 3-DLADM

The aim of this section is to establish the solution of the coupled singular m-D pseudo-
hyperbolic equation by using (3-DLADM).

Now, consider the coupled singular 2-D pseudo-hyperbolic equations as follows:

2109 ¢ no1 92 dp
& = [ ——
Dtt(P - l; X; axi ('xlaxi) + 2 xl ax at( a > +w+f(X1,X2, . /xWI/t)/
1 9 dw 1 92 ow
IX pr— — — —_—
Dl = L s (xl axi) +f§1xi axiat( = ) bt tmt), (42)
subject to
(P(xlrle---/xmro) = fl(xlleI---/xm)/ qof(xlle/'-'/xMIO) :fz(x1/x2/"'lxm)

(,U(xl,xz,. . '/xl’l’I/O) = gl(x11x2/- . '/xm)/ wt(xl/le‘ . '/xWI/O) = gz(xl/x2/' . -/xm)r (43)

Where f(xl/xZI"'/xTH/t)/ g(xllx2/°"/x1ﬂ/t)/ fl(xler/-'-/xm)/ f2(x11x2/"'1xm)/
g1(x1,x2,..., %) and go(x1,x2,..., %), are given functions, by using (m + 1-DLADM),
this method contains the following steps.

Step (1): Multiplying both sides of Equation (42) by xy leads to the following equation

m . B m m a aﬁ mo 872 ago
Hx]DttG" = anlaxi x’ax,- +;1_{x]8x8t "ox;

j=1 i=1j

+ijqo+nxj(g(x1,xz, ey X, 1)) (44)
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Step (2): Apply 3-DLT to Equation (43) and 2-DLT to Equation (44), then we obtain

am

and
am

and Step (3): Operating the integral of Equation (46), from 0 to p1, 0 to pa,.. .,

respect to p1, p2,. .., Pm, respectively, we obtain

Y(p1,p2,---

O(p1,p2, ...

S)_ELL [f1(x1, x Xm)]
P T 50p10py...0py Il A2
1 om
+?mLmU2(X1,X2,...,xm)]
1 o™
(L Le[f (x1,x2, ..., Xm, 1)])

+ 527 aplapz . apm

99
+omlnle| ST T (152 ) |
i=1j=1 ! i
J#i

1 UL 0? ¢
+ ok | Y oo (452

i=1j=1
L j#
1 [ m
+ bt e (45)
L/=
ol !
s Pm,S) = s 0p10p2 ... 0Pm mlf1(x1, %2, ..., Xm
L G x)]
2 3p19ps .. opy mU2X X2 X
I T )
$2% 9p10py ... 0Pm mLt[f (X1, X2, ..., Xm,
Jdw
z,me t ZHxJax< ) ’
i=1j=1 1
j#i
1 m o m 82 aw
L j#
1 [ m
+atots| e (46)
L/=
0 to py with
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1 rm Pm om
‘f(pl,pz,,pm,s) — g[) /0 (aplapzamem[fl(xl,XZ,,xm)]>dpldpm
1 Pm oM
1 P1 Pm om
+S lXA /0 (MLmLt[f(xl'xz"xm't)]>dp1dpm
1 P1 Pm i 0 a(p
—O—S@/O /0 Ly Lt ZZ%Hx]axi<xzaxi> dpi...dpm
L JF
1 P o 92 9P
S R A l;]'l}xjiaxiat (x"axi> dpy...dpm,
L JF J
1 P1 Pm m
=/ / <LmLt L]Ix]wbdpl dpm, 47)
and
1 rm Pm om
\F(PLPZP -/Pmrs) = E/O /0 (Wan[fl(xl'xz"’"xm)]>dpl”'dpm
1 pP1 Pm om
+572/0 A <aplapzamem[f2(x1,x2”xm)])dpldpm
1 P1 Pm om
_._Sﬂ/(\) /0 (MLmLt[f(x],xz,,xm,t)])dpldpm
1 p1 Pm o in 0 Jdw
+52a/0 ‘/0 Ly Ly l;gx]E)JCl(xlé)JCl) dpy...dpm
L J#
1 [m P memo g2 ow
L J# J
1 P Pm m
2 ), A (LmLt |J1j[x]go >dp1 dpm (48)
Now the series solution is entirely determined by:
y y
(P(xllx2/"'/x111/t) - (Pn(xlrx2/-~-/xm/t)/
n=0
wW(x1, X0, X, t) =Y wn(x1,%,. ., X, t), (49)

n=0
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now applying the m-DLT both sides of Equation (47) and apply Equation (49), we obtain

Z(Pn(xlIXZI"-/xTﬂ/t) = fl(x1/x2/'--/xm)+f2(x1/x2/--~/xm)t
n=0
(1 P1 Pm om
—17y-1| _*+
+L,, L, _52"‘/0 /0 <aplap2“.amemLt[f(xl,xz,...,xm,t)]>dp1...dpm}
1 p1 Pm m._m 2 0 &
=171 _- e
+L, L SZ&/O /O LLs ;Hx]aXi<xlaxi’;)(pn> dpi ... dpm
L L J#
1 [n Pm m_m 92
“17-1|_*
+L,, L 2% o A Ly Lt ;Exjaxat< axl qu) dP1dpm
L L J# i
[ 1 P1 Pm m o
+LL! = /O (LmLtLijan]>dp1...dpm],
L = n=0
and
an(xllXZ/"‘lxmlt) = f](X],xz,...,.Xm)+f2(x1,x2,.-.,x~m)t
n=0

+L,' Lt L /lg1 .../pm a—mLmLt[f(xl X2, .., Xm, t)] |dp1...dpm
" s Jo 0 \9p19p2...0Pm rher Ty

17 -1 1 P1 Pm LA a a i
n
71

1.1 1 P1 Pm m m aZ a (e

i=1j=1
L | |
— _ [ 1 P1 Pm m 0
+Lm1le - / Ly Ly ijZ(pn dpi...dpm|,
|57 0 0 =1 n=0
the approximation,
o = filxr,x2...,xm) + fo(x1, 22, )t
L i/pl /p"' L Lf Gyt )] )Py dpm]|, 50)
m s Ssz 0 0 aplapzapm m tf 1, X2, Xm, pP1---4Pm|,

and the remaining components ¢,,.1, 7 > 0, are denoted by

1 P1 Pm m._im J 2
_r-17-1 4
¢n+1 = Ly Lg g2 /O - /0 Ly Ly 12:1‘, l l Xj ox; (xi axi> dpi...dpm

1 rn Pm m. m 92 P}
—17-1 ¢
+ L, L 752”‘/0 /0 L Ly 2 | |x]8xzat< 8x1> dpy...dpm

a1 pm U
YL s@/o /0 Lule|[Txj| |dpr...dpm), (51)
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and
wy = g1(x1, X2, Xm) +82(X1, X2, .., Xm)t
e I /,,1 /p"' L 0] \dpi ... dpw|, 62)
—= . —_— X1,X2,. .., X .
m S 52“ 0 0 aplapzapm m tg 1,12, 7MLy Pl pm 7
and the remaining components w11, n > 0, are denoted by
m m
wWpp1 = LA L1 S% S| L 121 .Hlea?fz (xlg;") dpy...dpm
i=1j=
J#i
L L e PSP L ): H xiaoar (192 ) | |dpr- . dpm
=1
1751
m
+L, Lt [S; N K (LmLt LUl x]'q)] )dpl ...dpm]. (53)
To check the applicability of the present method, we consider m = 2.
Example 3. Time fractional coupled pseudo-hyperbolic equations are given by
21 9 ¢ 1 02 ¢
o — -
Pig = ;xlax,< 8x1> +X:xlaxat( "ox )+w
21 9 ow 1 92 ow
Diw = —— 4
te ; X; 0X; (xl axi> + Z’ X dx;0t ( 8x,> o (54)
where
0<xyt<o, 1,0<a<1
with initial condition
@(x1,%2,...,%m,0) = x3—x3, @i(x1,X2,...,%m,0) = x3 —x3
w(x1,x2,...,%,,0) = x% - x%, wi(x1,%2, ..., X, 0) = x% - x%. (55)

Using the (2-DLADM) procedure Equations (51)—(53), we obtain following components:

Qo = x% —x%—i— (x% —x%)t, wy = x%—x%—k (x%—x%)t,

atn =0,
1 [P (P2 d 0 d
_r-17-1 %o $0
LRI (Lsz[ 25 (130) 13 (25 J )
1 n /’“2 92 2, 200 92 ,0%0
Lo Ly [52“/ Labt| 255\ M5y ) T ¥ a0t \ 20y, )| )PP

1,1 P [p2
+ LML sﬂ/o ; (LaLt[x1x200])dprdp2 |,
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and

1,11 1 P P2 d dwy d dwy
wq = L21L5 1 l:@x% ‘/0 <L2Lt |:Xzaxl<xla}q> +Xlax( ax )])dpldp2:|
1 (mo[pe 92 ow 02 dwy
11| 1 0
Ly L [52"‘/0 /o (LZL* {x28x18t< ax1>+ 1 9x00t 8t< 29%, >Dd”1d’72}

o 1 p1 rp2
+L21L51[Szlx/0 ; (Lth[xlxz(Po])dpldPZ]/

therefore
1. 1 p1 P2
@1 =1L, It Lz"‘ /0 /0 (x?xZ — x1xg + x%xzt — xlxgt)dpldpz}
2 2 2 2
_r-17-1 _ _
- LZ LS P?P252a+l p%p152a+1 + p%p252a+2 p%p152a+2]
x%tZa x%tth x%t2a+l x%t2a+1
(Pl = - + - 7
F'2a+1) T(a+1) T(2a+2) T(2a+2)
1 p1 (P2
w1 = Lz_lLs_l Lz“ /0 /0 (xg’xz — X123 + x5 xot — xlxgt)dpldpz}
2 2 2 2
_r-17-1 _ _
- LZ L p?pstaJrl pgplszaﬂ + P%P252“+2 pgp152a+2]
B x%tz‘x 22 . x%tza-‘rl X320+
“ITTa+1) T@a+1) T(a+2) Ta+2)
atn =1

[ (e (022) s 2 (20
p2=1Ly L LM/ (2“[ 250 Max, ) "9, \ 2oy, )| ) 4P1dP2
1 P /Pz 92 aq)l 0? 991
L Ly [52”‘./ (2 f{xz om0t \Max, ) T om0t \Pax, ) | )PP

1,1 p1 rp2
+ Ly 'L 5,27/0 | (LeLilxiow])dpidps ),

and

1 [P P2 0 Jw d dw
_r-1y-1] 1 9 ([ owy 9 ([ owy
@=Ll LZ“ /0 /0 <L2Lt [xz dx1 <x1 dxy ) a 9x2 (xz dx2 )])dpldm}
11 -i /Pl /Pz 02 awl 0?2 %
Tl blgm o fy Bl egg\( Mgy ) T oaga 25y, )| )dmar:

P | p1 P2
+Ly LT sﬂ/o ; (Lth[xlxzfl)l])dPldPZ]/

gy — 1L /Pl /Pz X3 xot? x5t L Sxp 20l xlxgtz"”rl dprps
2 5204 F(2a+1) T(2a+1) r(2a+2) I'(2a +2)
2 2 2 2
Pil”p254o¢+1 P%P154“+1 p%p254a+2 p%pls4rx+2
o2 — x%t‘lﬂ( B x%tlla x%t41x+1 B x%iAzx-‘rl
27 T(a+1) T(a+1) T(4w+2) TI(4a+2)

= ;L
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similarly
x% t40( X% t41x x% t4tX +1 x% t4t¥+1

P27 Taa+1) T(a+1) T(@a+2) T(4a+2)

and
x% t40( x% t40¢ x% t4tX+1 x% t4lX+1

2= T4at1) T@at1) T@at2) Tar2)

by the same way, at n = 2, we have

2160 2160 2160+1 246041
xqt x5t x7t _ x5t

P = Tlea+1) T(ea+1) T(a+t2) T(6a+2)

2.46i 2160 2 160+1 2160+1
Xt X5t xyt _ X5t

“3= Teat1) Tat+1) T(6a+t2) T(6at2)

On using Equation (35), the approximate solutions follow

tZIX t20¢+1
xot) = ) 2 _ 2\ ) )
oirnt) = (d=8)+ (d-B)t+ (3 -8) gy + (=) gy
t4ﬂc t4lx+1
2 2\ bt 2 2\
+(x1 xZ) Tda 1) (xl xz) T(4a +2)
t60¢ t61x+1
2 .2\ b AN A
+(xf-3) T6a+1) | (x-3) T(6x +2)’
and
t2ﬂé t20¢+1
_ 2 .2 ) 2 .2 2 .2
wirrrnt) = (d=)+ (d-8)t+ (d-8) g+ (4 -98) g
t4l¥ t404+1
2 .2 2 _ -
+ (xl xz) Ta 1) ("1 x2) T(4n +2)
t6lX t6ﬂé+1
2 .2\ b 2 2\ bt
+ (xl xz) T6a 1 1) (xl XZ) T(6x+2)
If we set & = 1, the fractional solution becomes
23 9 5
p(x1,x,t) =0+ 1+ @2+ 3 +... = (1—t+2!—3!+4!—...> (xl —x2>
2B
w(xy,x0,t) =wo+w +wp+ws+...= <1—t+2!—3!+4!—...) (x%—x%),

and hence, the exact solution becomes

¢(x1,x,t) = (x% - x%)e_t, w(x1, X0, t)

I
~/
=
— N
\
=
NN
—
x

iy

5. Conclusions

In this study, we have presented the multi-dimensional Laplace transform (m-+1-
DLADM) in order to find the approximate and series solutions of the generalized singular
time-fractional M-D pseudo-hyperbolic equation. We studied three different examples
related to the singular time-fractional 2-D pseudo-hyperbolic equations. By examining the
examples, we note that (m+1-DLADM) is a strong tool for the solution of generalized linear,
nonlinear, and coupled systems of fractional singular M-dimensional pseudo-hyperbolic
equations, and compared with the Adomian decomposition method, homotopy analysis
method (HAM) and variational iteration method(VAM). However, there is still an open
problem to examine the rate of convergence to the exact solution for these types of problems.
It is also possible to study (M+1- DLADM) by applying an analytical solution and to the
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other fractional singular M-dimensional partial differential equations, which appear very
often in applied science as well as engineering which may provide a better understanding
of the real-world problems that represent the singular M-dimensional fractional partial
differential equations.
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