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Abstract: The aim of this paper is to obtain some new results about common fixed points. Our results
use weaker conditions than those previously used. We have relaxed the conditions for commutating
pair mappings and compatible mappings of the type (A), which were introduced in 1976. The

] theorems are enriched by using the concept of WC and various types of weakly commuting pairs of
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In the literature of metric fixed point theory, the Poincaré concept was introduced by
Banach [1] in a metric space called contraction mapping, and this was the first result after
Brouwer [2] in which a fixed point of the contraction map was unique. The main beauty of
the Banach fixed point theorem is the richness of the hypothesis and the elegant proof of
the theorem. One can observe that the metric fixed point theory has immense applications
in the fields of financial economics, medical sciences (for most approximate diagnoses of
medicine), defense (missile technology to penetrate the target accurately), and various
branches of mathematical and computational sciences.

Jungck [3] was perhaps the first to utilize the concept of commutative pairs of map-
pings for obtaining a unique fixed point by generalizing the contraction condition intro-
duced by Banach.

Later, it was quite natural to ask a question among the researchers: Does there exist any
condition weaker than commuting pairs of maps? The answer given by Sessa [4] in the year
1982 was in the affirmative by generalizing the commuting pair of maps and introduced
the weakly commuting pair of maps in a metric space. A pair of self-mappings (Q,Y)
Attribution (CC BY) license (https:// 0T\ @ metric space (U, p) is said to be weakly commuting [4] if p(QYx, YOx) < p(Yx, Qx)
creativecommons.org/licenses /by / for all x € U. Furthermore, in 1986, Jungck [5] defined more generalized commutativity,
10/). known as compatibility. A pair of self-mappings (€2, Y) on a metric space (U, p) is said to
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be compatible [5] if ET 0(QYx,, YOx,) = 0 whenever {x, } is a sequence in U such that
n o0

Iim Qx, = lim Yk, = x for some « in O.
n——+o00 n——+o0o

Most of the common fixed point results of compatible mappings and its variants require
the following;:

(1) Continuity of one of the maps under consideration;
(2) Containment of the range spaces;
(8) Completeness of the spaces or range spaces.

In 1996, Jungck [6] extended the notion of compatible mappings to a larger class of
mappings known as WC. Let ) and Y be two mappings from a metric space (U, p) into
itself. If () and Y commute at their coincidence point (i.e., if Qx = Y« for some x € U
implies QYx = YQkx), then () and Y are called WC [6]. In 1994, Pant [7] introduced
the notion of RWC mappings in metric spaces first to widen the scope of the study of
common fixed point theorems from the class of compatibility to the wider class of RWC
mappings. Secondly, the maps are not necessarily continuous at the fixed point. A pair
of self-mappings (€2, Y) on a metric space (U, p) is said to be RWC [7] if there exists some
R > 0 such that p(QYx, YOx) < Rp(Qx, Yk) for all k € U.

In 1997, Pathak et al. [8] introduced the improved notions of RWC mappings and
called these maps RWC mappings of the type (Aq) and RWC mappings of the type (Ay):

Definition 1 ([8]). A pair of self-mappings (Q,Y) on a metric space (U, p) is said to be the

following:

(1)  RWC mappings of the type (Aq) if there exists some R > 0 such that p(QYx, YYx) <
Rp(Qx, Yk) forall x € U;

(2)  RWC mappings of the type (Ay) if there exists some R > 0 such that p(YQx, QQxk) <
Rp(Qx, Yk) forall k € U;

In 2009, Kumar et al. [9] introduced the notion of RWC mappings of the type (P) as
follows:

Definition 2 ([9]). A pair of self-mappings (Q,Y) on a metric space (U, p) is said to be RWC
mappings of the type (P) if there exists some R > 0 such that p(QQx, YYk) < Rp(Qx, Yx) for all
k€ O.

Example 1. Let U = [—2,2] and p be an usual metric on O. We define the self-mappings Q) and Y
on a metric space (U, p) as
Q(x) = |x| and Y (x) = |k| — 2.

Then, p(Qx, Yx) =2, p(QYx, YOx) = 2(2— |x]), p(QYx, YYK) = 2, p(YOQx, QQk) = 2,
and p(QQx, YY) = 2|x| for all k in .

From Example 1, we have the following;:

(1) The pair (Q,Y) is not weakly commuting;

(2) For R = 2, the pair (Q,Y) is RWC, RWC of the type (Aqn), RWC of the type (Ay) and
RWC of the type (P);

(3) For R =3, the pair (Q,Y) is RWC of the type (Aq) but not RWC of the types (P) or
RWC.

For the results for common fixed points, see [10-17]. Now, we are ready to establish
some common fixed point theorems in metric spaces by using WC and RWC pairs of maps
which are weaker than the variants of weak commuting pairs of maps in metric spaces and
other abstract spaces. The results in this paper are new, and other published papers do not
cover them.
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2. Main Results

In 2021, Kumar et al. [18] introduced a new weak contraction that involves the cubic
terms of a distance function and proved the common fixed point theorems for compatible
mappings and their variants:

Theorem 1 ([18]). Let ¢, g, Q, and Y be four mappings of a complete metric space (U, p) in itself
satisfying the following conditions:
(C1) (V) C Y(U), (V) Cc Q(V);

(C2) p°(eK, Lw) SPmaX{%[PZ(QK, &x)p(Yw, Lw) + p(Qx, Ex)p* (Yw, w)],

p(Qx, §x)p(Qx, fw)p(Yw, §x), p(Qx, fw)p(Yw, Ex)p(Yw, fw) }
—p(m(Qx, Yw)),

forall x,w € U, where
m(Qx, Yw) = max{p?(Qx, Yw), p(Qx, &x)p(Yw, {w),
p(Qx, Cw)p(Yw, k),
1
5 (O, Sx)p(Q, Cw) + p(Yw, S)p(Yw, Cw)]}
In addition, p is a real number satisfying 0 < p < 1and a continuous function ¢ : [0, +00) —
[0, +0c0) with ¢(0) = 0 and ¢(s) > 0 fors > 0;
(C3) Oneof ¢, C,Q, orY is continuous.
Suppose that the pairs (¢, Q) and ({,Y) are type-(A) compatible, type-(B) compatible, type-

(C) compatible, or type-(P) compatible. Then, §,{, Q) and Y have a unique common fixed point
in O.

Now, we extend Theorem 1 from the class of compatible mappings to a larger class of
mappings having weak compatibility without appealing to the continuity:

Theorem 2. Let §,(,Q), and Y be four self-mappings on a metric space (U, p) satisfying (C1),
(C2), and the following condition:
(C4) One of the subspaces U, (U, QU, or YU is complete.

Then &, £, Q, and Y have a unique common fixed point, provided that the pairs (&, )) and
(Z,Y) are WC.

Proof. Let kp € U be an arbitrary point. From (C1), we can find x; such that {(xg) =
Y(x1) = wy. For this k1, one can find x, € U such that {(x1) = Q(x2) = w;. By continuing
in this way, one can construct a sequence {wy, } such that

wan = G(x2n) = Y(k2n41),  wangr = {(K2n41) = Q(k2u42) for each n > 0.
From the proof of Theorem 1 [18], {wy, } is a Cauchy sequence.
Let Q(U) be complete subspace of U. Then, there exist 7 € U such that

Wopt1 = é(K2n+1) = Q(K2n+2) — nyasn — +oo.

Accordingly, we can find ¢ € U such that Q¢ = 5. A Cauchy sequence {wy, } has a
convergent subsequence {wy, }, and therefore we have

wan = §(kan) = Y(K2n+1) — 1 asn — +oo.
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We show that (¢ = 7. By putting x = ¢ and w = «p,,11 into (C2), we have

0% (&0, {Kzn11) <pmax { % [0*(Q28,50)p(Yrcon 11, {K2ni1)

+ p(Q8, 80)p* (Yeoui1, {xons1)],s
p(Qﬂ, gﬁ)p(ﬂﬁ, §K2n+1 )p(YKZnJrlr Cﬂ)/

p(Q8, Txony1)0(Yr2n41,80)0 (Y2011, (k20 11) }
- 4)(771(019/ YKZ}’H‘l))/

where
m(QY, Y, 1) = max {Pz(Qﬁr Yront1),p(Q8, E8)p(Yroni1, {kant1),
(08, T 1) (Yiar11,58), 30(008, E0)p(08, Tz 1)
+ p(Yron11,60)p(Yion 11, (ko t1)] }

By letting n — +oc0, we have

0*(§6,1) <pmax{3[2(08,E0)p(n,7) + p(08,58)0% (1, 7)),

p(Q8,58)p(Q8,1)p(n,88), 0(Q8,1)p(n,50)p(n,1)}
— p(m(QY, 7)),

where
m(Q9, 1) =max {2(Q0, 1), 0(Q0,0)p(n, 1), (8, 7)o (11,8,
%[p(fw, £8)p(Q8,1) +p(1,0)p(n,1)] | = 0.

Upon simplification, we have

0*(@8,7) < pmax {3{0+0],0,0} — p(0).

This implies that {¢ = 17 and hence {¢ = Q)¢ = 5. Therefore, ¢ is a point of coincidence
of ¢ and Q). Since 7 = ¢ € U C YU, there exist v € U such that 7 = Yv.
Next, we show that {v = 5. Upon putting ¥ = x, and w = v into (C2), we have
1
0 £z, v) <pmax { 5[0 (Qan, Ern)o (Y, )

+ (g, Exon ) > (Y, L)),
0(Q2, G2 ) 0 (2, Cv) 0 (YV, CK2p ),

p(Qa, GV (YV, Gz )p (Y, 1) §
- 4)(7”(07(271/ YV))/

where
m(Qxoy,, YV) = max {pz(QKzn, Yv), p(Qkay, Con)p(YV, CV),
1
(002, E0)p(YY, Ga), 3 [0V, G ) (e, )

+p(Yv, &2 )p(Yv, V)] }.
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By letting n — +o0, we obtain

0% (1,2v) <pmax {2107 (n, m)p(Xv,50) + pl, ) (Yo, 20,
e, e, Gv)e(Yv,m), p(n, Gv)p(Yv, n)p(Yv, M}
= ¢(m(y,Yv)),
where
m(y, Xv) =max { (1, Yv), p (1, 1) (Xv, 5v), p (1, 5v)o (Yv, 1),
Slor ey, &)+ p(Yv, p(Yv, i)} = 0.

Upon simplification, we have

0*(1,2v) < pmax {310+0],0,0} - 9(0).

This implies that v = 5 and hence = {v = Yv. Thus, v is a coincidence point of {
and Y. Since the pairs (&, Q)) and (g, Y) are WC, therefore

¢ = ¢(Q9) = Q(g8) = Qn, g = ¢(Yv) = Y(v) =Y.

Next, we show that {i7 = . Suppose that y # 7. Upon putting ¥ = 1 and w = xp;,41
into (C2), we obtain

0@, GRanr) <pmax {31620, E0)p(Yian 1, T 1)

+ 0(Q, E7)p* (Yeous1, (kons1)],s
p(Q1, &), Cxont1)p(Ykont1,E1),

(1, {xops1)0(Yout1, 1) 0 (Yiont1, CKong1) }
— ¢(m(Qn, Yrru41)),

where
m(Q, Yrz, 1) = max {PZ(Q’?/ Yion11),0(Q, &) (Yron11, Ckony1),

0(Qn, Tkoni1)0(Yr2u11,817), %[P(’% &mp(Qn, Cxony1)

+ 0(Yozns1, E)p(Yiai1, Crznsn)] |-

By letting n — +00, and upon simplification, we obtain

o*(@nn) < pmax { 210+0],0,0} — p(a (@, ).

This implies that p®(¢y,7) < —¢(p?(&n,1)), which is a contradiction, and hence
=1

Thus, we have {n7 = Qn = 7.
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Now, we show that {7 = 5. Suppose that {7 # 1. We put ¥ = xp, and w = 7 into
(C2), and we have

0% (Exan, T1) <pmax {3 [02(Onan, ) (Y, 01)

+ p(Qan, Ex20)0* (Y11, 1)),
0(Qc2n, G2 ) 0 (2, C17)p (Y17, CKon ),

P(QKanC’?)P(YﬂréKZn)P(Y’?r@’7)}
= ¢(m(Qan, Y1),

where
m(Qkz, Yo7) = max { o (Qukz, Y1), p(Qan, Ex20)p (Y11, E1),

(020, T (X, T2 ), 3 (O, S ) (O, )

+ (Y17, &x2u) (Y17, 017)] }

By letting n — +c0, and upon simplification, we obtain

0°(1,41) < ¢(p*(1,4n)), a contradiction .

Thus, we have 5 = {n = Yy.

Therefore, 1 is a common fixed point of ,{, (2, and Y.

Similarly, one can complete the proof by taking (U, ¢O, or YU as a complete subspace
of U. The uniqueness of a common fixed point follows easily from the condition (C2). This
completes the proof. [

If we put ¢ = ¢ into Theorem 2, then we obtain the following result:

Corollary 1. Let ¢, Q), and Y be self-mappings on a complete metric space (U, p) satisfying the
following conditions:

(C5)¢(0) C Y(U), ¢(0) € O(V),
(Ce)

0@, 6w) <pmax {2 107 (O, Er)p (Yo, Ew) + p(O, E)p? (Yo, Ew0),
p(Ox, &K)p(Ox, Gw)p(Yaw, 2), p(O, Ew)p(Yw, E)p(Yw, Gw) }
—¢(m(Qx, Yw)),
forall x,w € U, where

m(Qx, Yw) = max {pZ(QK, Yw), p(Qx, ¢x)p(Yw, {w), p(Qxk, {w)p(Yw, &k),

2 o(O, 2R)p(O, &) + p(Yew, EX)p( Yoo, Ew)] .

Furthermore, p is a real number such that 0 < p < 1and ¢ : [0,+00) — [0,+00) is a
continuous function with ¢(0) = 0 and ¢(s) > 0 for each s > 0;

(C7) One of the subspaces U, QU, or YU is complete.
Then &, Q), and Y have a unique common fixed point, provided that the pairs (&, Q) and (&,Y)
are WC.

If we put ) = Y = I (identity map) in Theorem 2, then we obtain the following result:
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Corollary 2. Let ¢ and { be two self-mappings on a metric space (U, p) satisfying the follow-
ing conditions:

forall x,w € U, where

() =max {2 (), pls, Ex)p(w, Gw),pl, Ge)plw, ),
b0, 800p(x, ) + (e, E)p(,5w)] |

Furthermore, p is a real number such that 0 < p < 1and ¢ : [0, +00) — [0, +-00) is a continuous
function with ¢(0) = 0 and ¢(s) > 0 for each s > 0.
Assume that one subspace ¢U or (U is complete. Then, ¢ and { have a unique common fixed point.

Now, we prove a theorem for WC mappings by avoiding the condition of completeness
of the subspaces.

Theorem 3. Let &, {, Q), and Y be four self-mappings on a complete metric space (U, p) satisfying
(C1), (C2), and the following condition:

(C8) One of subspace U, ¢U, QU, or YU is closed;

Then &,{,Q), and Y have a unique common fixed point provided that the pairs (¢, Q) and ({,Y)
are WC.

Proof. Since the subspace of a complete metric space is complete if and only if it is closed,
the conclusion easily follows from Theorem 2.
This completes the proof. [

In the next theorem, we are going to replace the concept of WC pairs of maps in
previously established Theorems 2 and 3 by variants of weakly commuting pair of maps.
In addition, we can realize that the conclusions of said theorems still hold well without
changing the rest of the hypothesis:

Theorem 4. The Theorems 2 and 3 remain true if the WC property of the pairs (&, Q) and ({,Y)
is replaced by any one (retaining the rest of hypothesis) of the following:

(1)  Pairs (¢, Q) and (L, Y) satisfy the RWC property;

(2)  Pairs (&, Q)) and (T, ) satisfy the RWC property of types (Ag) and (Ag), respectively;
(3)  Pairs (¢,Q) and (C,Y) satisfy the RWC property of types (Aq) and (Ay), respectively;
(4)  Pairs (¢, Q) and (L, Y) satisfy the RWC property of type (P);

(5)  Pairs (&, Q) and (L, Y) satisfy the weakly commuting property.

Proof. Since all the conditions of Theorems 2 and 3 are satisfied, then the existence of coin-
cidence points for both the pairs is ensured. Let i and v be arbitrary points of coincidence
for the pairs (¢, Q) and ({,Y), respectively. Then, using the RWC property, we obtain

p(&Qx, O¢x) < Rp(&x, Qx) =0

and
P(éYV/ ng) < RP@V/ YV) =0,

which implies that {Qx = Q¢x and {Yv = Y{v. Thus, the pairs (¢, Q) and (g, Y) are WC.
Now, using Theorems 2 and 3, we obtain ¢, {, (2, and Y have a unique common fixed point.
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In case the pair (&, ()) satisfies the RWC property of type (A¢), then
p(&Qx, QOx) < Rp(gx, Ox) =0,

which implies that Ok = QQxk.

Additionally, p(¢Qx, Q¢x) < p(EQx, QOxk) + p(QQxk, O%x) = 0, which provides
¢Qx = Qfx. Similarly, for the pair ({,Y), we have (Yv = Y{v.

Similarly, if the pairs (¢, ) and (g, Y) are RWCs of types (Aq) and (Ay), respectively,
RWC of type (P) or weakly commuting, then (¢, Q) and (g, Y) also commute at their points
of coincidence. Now, in view of Theorems 2 and 3, in all four cases, ¢, {, (2, and Y have a

unique common fixed point. [

Example 2. Let U = [2,20] and d be a usual metric. Let &, {, Q), and Y be four self-mappings on
O defined by

)2, xe[2,4) Jx k=2
) = {% gy, ()= {12

27
K, K:Z,E

Ox) =< 2 =4 Y(x) = 6, K€ (2,20 —{%}.

K—3%, K€ (4,20],

2, K € [2,4) {

Let ¢ : [0,400) — [0, 4-00) be a function defined by ¢(s) = 5 for s > 0. Then, one can
easily verify that all the conditions of Theorems 2 and 3 are satisfied for p = %, and two is the
unique common fixed point of ¢,{,Q), and Y.

3. Applications

Assume that () C U is the state space and D C Y is the decision space, where U and Y
are Banach spaces. Let R = (—o0, +0c0) and B(Q)) denote the set of all bounded real-valued
functions on Q). Following Bellman and Lee [19], the basic form of the functional equation
of dynamic programming is defined as follows:

¢(x) = optwH(x, w,E(Y(x, w))),

where x and w represent the state and decision vectors, respectively, Y is the transformation
of the process, and ¢(x) is the optimal return with the initial state x, where the opt denotes
the maximum or minimum.

In this section, we shall discuss the existence and uniqueness of a common solution to
the following functional equations arising in dynamic programming:

gi(x) = sup H(x,w,&(Y(x,w))),x € Q, @)
weD

Ci(x) = sup Fi(x,w, {i(Y(x,w))), k € Q, )
weD

whereY: QO x D — Qand H;,F;: QXD xR —=R,i=1,2:
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Theorem 5. Assume that the following conditions are satisfied:
(1) Fori=1,2, H; and F; are bounded;

(2)
|Hy(x,w,(s)) — Ha(k, w, R(s))|* < Pmax{%HYlh(S) — Qi17i(s)[> - | YaR(s) — QaR(s)|

+ [Y1h(s) — Qh(s)] - [Y2R(s) — QaX(s)*], [Y17i(s) — Qifa(s)| - |Y1Fi(s) — QaN(s)]
[Y2R(s) — QiA(s)], [Y1h(s) — QaR(s)| - [YaR(s) — Q171(s)[ - [Y2R(s) — QaN(s)|}
— p(m(Y1h(s), Y2R(s))),

forall (k,w) € Qx D, h,NX € B(Q) and s € Q, where

m(Y1h(s), Y2R(s)) = max{|Y17i(s) — Y2R(s)[% |Y1h(s) — Q1fa(s)| - [Y2R(s) — Q2N(s)],
Yh(s) — QaN(s)| - [YaR(s) — Qui(s)|, S[Ya(s) — Quf(s)
“[Yahi(s) — QaR(s)[ + [YaR(s) — Qua(s)] - [Y2R(s) — QN (s)[]}

and p and ¢ are the same as in Theorem 1. Additionally, the mappings Q; and Y; are defined
as follows:

Qih(x) = sup H;(x, w, h(Y(x,w))),k € Q,h € B(Q)),i =1,2,
weD

YiN(x) = sup Fi(x,w,k(Y(x,w))),x € Q,N e B(Q),i=1,2,
weD

(3) Forany h,X € B(Q)), there exist X1, Ny € B(Q)) such that

Q1h(x) = YaRy(x), Qohi(x) = Y1 (x), x € O,

(4) Foranyh € B(Q), if Qih = Y;h, then Q;Y;h = Y;Qihand i = 1,2.
Then, the system of functional Equations (1) and (2) has a unique common solution in B(Q}).

Proof. Let p(,X) = sup{|h(x) — R(x)| : « € Q} for any /1, R € B(Q). Then, (B(Q),p)
is a complete metric space. From conditions (1-4), Q; and Y; are self-mappings of B(Q)),
i=1,2,Q1(B(Q)) C Y2(B(Q))), and Q2(B(Q))) C Y1(B(Q)), and the pairs of mappings
Qi Y, andi = 1,2 are WC. Let h;(i = 1,2) be any two pints of B(Q)), x € Q) and a be any
positive number. Suppose that there exists w;(i = 1,2) in D such that

Qihi(x) < H;(x, wj, hi(x;)) + a, 3)
where x; = Y(x,w;), i = 1,2. In addition, we have

Qifi1(x) > Hi(x, wa, i1 (x2)), (4)

Qoo (k) > Ha (i, wy, iz (k1)) 5)
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Since « is any positive number, from Equations (2), (3) and (5), we have

(Qif1 (k) — Qalia(x))? (6)
< (Hy(x, w1l (k1)) — Ha(x, wy, Fia (k1)) +a

< (|Hy (x, w1, By (k1)) — Ha(k, w1, hia(x1))])® +

< pmax {3 [[¥ifi (1) — Qifs (k1) Yaha(x1) — Qafias)

)
+ [Yih (k1) — Qg (1) - [Yaha (1) — Qoo (1) [, [Y1ia (k1) — Qulin (1) |
Y1l (k1) — Qaha(xq)| - [Yaho (k1) — Quo (K1), [Y1h1 (51) — Qahiz (1)

“Yoho(x1) — Qili(x1)| - [Yoha (k1) — Qoo (x1) |} — ¢(m(Y1h1(x1), Yola(x1))) + a,

where
m(Y1h1(x1), Yoho(x1))
= max{| Y11 (x1) — Yol (1) |2, [Y1F (1) — Quhn (1) - [Yoho (1) — Qoo (1),
Y1711 (k1) — Qahia(x1)| - [Yoho (k1) — Qufia (1), %[\Ylhl(Kl) — Q111 (r1)|
| Yqh (k1) — Qahia(x1)| + [Yoho (k1) — Qufig (x1)| - [Y2ho (k1) — Qafiz(x1)[]}

From Equation (6), we have

(Quf (k) — Qalta (x))? )
<p maX{% [0% (Y111, Q1T11)p(Yaha, Qolin) + (Y171, Q1hi1)p? (Yaha, Qotin)],

p(Y1h1, Qif)p(Y1h, Qafiz)p(Yoho, Qi111), p (Y111, Qafi2) p(Yoho, Qi111)
p(Yahy, Qofia) } — p(m (Y171 (1), Yaliz(x1))) + &,

where
m(Yihy(k1), Yaho (k1)) = max{p?(Y1hy, Yala), p(Y1h1, Qifn )o(Yaha, Qatin),
1
p(Y1h1, Qaho)p(Yahy, Qiln), 5 lo(Y171, Q1711)
p(Y1h1, Qoho) + p(Yaho, Qi111)p(Yaho, Qoltp)] }.

Since « is any positive number, from Equations (3) and (4) and condition (2), we have

(Quta () — Qafia (1))° ®)
> —pmax{ % [0* (Y111, Q17t1)p(Yaha, Qafi2) + p (Y111, Qiln ) p? (Yahiz, Q)]

p(Y1hy, Qi) (Y17, Qahiz)p(Yala, Qihy), p (Y17, Qahiz)o(Yalia, Qihy)
p(Yahz, Qohia) } + p(m (Y171 (1), Yaha(x1))) — &,

where m (Y171 (x1), Yahy (k1)) is same as in Equation (7). The combination of Equations (7)
and (8) gives

Qi (k) — Qala (i) [° ©)
1
<p maX{E [0%(Y1h1, Qi )o(Yaho, Qaha) + p(Y1h1, Qi) p* (Yaha, Qalia)],

p(Y1hy, Qi) p(Y1h1, Qafia)p(Xoho, Q1111), p(Y1h1, Qafin)p(Yoho, Q1117)
p(Yahy, Qohia) } — p(m (Y17 (1), Yaha (1)) + a.
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Since Equation (9) holds for any x € (), and « is any positive number, upon taking
supremum over all k € (), we have

0%(Q171, Qoha)
1
<p maX{E [0% (Y111, Q1T1)p(Yaha, Qalia) + (Y171, Q1h1)p? (Yaha, Qohn)],

(Y171, Qiln)p(Y1hy, Qohio) p(Yalia, Qi11), p(Y1h11, Qohi2) p(Y2olip, Q1111)
0(Yala, Qafa) } — p(m (Y111 (1), Yahiz(x1)))-

Therefore, by Theorem 2, Q1, Q2, Y1, and Y, have a unique common fixed point
n' € B(Q) (i.e., 1 (x) is a unique solution of the functional Equations (1) and (2)). This
completes the proof. O

Remark 1. On replacing condition (4) of Theorem 5, by any one of the following conditions (a—e),
then we obtain applications for Theorem 4.

(a) Forall h(x) € B(Q), there exists some R, R" > 0 such that

sup|Q1Y17i(x) — Y1Q17(x)| < Rsup|Qifi(x) — Yifi(x)|
KEQ keQ

and

sup|Q2 Y27t (k) — Y2Qoh(x)| < R’ sup|Qahi(x) — Yah(x)|.
xkeQ) xeQ)

(b) Forall h(x) € B(Q), there exists some R, R" > 0 such that

sup|Q1Y17i(x) — Y1Y17i(x)| < Rsup|Qi7i(x) — Yq71(x)|
xe) xeQ)

and

sup|Q2Yohi(x) — Y2 Yali(x)| < R'sup|Qafi(x) — Yah(x)|.
xkeQ) KkeQ

(c) Forall h(x) € B(Q), there exists some R, R" > 0 such that

sup|Y1Q17(x) — Q1Q17(x)| < Rsup|Qifi(x) — Y17 (k)|
KkeQ KkeQ)

and

sup|Y2Qohi(x) — QaQahi(x)| < R sup|Qafi(x) — Yah(x)|.
keQ) KeEQ

(d) Forall h(x) € B(Q), there exists some R, R" > 0 such that

sup|Q1Q17(x) — Y1Y1h(x)| < Rsup|Qifi(x) — Y17 (k)|
xkeQ KkeQ)

and

sup|Q2Qafi(x) — Y2 Yol (k)| < R'sup|Qafi(x) — Yoh(x)|.
xkeQ) xeQ)

(e) Forall h(x) € B(QQ), we have

sup|Q1Y17(x) — Y1Q17(x)| < sup|Q1fi(x) — Y17i(x)|
ke xeQ)

and

sup|Qa2Yali(x) — Y2Qoli(x)| < sup|Qafi(x) — Yali(x)|.
KkeEQ KeQ
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4. Conclusions

We have demonstrated the power of the very essential tools in this paper, such as
WC mappings and variants of RWC pairs of maps. We made use of satisfying the weak
contraction condition in which cubic terms exist in the metric function. The results provided
here are the extension of the results from the class of compatible mappings to a larger class
of mappings having weak compatibility without appealing to continuity in the context
of metric fixed point theory and applications. Our results were also obtained using the
condition of WC to avoid the condition of completeness of the subspaces. Finally, as an
application of our results, we have discussed the existence and uniqueness of common
solutions to the functional equations arising in dynamic programming.

Retrospect:

¢ The present study under the given title sounds as though a lot of research can also be
performed in the area of contraction and weak contraction conditions.

*  On the applications side, a lot of work is in progress for applying the concept of the vari-
ants of weak commutativity and weak compatibility to the nonlinear integral equations.

*  We are also exploring the possibility of obtaining applications of fixed point theory to
day-to-day life, such as the recently faced COVID-19 pandemic, for the most appropri-
ate diagnosis.
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