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Abstract: The present paper presents a study on a problem with a fractional integro-differentiation
operator in the boundary condition for an equation with a partial Riemann-Liouville fractional
derivative. The unique solvability of the problem is proved. In the hyperbolic part of the considered
domain, the functional equation is solved by the iteration method. The problem is reduced to solving
the Volterra integro-differential equation.
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1. Introduction and Formulation of a Problem

Boundary value problems for the mixed-type equations of fractional order were in-
vestigated in [1-4]. In [5], the unique solvability was investigated for the problem of
an equation with the partial fractional derivative of Riemann-Liouville and a boundary
condition that contains the generalized operator of fractional integro-differentiation. A
problem, in which the boundary condition contains a linear combination of generalized
fractional operators with a Gauss hypergeometric function for a mixed-type equation with a
Riemann-Liouville partial fractional derivative, was studied in [6]. The nonlocal boundary
value problem for mixed-type equations with singular coefficients was considered in [7].
The Gellerstedt-type problem, with nonlocal boundary and integral gluing conditions for
the parabolic-hyperbolic-type equation, with nonlinear terms and Gerasimov-Caputo oper-
ator of differentiation, was studied in [8]. The work [9] is devoted to study the boundary
value problems for a mixed type fractional differential equation with Caputo operator.
A nonlocal boundary value problem for weak nonlinear partial differential equations of
mixed type, with a fractional Hilfer operator, was solved in [10]. The work [11] is con-
cerned with the existence and uniqueness of solutions for a Hilfer-Hadamard fractional
differential equation.

Let D be a finite domain bounded by segments AA, BBy, and ABy of lines x = 0,
x = 1, and y = 1, respectively, lying in the half-plane y > 0, and characteristics AC =

{(x,y) : x— m%rz(—y)m%z =0}, BC = {(x,y) : x+ m%rz(—y)m;r2 = 1} of the following
equation:

Uxy _Dg,yu =0,7€ (0/1)/]/ >0,

1
(—y) 2 y

in the half-plane, y < 0, and the interval, AB, of the straight line, y = 0. In (1) m > 0,
lag] < (m+2)/2,1 < Bg < (m+4)/2. Here, D&y is the partial fractional Riemann-

Liouville derivative [3]

—(=y) "ty + Uyy +

1

(Dgyu)(x,y) = T u(x, t)dt
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LetD" =DnN(y>0),D-=DnN(y<0).

Problem 1. Find a solution u = u(x,y) of Equation (1) in the domain D, satisfying the following
boundary conditions:

u0,y) = ¢1(y), u(Ly) = ¢2(y),0 <y <1, )

x*Dg Pt =5 Puffy (x)] + (1 - x)%( )DL 1A(1 — x)'FPulf(x))
= mDy" Pr(x) — paDy * Pr(x) + f(x),x € [0,1]

and the following conjugation conditions:

®)

1—7y i _\Bo—1
Jm u(x,y) = ygn_lo( v u(xy), x €[0,1],

lim v (v u(xy))y = lim (—y)? ()P u )y, x € 1=(0,1). (@)

y—+0 y—-0
Here, & = M52 Fote) g miZEoocto) r(x) = Jm ()R y), e1(), 92(0),

2(m+2)
p(x), f(x) are given functions; moreover, y' =7 @1 (y), y* " @2(y) € C([0,1]), ¢1(0) = ¢2(0) =
0, f(0) = 0, uy and uy are constants; 6y(xg) = (%,_(THTHXO)Z/(H%FZ)) is a point of in-
tersection of characteristics of Equation (1), outgoing from the point (xo,0) (xo € I), with
the characteristic AC; 6(xo) = (’aojkk, —(w)ﬁg is the intersection point of the

2(1+K)
curve x — mz—fz( y)mT+2 = xo, k = const > 1, with the characteristic BC, D}Cf‘ (x) =
_d%D;E‘ (x) = dx T a) f =) dta We are looking for a solution, u(x,y), of the problem

in the class of twice dlﬂ’erentzable functions in the domain D, such that y'="u € C(D"), u(x,y) €
C(D-\OB), y* " (y*""u), € C(DT U{(x,y) : 0 < x < 1,y =0}), uxx € C(DTUD"),
uy, € C(D™).

Note that from Equation (1), at m = 2, Bp = 0, we obtain the moisture transfer
Equation [12], and at ag = 0, By = 0, Equation (1) passes to the Gellerstedt equation, which
finds application in the problem of determining the shape of the dam slot.

In this article, we study a problem with a shift for Equation (1), in which some part of
the characteristic BC is freed from nonlocal boundary conditions.

2. Main Results

We denote that lim yl’“fu(x,y) = 1(x), lim y1’7(y1’7u(x,y))y = v(x). The solu-
y=

tion of Equation (1) in the domain D, satlsfymg condition (2) and condition th‘: yl-
—

u(x,y) = 7(x),x € I, has the following form [13]:

,0)T(8)dg,
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The functional relation between T = 7(x) and v = v(x), transferred from the parabolic
part, D, to the line, y = 0, has the following form [1]:

v(x) =1/(T(1+7)7"(x). ®)
Applying the Darboux formula, given in the domain D, the solution of the modified
Cauchy problem with the initial data lir(r)1 (—y)Po~tu(x,y) = 7(x),
y—0—

limo(—y)2_50 ((—y)Po~u(x,y))y = v(x), x € I, has the following form:
y——

1 2\ 5 -
u(x,y) = A=y P [ (x4 7252t = 1) (—y) " )11 — )" ar
0 (6)

1 m+2

w72 [v(x+ 5252t = ) (=) " ) (1 - H)Fat,
0

T(a+p) To = — r(2—a—p) )
T@rp)” 2 (Bo—1)T(1-a)T(1-p)"
From (6) we have the following;:

where 71 =

a+B-1 _ _ B
u[@o(x)] =71 (le_2> F(&)Do_jxﬁ_lr(X) + ’fzx&-l-ﬁ—ll—'(l — ,B)Dg;lx_al/(x). (7)

Multiplying both sides of (7) by x!~%~#, we have the following:
B,l N (8)

Applying the operator D(l);l; to both sides of relation (8) we obtain the following:

Dy x5 Pulfy(x)] = 71 ((m +2)/4) P IT (@)D} Pat--BDy ExP17(x)

a3\ - 1—BB-1_— ©)
+T(1— B) 72Dy D v ().
Equalities are true, as follows:
Dy, P35 P Dy B () = 4Dy Pr(x) (10)
Dé;BDg’;lx__“v(x) = x"Yu(x). (11)

Let us show Relation (10).
Denoting the left-hand side of Equality(10) by g1 (x), we obtain the following:

Changing the order of integration, we obtain the following:

§1(x) = 7% /T(t)t/g*ldt/glfﬁ‘*ﬁ(x — b1 - i lde.
t
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Setting in the inner integral, { = t + (x — t)o, we have the following:

X

1
2109 = 3 / (1) (x — )Py / o1 — )1
0 0

Using the Euler hypergeometric integral [14], as follows:

1
[ra -t e = RO B b 0 )0 <<k,

0 I'(k)
we obtain the following:

1 d e aa T@TE) . tx
916) = s | 7O =0T L (e po e T

0
From here, taking into account [14], as follows:

F(p Ak z) = (1 - Z)AF<k - V,A,k;zil)

we have the following:

X

ar(x) = 1/(1"(56+5));x/T(t)tﬁ_l<x_t>rx+5—1p(5,a+5—1,5c+/§;x_t)dt'

0

Consider the following function:

() = 1/(F(&+B))% x/ef(t)t,s1<H>a+ﬁ_1p(ﬁl&+5— La+p; X;t)dt.
0

X

Differentiating the right-hand side of this equality and using the formulas from [14],
as follows:

diz[z”l-"(y, Mk z)] = yz”_lF(y +1,Akz), F(u A Az)=(1—2z)7F,

we obtain the following:

ge(x) = r(&i i e)P—1 (;)H’g_lF(ﬁ,& +B-La+p §>T(x )
+";2{;ﬁ+ —[3)1 xE 0/ (x — )& B-20(p)at
Now, taking into account that
(&+pB—1) / (x — O)¥B-22(p)dt = % / (x — VB Lr(p)dt — P (x —e),
0 0
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we find the following:

a+p-1 . - _ _
e(x) = 1"8&4_,3)3(_“ l(xig) F(ﬁ,&+ﬁ—1,&+ﬁ,§) —11”[(3(—8)
' d H( Pl (f)dt
(@ + B) dx / g

Passing in this equality to limit as ¢ — 0, by virtue of the formula F(u, A, k;0) = 1
we obtain the following:

B T od [ (DAt ad s
g1(x) = ge(x) = Tat B)d/(_t)lwr__x D Pr(x) = x D' Pr(x).

Thus, let us be convinced of the validity of Equality (10).
By virtue of (10) and (11), Equality (9) can be written in the following form:

Dy P35 Pulfy(x)] = Ta((m +2)/4)" P (@)x Dy P (x) 12
+I(1 = ) 12x " v(x)
Now, from (6) we obtain the following:
_ B-1_ _ _g _
ulf ()] = P (222) T T (B)D,L (- 0t () 13
(1 — &) pa®F1(1 — x)5+F~ 1D;‘ij L(1=x)"Py(x).

Multiplying both sides of (13) by (1 — x)1-%-F and applying the operator D;I_l‘?‘
we obtain the following:

DI (1 — x5 Pulgy ()] = T(B)7 ()" a8 PDLR (1 — x)1aF

b 2(1+k) i (14)
xD, P, 1 (1—2)¥17(x) + 720" P-1T (1 — &) D} *DY, 1, | (1 - 2) Pu(x).
It is easy to show the following:
_a _G—B—B F_ g 1—-a—B
DIA(1-x) P P (1-x) " tr(x) = (1-x)PD,. f, Pr(x),
Dl "‘D;‘x_&b (1= x)Pu(x) = a' " Py(ax + b)(1 — x) P
Then, from (14) we obtain the following:
s A z_ a+p-1_
D1 =) Pulf ()] = sl Py (3555) T T(B) (15)
x (1= )P0, 1, P r(x) + 72l (1 = R)v(ax +b) (1 - x) F.

Now, substituting (12) and (15) into (3), we obtain the following;:

T ((m+2) /4P @)Dy *Pr(x) + T(1 = B)Tav(x)

Bl m a+p— _
a7 B () TR e :xi‘mw 16)
x—

+720 (1 — &)p(x)v(ax +b) = Dy~ Pr(x) — waDy* Pr(x) + £(x),
€ [0,1].
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Let u; = F(r’j‘(gf ) (mT”)IHB - Then, from (16) we obtain the following:

BIA-Bre+ (#5)" @ Pnr@e@nl i,

+p(x)T2T (1 — &)v(ax +b) + pa Dy 1" ﬁr(x)zf( ),x € [0,1].

Dividing both sides of (17) by 72T (1 — B), by virtue of 4 = 12@, we obtain the following:

a+p-1
V( ) r(g 5)%( 7 ("52) p(x)D,, 1y f P (x)
So(x)v(ax +b) + D” P _ g (19
(A=) Rl-p)
We write Equality (18) in the following form
1-a—pB —a
v(x) + =Dt PT(x) =~ p()
4 \l-ap = 5 (19)
i r ra- _
< vl +b) + E2h DTGB o8 b )| 4 f(x) 7,
S 1
where 7y = SR ]
g \EB - . )
Letio = (54)  (T(@+B)T(1-B))/(T@T(1-a)).
We introduce the following notation:
o F@+pra—p) (4 \""F_ iap
D(x) :=v(x) + T@ri-a \m+2 YoD,; "t(x). (20)
Then, from (19), we obtain the following functional equation:
d(x) = P(ax + b)w(x) + fi(x), (21)

I(1-a _
where w(x) = —rgl_ggp(x), Fi(x) = Fof(x).
Applying the iteration method to (21), after simple calculations, we obtain the following:

P(x) =w(x)A,_1(x)P(a"x +1—a")

w(x) Z;‘:_ll flaix+1— af)A]-_1(x) + f1(x), (22)

where
A q(x) =w(ax+1— Aw(@x+1—a?) - w@ x+1-d1),A)=1.

By |w(x)| < 1, for x € [1 —¢,1], here, ¢ is a sufficiently small positive number;
therefore, we obtain the following:

|Aj1(x)] < Mp°, (23)

where My = [max] w(x), and ny = [loga(ae)]. We seek a solution of Equation (21), in the
1—¢,1

class of functions bounded at the point x = 1.

After passing to the limit, n — oo, in (22), and considering that, by virtue of p(x), f(x) €
C(I) N C%(I) and (23), the series on the right-hand side of (22) is uniformly converging on
the interval [0, 1], we obtain the following;:

®(x) = P(x), (24)
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P(x) = w(®) Yo fi(@x +1— a)Aj 1(x) + fi(x).
j=1

Thus, according to (20) from (24), we have

B B _ B . . 4 1-a—p 1 a8
v(x)+ T @+ p)r1—-p4))/(T@7I1—xa)) <m+2) Dx,llx 5T(x) = P(x). (25)
Thus, we obtained the functional relation between the functions T = 7(x) and v =
v(x), on I, from the domain D~.
By virtue of (4), substituting (5) into (25) we obtain the following:

1/(T(1+ 7)) 7" (x) + 73Dy ;" Pr(x) = P(x), (26)
where 73 = o(4/(m +2))' P (N(a+ B)T(1 - B)) /(@I (1 - a)).
Equation (26) can be written as follows:

1

/(0014 9)7" ()~ s/ (T4 B) o (t_“)ﬁ‘”ﬁ ~ P(x).

We have obtained the Volterra integro-differential equation, which is uniquely solvable,
see [15].

3. Discussion

The properties of solutions of Equation (1) at y < 0 essentially depend on the co-
efficients xp and By, at the lowest terms of Equation (1). If fp < 1, then the solution
of Equation (1) on the parabolic degeneration line is bounded. In this case, a problem
for an elliptic-hyperbolic-type equation with singular coefficients was studied in [7]. If
Bo = 1, then the solution to Equation (1) on the parabolic degeneracy line has a logarithmic
singularity. By = mTH is the limiting case. In these cases, boundary value problems for

Equation (1) are studied with different conditions.
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