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1. Introduction

In the past three decades, fractional calculus and fractional differential equations have
attracted extensive interest and attention in the fields of differential equations and applied
mathematics, science and technology. In addition to genuine mathematical interest and
curiosity, this trend is also driven by interesting scientific and technological applications
that produce fractional differential equation models to better describe memory effects
and nonlocal phenomena [1-5]. It is the rise of these applications that drives the field of
fractional calculus and fractional differential equations in a new direction, and further
research in this field is required.

As is known, discrete-time systems are as important as continuous-time systems.
Therefore, it is equally important to study the solvability of boundary value problems
of fractional differential equations and difference equations. At the same time, discrete-
time systems are more convenient for computer processing. However, compared with
the research on continuous-time systems, the research on the corresponding problems
of discrete-time topics is sparse. Fortunately, the time scale theory proposed by Stefan
Hilger [6] can unify the study of differential equations and difference equations. In order to
study the existence and multiplicity of solutions of differential equations and difference
equations by variational methods in a unified framework, Refs. [7-9] have studied some
Sobolev space theories on time scales. More exactly, Agarwal et al. studied the theory of
Sobolev’s spaces of functions defined on a closed subinterval of an arbitrary time scale
endowed with the Lebesgue A-measure in [7]. Zhou and Li studied Sobolev’s spaces on
time scales and their properties in [8]. Wang et al. introduced the theory of fractional
Sobolev spaces on time scales by conformable fractional derivatives on time scales in [9].
Recently, some other classical tools or techniques, such as the coincidence degree theory, the
method of upper and lower solutions with monotone iterative technique and some fixed
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point theorems, etc., have been used to study the existence and multiplicity of solutions of
differential equations and difference equations in the literature [10-17].

However, so far, there is no right fractional Sobolev space via Riemann-Liouville
derivatives on time scales. In order to fill this gap, the main purpose of this paper is
to establish right fractional Sobolev spaces on time scales through Riemann-Liouville
fractional derivatives, and study some of their basic properties. Then, as an application of
our new theory, we study the solvability of a class of fractional boundary value problems
on time scales.

The rest of this paper is organized as follows. In Section 2, we review some symbols,
basic concepts and basic results of time scale calculus that will be used in this paper, and
give the definitions of fractional integrals and derivatives on time scales. In Section 3, we
study some basic properties of right Riemann-Liouville fractional integrals and differential
operators on time scales, including the equivalence between the fractional integral on
time scales defined by integrals on time scales and the fractional integral on time scales
defined by the Laplace transform and the inverse Laplace transform. In Section 4, we give
the definition of right fractional Sobolev spaces on time scales and study some of their
important properties. In Section 5, as an application of the results of this paper, we study
the solvability of a fractional boundary value problem on time scales by using the critical
point theory and variational methods. In Section 6, we give a concise conclusion.

2. Preliminaries

In this section, we will recall some basic known notations, definitions and results,
which are needed in what follows.

Throughout this paper, we denote by T a time scale. We will use the following
notations: J3 = [a,b), Jg = [a,b], ° = JSNT, ] =g NT, J* = [a,p(b)] N T.

Definition 1 ([18]). For t € T, we define the forward jump operator o : T — T by o(t) =
inf{s € T : s > t}, while the backward jump operator p : T — T is defined by p(t) := sup{s €
T:s <t}

Remark 1 ([18]). (1) In Definition 1, we put inf @ = sup T (i.e., o(t) = t if T has a maximum
t) and sup @ = inf T (i.e., p(t) = t if T has a minimum t), where @ denotes the empty set.

(2) Ifo(t) > t, we say that t is right-scattered, while if p(t) < t, we say that t is left-scattered.
Points that are right-scattered and left-scattered at the same time are called isolated.

(3) Ift < supTand o(t) = t, we say that t is right-dense, while if t > infT and p(t) = ¢,
we say that t is left-dense. Points that are right-dense and left-dense at the same time are
called dense.

(4)  The graininess function y : T — [0, 00) is defined by u(t) := o(t) —t.

(5)  The derivative makes use of the set TX, which is derived from the time scale T as follows: if T
has a left-scattered maximum M, then TF := T\{M}, otherwise, T* := T.

Definition 2 ([19]). Assume that f : T — R is a function and let t € TF. Then, we define f*(t)
to be the number (provided it exists) with the property that, given any € > 0, there is a neighborhood
Uoft(ie, U= (t—5,t+8)NT for some é > 0) such that

f(8)) = f(s) = FAO (@ (t) = s)| < elo(t) ]

foralls € U. We call f(t) the delta (or Hilger) derivative of f at t. Moreover, we say that f is delta
(or Hilger) differentiable (or, in short, differentiable) on T* provided that f*(t) exists for all t € T,
The function f& : TF — R is then called the (delta) derivative of f on T*.

Definition 3 ([18]). A function f : T — R is called rd-continuous provided it is continuous at
right-dense points in T and its left-sided limits exist (finite) at left-dense points in T. The set of
rd-continuous functions f : T — R will be denoted by C,y = C,4(T) = Cry(T,R). The set of
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functions f : T — R that are differentiable and whose derivative is rd-continuous is denoted by
ClL, =CL(T) = CL(T,R).

Definition 4 ([7]). Let A C T. A is called a A-null set if up(A) = 0. We can say that a property
P holds A-almost everywhere (A-a.e.) on A, or for A-almost all (A-a.a.) t € A if there is a A-null
set E C A such that P holds for all t € A\E.

Definition 5 ([20]). Let | denote a closed bounded interval in T. A function F : ] — Ris called

a delta antiderivative of function f : ] — R provided F is continuous on ], delta differentiable
at J° and FA(t) = f(t) forall t € J°. Then, we define the A-integral of f from a to b by

J? F(H)At := F(b) — F(a).

Theorem 1 ([19]). Ifa,b € Tand f,g € C,4(T), then
[, £ 08> W08t = (F)0) ~ (f9)(a) ~ [ FAs(e)ar

Proposition 1 ([21]). Let f be an increasing continuous function on J. If F is the extension of f to
the real interval Jg given by

‘_ £(s), ifseT,
P(S) T {f(t)/ ifsE(t,O’(t))éT/

then
b b
/ F(H)AL < / F(t)dt.
a a
Theorem 2 ([22]). y(t,s) = hy,_1(t,0(s)) is the Cauchy function of y»" = 0, where
t
ho(t,s) =1, hy(t,s) = / hy—1(t,8)At, neN.
S
Theorem 3 ([22]). For all n € Ny, we have
1
L (ha(x,0))(z) = i X € To.
forall z € C\{0} such that 1 + zu(x) # 0, x € Ty, and
J}gr{}o(hn(x,O)e@Z(x,O)) =0.

Definition 6 ([22] (Shift (Delay) of a Function)). For a given function f : [ty,00) — C, the
solution of the shifting problem

ubt(t,o(s)) = —u(t,s), tseT, t>t>s>t,
M(t, tQ) = f(t), teT, t>t,

is denoted by f and is called the shift or delay of f.

Definition 7 ([22] (A-Power Function)). Suppose that « € R; we define the generalized A-power
function hy(t,tg) on T as follows:

1, 1
ha(t,to) = Ly (7)(0), > ko,
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for all z € C\{0} such that Eil exists, t > to. The fractional generalized A-power function
ha(t,s) on T, t > s > to, is defined as the shift of ha(t, t9), i.e.,

—

ho(t,s) = hy(-, t0)(t,s), tseT, t>s>t.

Inspired by Definition 4 in [23] and Definition 2.1 in [24], we present the right Riemann—
Liouville fractional integral and derivative on time scales as follows.

Definition 8 (Fractional integral on time scales). Suppose h is an integrable function on J. Let
0 < « < 1. Then, the left fractional integral of order a of h is defined by

t _ a—1
T (f) = / Ul(f((li’;)h(s)As.

The right fractional integral of order « of h is defined by

TIRh(t) = /t ’ (S_;’((B)Hh(sms, (1)

where T is the gamma function.

Definition 9 (Riemann-Liouville fractional derivative on time scales). Lett € T,0 < a <1,
and h : T — R. The left Riemann—Liouville fractional derivative of order a of h is defined by

IDR(t) = (EI}‘“h(t))A = 1”(11—04)(/at(t - U(s))_”‘h(s)As)A.
The right Riemann—Liouville fractional derivative of order w of h is defined by
- A 1 b A

¢ Dph(t) == — (?1;“’%(:%)) = r(l_lx)(/t (s — U(t))“"h(S)AS) . ()

Actually, F DYh(t) can be rewritten as —A o ?I;’“h(t).

Inspired by Definition 4 and Equation (21) in [23] and Theorem 2.1 in [4], we present
the right Caputo fractional derivative on time scales as follows.

Definition 10 (Caputo fractional derivative on time scales). Let t € T, 0 < a < 1 and
h : T — R. The left Caputo fractional derivative of order w of h is defined by

TCDRR(t) =TI nA (1) = r(11a) /at(t — o (s)) "D (s)As.

The right Caputo fractional derivative of order « of h is defined by

m__l“) / (5 = o(£))~%hA (5)As.

TCDRR(t) := —T LKA (t) =

Definition 11 ([25]). For f : T — R, the time scale or generalized Laplace transform of f, denoted
by L1{f} or F(z), is given by

Lr{f}e) = F@) = [ FOg (har,

where g(t) = ec(t,0).
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Theorem 4 ([25] (Inversion formula of the Laplace transform)). Suppose that F(z) is analytic
in the region Rey(z) > Rey(c) and F(z) — 0 uniformly as |z| — oo in this region. Suppose F(z)
has finitely many regressive poles of finite order {z1,zy, ..., zn} and Fr(z) is the transform of the
function f(t) on R that corresponds to the transform F(z) = Fr(z) of f(t) on T. If

ctico
| @)zl <o,

then
f(t) = iResz:Ziez(t, 0)F(z)
i=1

has transform F(z) for all z with Re(z) > c.

Motivated by Definition 3.1 in [26], we present the right Riemann-Liouville fractional
integral on time scales as follows.

Definition 12 (Right Riemann-Liouville fractional integral on time scales). Let « > 0, T be
a time scale, and f : T — R. The right Riemann—Liouville fractional integral of f of order a on the
time scale T, denoted by , I1.f, is defined by

a0 = 25| =2

Z&

Theorem 5 ([8]). A function f : ] — RN is absolutely continuous on | if and only if f is
A-differentiable A — a.e. on ]° and

F(£) = fla) + /[ t)TfA(s)As, VieJ.

Theorem 6 ([27]). A function f : T — R is absolutely continuous on T if and only if the following
conditions are satisfied:

(i)  f is A-differentiable A — a.e. on ] and f* € L(T).
(i)  The equality

) =f@+ [ FA6)as
holds for every t € T.

Theorem 7 ([28]). A function q : Jg — RN is absolutely continuous if and only if there exist a
constant ¢ € RN and a function ¢ € L' such that

g(t) =c+ (I @)(t), tE€]p.

In this case, we have q(a) = cand q'(t) = ¢(t), t € Jg a.e.

Theorem 8 ([28] (Integral representation)). Let a € (0,1] and g € LY. Then, q has a right-sided
Riemann—Liouville derivative Dj_q of order w if and only if there exist a constant d € RN and a

function ¢ € L' such that

q(t)zr(la)(bi)l_a+(lg‘lp)(t), te Tk ae.

In this case, we have I;f”‘q(b) =dand (D}_q)(t) = ¢(t),t € Jrae.
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Lemma 1 ([7]). Let f € LY(J°). Then, a necessary and sufficient condition for the validity of
the equality

Jo 0605 =0, for every g € Gy
is the existence of a constant ¢ € R such that
f=c A—ae on]’

Definition 13 ([7]). Let p € R be such that p > 1 and u : ] — R. We say that u belongs to
Wi’p(]) ifand only if u € LY (J°) and there exists g : J* — R such that g € L} (J°) and

[y a6 == [ (g 97) 605, g e Chall")

where
Cla(F) == {f TR f e L), fla) = f(b)}

and C}4( JK) is the set of all continuous functions on | such that they are A-differential on J* and
their A-derivatives are rd-continuous on J*.

Theorem 9 ([7]). Let p € R be such that p > 1. Then, the set LZ(]O) is a Banach space together
with the norm defined for every f € L (J°) as

P
P(s)As| , ] R,
”fHLZ — l: 1 |f| (S) S:| lfPE
inf{CER:|[f|<CA—ae. on ], if p=+tco.

Moreover, L% (J°) is a Hilbert space together with the inner product given for every (f,g) €
L3(%) x L3 (%) by

(f/g)LzA = /]Of(S) - g(s)As.

Theorem 10 ([24]). Fractional integration operators are bounded in LP (Jg), i.e., the following
estimate

a < (b _ a)Rea
Hla-%—q’”LP(a,b) = WWHU’(IR)' Rex >0

holds.

Proposition 2 ([7]). Suppose p € Rand p > 1. Let p’ € R be such that % + % = 1. Then, if
fell(%andge LZ/(]O), then f - g € LY(J°) and

I lly <171y - sl

This expression is called Holder’s inequality and Cauchy—Schwarz’s inequality whenever
p=2
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Theorem 11 ([19] (First Mean Value Theorem)). Let f and g be bounded and integrable functions
on ], and let g be nonnegative (or nonpositive) on J. Let us set

m=inf{f(t):t€J°} and M =sup{f(t):teJ°}.

Then, there exists a real number A satisfying the inequalities m < A < M such that

b b
[ rgmac=a [“gwar

Corollary 1 ([19]). Let f be an integrable function on | and let m and M be the infimum and
supremum, respectively, of f on J°. Then, there exists a number A between m and M such that

/bf(t)At = A(b—a).

Theorem 12 ([19]). Let f be a function defined on [ and let c € T witha < ¢ < b. If f is
A-integrable from a to ¢ and from c to b, then f is A-integrable from a to b and

/abf(t)At = /ﬂcf(t)At+ '/be(t)At.

Lemma 2 ([29] (A time scale version of the Arzela—Ascoli theorem)). Let X be a subset of

C(J,R) satisfying the following conditions:

(i) X is bounded.

(ii)  For any given € > 0, there exists § > 0 such that ty,t, € |, |t; — to| < & implies |f(t1) —
f(ta)| <eforall f € X.

Then, X is relatively compact.
3. Some Fundamental Properties of Right Riemann-Liouville Fractional Operators on
Time Scales

Inspired by [30], we can obtain the consistency of Definitions 8 and 12 by using the
above theory of the Laplace transform on time scales and the inverse Laplace transform on
time scales.

Theorem 13. Let « > 0, T be a time scale, [a, b] be an interval of T and f be an integrable
function on [a,b]y. Then, (FI¢£)(t) = pI&f(1).

Proof. Using the Laplace transform on T for (1), in view of Definition 8, Definition 3,
Theorem 7, the proof of Theorem 4.14 in [22] and Definition 11, we have

c{ (Fiif) 0} 2)

~to{ s [ - a0y s 2
I*E’]I‘(hzx—l( ,b) *f)(f)(Z)
—— Lr (a1 (- 1) (2) L2 (F) (1) (2)
= LalfHe)

—F(z)

= (£)- ®)
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Taking the inverse Laplace transform on T for (3), with an eye to Definition 12, one
arrives at

(Fr) = o7 [2E

ZIJ(

}aww%ﬂ&

The proof is complete. [

Combining with [20,26] and Theorem 13, we can prove that Proposition 15, Proposi-
tion 16, Proposition 17, Corollary 18, Theorem 20 and Theorem 21 in [20] hold for the new
definition of Riemann-Liouville fractional operators on time scales.

Proposition 3. Let h be A-integrable on [ and 0 < a < 1. Then, ?Dg‘h(t) =—-Ao ?Ibl*“h(t).

Proof. Leth : T — R. In view of (1) and (2), we obtain

A

i)~ ([ 6 ot his)as)
A
z(%y%ag
=— (Ao I 7")n(t).
The proof is complete. [

Proposition 4. Let h be integrable on |; then, its right Riemann—Liouville A-fractional integral
satisfies

T ol =Tp*P =T1foT1p
fora > 0and B > 0.

Proof. Inspired by the proof of Proposition 3.4 in [26], in view of Definition 12, we have

[ Lrlplf} _1[F(s +
B0 = 5t |- ) — et [ E5 ) = s, @

Combining with (4) and Theorem 13, one obtains that

Tigo P =T,
In a similar way, one arrives at

ol =Tt
Consequently, we obtain that

TigoTl =T P =TIl o711
The proof is complete. [
Proposition 5. If function h is integrable on |, then F D% o FI&h = h.

Proof. Taking account of Propositions 3 and 4, one can obtain

A
Py oFighe) = - (PG ) = (Fh)” =
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The proof is complete. [
Corollary 2. For 0 < o <1, we have
{DfoiD,*=1d and [I,“ofI}=1Id,
where 1d denotes the identity operator.
Proof. In view of Proposition 5, we have
IDEoiD,"=DiofIf =1d and [I,*ofIf = DiolI}=1Id.
The proof is complete. [

Theorem 14. Let f € C(]) and a > 0. Then, f € [I%(]) if and only if

fLfec()) ®)

(Fiies0)

where | T i (J) denotes the space of functions that can be represented by the right Riemann—Liouville
A-integral of order a of a C(])-function.

and

=0, (6)
t=b

Proof. Suppose f € [I&(]), f(t) = F1g(t) for some g € C(J), and
CL ) = P Tg ()
In view of Proposition 4, one obtains
Tyl—a T b
FRT(F0) = Thig(t) = [ g()bs

As aresult, ?‘I;*“f € C(J) and

(Pt

Inversely, suppose that f € C(]) satisfies (5) and (6). Then, by applying Taylor’s
formula to function }FI,}*"‘ f, we obtain

= /bb g(s)As = 0.

t=b

_ bA o
T = [ TR s)es, Ve

Let ¢(t) = %?I;_“f(t). Note that ¢ € C(J) by (5). Now, by Proposition 4, one
sees that

FLN0) = Flye(t) = P [P e(b)]

and hence

FL W) L Le(n] = 0.

Therefore, we have

FL A T e(h] = 0.
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From the uniqueness of the solution to Abel’s integral equation [31], this implies that
f—T1*¢=0.Hence, f = [ [*¢p and f € {I*(]). The proof is complete. [J

Theorem 15. Let « > 0 and f € C(]) satisfy the condition in Theorem 14. Then,
(alf 02 DH)(f) = f.
Proof. Combining with Theorem 14 and Proposition 5, we can see that
P o Dpf(H) = F Lo FDL(F (1) = FIye(t) = f(1).
The proof is complete. [

Motivated by the proof of Equation (2.20) in [24], we present and prove the following
theorem.

Theorem 16. Letax >0, p,q > 1, and % + % <1+, where p # 1and q # 1 in the case when
% + % = 1+ a. Moreover, let

TIHLP) = {f F=TIg ge U’(n}
and
TILr) = {f F=Thg e L”(I)}-

Then, the following integration by parts formulas hold.
(a) Ifeo € LP(])and € LI(]), then

/ab ¢(t) (EI?IP) (F)At = /ﬂb (1) (}Tlgq;) (£)At

(b) Ifg € FIF(LP) and f € TIF(LA), then

/ﬂbg(t) (ED?‘f) ()AL = /ﬂbf(t) (?Dgg> (£)At

(c)  For Caputo fractional derivatives, if g € { I*(LF) and f € FI¥(L7), then

(' s (zeots)a = [rrisger-s0]| o+ [ s (Fois ) oo

and

[* s (reoss)iwae=[ri-ssi-sw] |+ [ toton (ot )
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Proof. (a) It follows from Definition 8 and Fubini’s theorem on time scales that

[ ot (Tv) 0t
= [ ot ([ I poyms
- [ve [

(s)
- T
/ / s_ati(p(s)AsAt

= / ( Iy ?’)
The proof is complete.

(b) It follows from Definition 9 and Fubini’s theorem on time scales that

[ s (otr) oa

zx 1
¢(t)AtAs

The proof is complete.
(c) It follows from Definition 10, Fubini’s theorem on time scales and Theorem 1 that

[ s (08 ) war
-/ bg(t)(ll_@ / t(t—a(s»—“fA(s)As)At
- [0 (s CIRROI
= [0 (e | 6=t “g(s)As)At
—[Fs(e) - £ )_ / 7o) (s = o) “g(o)as)

A

A

::?15’“g(t)-f(t): [ e (i /f(s—o(t))“g@)As)

::?I;*“gu)-f(t): [ rieton (Fogs) (a

The second relation is obtained in a similar way. The proof is complete.
O



Fractal Fract. 2022, 6, 121 12 of 30

4. Fractional Sobolev Spaces on Time Scales and Their Properties

In this section, inspired by the above discussion, we present and prove the following
results, which are of the utmost significance for our main results. In the following, let
0 <a <b.Supposea,beT.

Motivated by Theorems 5-8, we propose the following definition.

Definition 14. Let 0 < « < 1. By ACZ’}}, (J,RN), we denote the set of all functions f : ] — RN
that have the representation

d
f(t) = r(llx) (A Tifg(t), te] A—ae @)

withd € RN and p € LL.

Theorem 17. Let 0 < a < land f € L). Then, function f has the right Riemann—Liouville
derivative | DY f of order a on the interval | if and only if f € ACZ’}f (J,RN); that is, f has the
representation (7). In such a case,

L) =d, DL =y@t), te] b-ae

Proof. Let f € L} have aright Riemann-Liouville derivative | D f. This means that ?Iblf“ f
is (identified to) an absolutely continuous function. From the integral representation of
Theorem 5, there exist a constant vector d € RN and a function ¢ € L} such that

CL A =d+ (L)), te], ®)

A
with (FI}7*f)(b) = d and — ((?I;“f)(t)) =IDif(t) =9(t),t€] A—ae.
By Proposition 4 and applying 7 I¥ to (8), we obtain

FLAH®) = Thd) ) + L)), te] A—ae. )

The result follows from the A-differentiability of (9).
Conversely, now, let us assume that (7) holds true. From Proposition 4 and applying
ETI;_‘" on (7), we obtain

Fr=f)t) =d+ TLp)(t), te] A—ae

and then QTI;*“ f has an absolutely continuous representation and f has a right Riemann-

Liouville derivative | D% f. This completes the proof. [

Remark 2. () By ACZ’,’;, (1 < p < o), we denote the set of all functions f : ] — RN
possessing representation (7) with d € RN and € L.

(i) It is easy to see that Theorem 17 implies the following (for any 1 < p < oo): f has the
right Riemann—Liouville derivative ETDZ‘ fe LZ ifand only if f € Acz’z,; that is, f has the

representation (7) with ¢ € LK.

Definition 15. Let 0 < « < 1and let 1 < p < oo. By the right Sobolev space of order o, we mean

the set Wy} = Wb (J,RN) given by

b b
Wyh = {u € Lk; 3g € L}, Vo € C3, such that/ﬂ u(t) - TD¥p(t)At = /a g(t) - (p(t)At}.
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Remark 3. The function g given above will be called the weak right fractional derivative of order
0 < a < 1of u; let us denote it by Tu‘;j‘,. The uniqueness of this weak derivative follows from ([7]).

We have the following characterization of WX’Z,.

Theorem 18. If0 < a <1land1 < p < co, then

ap ap p
Wyho = ACyh_ LK.

Proof. On the one hand, if u € ACZ”Z, N LZ, then, from Theorem 17, it follows that u has
the derivative { D¢u € L}. Theorem 16 implies that

b b
| w0 Dtear= [ (FDgu) ) g(t)at

forany ¢ € C° ;. So, u € WX’Z, with

crd”

T, _ o _T p
uy, =g=DjuelL,.

On the other hand, now, let us assume that u € W“’Z, ;thatis, u € LZ, and there exists

A,
a function g € LZ such that

b b
| w@iDtewat= [ shemar (10)
forany ¢ € C7°.

To show that u € ACZ’,’Z, N LZ, it suffices to check (Theorem 17 and definition of
ACZ’,Z_) that u possesses the right Riemann-Liouville derivative of order &, belonging to
L%; that is, [ I} “u is absolutely continuous on [a, b]y and its delta derivative of « order
(existing A — a.e. on J) belongs to LZ.

In fact, let ¢ € CZ;, then ¢ € TDX(Cpq) and ' D g = —(?l;*”‘)A. From Theorem 16, it
follows that

[ uwEDtpmat= [ uHe) (1t

a a

= [ DI TR (O ) ()0 a)
= [ Fren e wa

In view of (10) and (11), we obtain

b

[ Erenmerar= [ spar

Ja a

for any ¢ € C, ;. Thus, ;EI;_“M € Wi’g,. Consequently,

and its delta derivative is equal to A —a.e.on J to g € LY. O

I ;_“u is absolutely continuous

From the proof of Theorem 18 and the uniqueness of the weak fractional derivative,
the following theorem follows.

Theorem 19. If0 < &« < 1land 1 < p < oo, then the weak left fractional derivative Tu”b‘, of a

function u € WX’Z, coincides with its right Riemann—Liouville fractional derivative ?Dg‘u A—ae.
on J.
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Remark 4. (1) If0<a <Tland (1—a)p <1,then ACz”Z, C L} and, consequently,

ap o,p P _ x,p
Wy, = ACy, NLy = ACY .

2) IfO0<a<Tland (1—wa)p > 1, then WX’Z, = ACZ’Z, N LR is the set of all functions

belonging to AC\', _ that satisfy the condition (FII*f)(b) = 0.

By using the definition of WK’Z_ with 0 < @ < 1 and Theorem 19, one can easily prove
the following result.

Theorem 20. Let0 < a <landl <p < occandu € LZ. Then, u € WX’Z, if and only if there
exists a function g € LZ such that

b b
| uiptemat= [gWemar pecs,

In such a case, there exists the right Riemann—Liouville derivative ?Dgu of uand g = ?Dg‘u.

Remark 5. Function g will be called the weak right fractional derivative of order o of u € Wz”h’,.
Its uniqueness follows from [7]. From the above theorem, it follows that it coincides with the
appropriate Riemann—Liouville derivative.

. . . x,p .
Let us fix 0 < a < 1 and consider in the space W, a norm Il - ”WZ? given by

P _ 14 T e, |P o,p
HMHWZZC = llullyy + 1l Dyullyp,  u € Wy
Here, || - HfA denotes the delta norm in L} (Theorem 9).

Lemma3. Let 0 < a <1land1 < p < oo, then

FEoll, <Kol

_ (-

TatT)/ i.e., the fractional integration operator is bounded in LZ.

where K

Proof. The conclusion follows from Theorem 10, Propositions 1 and 2. The proof is com-
plete. O

Theorem 21. If0 < « < 1, then the norm || - ||,yer is equivalent to the norm || - ||, yer  given by
Ab— 7ADT

Tyl—- T ,
||ullfjrwg,zf = ¢ I, u@)|" + ||tDZ‘M||iZ, e Wy .

Proof. (1) Assume that (1 —a)p < 1. On the one hand, for u Wz’g, given by

ut) = Sy o + TR
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with d € RN and ¢ € L. Since (b — t)(#=1)? is an increasing monotone function, by using
Proposition 1, we can write that fﬂb(b —t)@Dpat < f:(b — 1)@=DPdt. Moreover, taking
into account Lemma 3, we have

p
At

bl 1 d
H“Hiz :/a ‘1"(&)(b—t)1“+ 2 IFp(t)

p—1 |d‘p b _ \(a=D)p T rac.p P
< (s | [ e = vrad < 1 Tyl

p—1 |d‘}7 b _ \(a=D)p T o, |P
<2 (s | [ e = v+ 1Tyl

o |d|P 1 B
<1 _ )@ Dpt1 L gpipllP
=2 (rv(a) (a—l)p—i—l(b 7) +K W”Li)’

where K is defined in Lemma 3. Noting that d = T I} "%u(b), ¢ = —1 D} u, thus, one obtains
a1 <La,o(|d|”+||¢||iz)

P>
LA

<Loa (P10 + [FDul )

:L 0 u P ap 7
«, || ||b’WA,rb]—
where
_ b—a)l-(-ap
L.o=2r"1 ( K? ).
"0 (m)(l_ A-wp) )
Consequently,

P _ P T e, (|P
il =Vl + IDEIL,
p
<Lya|lu ”“'szf ’

where Ly 1 = Lyo + 1.
On the other hand, now, we will prove that there exists a constant M, ; such that

a1} < My [|uf

«,
ey o wE W]

Ab~
Ab—

Indeed, let u € W)’} and consider coordinate functions ({1, “u)’ of [ I} "*u with

i€ {1,...,N}. Lemma 3, Theorem 11 and Corollary 1 imply that there exist constants
A; € [ inf (?I;_“u)i(t), sup (?I;_"‘u)i(t) ,
tefab)y telab)p
such that

1 b _ .
o | i wi(s)as

Aj =

Hence, if, for alli = 1,2,...,N, (?I;_“u)i(to) # 0, then we can take constants 6;
such that
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for fixed tg € JO. Therefore, we have

(PR (t0) = 5o [ (R (s)as

a

From the absolute continuity (Theorem 6) of (ETI;*"‘u)i, it follows that
it = Fiwito)+ [ [ Fe)] as
[tO/t)'Jl’
for any t € J. Consequently, combining with Proposition 3 and Lemma 3, we see that

A
Fie o =|Fi i)+ [ [Frue)] as

10i] T 1-a T
< L %u +/ D¥u)(s)|As
b IRl + [ 1FDE0G)]
0; _
<L Ty + 1 Dgul
0;] (b—a)™*
<AL GO g + FDguly
for t € J. In particular,
1—a
Ty, iy < 0 (b —4) T
B0 0)] < 52 Sy Il + 17 Dwly
Thus,
Tyl—a < |9|(b_a)7a T Ha
L) (b) _N(m_w) +1) (llully + 17 Dgull )
pr—1
SNMao(b—a) 7 (Jlullp + IFDgull )
— . _ 10l(b—a)™"
where |6 = ie{ﬂ?.).(,N} |6;| and M, o = Tooay T 1 Thus,

(P u) )P <NPME (6 =012 ([l + D3l ),

and, consequently,

p _|T7l-a 4 Tra,, P
Hqu'WZZf —|tIh u(b)|” + ||; bu”LZ

< (NP Mo — a2t 1) (1l + 1P DR )

:Moc,l

ullf e
Wae-

where My 1 = NPMY (b —a)P~12771 4 1.
If some of or even all of (?I;*“u)"(to) = 0, from the above proof process, we can see
that our conclusion is still valid.
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(2) When (1 —a)p > 1, then (Remark 4) Wg Z, = ACZ Z, N LK is the set of all functions

belonging to AC)" _ that satisfy the condition (¥ I} "*u)(b) = 0. Consequently, in the same

Ab~
way as in the case of (1 — a)p < 1 (putting d = 0), we obtain the inequality

||u||p wp < Ly with some L, > 0.
Ab—

bw” ’
The inequality
p P :
Hqu,WZZ, < M“’lnu”WZZ,' with some M, 1 >0

is obvious (it is sufficient to put M, 1 = 1 and use the fact that (X I} *u)(b) = 0). The proof
is complete. O

We are now in a position to state and prove some basic properties of the introduced
space.

Theorem 22. The space WA’g_ is complete with respect to each of the norms || - HWZZ— and
Il Il wer forany0<a <land1 <p < oo
WA
Proof. In view of Theorem 21, we only need to show that Wg Z, with the norm || - ||, ,ar
WA

is complete. Let {u;} C WA’Z, be a Cauchy sequence with respect to this norm. Thus, the
sequences {?I;_“uk(b)} and {{ Djuy} are Cauchy sequences in RN and L}, respectively.

Letd € RN and ¢ € LZ be the limits of the above sequences in RN and LZ, respectively.
Then, the function

d
u(t) = —— b1+ T0y(t), te] A—ae
belongs to WA’g, and is the limit of {uy} in W h* with respect to || - ||, Wi . (To assert that
u e LZ, it is sufficient to consider the cases (1 —a)p < land (1 —a)p 2 1. In the second

Iluc

case, ; k(b) = 0 for any k € N and, consequently, d = 0.) The proof is complete. [

In the proofs of the next two theorems, we use the method presented in Proposition
VIIL1. (), (c) from [32].

Theorem 23. The space Wy'"¥_ is reflexive with respect to the norm || -

Ab- NE forany 0 <a <1

e
and 1 < p < o0.

Proof. Let us consider Wz: 5, with the norm || - HWZZ* and define a mapping

AWt s ues (u, FDju) € L x L.
It is obvious that

oty = IAslg g,

where

==

2
HAuHLZXLZ = (2 |(Au) ||Lp) , Au= (u, ?D;‘;‘u) € LR x Lf,



Fractal Fract. 2022, 6, 121

18 of 30

which means that the operator A : u — (u, ?Dg‘u) is an isometric isomorphic mapping
and the space Wg: 5, is isometric isomorphic to the space () = { (u, ETDZu) :Vu e WX:Z, },

which is a closed subset of LZ X LZ as WZ’Z, is closed.

Since LZ is reflexive, the Cartesian product space LZ X LZ is also a reflexive space with
h (¥ A h = A A
respect to the norm ||v = v; ,Where v = (v1, vp) € L', x L.
P H HLZXLZ El\l ZHLZ ( 1 2) A A

Thus, Wg’Z, is reflexive with respect to the norm || - || yar . O
, -

Theorem 24. The space WX’Z, is separable with respect to the norm || - || yer forany 0 < a <1
, -
and1 < p < 0.

Proof. Let us consider WZ’;;, with the norm || - ||,,«» and the mapping A defined in the
, A

proof of Theorem 23. Obviously, A(WK’Z,) is separable as a subset of separable space LZ X

LZ. Since A is the isometry, WX: ’Z_ is also separable with respect to the norm || - ”WZ? . g

Proposition 6. Let0 <a <land1 < p < co. Forallu € WP ifl—a > %orrx > %, then

Ab—7
Jul " | rog
u pgthpu\ . (12)
Ly = T(a+1) 1170 Ir
1 1,1 _
Ifa > pandp—l—q =1, then

1

b
[/ { Dju (13)

A

T(a)((a—1)q+1)7

Proof. In view of Remark 4 and Theorem 15, in order to prove inequalities (12) and (13),
we only need to prove that

le

T T T
[Fecotl, < ey Fotl,, a4
_ 1 1
forl—a > p Ora > p,and
T
| Freog|_ < IDju (15)

A

T(a)((@ —1)g +1)7

fora > %and%—i—%:l.

Firstly, we note that { Dfu € L% ([a, b]r, RN); the inequality (14) follows from Lemma 3
directly.

We are now in a position to prove (15). For a > %, choose g such that % + % =1

For all u € WX’Z_, since (s — o'(t))(*~1 is an increasing monotone function, by using
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Proposition 1, we find that ftb (S — U'(t))(a 1) qAS < f (‘X 1)‘7ds Taklng into account
Proposition 2, we have

b
TR (TDpu)| =g | [ 6~ o) TDpu(s)As

o

r;ﬂ)(/b(s—a(t))“ lMs) I Dyull s

~—

IN

This completes the proof. [

Remark 6. (i)  According to (12), we can consider W,"¥

Ab- with respect to the norm

1
p P
Il = 17Dgulg = ([ Fopuco|'ar)” 6

in the following analysis.
(it) It follows from (12) and (13) that WA’g, is continuously immersed into C(J, RN) with the
natural norm || - ||co.

Proposition 7. Let 0 < a < land 1 < p < co. Assume that o > % and the sequence {uy}
converges weakly to u in WA ! Then, u — win C(J,RN), ie., [|u — ug||co = 0, as k — oo.

Proof. If o > %, then by (13) and (16), the injection of W,"*

ap- into C (J,RN), with its natural
norm || - ||, is continuous, ie., U — uin WAh , then uy — uin C(J,RN).
Since 1y — u in Wy

aps it follows that uy — u in C(J,RVN). In fact, for any i €

(C(LRN))", if uy — uin WA’Z] , then u; — uin C(J,RN), and thus h(uy) — h(u). There-

fore, h € ( AZ ) , which means that (C(],RN))* C (Wg’z,)*. Hence, if uy — uin WAb ,

then for any i € (C(J,RN))", we have I € (Wz’Z,) ", and thus h(ug) — h(u),ie., up — u
in C(J,RN).

By the Banach-Steinhaus theorem, {uy} is bounded in Wz 5, and, hence, in C(J, RN).
We are now in a position to prove that the sequence {uy} is equicontinuous. Let 1 Ty 1=
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and 1y,

ty € [a,bly, t1 < 1, Vf € LZ( J,RN), by using Proposition 2, Proposition 1 and

Theorem 12, and noting & > %, we have

RIEf(h) = BIf(e)|

-1 /tlb(s—a(tl))“lf(S)As— /:<S—0<fz>>“ Fo)s
Sr(loc) /: (s = (t1) 7 f(s)As — /:<s —0(t2))" " f(s)Bs
" r(la) /: (s — o(t2))* 1 f(s)As
Sr?a) /:(“ () = (s = 0(12)* )| 1£(5)]as
' F(loo ./t‘f(s — ()" |If(5)1s

T(lzx) (./:((S —o(h) = (s - U(tz))"‘_l)qu) !

£l

+r<1a) ( /:@—a(tz))(“ WAs) ‘nfng
1 b o - i
| ([ (et e = s — ot ) as) i1,
+r(1a) </t1t2(s_a(t2>)(a 1qu> ‘”f”ﬁ’ (17)
1 b o e %
(a) (/t1 ((S—fl)( Vi — (s — 1) 1)q>ds> ‘||f|LZ
+1“(1¢x) </t1t2(s—t2)(“ 1‘7ds> |||f|Lv
_ £l : ((b_tl)(a1)q+1_(b—t2)(“1)q+1+(t2—t1)('x1)q+1>$
T(a)(1+ (a — 1))
L Wiy (=)
T(a)(1+ (a — 1)g)7
Il i

- ((b o tz)(zx—l)q-‘rl _ (b . tl)(lx—l)q+l + (tz - tl)(zx—l)q—i-l) 1
I(a)(1+ (x—1)q)7
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i ”fHLZ . ((tz _tl)(a—l)qﬂ)q
P(a)(1+ (a—1)q)7
< HfHLZ . ((t2 _ tl)(le)qﬂ)"
[(a)(1+4 (& —1)q)7
+ ”fHLZ . ((tztl)(zx—l)q-&-l)q
P(a)(1+ (a—1)q)7
ZHJC”LZ a1
= (2 —t)" 7.

T()(1+ (x —1)g)

Therefore, the sequence {u;} is equicontinuous since, for t1,t, € [a,b]T, t; < t, by
applying (17) and in view of (16), we have

lu(t1) — u(t2)| =

S I (E Dpu(h)) — G I8 (5 Djue(t2))
1
P

a1
<C(tp—t1)" 7,

where % + % =1land C € R" is a constant. By the Ascoli-Arzela theorem on time scales

(Lemma 2), {u;} is relatively compact in C(J, RY). By the uniqueness of the weak limit in
C(J,RN), every uniformly convergent subsequence of {1} converges uniformly on | to
u. O

Remark 7. It follows from Proposition 7 that Wz’g, is compactly immersed into C(J,RN) with
the natural norm || - || .

Theorem 25. Let 1 < p < oo,% <wa< 1,%—0— =1,L:]xRN xRN 5 R, (t,x,y) —
L(t, x,y) satisfies
(i)  Foreach (x,y) € RN x RN, L(t, x,y) is A-measurable in t;
(ii)  For A-almost every t € ], L(t,x,y) is continuously differentiable in (x,y).

If there exists my € C(RT,R™"), my € LlA(],R+) and ms € LZ(],R*), 1< g < oo, such
that, for A-a.e. t € ] and every (x,y) € RN x RN, one has

1
q

Lt x,y)| < ma([x]) (ma(t) + |y|7),
[DxL(t, x,y)| < ma(|x]) (ma(t) + |y[7),
IDyL(t, x,y)| < ma(|x]) (ms () +y[P~).

my

ms

Then, the functional ® defined by

() = /abL(t,u(t), TDSu(t))At
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is continuously differentiable on WX’Z,, and for all u,v € WZ’g,, we have
b
(@'(w),0) = [ {(DXL(t,u(t), FDgu(t), o (1))
a
+ (DyL(t,u(t), TDfu(t), ?ng(t))} At. (18)

Proof. It suffices to prove that ¢ has, at every point u, a directional derivative ®'(u) €
(WZ('Z, )* given by (18) and that the mapping

QWY S u— @ (u) € (Wyh )

is continuous. The rest of the proof is similar to the proof of [33] P;y Theorem 1.4. We omit
it here. The proof is complete. [J

5. An Application

In this section, we present a recent approach via variational methods and critical point
theory to obtain the existence of weak solutions for the following fractional boundary value
problem (FBVP for short) on time scales
DY (FDfu(t)) = VG(o(t),u(t)), A—ae te], (19)

u(a) =u(b) =0,

where } D¥ and { D are the left and right Riemann-Liouville fractional derivative operators
of order « € (0,1] defined on T, respectively, and function G : | x RN — R satisfies the
following assumption:

(A1) G(t, x) is A-measurable in t for each x € RV, continuously differentiable in x for A-a.e.
t € ] and there are p € C(R*,R"), g € L} (J,R™) such that

Gt )| < plxD)q(t), VGt x)] < p(lx])q(),

for all x € RN and A-a.e. t € ], and VG(t, x) is the gradient of G at x.

By constructing a variational structure on WZ:%, , we can reduce the problem of finding
weak solutions of (26) to one of seeking the critical points of a corresponding functional.

In particular, when T = R, FBVP (26) reduces to the standard fractional boundary
value problem of the following form

JDE(Du(t)) = VG(tu(t), ae te g,
u(a) =u(b) =0.

When « = 1, FBVP (26) reduces to the second-order Hamiltonian system on time
scale T , ,
ud (t) = VG(o(t),u’(t)), A—ae tec]<,
u(a) —u(b) =0, u(a)—us(b)=0.

Although many excellent results have been obtained based on the existence of solutions
for fractional boundary value problems [34-40] and the second-order Hamiltonian systems
on time scale T [41-45], it seems that no similar results have been obtained in the literature
for FBVP (26) on time scales. The present section seeks to show that the critical point theory
is an effective approach to deal with the existence of solutions for FBVP Theorem 26 on
time scales.
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By Theorem 22, the space Wz'i, with the inner product
b b
(u,0) = (U, 0) 2 = / (u(t),v(t))At +/ (?Dg‘ju(t),Tng(t))At
Ab— a a
and the induced norm
b 2 b Ty 2 %
lull = ez = ([ lu(e)Pat+ [ [FDpu(nat
Ab— a a
is a Hilbert space.
Consider the functional @ : Wg’i, — R defined by
1b Ty« 2 b o4 «,2
D) = E/ TD2u(t)2At —/ G(o(£),u (£) AL, Vu € W2 (20)
a a .

From now on, H, which we defined in (20), will be considered as a functional on Wg’i,
with % < & < 1. We have the following facts.

Theorem 26. The functional ® is continuously differentiable on Wg’lzj, and

(@'(w),0) = [ "[(FDgu(e), FDF0(t)) — (VG (o)1 (1)), 07 (1) o

a

forallv e Wz:i,.

Proof. Let L(t,x,y) = %|y\2 —G(t,x) forall x,y € RN and t € J. Then, by condition (A1),
L(t, x,y) meets all the requirements of Theorem 25. Therefore, by Theorem 25, it follows

that the functional ¢ is continuously differentiable on Wz’g_ and

(@ ()0 = [ [(FDgu(e), TDRo(1) — (VG(o(t), 47 (1), o (1)

a

forallv € WX:IZJ,. The proof is complete. [

Definition 16. A function u : ® — RN is called a solution of FBVP (26) if

(i) EDf‘_l(?Dg‘u(t)) and ?Dg_lu(t) are differentiable for A-a.e. t € J* and
(ii)  u satisfies FBVP (26).

For a solution u € szi_ of FBVP (26) such that VG(+,u(+)) € L (J,RN), multiplying
FBVP (26) by v € Cg,;(J,RY) yields
b
[ [or(FDgue), o(1) = VG(o(t),u” (1) At
b
— [ [(FDgu(t), TDgo(t) At = VG (t), 17 (1) At 1)
a
:0,

after applying (b) of Theorem 16 and Definition 24. Hence, we can give the definition of a
weak solution for FBVP (26) as follows.

Definition 17. By a weak solution for FBVP (26), we mean that a function u € Wg’i, such that
VG(-,u(-)) € LL(J,RN) and satisfies (21) for all v € C(‘frd(],RN),
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By our above remarks, any solution u € Wg i, of FBVP (26) is a weak solution

provided that VG(-,u(+)) € LY(J,RN). Our task is now to establish a variational structure

on WX i, with a € (%, 1} , which enables us to reduce the existence of weak solutions of

FBVP (26) to the one of finding critical points of the corresponding functional.

is a critical point of ® in WYy’ 2 e, @' (u) =0, then u

Theorem 27. If } <o <1,u € WY? A

Ab-
is a weak solution of system (26) wzth <a<l

Proof. Because of ¢'(u) = 0, it follows from Theorem 26 that

/b [Gf bu(t), { Dyo(t)) — VG((T(t),u”(t))}At —0

forallv € W“ 2,, and hence for all v € C3°(], RN). Therefore, according to Definition 17, u
is a weak solutlon of FBVP (26) and the proof is complete. [

According to Theorem 27, we see that in order to find weak solutions of FBVP (26),
it suffices to obtain the critical points of the functional ¢ given by (20). We need to use
some critical point theorems. For the reader’s convenience, we present some necessary
definitions and theorems and skip the proofs.

Let X be a real Banach space and C!(X,RY) denote the set of functionals that are
Fréchet differentiable and their Fréchet derivatives are continuous on X.

Definition 18 ([46]). Let ¢ € CY(X,RN). If any sequence {uy} C H for which {(uy)} is
bounded and ¢’ (uy) — 0 as k — oo possesses a convergent subsequence, then we say 1 satisfies
the Palais—Smale condition (denoted as P.S. condition for short).

Theorem 28 ([33]). Let X be a real reflexive Banach space. If the functional ¢ : X — RN is weakly

lower semi-continuous and coercive, i.e., | 1|1‘m P(z) = oo, then there exists zg € X such that
P(z) = in}f{ P(z). Moreover, if  is also Fréchet differentiable on X, then ' (zo) = 0.
ze

Theorem 29 ([46] (Mountain pass theorem)). Let X be a real Banach space and € C (X, RN),
satisfying the P.S. condition. Assume that
(i) ¥(0)=0,
(ii)  there exist p > 0and o > 0 such that (z) > o forall z € X with ||z|| = p,
(iii) there exists zy in X with ||z1|| > p such that P(z1) < 0.
Then, 1 possesses a critical value ¢ > o. Moreover, ¢ can be characterized as

= i f ,
= i YO

where Q = {w € C([0,1],X) : w(0) = 0,w(1) = z; }.

First, we can solve the existence of weak solutions for FBVP (26) by using Theorem 28.
Suppose that the assumption (Ay) is satisfied. Looking at (20), the corresponding functional
@ on Wy Ay givenby

2/ (H)[2At — /abG((T(t),u”(t))At,

is continuously differentiable according to Theorem 26 and is also weakly lower semi-
continuous functional on Wz'i, as the sum of a convex continuous function and a weakly
continuous function.
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Actually, in view of Proposition 7, if uy — u in WA ,— then iy — uin C(J,RN). Asa
result, G(o(t), uf(t)) — G(o(t),u’(t)) A-a.e. t € [a,b]p. Using the Lebesgue-dominated
convergence theorem on time scales, we obtain fab G(o(t), uf(t))At — fab G(o(t),u’(t))At,
which implies that the functional u — | ﬂb G(o(t),u’(t))At is weakly continuous on Wy’ 12],
Furthermore, because the fractional derivative operator on T is a linear operator, the
functional u — f I¥D%u(t)[>At is convex and continuous on Wg‘z

If ¢ is coercive, using Theorem 28, ® has a minimum so that FBVP (26) is solvable. It

remains to find conditions under which @ is coercive on WX s 1€, | 1|1‘m ¢(z) = +oo, for

uewy i, We shall know that it suffices to require that G(t, x) is bounded by a function

for A-a.e. t € Jand all x € RN,

Theorem 30. Let 3 < a < 1, and suppose that G satisfies (Aq). If

IG(t,x)| <elx|®>+ F()|x|> 7 +h(t), A—aetc], xcRY, (22)
— 2 _
wheree € [O, rzég;”), v €(0,2), f € L} ([a,b]r,R) and h € LY (J,R), then FBVP (26) has at
least one weak solution that minimizes ¢ on Wg i,

Proof. Taking account of the arguments above, our task reduces to testifying that @ is

coercive on Wy’ 5_ Foru € WX% , together with (22), (12) and the Holder inequality on

time scales, we obtain that

D(u

/ FDju(ta— [ Glo(e),u (bt
o1 [ FoguPac—e [Cluwrat— [ ol pran- [TEoar
Lttty — ([ Foriar)” ([ worar) s MR
gt et~ ([ |f<t>|3At)g|u||2ﬂ - [ Hmar
> il — sl = ([ 7ol At) (F(ffm)z_vnun“— [ Har

(3 Y= ([ rorar) (g )~ [

Noting thate € [O, rzéz;,:l)) and 7y € (0,2), we obtain ®(u) = +oo as ||u|| — co, and

so @ is coercive, which completes the proof. O

Letey = mi1n { rzz(g;gl) } As aresult, we can obtain the following result by Theorem 29.
A€[3,1]

Corollary 3. For 3 < a < 1, if F satisfies the condition (Aq) and (22) withe € [0,eg), then FBVP
(26) has at least one weak solution that minimizes ® on Wg’lzj,.

It is time for us to apply Theorem 29 (Mountain pass theorem) to find a nonzero critical

point of functional ® on Wﬁ i,

Theorem 31. Let 3 < a < 1, and suppose that G satisfies (Aq). If
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(A2) G € C(J x RN, R), and there are y > 2 and M > 0 such that 0 < uG(t,x) < (VG(t,x), x)
forall x € RN with |x| > Mandt € ],

(A3) lim sup ‘( |2) < FZZ(Z;;D uniformly for t € ] and x € RN
|x|—0

are satisfied, then FBVP (26) has at least one nonzero weak solution on Wg’i,.

Proof. We will demonstrate that ® satisfies all the conditions of Theorem 29.
First, we will verify that @ satisfies the P.S. condition. Because G(t,x) — % (VG(t,x),x)

is continuous for t € J and |x| < M, there is ¢ € R such that

G(t,x) < =(VG(t,x),x)+¢c, te], |x] <M.

‘ﬁ\»—\

In view of condition (Az), one has

G(t,x) < (vc(t x),x)+c, te], xRN (23)

= |

Let {uy} C W Ab @) <K k=1,2,---,® (ur) — 0. Notice that

b
(@' () ) = [ [(FDguelt), FDRue(0)) ~ (VG(o0), (1), 1) v
b
= el = [ VG, uf (), ug (1) eh)
Combining with (23) and (24), one arrives at
K> (uy)
b
/ T DRy (¢ ]2At—/ G(o(t), ud (1)) At
a
>l [ (VG(o(e) (1)), (1))t — b
11 , 1,
== — = )||lul|*+ = uy), ug) —cb
(5= 3 ) el + ) )
11 , 1,
> = — = ) Jugl®— = u ug|| — cb.
> (5% ) Il = 21 G ]
It follows from @’ (u;) — 0 that there is Ny € N such that

K= (5 )l = ol —cb, k>N,
which means that {u;} C W A b, is bounded. In view of WA ,— being a reflexive space, going
to a subsequence if necessary, we may suppose that u, — u weakly in WA ,— therefore,
one obtains

@' (i) — @' (u), e — u)

@ (), ue — u) — (@' (), u — )

<1 (i) |1t — ul| = (@' (w), e — ) = 0, (25)

=

as k — oo. Furthermore, in view of (13) and Proposition 7, one can find that u; is bounded
in C(J,RN) and |luy — u||c = 0 as k — co. As a result, one has

/VG ), ul (¢ At—>/ VG(o(t), u” (1)At, Kk — co. 26)
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Noting that
(@ (1) — @ (1), g — )
= [ (FDgus(t) ~F Dju(t)t - /ﬂbwc(a(t),uz(t))—vc<a<t>,u“<t>>>
X (ug (t) —u’(t))At
[ VGt 45 () ~ VGl u (1))t

> juy —u||? —

[tk — ]| oo

Together with (25) and (26), it is not difficult for us to prove that ||u — u|> — 0 as

k — co, and so that uy — u in WK ,— - Hence, we obtain the desired convergence property.
By condition (A3), thereare e € (0,1) and § > Osuch that G(t,x) < (1—¢€) (FZZ(Z;;U ) |x|?
forallt € Jand x € RN with |x| < 6.

M(S and o = # > 0. Then, in light of (13), one sees that
b2

Letp =

b3
T(a)(2(a—1)+1)2

with ||u|| = p. Hence, combining with (12), one obtains

[#lleo < lull =6

forallu € Wy i,

2/|Dbu |N—szdmww»m
:§Hullz— [ Gt uwa

1 T2a+1
>l (- o) D e

1 1

>l = 51— €) Jull
1

=zellulp?

=0

forallu € ng, with ||u|| = p. This implies that (ii) in Theorem 29 is satisfied.

It follows from the definition of ® and condition (A3) that ®(0) = 0, and so it suffices
to prove that @ satisfies (iii) in Theorem 29.

Fors € R, |x| > Mandt € ], let

F(s) = G(t,sx),  H(s) = F'(s) — L F(s) 27)
In view of (Aj), when s > %, one obtains

VG(t,sx)sx — uG(t,sx)
s

H(s) = >0

In addition, taking the expression of F(-) and H(+) in (27) into account, we can easily
obtain that F(s) satisfies
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Therefore, when s > ‘%, we have

G(t,sx) = s* [G(t,x) + /1s T_MH(T)dT:| .

Thus, for |x| > M and t € ], together with (A1), one obtains

REEEE )
— | G(t,x) <G|t x— | < max X
(i) e ) = et

which implies that

G(tx) < %[rﬁgﬁp(lﬂ) (t).

Thus, one obtains

H
Glt, ) = S min pllx1)a(e), @s)

Forany u € W2 with u # 0, x > 0 and noting that y > 2, one has

Ab~

/| Bt |2At—/abG(a(t),Ku‘T(t))At

<2 2 |K”|
gl = [ e min p(ixul)q(e)a
el S min pllulllly nf g() [ lula
- M” [ku|<M te(ab)t Ja
R T !
=% [lul|” — M|, |1<n p(|xul) l[r}lf)Tq(f)llullLL
— — 00

as k — oo. Then, there is a sufficiently large «y such that ®(xou) < 0. As a result, (iii) of
Theorem 29 holds.

Lastly, note that ®(0) = 0, while, for our critical point u, ®(u) > ¢ > 0. Therefore, u
is a nontrivial weak solution of the FBVP (26), and this completes the proof. O

Corollary 4. For all % < & <1, assume that G satisfies conditions (A1) and (Az). If
(A) G(t,x) = o(|x|?), as |x| — O uniformly for t € ] and x € RN

is satisfied, then the FBVP (26) has at least one nonzero weak solution on WA i,

6. Conclusions

In this paper, we have proven the equivalence between the fractional integrals and
fractional derivatives on time scales defined by integral and the fractional integrals and
fractional derivatives on time scales defined by the Laplace transform and the inverse
Laplace transform. We give the definition of right fractional Sobolev spaces on time scales
and study some of their important properties. As an application of the results of this
paper, we have shown the solvability of a fractional boundary value problem on time scales
by using the critical point theory. The methods and results of this paper provide a basic
workspace for using variational methods and critical point theory to study the solvability
of dynamic equations on time scales.



Fractal Fract. 2022, 6, 121 29 of 30

Author Contributions: Conceptualization, Y.L.; methodology, Y.L.; formal analysis, X.H. and Y.L.;
investigation, X.H. and Y.L.; writing—original draft preparation, X.H. and Y.L.; writing—review and
editing, X.H. and Y.L.; supervision, Y.L.; project administration, Y.L.; funding acquisition, Y.L. All
authors have read and agreed to the published version of the manuscript.

Funding: This work is supported by the National Natural Science Foundation of China under Grant
No. 11861072.

Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank the editor and the anonymous referees for their
helpful comments and valuable suggestions regarding this article.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Du, Q. Nonlocal Modeling, Analysis, and Computation; Society for Industrial and Applied Mathematics: New York, NY, USA, 2019.

2. Guo, B,; Pu, X,; Huang, F. Fractional Partial Differential Equations and Their Numerical Solutions; World Scientific: London, UK, 2015.

3. Hilfer, R. Applications of Fractional Calculus in Physics; World Scientific: London, UK, 2000.

4.  Kilbas, A.A,; Srivastava, H.M.; Trujillo, ].J. Theory and Applications of Fractional Differential Equations; North-Holland: Dutch,
The Netherlands, 2006.

5. Meerschaert, M.; Sikorskii, A. Stochastic Models for Fractional Calculus; De Gruyter: Boston, MA, USA, 2012.

6.  Hilger, S. Analysis on measure chains—A unified approach to continuous and discrete calculus. Results Math. 1990, 18, 18-56.
[CrossRef]

7. Agarwal, R.P; Otero-Espinar, V.; Perera, K.; Vivero, D.R. Basic properties of Sobolev’s spaces on time scales. Adv. Diff. Equ. 2006,
2006, 038121. [CrossRef]

8. Zhou, ],; Li, Y. Sobolev’s spaces on time scales and its applications to a class of second order Hamiltonian systems on time scales.
Nonlinear Anal. 2010, 73, 1375-1388. [CrossRef]

9. Wang, Y.; Zhou, J.; Li, Y. Fractional Sobolev’s Spaces on Time Scales via Conformable Fractional Calculus and Their Application
to a Fractional Differential Equation on Time Scales. Adv. Math. Phys. 2016, 2016, 9636491. [CrossRef]

10. Liang, Z.; Shan, X.; Wei, H. Multiplicity of positive periodic solutions of Rayleigh equations with singularities. AIMS Math. 2021,
6, 6422-6438. [CrossRef]

11. Bereanu, C.; Thompson, H.B. Periodic solutions of second order nonlinear difference equations with discrete ¢-Laplacian. J. Math.
Anal. Appl. 2007, 330, 1002-1015. [CrossRef]

12. Cabada, A. Extremal solutions for the difference ¢-Laplacian problem with nonlinear functional boundary conditions. Comput.
Math. Appl. 2001, 42, 593-601. [CrossRef]

13.  Zou, G.A.; Wang, B.; Sheu, TW.H. On a conservative Fourier spectral Galerkin method for cubic nonlinear Schrddinger equation
with fractional Laplacian. Math. Comput. Simulat. 2020, 168, 122-134. [CrossRef]

14. Batista, M.R.; Da Mota, ].C. Monotone iterative method of upper and lower solutions applied to a multilayer combustion model
in porous media. Nonlinear Anal.-Real. 2021, 58, 103223. [CrossRef]

15. Yu, X; Lu, S.; Kong, F. Existence and multiplicity of positive periodic solutions to Minkowski-curvature equations without
coercivity condition. J. Math. Anal. Appl. 2022, 507, 125840. [CrossRef]

16. Godoy, J.; Zamora, M. Some results on the existence and multiplicity of Dirichlet type solutions for a singular equation coming
from a Kepler problem on the sphere. Nonlinear Anal.-Real. 2019, 45, 357-375. [CrossRef]

17.  Jong, K.; Choi, H.; Kim, M.; Kim, K; Jo, S.; Ri, O. On the solvability and approximate solution of a one-dimensional singular
problem for a p-Laplacian fractional differential equation. Chaos Soliton. Fract. 2021, 147, 110948. [CrossRef]

18. Bohner, M.; Peterson, A. Dynamic Equations on Time Scales: An Introduction with Applications; Birkhduser: Boston, MA, USA, 2001.

19. Bohner, M,; Peterson, A. Advances in Dynamic Equations on Time Scales; Birkhduser: Boston, MA, USA, 2003.

20. Benkhettou, N.; Hammoudi, A.; Torres, D.EM. Existence and uniqueness of solution for a fractional Riemann-Liouville initial
value problem on time scales. J. King Saud Univ. Sci. 2016, 28, 87-92. [CrossRef]

21. Ahmadkhanlu, A.; Jahanshahi, M. On the existence and uniqueness of solution of initial value problem for fractional order
differential equations on time scales. Bull. Iranian Math. Soc. 2012, 38, 241-252.

22.  Georgiev, S.G. Fractional Dynamic Calculus and Fractional Dynamic Equations on Time Scales; Springer: Cham, Switzerland, 2018.

23. Torres, D.EM. Cauchy’s formula on nonempty closed sets and a new notion of Riemann—CLiouville fractional integral on time
scales. Appl. Math. Lett. 2021, 121, 107407. [CrossRef]

24. Samko, S.G.; Kilbas, A.A.; Marichev, O.1. Fractional Integrals and Derivatives—Theory and Applications; Gordonand Breach Science
Publishers: Amsterdam, The Netherlands, 1993.

25. Davis, ].M.; Gravagne, I.A.; Jackson, B.J.; Marks, R.J.; Ramos, A.A. The Laplace transform on time scales revisited. ]. Math. Anal.
Appl. 2007, 332, 1291-1307. [CrossRef]

26. Bastos, N.R.O.; Mozyrska, D.; Torres, D.FEM. Fractional derivatives and integrals on time scales via the inverse generalized

Laplace transform. J. Math. Comput. 2011, J11, 1-9.


http://doi.org/10.1007/BF03323153
http://dx.doi.org/10.1155/ADE/2006/38121
http://dx.doi.org/10.1016/j.na.2010.04.070
http://dx.doi.org/10.1155/2016/9636491
http://dx.doi.org/10.3934/math.2021377
http://dx.doi.org/10.1016/j.jmaa.2006.07.104
http://dx.doi.org/10.1016/S0898-1221(01)00179-1
http://dx.doi.org/10.1016/j.matcom.2019.08.006
http://dx.doi.org/10.1016/j.nonrwa.2020.103223
http://dx.doi.org/10.1016/j.jmaa.2021.125840
http://dx.doi.org/10.1016/j.nonrwa.2018.07.015
http://dx.doi.org/10.1016/j.chaos.2021.110948
http://dx.doi.org/10.1016/j.jksus.2015.08.001
http://dx.doi.org/10.1016/j.aml.2021.107407
http://dx.doi.org/10.1016/j.jmaa.2006.10.089

Fractal Fract. 2022, 6, 121 30 of 30

27.
28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.
44.

45.

46.

Cabada, A.; Vivero, D.R. Criterions for absolute continuity on time scales. J. Diff. Equ. Appl. 2005, 11, 1013-1028 [CrossRef]
Bourdin, L.; Idczak, D. Fractional fundamental lemma and fractional integration by parts formula—Applications to critical points
of Bolza functionals and to linear boundary value problems. Adv. Differ. Equ. 2014, 20, 213-232.

Agarwal, R.P; Bohner, M.; Rehak, P. Half-Linear dynamic equations. In Nonlinear Analysis and Applications to V. Lakshmikantham on
His 80th Birthday; Agarwal, R.P., O'Regan, D., Eds.; Kluwer Academic Publishers: Dordrecht, The Netherlands, 2003; pp. 1-57.
Carpinteri, A.; Mainardji, F. Fractals and Fractional Calculus in Continuum Mechanics; Springer: Vienna, Austria, 1997.

Jahanshahi, S.; Babolian, E.; Torres, D.FM.; Vahidi, A. Solving Abel integral equations of first kind via fractional calculus. J. King
Saud Univ. Sci. 2015, 27, 161-167. [CrossRef]

Brezis, H. Analyse Fonctionnelle, Theorie et Applications; Masson: Paris, France, 1983.

Mawhin, J.; Willem, M. Critical Point Theory and Hamiltonian Systems; Springer: Berlin, Germany, 1989.

Ahmad, B.; Agarwal, R.P. Some new versions of fractional boundary value problems with slit-strips conditions. Bound. Value
Probl. 2014, 2014, 175. [CrossRef]

Derbazi, C.; Hammouche, H. Boundary value problems for Caputo fractional differential equations with nonlocal and fractional
integral boundary conditions. Arab. J. Math. 2020, 9, 531-544. [CrossRef]

Nuchpong, C.; Ntouyas, S.K.; Vivek, D.; Tariboon, J. Nonlocal boundary value problems for y-Hilfer fractional-order Langevin
equations. Bound. Value Probl. 2021, 2021, 34. [CrossRef]

Abdo, M.S.; Abdeljawad, T.; Ali, S.M.; Shah, K. On fractional boundary value problems involving fractional derivatives with
Mittag—Leffler kernel and nonlinear integral conditions. Adv. Diff. Equ. 2021, 2021, 37. [CrossRef]

Jeelani, M.B.; Saeed, A.M.; Abdo, M.S.; Shah, K. Positive solutions for fractional boundary value problems under a generalized
fractional operator. Math. Meth. Appl. Sci. 2021, 44, 9524-9540. [CrossRef]

Goodrich, C.S. On a fractional boundary value problem with fractional boundary conditions. Appl. Math. Lett. 2012, 25,1101-1105.
[CrossRef]

Hu, Z.; Liu, W,; Liu, J. Boundary value problems for fractional differential equations. Bound. Value Probl. 2014, 2014, 176.
[CrossRef]

Zhu, Y.; Jia, G. Dynamic programming and Hamilton—CJacobi—CBellman equations on time scales. Complexity 2020,
2020, 7683082. [CrossRef]

Zhou, J.; Li, Y. Variational approach to a class of second order Hamiltonian systems on time scales. Acta Appl. Math. 2012, 117,
47-69. [CrossRef]

Su, Y.H.; Feng, Z. A non-autonomous Hamiltonian system on time scales. Nonlinear Anal. 2012, 75, 4126—4136. [CrossRef]
Meng, X.; Li, Y. Periodic Solutions for a Class of Singular Hamiltonian Systems on Time Scales. |. Math. 2014, 2014, 573517.
[CrossRef]

Krall, AM. M(A) Theory for Singular Hamiltonian Systems with One Singular Point. SIAM J. Math. Anal. 1989, 20, 664-700.
[CrossRef]

Rabinowitz, PH. Minimax Methods in Critical Point Theory with Applications to Differential Equations; American Mathematical
Society: Providence, RI, USA, 1986.


http://dx.doi.org/10.1080/10236190500272830
http://dx.doi.org/10.1016/j.jksus.2014.09.004
http://dx.doi.org/10.1186/s13661-014-0175-6
http://dx.doi.org/10.1007/s40065-020-00288-9
http://dx.doi.org/10.1186/s13661-021-01511-y
http://dx.doi.org/10.1186/s13662-020-03196-6
http://dx.doi.org/10.1002/mma.7377
http://dx.doi.org/10.1016/j.aml.2011.11.028
http://dx.doi.org/10.1186/s13661-014-0176-5
http://dx.doi.org/10.1155/2020/7683082
http://dx.doi.org/10.1007/s10440-011-9649-z
http://dx.doi.org/10.1016/j.na.2012.03.003
http://dx.doi.org/10.1155/2014/573517
http://dx.doi.org/10.1137/0520047

	Introduction
	Preliminaries
	Some Fundamental Properties of Right Riemann–Liouville Fractional Operators on Time Scales
	Fractional Sobolev Spaces on Time Scales and Their Properties
	An Application
	Conclusions
	References

