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The subject of fractional calculus has achieved a significant prominence during the
most recent couple of years due to its demonstrated applications in the field of science and
engineering. This offers useful strategies to solve differential and integral equations, see
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class of Hermite-Hadamard inequalities by considering the class of convex or generalized
convex derivative in [6], Farid et al. explored Fejér-Hadamard type inequalities [7] for
(a0, h — m) — p-convex functions by involving the fractional operators. We further refer the

@ reader to, e.g., [8-10].
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Let ¢ : I C R — R be a convex mapping and 6, € I with 8 < {. Then,

4’(9;@) < gie_/;lﬁ(v)dv < M "

If 1 is concave, then the inequalities (1) hold in reverse direction. For particular choices
of function ¢, some classical inequalities for means can be derived from (1) (see [21]). The
principle point of this paper is to infer Hermite-Hadamard-type integral inequalities for
Hilfer fractional derivative. Such inequalities were proved by many scientists for different
convexities and for many fractional operators, but the main results of this paper are more
general then the existing literature.

2. Preliminaries

In this section, we recall some basic preliminary results.
Definition 1 ([22]). Let ¢ : [0, (] — R is said to be convex if the inequality

Py + (1 =v)B) <vyp(y) + (1 -v)y(p),
holds for vy, B € [6,{] and v € [0,1].

The definition of classical Riemann-Liouville fractional derivative (see [23] (Chapter 4))
is given as follows.

Definition 2. Let ® € L'[0, ], then the right-sided and left-sided Riemann—Liouville fractional
derivative of order « > 0 are defined by

D y(v) = F(nl 7) (a;i) /9V<v -7y (n)dr,
and

Di-#(v) = r<nlw (i) /f<f — )" ly(n)dr,

wheren = [y] +1, v € [6,].
Let x > 0 > 0 and L'(6, x), denote the space of all Lebesgue integrable functions on

the interval (6, x). Then, for any ¢ € L!(6, x) the Riemann-Liouville fractional integral of
order v is defined by

U ¢ ‘lev/x—f“ Dt = (prK)W), velox (r>0, @
0

where K, (v) = l?(:r; . The integral on the right side of (2) exists for almost v € [0, x] and
Iy ¢ € L'(6,x).

Throughout this paper, the space of all continuous differentiable functions up to
order m, on [0, x] is presented by C™[6, x|. By AC|[6, x], we mean the space of all absolutely
continuous functions on [6, x| and the space AC™ [, x], denote the space of all such functions
¥ € C"[0, x] with p("=1) € AC[6, x]. By Lo (6, x), we denote the space of all measurable
functions essentially bounded on [0, x]. Let 4 > 0,m = [u]+1and f € AC"[a,b]. The
Caputo derivative of order v > 0 is defined as

(D ) (v) = (Iﬁ‘”ﬂtp) (v) = r(mlﬂ [ a1 e
0
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Definition 3 ([24]). Let ¢ € L'[6,{], ¢ * Ka-py1-y) € AC'[0,]. The fractional derivative
operator Dgﬁ3 of order 0 < v < 1and type 0 < B < 1 with respect to v € [0, ] is defined by

(D"Yﬁ,’b)( ) : 715(1 7)d (1(1 B)(1- 7)47( )) 3)

The derivative (3) is usually called Hilfer fractional derivative.

The more general integral representation of Equation (3) given in [24] is defined as
follows:

Let p € LY6,Z], ¢ *K(1_p) € AC"0,¢l,n—1<v<n0<pB<1n €N Then,

(n=7)
(D7) v) = <Iﬁ(n 7>ddn(1(1 ﬁ)(n—v)lp(v)», )

which coincide with (3) for n = 1.
Specially for f =0, DV Ol[] D LPis Rlemann—LlouVﬂle fractional derivative of order

v and for g = 1 it is Caputo fractlonal derivative De A ¢ = CDgg,b of order . Applying
the properties of Riemann-Liouville integral the relation (4) can be rewritten in the form

(D7ﬁ¢>( V) = (1/3(”*7)((D(’;*(lfﬁ)(”*?)lp) (1/)))
_ / v =)Dy (1)) 5)

6

The geometric arithmetically s-convex function given in [25] presented in the following
definition.

Definition 4. Let ¢ : I C RT™ — R* and s € (0,1]. A function  is geometric-arithmetically
s-convex function on I if for every vy, p € I and v € [0, 1], we have

P(ryB) < V(1) + (1= v)]P(p)
The following lemma was given by Liao et al. [25].
Lemma 1. For 0 € [0,1], v, B > 0, we have
0y +(1-0)p = p %"
Deng et al. [26] prove the following lemma.

Lemma 2. For 6 € [0, 1], we have

(1-6)7 <2"7—9¢7, v €0,1],
(1—0)7 >21"7 97,4 € [1,00).

3. Main Results
This section includes several mean-type fractional integral inequalities involving Hilfer

fractional derivative. The first main result for the fractional derivative is presented in the
following theorem.

Theorem 1. Letp € L1[0, ], ¢ % K(1_p)(ur) € AC"[0,8,n € Nad DI, E" My [0,¢] > R

be a positive function with0 < 6 < {,n—1 < 9y <n 0 < B < 1andD7+ﬁn 71/] €
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LYe,2). If DZ;S(WW)IP is convex function on [0, ], then the following inequality for fractional

derivative holds.

y+B(n—7) g (0 T
Diog) q’( 2 )

|

< Dy P a(g) + DIV a(p), (6)

Proof. We define functions ¢(v) = ¢p(0+ —v), v € [0,{] and ®(v) = p(v) + ¢(v),
v € [0, {]. Since Dg:r Aln=m) i is convex on [0, {], therefore with 1 = 1, we have

b (v < Dg Py + DR ()
6% =)= 2 ‘

Choosing x =18+ (1 —v){andy = (1 —v)0 + v, we get

n-)  (0+C
< D P g + (1= v)0) + DI p((1 - v)0 + ve)
= DI oo+ (1-v)Q).

Now, we multiply both sides of above inequality by v#("~7)~1 and then integrating
the resulting inequality with respect to v over [0, 1], we have

1 ne 0+ Loy -
Dy ”@(25) g/o VBN IpIH Do (g 4 (1 - v))dv.  (7)

B(n—7)
By substituting u = v6 + (1 — v){, the inequality (7) becomes
yHB(n—7) g ( 0 +C T(B(n—7)+1) 4p
e R e = ] ®

Similarly, for the choice

Y+B(n—7)
Dg, > <

lp(x n ]/) D’gjﬁ(”*“ﬁlp(x) + ngﬁ("*ﬂlp(y)
i 2 7

we get

+p(n—7) g (0 +C F(B(n—7)+1) 1p
D" 7@( : >< e D o(6). )

By adding (8) and (9), we obtain

B 4 [0+ C HBn—) g (0 +C
D,: q>(2) +D/- c1><2

< W [Dife(g) + Do), (10)

which proves the left half part of inequality (6).
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For the proof of the second half, we first note that if D“H’5 =)

€ [0,1], yields

1 is convex, then for

DY P p(wh + (1= v)g) < vDIPUTVH(E) + (1= v) DI Ty ()
Dy P =)0 +vg) < (1= v)DIP T (E) +vDI Py (g).

~—

By adding above two inequalities, we have

Dy oo + (1-v)7) < DI Ve (g). (11)
Similarly,
DI Vo((1-v)o +vg) < DIV (0). (12)

From (11) and (12), we get
DI P (e + (1 - v)g) + DI Ve ((1-v)0 +v7)

<Dy " o) + DI Ve (). (13)

Now, first, we multiply both sides of (13) by vA"=7)~1, and then we integrate the
resulting inequality with respect to v over [0, 1], we have

1
/0 vﬁ("*W)*ngfﬁ(nfﬂdD(vB + (1 —v)Q)dv
1
+/0 Vﬁ(n_ﬁr)_ngj_/S(n_wCD((l—U)G—I—vg)dv
_ n— 1 n—oy)—
< D3 "o (g) + DI 7)cp(e)]/o yBO==1,

By substituting u = v6 + (1 —v){ and v = (1 —v)8 + v{, the above inequality becomes

Fig(fo)g(ﬁ)l) [Djfe () + DIF o) < DI P e @) + DI V). (4

From (10) and (14), we get inequality (6). O

The special case of Theorem 1 presented in [27] (Theorem 2.3) is given as follows.

Corollary 1. If we choose f = 1 and v is symmetric about Ger—é in Theorem 1, we get

v ("55) = g [Dh9i0) + (D] pie)] < FOTHE

Lemma 3. Let ¢ € L'[6,7], ¢ * K1_gy(n—v) € AC"[0,8], n € N. For the differentiable function

ngg(” Vg [0,0] > Ruwithn—1< v <n0<p<1land D(”jg” Yy e L1, 7] the

following equality
Dy o (g) + DI o (0) I+ )
2 2(¢ — )P

_ 2 / Fr=) B [ DI gy 16 4 (1 - )0,

[DjPe(2) + D@ (6)]

holds.
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Proof. Consider

1 -
I= /0 [(1 — )Pl 1//3(”*7)} D(VGJ,%[;( 7)“1,0(1/9 (1= v)0)dv

1
= /O [(1 — )= UW*'H} DY (06 4 (1 v))dv

1
+ /O (1= )P — PO | YD (g 4 (1 - v)g)dv
=h+Dh. (15)
Integrating I; by parts, we get
DY P y(we + (1 —v)Q)
I = (1— v)Blr—n 26 l/; = 1

1 varﬁ(nfﬂ 0+ (1—
b [ = -1 DT L 000,

1%

s DEPT 0 + (1))
0—¢
DY Py (wo + (1-v)g)

1
— A ) Plr=7)-1
+/0 B(n—y)v 07 dv.

k

By substituting x = v6 + (1 — v){, we obtain

I — ngﬁ(ngy)l/’(g) + ngﬁ(niv)lp(@ _ B(n—1) [/9 (9 - x)ﬁ(nfv)*l
! ¢—0 -0 ¢ \0—C

(x) 0 /¢ — x\B-1)-1DI Py (x)
gt [(32) ~ =7
_ ng—ﬁ(n—v)q)@) B(n—1)

7 .
(=6 (g-gftrmH fy @ 0P D e

ngﬁ("*"ﬂlp

X

dx}

DIPUS)  T(p(n— ) +1) s
6 7—0 (Z — 0)pln—1)+1 0 ®(0): (16)

Similarly, integrating I by parts, we get

Y+B(n—7)

I = (1 —v)Pr=m) & PO+ (1-v)0)

0—¢ 0

1 DYy + (1-v)7)
+ [ Bl =) (1o

) DI V(w6 + (1-v)g)

0-¢
1 DIy (w0 + (1 —)Q)
— Bl -1
+ /0 B(n—y)v 6= )
By substituting again x = v + (1 — v){, we get

dv

k

D7+ﬁ(”*7)q)(0) I
_ T (Bn—79)+1) 48
b= -0 (- @)=+ g* ©(0). (17)

Using (16) and (17) in (15), we have
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Dy M0@) + DI N00) (gt g) +1) (s ’
cf - (¢ — 6)Pln=7)+1 [Dg+ ®(7) + DI (0 )}

I= 7~

Thus, by multiplying both sides with %, we get the desired result. [J

The following special case of Lemma 3 was proved by Farid et al. in [27] (Lemma 2.2).

Corollary 2. If we take B = 1 and ¢ is symmetric about 6;74,' in Lemma 3, we obtain

Y (o )+1P”(C) ((g g): 17) {CDV W)+ (- )nCD’g l[J(Q)]

= 2 / )Y =t 7}1,0"“(1/9—}—(1—1/)5)&11/,
for Caputo fractional derivatives.

Theotem 2. Let € L'[6,7) ¢ K(1_g)(s—) € AC"[0,)n € Nand D} K" V16,0 - R

be a differentiable function withn —1 <y <nand 0 < g < 1. IfD?;%ﬁm 7)“41 is convex on

[0, C], then the following inequality is true

D Ma(g) + DI e (9) I+ )
2 2(¢ - 0)Fr=)

79 e .
. 2<ﬁ(n€— 551 (1 =) (D" w1+ DA o).

[D7 Po(g) + Dg_%(e)} ‘

Proof. By using Lemma 3 and Definition 1, we get

D3P o) + DEFTR0)  r(pin—) + 1) 1, s ’
‘ 2 ©2(0— 0)B(—) {Dg+ ®(g) + D (8 )} ‘

C—=0 (1 0\ _ i)
<= [ la-v) vh=)]

( |D7€+§ﬂ)(n 7)+1 ( )|—|—(1—1/)|DW9+£” ’y)+11’b(€)|>d1/

l
C 0 [(1 —)Bl=m) _ Vﬁ(nf'r)}
0

x (v |D2;f” PH(0)] + (1) Dl E T ()] ) dv

b [ [ — (=P (DR g(0) + (1 =) DY (o) Y

N

- [|D2;f " ”“w<@>| I [(1 e (R

Y+B(n—y) +1
+ |D(9C

+|D7+Bn 'y+l /

[v 1/5("_7”1} dv

[
A

(1—v)Pr=7 — (1 - v)ﬁ(”*ﬂ*l} dv

n |D7+ﬁ L, JB(n— _ V)ﬁ(nfv)}dv}
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=0 B+ 1 _ 1

= {|D'Y v ¢(§)|(ﬁ(n7,y)+1 (ﬁ(n—7)+1)2f9("*”))
+B(n—)+1 1 _ !

+‘D7 v ¢(9)‘(ﬁ(n—7)+1 (B(n _,),)_‘_1)2[3(7177))}

.y 1 .
B 2(ﬁ(ng— 7)+1)(172ﬁ(n S (IDLE" @)l + DG o)),

Hence, the proof is complete. [J

The corollary given below presented in [27] (Theorem 2.4) is a special case of
Theorem 2.

G-I-é

Corollary 3. If we choose B = 1 and v is symmetric about in Theorem 2, we get

v >0 Ei’g‘g;_? (D3, () + (~1)"°DYp0)]

<t (- ) (P01 o),

Lemma 4. et € L}[6,¢), ¢+ K(1_g)(u_y) € AC"[0,{,m € Nad D} E" "y 0,8 > R
be twice differential mapping on (0,{) withn —1 < ¥y < nand 0 < p < 1. IfD'H/3 )42
¢ € L1[6,7], then we have the following equality.

D" a(g) + DI o (6) F(ﬁ(n—'y)+)

- B B
. 2z o D@ + D))
—0)2 11— (1—7p)B=7)+1 _ p(n—y)+1 n—
=& 2 ! /0 : Vg( 7)+1V DE’JZ?( 2900 + (1 - v)7)dv.

Proof. By using Lemma 3, we get

DG (@) + DI  ripn—y)+1) g .
> ~ 2 g Def (@) + D (8)]

_¢—-0 [ /0 ! [(1 — )P Uﬁ(”*’?)} DY (06 4 (1 - v))dv

1
+ /O [(1 — )Rl VW—"H} DI (e + (1 - v)g)dv} .
Integrating by parts, we get

Dgrﬁ(”_7)+1¢(§) _ ngﬁ(”_'Y)"'lw(B) _|_D'Y+.B(” ’Y)‘Hllj(é') D'Y""ﬁ(” 'Y)'*’Hp(g)

¢ 9[ - o
2 B(n—7)+1
B ,3(,1{7()9“ /o1 [(1 —v)P=HL V’S(”_V)H} D(Wefg(nﬂwlp(ve +(- U)g)dv} ' (19

Since

ng'lg(n_'n"'llp(g) D"/"‘ﬁ(” 'Y+1 / D'Y"",Bn 7)+2 (u)du.
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By substituting u = v6 + (1 — v){, we get

Dy iy (g) — DI (o)

1
= (¢=0) [ DI o + (1)), (19)
and
_ ne ¢ e
ng'ﬁ(” 'Y)""lq)(g) _ ng‘ﬁ( 'Y)‘Hlp(e) — / ng‘,B( 7)+21,b(u)du.
4
By substituting again u = v0 + (1 — v){, we get
1
DI () — DI y(0) = (7 - 0) /0 DI 2 (v6 + (1 v)g)dv. (20)

By adding (19) and (20), we obtain

D;rjﬁ(nfv)ﬂlp(g) _ Dgf’g(”fv)ﬂlp(@) T ngrﬁ(nfv)ﬂlp(@ _ ngﬁ(n*“r)ﬂlp(e)

1
—(7—6) /0 DA (w0 + (1 - v)Q)dv. 1)

Using Equation (21) into (18), we get the required result. [

Corollary 4. If we take p = 1 and ¢ is symmetric about Gar—g in Lemma 4, we get the following
equality for Caputo fractional derivatives:

IIJ”(G)‘;IP"(C) _ 1—‘2((2:’9)/)':_17) [CDg+lP(§) + (—1)”CD3,¢(9)]
—0)2 _ — ) 1_ = 1
- T e v

Lemma5. Let € L'[6,7), ¢+ K1_p)u_r) € AC"[6,¢],n € Nand Dy E" Vg [0,0) - R

is twice differentiable and measurable on [0,{], n —1 < v <nand 0 < B < 1, then the equation

L)+ Dy B +pn—), (0+8
Eigijﬂﬁ@i;f[Dg+¢%C)+—Dg_¢meﬂ _13&£) 'y¢(22>

—9)2 1
_ ¢ 29) ./0 m(v)D(VQJ,%l;(”_VHzlp(vG%— (1—-v)Q)dv,

1—(1—v)Plr=1+1_ypln—7)+1

v — , velol)
holds for m(v) = { G )
1-v— . , vell.
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Proof. Consider

(g—e)Z/O m(v) DB 2000 4 (1 - ) 7)dv

> (04)
_ @ 29) [/01 (Dy P (w0 + (1 - v)Q)
+ DI R g0 4 (1 - v)g) ) dv
+ / ) (D P Rp(00 + (1= v)0) + DI Rg(v0 + (1 - v)0) v
I
Let

1= [*v(DF w0 + (1= 1)) + DI (o + (1= 1)g) ) v

[ ‘1) (D 20 + (1= v)g) + DI P 2w + (1 - 1)) ) dv

Integrating I; by parts, we get

Dg:rﬁ(n—v)ﬂ,’b(wzrié) +D7+ﬁ(ﬂ v)+1¢<%)

‘-
I pr—
! 20-0)
{Dgfﬁ("_”gb(%> +ngﬁ(n 7)4)(%) —Dgfﬁ(”_wlp(g) ngﬁ(n 7)4)( )}
— @=0 . (23)
Now integrating I by parts, we get
o _Dgfﬁ("”)ﬂlp(%) +ngﬁ(n 7)+1¢(#>
2 2(0-7)
+B(n— 0 +B(n— ) +B(n—v) = +B(n—
) Dg+ B( v)¢<%é> +Dg* B( v)lp(%é) __Dg+ B( 7)’70(5) Dgf B( 7)1;1(6)} on

(0 —10)
By substituting (23) and (24) to (22), we get

,_be P=g(g) + DI Map(g)  2DF (1) + 2D Py (240

(—0)? B ((—0)?

Thus

ES0 [ migh = g+ -y

Y+B(n—17) Y+B(n—7)
_ D9+ (I)(g) + DC* (I)(Q) _ Dry.t,_}g(n 'Y)l'b 0 + é
2 (6.0 2
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(¢ — 9)2 1i1—-(1- .V)ﬁ(l’l*’)/)ﬁ’l — yBn—7)+1
2 /o B(n—7)+1

x DB 2 (00 + (1 - v)g)dv.

By using Lemma (4), we arrive at the desired result. [

Corollary 5. If we take § = 1 and ¢ is symmetric about Ger—g in Lemma 5, then the following
equality for Caputo fractional derivatives

e " 2 (0+C
W[CD7 P(g) +(-1) CDng(g)} —y <2>
-0 2 1
= (g 5 ) /0 m(v)lanrZ(ve_'_(l_V)g)dV’
. 1_(1—1/)"*7“—1/”*%1 -
holds, where m(v) = v 17(”111;1,%1,1/”:%1 vE [(1), );
1—v— n—y+1 , VE [2,1)'

Theorem 3. et € L'[6,C), ¢+ K(1_p)(u_) € AC"[6,],n € Nad Dy 2"y - [0,¢] - R

be a twice differentiable function withn —1 < v < nand 0 < B < 1. If |D79+£ nw +21p| is

measurable, decreasing and geometric-arithmetically s-convex on [0, (] for some fixed 7y € (0, 00),
s € (0,1],0 <6 < g, then the inequality

Dy e (g) + DL o (9) BUCUETRR)

= 7 27 g |Di (@) +DIFe(e )|
-0 (10" " p(e)] + DA (o))

<

< 2(p(n—7)+1)

1 1
8 <s+1 _ﬁ(n—7)+5+2>’
holds.

Proof. By using Lemmas 1, 4 and Definition 4, we have

D" () + DI TI0O)  T(p(n— 1) +1) [ g #
2 ©2(7— 0)B(=) [D;Q @(2) + D;L (0 )} ‘

- 2(/3((5—_76;11) /01 11— (1 )=+ plr=m)+)

|DE’9+£( V206 + (1 — v)Q)|dv

2 1 B
0 /0 |1— (1 —v)Pr=m+1 _ Uﬁ(nf'y)JrlHD’(yeE/?(n 7)+2¢(9V§1*“)|dv

= zw(n =
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< M/ (1 — (1 - )P+ _ V/S(nf'y)+1> [ S|D7+ﬁ =142 )1
+ (1 =)D (o) v

= 2([3((47_,%[/ [ S|D’Y+/5 n—7y)+2 (9)| +(1—v) |D'(y9+£(n 7)+2¢(g)|}dv

_/ *(1—v) ﬁ(n ¥ +1|D7+}§(n 7)+2 ¥(0)| + (1_1/);;(” ¥ +s+1|D7+ﬁ(n 7)+2

L () v
_/O V/S n—y +s+1|Dz;£(n7'r)+2¢(9)| P (] ) |D7+ﬁ n— wﬂl/;(@)\}dv}.

By using the definition of the beta function, we get

’ngﬁ(”'ﬁq)(g) +D7+ﬁ(” ’Y)CI)(Q)

- T(B(n— 1) +1) [ s y
2 =2 ey (D6 e@ +Dpfe)
(€ —0)2 {|D2;g§<" 2p) DA ()]
“2(B(n—7)+1) s+1 s+1
CIDEET T RO s o
ﬁ( ~7srz Pey | YOIBGE+LAR-7)+2)

DB 2y ()
+B(n—7)+2 — ()

— DT (O)B(s +1,B(n — 7) +2) — B(n 7)+s+2}
_ @ 02(I0A" @) + 1D Py e)))

(6.0)
2(p(n—7) +1)

8 (silﬁ(n—7§+s+2)‘

Which completes the proof of the result. [

Corollary 6. If we take B = 1 and v is symmetric about 9+§ in Theorem 3, then the following
result for Caputo fractional derivatives holds.

RAUES o F2<(Z - g)jlj °DJ. (@) + DL y(9)] |

(€ =02 (lg" 2@ + 19" 2@)) , 4 )
2(n—y+1) <s+1_n—’y+s+2>'

Theorem 4. Let p € L'[6,7], ¢ * K1_g)(n—y) € AC"[6,{], n € N. Consider pY A= ’y)¢

(6.0) )
[0,C] — R to be a twice differentiable function withn —1 < v < nand 0 < g < 1. If
|D7+ﬁ n—y)+2

|7 is measurable, decreasing and geometric arithmetically s-convex on [, (] for
someﬁxed 7 € (0,00),s € (0,1],0 < 0 < (, then the inequality
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D 0@ + DI TR0)  rpn =) +1) sy, pre
2 - 2(@_9)‘3(” 7 [D CI)(@) Dg— CD( )]
(¢ — e)zmax(1 — 91=Bln—1) 21-p(n—7) _ 1)

<

- 2(B(n—7)+1)

) (|D7+ﬁn 7)+2 ¥(C )|q+|D(w9+§ﬁn 7)+z¢(9)|q>q

s+1 !

is true.

Proof. We shall prove this theorem in two cases:
Case 1: Let v € (0,1) and B(n — ) € [0,1], then by using Lemma 4, Holder’s
inequality, Lemma 1, Definition 4 and Lemma 2, we obtain

D'Yj/f;(”*')’)q)(g)_._D’Yf,B(” W)q)(g) I B 1

0 1
< M(/ 11— (1—v)Pr-m+1 ﬁ(nv)JrlPdV)p
x (/ |D<”e+f” e <v6+<1—v>@>|qdv)q
< 2( +1 </ 1= (1= )=+ ﬁ(n—v)ﬂpdV)”

( / |DE’J§ e (9”51—">|qdv)"
g—+0 Bln—7)+1 _  pln—m)+1 P
SZ(ﬁ(n—H(/o [1— (1 —w)P s — Py pdV)
([ /PR 2@+ (v g g

(o) (DE’Jf (=042 0)[0 4 [ DT, '”Hwow)q
+1)

X

X
NI

= 2B —) sT1

y (/01 (1= )P 4 =) 1] ”dy> P

Rt N ety A AL Lo M AL AN
—2(B(n—7)+1) s+1

1

1 v
1-B(n—7) _ 1P
X (/o (2 1) dv)

c—0p  [IDLET )+ Dl () !
2(B(n—y)+1) s+1

« (21—13(”—7) _ 1)' (25)
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Case 2: Let v € [1,00) and B(n — ) € [1,00). By using Lemma 4, Holder’s inequality,
Lemma 1, Definition 4 and Lemma 2, we obtain

Dy P Ma(g) + DI o (0) I+ )
2 2(¢ - 0)Fr=)

oo (DL (e + DL g
2(B(n—7)+1) s+1

</01(1 _ zlﬁ(nv))Pdv)

(€ —0)2 (uﬂ*"” D2y + (D] ””w(cw)"

[Dyf@() + Do) ||

==

X

2(B(n—7v)+1) s+1
x (1— 2P, (26)
Now, from (25) and (26), we obtain the required result. [

Corollary 7. If we take B = 1 and 1 is symmetric about % in Theorem 4, we get the following
inequality for Caputo fractional derivatives:

{OFYE) T =+ e ey (qyeepr ¢(9)]‘

2 2(0 = 0)r -
_ (€= 0P max(1 =21 21T ) g+ [y
2(n—v+1) ( s+1 ) '

Theorem 5. Lot € L'[6, ), * K(y_g)(n_y) € AC"[6,C) 1 € deDZ*f(”*”)lp 1 0,g] - R
be differentiable function withn —1 < ¥y <nand0 < p < 1. If|D79+£ no)42
forl < g < oo, decreasing and geometric arithmetically s-convex on [0, ] for some fixed v € (0, c0),

s € (0,1],0 <8 < g, then the following fractional inequality holds.

W—W[Dv%@ Dvﬁq)(e)] DB v)¢<9+6)

|7 is measurable

2(7 — 0)A - (6.5) 2
C—02 (DL @)+ DL Py !
—2(B(n—7v)+1) s+1

1

. (W )+ D27 (Bn =) +05) (B —v>>”+1> |

7

p+1

1.1 _
wherep—i-q 1.
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Proof. By using Lemmas 1 and 5, Holder’s inequality and Definition 4, we get

‘W(’”‘_M[D;‘@(CHD”%(@} DY ¢<9+g>‘

2(¢ 0) -7) - 0.) >
g 9 / |m ||D'Yg+£ n— 7)+2l/)(1/9 (- D)y
S / |m ||D7+’3 n— 7)+21P(9V51’“)|du
<5 (o 'pd”)p(/ Dl e )
_p\2 1 % i .
< ( 9) (/ |111(1/)|7’d1/) (/ [ S|D79+£ 7)+2¢(9)|q

+ @ vpID " @) av)

_@op (1D @l + DS @ !
2 s+1

P
dv

1

2 1— (1 — ]/):3("77)+1 — V.B(nf'Y)Jrl
A Bln—7) +1

1
+ /1 (

1— (1 - v)Bo=n+1 _ ypin=n)+1 [P

B(n—7)+1

C—02  [IDHE )+ DL Ry !
1)

1—v)—

1
dv} b

~2(B(n—1) s+1
1
A B R e A T

1 1
B(n—7)+1—B(n— ) —v—1+ (1 —v)pe=0+1 L yBl=m)+1 ‘pdv} ’

~ 2(B(n—1) s+1

x</o

oo (Do) + DL g T
SZ([S(n—'y)—b—l) s+1

(s (lD?JS(” D2y (0)1 + D] A0 ”*2w<@>w>”
+1)

N —

: '
(B0 =) + 00w + | (B =) —v+1>”dv>

==

X ((ﬁ(n —v) +1)'/0.; vf’dv—l—/;(ﬁ(n -) —1/~|—1)”dv>

oo (DR (e + DL e T
2(B(n—v9)+1) s+1

o (Bl 2 (Bl ) 203 <ﬁ<nry>>"+l>;
p+1 :

Which completes the proof of the result. [
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Corollary 8. If we take p = 1 and 1 is symmetric about 9;74,' in Theorem 5, then the inequality

T ) eng @)+ (-1<ny vo)] - v (£F)

. (G-ep (w“(e)mw"”(gw)%

2n—9+1) s+1
1
" ((n—')/+1)27”1+(n—’y+0.5)”+1 — (n—’y)“l)”
p+1 '

where % + % =1, holds for Caputo fractional derivatives.

4. Concluding Remarks

The Hilfer fractional derivative has been used to set up a class of Hermite-Hadamard-
type inequalities by involving convexity theory. Our results present many of the earlier
inequalities that exist in the literature. The methodology used to generate the new inequali-
ties is based on Hilfer’s fractional derivative and skillful use of Holder’s inequality that
has a wide range of applications in optimization theory. The findings of this work may
stimulate the interest of researchers working in this field can pursue further investigation.
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