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Abstract: Inequalities related to derivatives and integrals are generalized and extended via fractional
order integral and derivative operators. The present paper aims to define an operator containing
Mittag-Leffler function in its kernel that leads to deduce many already existing well-known operators.
By using this generalized operator, some well-known inequalities are studied. The results of this
paper reproduce Chebyshev and Pélya-Szegt type inequalities for Riemann-Liouville and many
other fractional integral operators.

Keywords: Chebyshev inequality; Pélya-Szego inequality; fractional integral operators; Mittag-Leffler
function

1. Introduction

Integral and derivative operators of fractional order are simple and important tools to
generalize the classical theories and well-known problems related to integer order deriva-
tives and integrals. Many modern subjects in different fields of mathematics, engineering,
and sciences have been introduced due to the applications of fractional derivatives and
integrals. These days, fractional integral/derivative operators are very frequently con-
sidered by the researchers working on mathematical inequalities to extend the classical
literature. One can see the well-known inequalities related to integer order derivatives
and integrals have been extended to fractional order derivatives and integrals. These
include the inequalities of Chebyshev [1], Hadamard [2], Jensen [3], P6lya-Szego [4],
Petrovic [5], Griiss [6], Ostrowski [7], and many others. Here, we are interested to refer
the versions of all these inequalities for Riemann-Liouville fractional integrals studied
in [8-13].

It is interesting to compare the integral mean of product of two functions to the
product of integral means of these functions. The Chebyshev inequality provides the
comparison of integral mean of product of two positive functions of same monotonicity
to the product of their integral means. After Chebyshev’s inequality, people started to
analyze the error bounds of this inequality. For instance, the well-known Griiss inequal-
ity gives the error bounds of difference of terms of the Chebyshev inequality (which is
well-known as Chebyshev-functional). The well-known Pélya-Szego inequality gives the
estimation of quotient in terms of the Chebyshev inequality for bounded functions. These
inequalities have been studied for Riemann-Liouville and other fractional integral operators
in [10,14-20].
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Next, we give the results, which are necessary to produce the results of this paper.
First, we give Chebyshev functional and then the Chebyshev inequality [1] as follows:

T)dT — <bia /abf(r)dr) <bia /abg(r)d'r), 1)

where f and g are two positive and integrable functions over the interval [a,]. If f and g
are synchronous on [g, b], then Chebyshev inequality T(f,g) > 0 is obtained.

The functional (1) has attracted the attention of many researchers due to its application
in mathematical analysis. One of the famous inequalities related to functional (1) is the
Griiss inequality [6], stated as follows:

T(f

IT(f,9)| < W,

where the positive and integrable functions f and g satisfy
W< f() U, v<g) <V,

for all T € [4,b] and constants u, U, v,V € R.
Another famous inequality which will be useful to obtain our main results is the
Pélya-Szego inequality [4], stated as follows:

fﬂb(i £( iTgf (t)d 411<\/; H)

By using the Pélya-Szego inequality, Dragomir and Diamond [21] proved the following
Griiss type inequality:

| /\

4((1271— N /f(rdr/ g(t)dr,

where positive and integrable functions f and g satisfy

IT(f,8)l <

O<u<f(r)<U<oo, 0<v<g(1)<V<oo,

forall T € [a,b] and constants u, U, v,V € R.

Inspired by the above-defined inequalities, our aim in this paper is to get some
fractional versions of these inequalities. The main objective is to give some new Pélya-
Szego and Chebyshev inequalities for generalized k-fractional integral operator containing
Mittag-Leffler function in its kernel. In the upcoming section, we define a new k-fractional
integral operator containing Mittag-Leffer function. In Section 3, we will utilize this
k-fractional integral operator to obtain the Pélya-Szeg6 and Chebyshev inequalities. More-
over, the presented results are the generalizations of the results which are already published
in [10,14,19].

2. Fractional Integral Operators

Fractional integral operators are very useful in the advancement of mathematical
inequalities. A large number of fractional integral inequalities due to different types of
fractional integral operators have been established (see [10,14,19,22-29] and references
therein). Applications of fractional integral operators in differential equations and other
fields can be found in [25,30-35]. The first formulation of fractional integral operator is the
Riemann-Liouville fractional integral operator, defined as follows:
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Definition 1. Let f € Li[a,b]. Then Riemann-Liouville fractional integrals of order ¢ € C,
R(o) > 0 are defined by:

(Caf)(x) = r(lg) /HX (x—1)7 'f(r)dr, x>a @)
b
E-NE = 75 /x (t—x) " f(x)dr, x<b, ©)
where T'(.) is the gamma function defined as: T (o f 7 leTdT.

In [36], Andri¢ et al. introduced the generalized fractional integral operators as follows:
Definition 2. Let 9,60,0,1,u,c € C, R(0),R(c),R(l) > 0, R(c) > R(u) > 0withp > 0,

r>0and0 < g <r+R(). Let f € Ly[a,b] and x € [a,b]. Then the generalized fractional
integral operators are defined by:

(bt o0 im) = [ (x= 07 B Blx = ) (o), @

b
(et £)ip) = [ (=2 BRI (00 =) p) f(), 5)

where Eg ';'?’C(T; p) is the generalized Mittag-Leffler function defined by:

o By(u4ngcp) (O T
EIAE () = p g
ol (OGP = L " girc— gy T(n+ o) U
x y) fO ™= 1 Ty_le_r(lp—r)drgnd (C)nq: r(;zrcr)lq)

In [32], Farid introduced the unified integral operators as follows:

Definition 3. Let f,a : [a,b] — R, 0 < a < b be the functions such that f be a positive and
integrable and « be a differentiable and strictly increasing. Also, let % be an increasing function on
[a,00) and 0,1, p,c € C, p,0,r > 0and 0 < q < r+ 6. Then for x € [a,b] the integral operators

are defined by:
(sigiras ) m = [ 2SI B 00a0) — a2 s (D), ©)
(st ) om) = [ LD e pa() - a2 )

The following generalized k-integral operators involving Mittag-Leffler function with
some modification is produced, for ¢(x) = xF with k > 0, in (6) and (7):

Definition 4. Let f,a : [a,b] — R, 0 < a < b be the functions such that f be a positive and
integrable and « be a differentiable and strictly increasing. Also, let 0,0,1,0,u,c € C, p,0,r > 0,
0<qg<r+6andk > 0. Then for x € [a,b] the integral operators are defined by:

k]

(ehrtne ) wp) = [ @) —a@)FELA O — a(@)hpf @), ©

>

(kehrtss 1) p) = [ (@) — ) ETELIE(3(a() — () p) f(D)A (D), ©)
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where Eg ’U’?’k (T; p) is the Mittag-Leffler function defined by:
o Bp(utngc—p)  (Ong 7"
A€ (. p q
Eyrtk(Tip) = 1 . (10)

o = B(u,c—u) kIp(On+o) ()

Remark 1. The following integral operators can be deduced from (8) and (9):
1. The following integral operator is produced, for a(x) = x in (8):

(ertoes) p = [ =B eE - Ep @i Ay

2. The following generalized Hadamard integral operator is produced, for a(x) = Inx in (8):

(gt r)eom = [ () () o o

3. The following generalized Katugampola integral operator is produced, for a(x) = %p, p>0

in (8):
,1,4,C X [ xP —1f i1 ,1q,C xP — f —
(ebrtae f) p) = f7(25=) " L (ﬂ( = ”)k,p)f(T)Tp . (19)
4. The following generalized (k,s)-integral operator is produced, for a(x) = %, seR—
{=1}in (8):

S S -1 s+1__ s ¢
(sehmts o f) em) = J(25r)” Es;?;(ﬁ("*;f“)k;p)fu)rwr. (14)

5. The following generalized conformable k-integral operator is produced, for a(x) = ’iﬁ:
in (8):
7,0, x [ At F=1 _rgc A _ghy [4
(uebedsaf) ) = [ (“5me=) Ezv?k(ﬂ( ) m)f(rwdﬂ. (15)

Similarly, all above operators can be deduce for generalized k-integral operators (9).

6.  The following generalized conformable (k,s)-integral operators are produced, for a(x) =
G0 5> 0in (8) and a(x) = ==L 5 > 0in (9):

o_ S (r—g)® 0
(st oo f) (ip) = [ (=gl ) 8 E(?;?i(ﬁ(‘”)%)km)f(r)(rfuw*dr. (16)
; 7_q A
(et £) Gep) = f7 (U=l E g (0(w)k,p>ﬂr)(b—r)s’ldt (17)

Remark 2. For different choices of parameters involving in the Mittag-Leffler function (10), one can
obtain new generalized integral operators.

Remark 3. From integral operators (8) and (9), we have the following particular cases:

The integral operators given in [29] are reproduced, for k = 1.

The integral operators given in (4) and (5) are reproduced, for k = 1 and a(x) = x.

The integral operators given in [37] are reproduced, for k = 1, a(x) = x, and p = 0.

The integral operators given in [38] are reproduced, fork =1, a(x) = x, andr =1 = 1.
The integral operators given in [39] are reproduced, for k = 1, a(x) = x, p = 0, and
r=I1=1.

6.  The integral operators given in [40] are reproduced, for k = 1, a(x) = x, p = 0, and
g=r=1=1

SIS
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7. The integral operators given in [26] are reproduced, for k = 1, a(x) = %p, p > 0, and
v=p=0.
The integral operators given in [41] are reproduced, for k = 1, a(x ) Inx,and 9 = p = 0.
x5t

The integral operators given in [42] are reproduced, for a(x) = T and ¢ =p =0.
10.  The integral operators given in [30] are reproduced, for k = 1, a(x) = /\) and 9 =p = 0.
11.  The integral operators given in [27] are reproduced, for a(x) = o) ) ,8 > 0in (8) and

a(x) = =2 s> 0in (9) withd = p = 0.

12.  The integral opemtors given in [33] are reproduced, for a(x) = (";7”)5, s > 0in (8) and

a(x) = &= x) ,8>0in (9 withk=1and 9 =p = 0.

13.  The integral opemtors given in [28] are reproduced, for @ = p = 0.

14.  The integral operators given in [41] are reproduced, for 8 = p = 0and k = 1.

15.  The integral operators given in [43] are reproduced, for @ = p = 0, and a(x) = x.

16.  The integral operators given in (2) and (3) are reproduced, for 8 = p = 0, a(x) = x, and
k=1

For constant function, from generalized k-fractional integral operator (8), we have
(Sebots 1) (p)
0
= /a (a(x) = () FEGEH (8(a(x) — (1)) F; p)d(a(7)

- [ )~y 3 PAEA IO S AN (o)

= Byt c—p) (g 9 "
- n=0 : B(u,c—p) krk(@?lj—(?’) (D ur /a (a(x) — (1)) F N (a(7))

_ By(ptngc—p)  (ng 9" (a(x)—a(a)¥
= k)~ a(@)t n;() : B(p,c—n) krk(GniU) (D) On+o

_ e & Byutnge—p) (O 0"(a(x) —a(a)¥
= k(a(x) — a(a)) n;) pB(‘u,C_y) kl“k(en—i—fH—k) (Dnr

= k(a(x) — a(a) FELTY (9(a(x) — a(a)F; p).

Hence

(Kehmds 1) (x:p) = kla(x) — a(@)) FEY T (8(a(x) — a(a))

o

)= Xo-(xp)  (18)

similarly for constant function, from generalized fractional integral operator (9), we get

(Kehrds, 1) () = k(a(b) — a(x) FEL T (9(@(b) — a(x)E;p) == 25 (x;p). (19)

In the all upcoming results, the parameters of the Mittag-Leffler function are consid-
ered in R.

3. Pélya-Szego6 and Chebyshev Type Inequalities for Generalized k-Fractional
Integral Operators

In this section, we obtain Pélya-Szegt and Chebyshev type inequalities for generalized
k-fractional integral operators containing Mittag-Leffler function in their kernels. For the
reader’s convenience we will use a simplified notation:

(52of ) (xip) = (ehmte o f) (x:p)
= [ @) - a(0) FIE () — a(0) Eip)f(D)d(a (D)),

a
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where

Es :=E) ] (T p)
- Bp(ﬂ"’”‘]rc_ﬂ) (C)nq T"
= B(pc—p) kIi(0n+o) (D

Theorem 1. Suppose that:

e fand g be two positive and integrable functions on [0, c0);
* «:[a,b] = Rbean increasing and differentiable function with o’ € L[a, b);
®  there exist four positive integrable functions (1, {2, 11 and 1, such that

0<4(D) < f(1) <L(1), 0<m(t) <g(t) <m() (telaxlx>a). (0

Then for generalized k-fractional integral operator containing Mittag-Leffler function, we have
(5Zomnaf?) (x;p) (52051228 (33 p)
2
(520 (Cam + om2) £8) (x:p)]

Proof. From (20) for T € [a, x] with x > 4, we can write

LD FON(fO) G
<m<r> g(r)) (g(r) Wz(T)) =0

< (21)

N

which implies
(G (0m(r) + L(On(0))f(1)8(r) = m(D)n(0) (1) + H(DR(0 (). (22)

Multiplying (22) with (a(x) — a(T))%flE’;(z?(oc(x) —a(1))% p)a’ () on both sides and
integrating, we get

[ @)~ a(2) FBEO(x) — a(0) ) G2(Dn () + (D) () F(T)g(2)a’ (D)
> [ (@) = a(0) FEE@(a(x) — a(0)% ) (22 () A0 (D)

Y RCE FIEE (8(a(x) (1) p) G (1 G(1)g2 () (T)dr.
Now by using k-fractional integral operator, we get

(2o @im + m)fg) (ip) = (3Zommaf?) (xip) + (E2o01028%) (x: ).

By applying AM-GM inequality, we get

(52a (@ + Gam2) £2) (x:9) 2 20/ (Zominaf?) (3 p) (2o 01028) (53 p),

which leads to the required inequality (21). O

Corollary 1. If {1 = u, (o = U, 1 = vand 11, = V, then we have
(lzizafz) (x;p) ( Zag ( / L[V)
[(520f8) (xp)] TANT

Remark 4. In Theorem 1, for a(x) = x and k = 1, we get [14] (Theorem 1), for ¢ = p = 0 (and

a = 0), we get [19] (Lemma 3.1), for a(x) = x, k = 1,9 = p = 0 (and a = 0), we get [10]
(Lemima 3.1).
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Theorem 2. Under the assumptions of Theorem 1 with ¢ > 0, we have
(5200122 (6 p) (8Zemime ) (x: p) (52 f2) (xi ) (52282 (x:p)
[(52Zo01f) (x:p) (5Zemg) (x: p) + (8ZoLaf) (x: p) (§Zemag) (v p))*

Proof. From (20), for 7,« € [a,x] with x > a, we can write

400 L p@\fE) . LO) | ai)
(m@Y+m@QgW)2§W)+mWMﬂﬂ’

< (23)

N

which imply
GO f(D)m(K)g(x) + 22(0) f(1)2(x)g (1) = M) () f2(7) + L1(1)52(1)87 (). (24)

Multiplying (24) with (a(x) — w(T))Fa(x) — oc(;c))%*lElg(l?(uc(x) —a(1))%p)
Ef(8(a(x) — a(x))%; p)a’ ()’ (x) on both sides and integrating, we get

Now by using k-fractional integral operator, we get
(52001 ) () (5Zemg) (o p) + (5200t ) (6 p) (8Zemag (3 p))
> (32of?) (i p) (2Zemm ) (6 p) + (3200122 (i p) (5282 (x: )
By applying AM-GM inequality, we get
(52001 ) (i p) (5Zemg) (i p) + (52o0af ) (i) (Zemag ) (xip)
> 2\/(§Zaf2) (x; p) (§Zeimm2) (% p) (§20C182) (x5 p) (§Zc82) (3 p),

which leads to the required inequality (23). [

Corollary 2. If {1 = u, (o = U, 1 = vand nj, = V, then we have

Xo(x;p) Xe(x; P)( erfz) (x;p) (kzgg ( [ uv /UV>
[(520f) (x:p) (4Zc8) (x; p)] w Ve
Remark 5. In Theorem 2, for a(x) = x and k = 1, we get [14] (Theorem 2), for ¢ = p = 0 (and

a = 0), we get [19] (Lemma 3.6), for a(x) = x, k = 1,9 = p = 0 (and a = 0), we get [10]
(Lemma 3.3).
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Theorem 3. Under the assumptions of Theorem 1 with ¢ > 0, we have
(52of?) (p) (52e?) (v p) < (SZo(Cafa/m) ) (xip) (EZelnafg/0) ) (xip)- - (25)

Proof. From (20), for T € [a, x] with x > a4, we can write

and
’W — () > 0. 27)

Multiplying (26) with (a(x) — a(7))FTEE (8 (a(x) — a(1))?; p)a’(T) and (27) with

[ @) = a(o) FEEB(a() — a(x)) p) (0’ (D)
< [ @) — (o) FEEB(a(x) — a(1))%p)

and
[ (@) () EE@(a(x) — () P)2 (60 ()
< [ (@) — ) B a(x) ()% ) 2 ) g0 ()

Now by using k-fractional integral operator, we get

(52of2) (u:p) < (5Zo(@afg/m)) (x:p) 28)

(52e8?) (ip) < (EZelnafe/20)) (). (29)
Multiplying (28) with (29), we obtain (25). O

Corollary 3. If {1 =u, {p = U, 17y = vand yp = V, then we have
(5zof?) (uip) (S2e8?) (p)  uv
(8Z0f8) (x;p) (1Zf8) (x;p) — uv’

Remark 6. In Theorem 3, for a(x) = x and k = 1, we get [14] (Theorem 3), for a(x) = x, k =1,
¢ =p=0~(anda=0) we get [10] (Lemma 3.4).

IN

The Chebyshev type inequalities for generalized k-fractional integral operators are
given as follows:

Theorem 4. Under the assumptions of Theorem 1 with ¢ > 0, we have

Ko (6 p) (§2ef8) (6 p) + o) (K2af2) (33 p)
—(5zof) (v p) ($2eg) (xip) — (5208) (xip) (52ef ) (5:p)
(G (f,61,62) (53 P) + Geolf, 1, 82) ()
% |G (8, 11,12) (5 P) + G (8,11, 12) (1) |2,

(30)

IN
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where
xe () [ (E2Zo(n +oym) ()]
4(kZsno) (x; p) (31)

- ({;zam) (x;p) (fing) (% p)-

Proof. Let f and g be two positive and integrable functions on [0, o). For 7, € [a, x| with
x > a, we define A(T, ) as

A(t,x) = (f(7) = f(k))(8(1) = &(K)),

Goc(m,m,0)(x;p) =

which imply
At x) = f(1)(7) + f(K)g(x) = f(1)g(x) = f(1)g(T). (32)
Multiplying (32) with (a(x) — a(r))%_l(zx(x) - a(x))%_lE’f,(ﬁ(zx(x) —a(1))%p)
Ek(19( (x) — a(x))?; p)a’ (T)a’ (k) and integrating, we get
[ [ @) = a(e)f @) — () F B (0(a(x) (1)) p)
X E’g (ﬁ(a(x) —a(x)); p)A(T, ©)a' (T)a’ (x)dTdx.

Now by using k-fractional integral operator, we get
xe(xip) (§Zaf2) (5:p) + xo(x:p) (52 f3) (x;p)
— (52of) (p) (52e8) () — (52ef ) (i) (5208) ().

By using Cauchy-Schwartz inequality, we have

(33)

/u /u x) — (7)) EH (a(x) — () EEE(B(a(x) — (1))’ p)
X Eg(8(w(x) — a(x)); p) A(T, )& (T)a’ (x)dtdx

Mx /x — a(1)) F 7 (a(x) — () FEE (9(a(x) — (7)) p)
X Eg(8(a(x) — af ))9‘P)fZ(T)“'(T)“'(K)deK
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X X

NI—=

<[ p) (520 ) (xip) + xop) (K2ef2) () — 2520 ) () (K2 f ) ()

% xe(xip) (5208?) (6 p) + 10 (3 p) (3268 (x5 p) = 2(8208 ) (x:p) (KZeg ) (i p) |

Nl—

By taking #1(t) = 72(t) = g(t) = 1in Theorem 1, we get the following inequality:

(2o + 2)f ) ()]
4(8Z:0102) ()

(52of2) (xip) <

This implies
xe(xip) (§2af?) (i p) = (52Zof ) (xp) (526f ) (i)
_ xelop)[ (2o + 2)f) )]

. (34)
< 4(RZo0100) (x; p) - (];Zaf) (x;p) (]uizgf) (x;p)
= Gog(f, 01, 02)(x;p)
and
xo(p) (32ef?) (i p) = (52of ) (i p) (526 f ) (1)
2
Ko p) | (§2e(G + 82)f ) (x:p)| (35)
< AR = (hzof) (ip) (52ef ) (i)
= Gg,a(f/ C1, gZ) (x; P)
Applying the same procedure for {1(t) = (2(t) = f(t) = 1, we get the following
inequalities:
xe(xip) (§20g?) (x5 p) = (3208) (x:p) (§2c2 ) (x3P) < Goglgom m2)(xip)  (36)
and

Ko p) (32e8?) (i p) = (3208) (x:p) (§2c8) () < Goo(gom ) (xip). - (37)
Finally, considering (33) to (37), we arrive at the desired resultin (30). O

Theorem 5. Under the assumptions of Theorem 4, we have

xo () (52a8) (xip) = (520 f ) () (5208) ()|

< Goo(f,81,02) (x5 p) Goo (8111, 112) (x; p) |2,

(38)

where

o) [ (320 0+ 0y ()]

4(kZsno)(x; p)
~ (52om) (v p) (E2om ) (x:p).

GU,LT(m/ n, 0) (X; P) =

Proof. By taking o = ¢ in (30), we get the inequality (38). O
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Corollary 4. If {1 = u, (o = U, 1 = vand yj, = V, then we have

Ko () (520 f8) (xip) — (52of ) () (5208) (i )|

< (U—-u)(V—-0o)
- 4+/ulloV

Remark 7. In Theorem 4 and Theorem 5, for a(x) = x and k = 1, we get [14] (Theorem 4,
Corollary 4), for a(x) = x,k =1, = p = 0 (and a = 0), we get [10] (Theorem 3.6, Theorem 3.7).

(52of ) (x:p) (3208 (i ).

4. Conclusions

We have proved some new Pélya-Szego and Chebyshev type inequalities for generalized
k-fractional integral operators involving Mittag-Leffler function in their kernels. The outcomes
of this paper also provide a lot of Pélya-Szegd and Chebyshev type inequalities for several
well-known fractional integral operators via parameter substitutions. The classical inequalities
and results can be generalized by using the new k-fractional integral operators.
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