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Abstract: Inequalities related to derivatives and integrals are generalized and extended via fractional
order integral and derivative operators. The present paper aims to define an operator containing
Mittag-Leffler function in its kernel that leads to deduce many already existing well-known operators.
By using this generalized operator, some well-known inequalities are studied. The results of this
paper reproduce Chebyshev and Pólya-Szegö type inequalities for Riemann-Liouville and many
other fractional integral operators.

Keywords: Chebyshev inequality; Pólya-Szegö inequality; fractional integral operators; Mittag-Leffler
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1. Introduction

Integral and derivative operators of fractional order are simple and important tools to
generalize the classical theories and well-known problems related to integer order deriva-
tives and integrals. Many modern subjects in different fields of mathematics, engineering,
and sciences have been introduced due to the applications of fractional derivatives and
integrals. These days, fractional integral/derivative operators are very frequently con-
sidered by the researchers working on mathematical inequalities to extend the classical
literature. One can see the well-known inequalities related to integer order derivatives
and integrals have been extended to fractional order derivatives and integrals. These
include the inequalities of Chebyshev [1], Hadamard [2], Jensen [3], Pólya-Szegö [4],
Petrovic [5], Grüss [6], Ostrowski [7], and many others. Here, we are interested to refer
the versions of all these inequalities for Riemann-Liouville fractional integrals studied
in [8–13].

It is interesting to compare the integral mean of product of two functions to the
product of integral means of these functions. The Chebyshev inequality provides the
comparison of integral mean of product of two positive functions of same monotonicity
to the product of their integral means. After Chebyshev’s inequality, people started to
analyze the error bounds of this inequality. For instance, the well-known Grüss inequal-
ity gives the error bounds of difference of terms of the Chebyshev inequality (which is
well-known as Chebyshev-functional). The well-known Pólya-Szegö inequality gives the
estimation of quotient in terms of the Chebyshev inequality for bounded functions. These
inequalities have been studied for Riemann-Liouville and other fractional integral operators
in [10,14–20].
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Next, we give the results, which are necessary to produce the results of this paper.
First, we give Chebyshev functional and then the Chebyshev inequality [1] as follows:

T( f , g) =
1

b− a

∫ b

a
f (τ)g(τ)dτ −

(
1

b− a

∫ b

a
f (τ)dτ

)(
1

b− a

∫ b

a
g(τ)dτ

)
, (1)

where f and g are two positive and integrable functions over the interval [a, b]. If f and g
are synchronous on [a, b], then Chebyshev inequality T( f , g) ≥ 0 is obtained.

The functional (1) has attracted the attention of many researchers due to its application
in mathematical analysis. One of the famous inequalities related to functional (1) is the
Grüss inequality [6], stated as follows:

|T( f , g)| ≤ (U − u)(V − v)
4

,

where the positive and integrable functions f and g satisfy

u ≤ f (τ) ≤ U, v ≤ g(τ) ≤ V,

for all τ ∈ [a, b] and constants u, U, v, V ∈ R.
Another famous inequality which will be useful to obtain our main results is the

Pólya-Szegö inequality [4], stated as follows:∫ b
a f 2(τ)dτ

∫ b
a g2(τ)dτ(∫ b

a f (τ)g(τ)dτ
)2 ≤ 1

4

(√
uv

UV
+

√
UV
uv

)2

.

By using the Pólya-Szegö inequality, Dragomir and Diamond [21] proved the following
Grüss type inequality:

|T( f , g)| ≤ (U − u)(V − v)

4(b− a)2√uUvV

∫ b

a
f (τ)dτ

∫ b

a
g(τ)dτ,

where positive and integrable functions f and g satisfy

0 < u ≤ f (τ) ≤ U < ∞, 0 < v ≤ g(τ) ≤ V < ∞,

for all τ ∈ [a, b] and constants u, U, v, V ∈ R.
Inspired by the above-defined inequalities, our aim in this paper is to get some

fractional versions of these inequalities. The main objective is to give some new Pólya-
Szegö and Chebyshev inequalities for generalized k-fractional integral operator containing
Mittag-Leffler function in its kernel. In the upcoming section, we define a new k-fractional
integral operator containing Mittag-Leffer function. In Section 3, we will utilize this
k-fractional integral operator to obtain the Pólya-Szegö and Chebyshev inequalities. More-
over, the presented results are the generalizations of the results which are already published
in [10,14,19].

2. Fractional Integral Operators

Fractional integral operators are very useful in the advancement of mathematical
inequalities. A large number of fractional integral inequalities due to different types of
fractional integral operators have been established (see [10,14,19,22–29] and references
therein). Applications of fractional integral operators in differential equations and other
fields can be found in [25,30–35]. The first formulation of fractional integral operator is the
Riemann-Liouville fractional integral operator, defined as follows:
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Definition 1. Let f ∈ L1[a, b]. Then Riemann-Liouville fractional integrals of order σ ∈ C,
<(σ) > 0 are defined by:

(
ξσ

a+ f
)
(x) =

1
Γ(σ)

∫ x

a
(x− τ)σ−1 f (τ)dτ, x > a (2)

(
ξσ

b− f
)
(x) =

1
Γ(σ)

∫ b

x
(τ − x)σ−1 f (τ)dτ, x < b, (3)

where Γ(.) is the gamma function defined as: Γ(σ) =
∫ ∞

0 τσ−1e−τdτ.

In [36], Andrić et al. introduced the generalized fractional integral operators as follows:

Definition 2. Let ϑ, θ, σ, l, µ, c ∈ C, <(θ),<(σ),<(l) > 0, <(c) > <(µ) > 0 with p ≥ 0,
r > 0 and 0 < q ≤ r + <(θ). Let f ∈ L1[a, b] and x ∈ [a, b]. Then the generalized fractional
integral operators are defined by:(

ξ
µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x

a
(x− τ)σ−1Eµ,r,q,c

θ,σ,l (ϑ(x− τ)θ ; p) f (τ)dτ, (4)

(
ξ

µ,r,q,c
θ,σ,l,ϑ,b− f

)
(x; p) =

∫ b

u
(τ − x)σ−1Eµ,r,q,c

θ,σ,l (ϑ(τ − x)θ ; p) f (τ)dτ, (5)

where Eµ,r,q,c
θ,σ,l (τ; p) is the generalized Mittag-Leffler function defined by:

Eµ,r,q,c
θ,σ,l (τ; p) =

∞

∑
n=0

Bp(µ + nq, c− µ)

B(µ, c− µ)

(c)nq

Γ(θn + σ)

τn

(l)nr
,

Bp(x, y) =
∫ 1

0 τx−1(1− τ)y−1e−
p

τ(1−τ) dτ and (c)nq = Γ(c+nq)
Γ(c) .

In [32], Farid introduced the unified integral operators as follows:

Definition 3. Let f , α : [a, b] → R, 0 < a < b be the functions such that f be a positive and
integrable and α be a differentiable and strictly increasing. Also, let ϕ

x be an increasing function on
[a, ∞) and σ, l, µ, c ∈ C, p, θ, r ≥ 0 and 0 < q ≤ r + θ. Then for x ∈ [a, b] the integral operators
are defined by:(

αξ
ϕ;µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x

a

ϕ(α(x)− α(τ))

α(x)− α(τ)
Eµ,r,q,c

θ,σ,l (ϑ(α(x)− α(τ))θ ; p) f (τ)d(α(τ)), (6)

(
αξ

ϕ;µ,r,q,c
θ,σ,l,ϑ,b− f

)
(x; p) =

∫ b

x

ϕ(α(τ)− α(x))
α(τ)− α(x)

Eµ,r,q,c
θ,σ,l (ϑ(α(τ)− α(x))θ ; p) f (τ)d(α(τ)). (7)

The following generalized k-integral operators involving Mittag-Leffler function with
some modification is produced, for ϕ(x) = x

σ
k with k > 0, in (6) and (7):

Definition 4. Let f , α : [a, b] → R, 0 < a < b be the functions such that f be a positive and
integrable and α be a differentiable and strictly increasing. Also, let θ, σ, l, ϑ, µ, c ∈ C, p, θ, r ≥ 0,
0 < q ≤ r + θ and k > 0. Then for x ∈ [a, b] the integral operators are defined by:(

k
αξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x

a
(α(x)− α(τ))

σ
k−1Eµ,r,q,c

θ,σ,l,k (ϑ(α(x)− α(τ))
θ
k ; p) f (τ)d(α(τ)), (8)

(
k
αξ

µ,r,q,c
θ,σ,l,ϑ,b− f

)
(x; p) =

∫ b

x
(α(τ)− α(x))

σ
k−1Eµ,r,q,c

θ,σ,l,k (ϑ(α(τ)− α(x))
θ
k ; p) f (τ)d(α(τ)), (9)
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where Eµ,r,q,c
θ,σ,l,k (τ; p) is the Mittag-Leffler function defined by:

Eµ,r,q,c
θ,σ,l,k (τ; p) =

∞

∑
n=0

Bp(µ + nq, c− µ)

B(µ, c− µ)

(c)nq

kΓk(θn + σ)

τn

(l)nr
. (10)

Remark 1. The following integral operators can be deduced from (8) and (9):

1. The following integral operator is produced, for α(x) = x in (8):(
kξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x

a
(x− τ)

σ
k−1Eµ,r,q,c

θ,σ,l,k (ϑ(x− τ)
θ
k ; p) f (τ)dτ. (11)

2. The following generalized Hadamard integral operator is produced, for α(x) = lnx in (8):

(
kξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x

a

(
ln

x
τ

) σ
k−1

Eµ,r,q,c
θ,σ,l,k

(
ϑ
(

ln
x
τ

) θ
k ; p

)
f (τ)

dτ

τ
. (12)

3. The following generalized Katugampola integral operator is produced, for α(x) = xρ

ρ , ρ > 0
in (8):

(
k
ρξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x
a

(
xρ−τρ

ρ

) σ
k−1

Eµ,r,q,c
θ,σ,l,k

(
ϑ
(

xρ−τρ

ρ

) θ
k ; p

)
f (τ)τρ−1dτ. (13)

4. The following generalized (k, s)-integral operator is produced, for α(x) = xs+1

s+1 , s ∈ R−
{−1} in (8):

(
k
s ξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x
a

(
xs+1−τs+1

s+1

) σ
k−1

Eµ,r,q,c
θ,σ,l,k

(
ϑ
(

xs+1−τs+1

s+1

) θ
k ; p

)
f (τ)τsdτ. (14)

5. The following generalized conformable k-integral operator is produced, for α(x) = xλ+ν

λ+ν
in (8): (

k
λ,νξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x
a

(
xλ+ν−τλ+ν

λ+ν

) σ
k−1

Eµ,r,q,c
θ,σ,l,k

(
ϑ
(

xλ+ν−τλ+ν

λ+ν

) θ
k ; p
)

f (τ)τλdντ. (15)

Similarly, all above operators can be deduce for generalized k-integral operators (9).

6. The following generalized conformable (k, s)-integral operators are produced, for α(x) =
(x−a)s

s , s > 0 in (8) and α(x) = −(b−x)s

s , s > 0 in (9):
(

k
s ξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p) =

∫ x
a

(
(x−a)s−(τ−a)s

s

) σ
k −1

Eµ,r,q,c
θ,σ,l,k

(
ϑ
(
(x−a)s−(τ−a)s

s

) θ
k ; p

)
f (τ)(τ − a)s−1dτ. (16)

(
k
s ξ

µ,r,q,c
θ,σ,l,ϑ,b− f

)
(x; p) =

∫ b
x

(
(b−x)s−(b−τ)s

s

) σ
k −1

Eµ,r,q,c
θ,σ,l,k

(
ϑ
(
(b−x)s−(b−τ)s

s

) θ
k ; p

)
f (τ)(b− τ)s−1dτ. (17)

Remark 2. For different choices of parameters involving in the Mittag-Leffler function (10), one can
obtain new generalized integral operators.

Remark 3. From integral operators (8) and (9), we have the following particular cases:

1. The integral operators given in [29] are reproduced, for k = 1.
2. The integral operators given in (4) and (5) are reproduced, for k = 1 and α(x) = x.
3. The integral operators given in [37] are reproduced, for k = 1, α(x) = x, and p = 0.
4. The integral operators given in [38] are reproduced, for k = 1, α(x) = x, and r = l = 1.
5. The integral operators given in [39] are reproduced, for k = 1, α(x) = x, p = 0, and

r = l = 1.
6. The integral operators given in [40] are reproduced, for k = 1, α(x) = x, p = 0, and

q = r = l = 1.
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7. The integral operators given in [26] are reproduced, for k = 1, α(x) = xρ

ρ , ρ > 0, and
ϑ = p = 0.

8. The integral operators given in [41] are reproduced, for k = 1, α(x) = lnx, and ϑ = p = 0.

9. The integral operators given in [42] are reproduced, for α(x) = xs+1

s+1 and ϑ = p = 0.

10. The integral operators given in [30] are reproduced, for k = 1, α(x) = (x)λ+ν

λ+ν and ϑ = p = 0.

11. The integral operators given in [27] are reproduced, for α(x) = (x−a)s

s , s > 0 in (8) and

α(x) = − (b−x)s

s , s > 0 in (9) with ϑ = p = 0.
12. The integral operators given in [33] are reproduced, for α(x) = (x−a)s

s , s > 0 in (8) and

α(x) = − (b−x)s

s , s > 0 in (9) with k = 1 and ϑ = p = 0.
13. The integral operators given in [28] are reproduced, for ϑ = p = 0.
14. The integral operators given in [41] are reproduced, for ϑ = p = 0 and k = 1.
15. The integral operators given in [43] are reproduced, for ϑ = p = 0, and α(x) = x.
16. The integral operators given in (2) and (3) are reproduced, for ϑ = p = 0, α(x) = x, and

k = 1.

For constant function, from generalized k-fractional integral operator (8), we have(
k
αξ

µ,r,q,c
θ,σ,l,ϑ,a+1

)
(x; p)

=
∫ x

a
(α(x)− α(τ))

σ
k−1Eµ,r,q,c

θ,σ,l,k (ϑ(α(x)− α(τ))
θ
k ; p)d(α(τ))

=
∫ x

a
(α(x)− α(τ))

σ
k−1

∞

∑
n=0

Bp(µ + nq, c− µ)

B(µ, c− µ)

(c)nq

kΓk(θn + σ)

ϑn(α(x)− α(τ))
θn
k

(l)nr
d(α(τ))

=
∞

∑
n=0

Bp(µ + nq, c− µ)

B(µ, c− µ)

(c)nq

kΓk(θn + σ)

ϑn

(l)nr

∫ x

a
(α(x)− α(τ))

θn
k + σ

k−1d(α(τ))

= k(α(x)− α(a))
σ
k

∞

∑
n=0

Bp(µ + nq, c− µ)

B(µ, c− µ)

(c)nq

kΓk(θn + σ)

ϑn

(l)nr

(α(x)− α(a))
θn
k

θn + σ

= k(α(x)− α(a))
σ
k

∞

∑
n=0

Bp(µ + nq, c− µ)

B(µ, c− µ)

(c)nq

kΓk(θn + σ + k)
ϑn(α(x)− α(a))

θn
k

(l)nr

= k(α(x)− α(a))
σ
k Eµ,r,q,c

θ,σ+k,l,k(ϑ(α(x)− α(a))
θ
k ; p).

Hence(
k
αξ

µ,r,q,c
θ,σ,l,ϑ,a+1

)
(x; p) = k(α(x)− α(a))

σ
k Eµ,r,q,c

θ,σ+k,l,k(ϑ(α(x)− α(a))
θ
k ; p) := χσ

a+(x; p) (18)

similarly for constant function, from generalized fractional integral operator (9), we get(
k
αξ

µ,r,q,c
θ,σ,l,ϑ,b−1

)
(x; p) = k(α(b)− α(x))

σ
k Eµ,r,q,c

θ,σ+k,l,k(ϑ(α(b)− α(x))
θ
k ; p) := χσ

b−(x; p). (19)

In the all upcoming results, the parameters of the Mittag-Leffler function are consid-
ered in R.

3. Pólya-Szegö and Chebyshev Type Inequalities for Generalized k-Fractional
Integral Operators

In this section, we obtain Pólya-Szegö and Chebyshev type inequalities for generalized
k-fractional integral operators containing Mittag-Leffler function in their kernels. For the
reader’s convenience we will use a simplified notation:(

k
αZσ f

)
(x; p) :=

(
k
αξ

µ,r,q,c
θ,σ,l,ϑ,a+ f

)
(x; p)

=
∫ x

a
(α(x)− α(τ))

σ
k−1Ek

σ(ϑ(α(x)− α(τ))
θ
k ; p) f (τ)d(α(τ)),
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where

Ek
σ :=Eµ,r,q,c

θ,σ,l,k (τ; p)

=
∞

∑
n=0

Bp(µ + nq, c− µ)

B(µ, c− µ)

(c)nq

kΓk(θn + σ)

τn

(l)nr
.

Theorem 1. Suppose that:

• f and g be two positive and integrable functions on [0, ∞);
• α : [a, b]→ R be an increasing and differentiable function with α′ ∈ L[a, b];
• there exist four positive integrable functions ζ1, ζ2, η1 and η2, such that

0 < ζ1(τ) ≤ f (τ) ≤ ζ2(τ), 0 < η1(τ) ≤ g(τ) ≤ η2(τ) (τ ∈ [a, x], x > a). (20)

Then for generalized k-fractional integral operator containing Mittag-Leffler function, we have(
k
αZση1η2 f 2

)
(x; p)

(
k
αZσζ1ζ2g2

)
(x; p)[(

k
αZσ(ζ1η1 + ζ2η2) f g

)
(x; p)

]2 ≤ 1
4

. (21)

Proof. From (20) for τ ∈ [a, x] with x > a, we can write(
ζ2(τ)

η1(τ)
− f (τ)

g(τ)

)(
f (τ)
g(τ)

− ζ1(τ)

η2(τ)

)
≥ 0,

which implies

(ζ1(τ)η1(τ) + ζ2(τ)η2(τ)) f (τ)g(τ) ≥ η1(τ)η2(τ) f 2(τ) + ζ1(τ)ζ2(τ)g2(τ). (22)

Multiplying (22) with (α(x)− α(τ))
σ
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)α′(τ) on both sides and
integrating, we get∫ x

a
(α(x)− α(τ))

σ
k−1Ek

σ(ϑ(α(x)− α(τ))θ ;p)(ζ1(τ)η1(τ) +ζ2(τ)η2(τ))f (τ)g(τ)α′(τ)dτ

≥
∫ x

a
(α(x)− α(τ))

σ
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)η1(τ)η2(τ) f 2(τ)α′(τ)dτ

+
∫ x

a
(α(x)− α(τ))

σ
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)ζ1(τ)ζ2(τ)g2(τ)α′(τ)dτ.

Now by using k-fractional integral operator, we get(
k
αZσ(ζ1η1 + ζ2η2) f g

)
(x; p) ≥

(
k
αZση1η2 f 2

)
(x; p) +

(
k
αZσζ1ζ2g2

)
(x; p).

By applying AM-GM inequality, we get(
k
αZσ(ζ1η1 + ζ2η2) f g

)
(x; p) ≥ 2

√(
k
αZση1η2 f 2

)
(x; p)

(
k
αZσζ1ζ2g2

)
(x; p),

which leads to the required inequality (21).

Corollary 1. If ζ1 = u, ζ2 = U, η1 = v and η2 = V, then we have(
k
αZσ f 2

)
(x; p)

(
k
αZσg2

)
(x; p)[(

k
αZσ f g

)
(x; p)

]2 ≤ 1
4

(√
uv

UV
+

√
UV
uv

)2

.

Remark 4. In Theorem 1, for α(x) = x and k = 1, we get [14] (Theorem 1), for ϑ = p = 0 (and
a = 0), we get [19] (Lemma 3.1), for α(x) = x, k = 1, ϑ = p = 0 (and a = 0), we get [10]
(Lemma 3.1).
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Theorem 2. Under the assumptions of Theorem 1 with ς > 0, we have(
k
αZσζ1ζ2

)
(x; p)

(
k
αZςη1η2

)
(x; p)

(
k
αZσ f 2

)
(x; p)

(
k
αZςg2

)
(x; p)[(

k
αZσζ1 f

)
(x; p)

(
k
αZςη1g

)
(x; p) +

(
k
αZσζ2 f

)
(x; p)

(
k
αZςη2g

)
(x; p)

]2 ≤ 1
4

. (23)

Proof. From (20), for τ, κ ∈ [a, x] with x > a, we can write(
ζ1(τ)

η2(κ)
+

ζ2(τ)

η1(κ)

)
f (τ)
g(κ)

≥ f 2(τ)

g2(κ)
+

ζ1(τ)ζ2(τ)

η1(κ)η2(κ)
,

which imply

ζ1(τ) f (τ)η1(κ)g(κ) + ζ2(τ) f (τ)η2(κ)g(κ) ≥ η1(κ)η2(κ) f 2(τ) + ζ1(τ)ζ2(τ)g2(κ). (24)

Multiplying (24) with (α(x)− α(τ))
σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)
Ek

ς(ϑ(α(x)− α(κ))θ ; p)α′(τ)α′(κ) on both sides and integrating, we get∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

× Ek
ς(ϑ(α(x)− α(κ))θ ; p)ζ1(τ) f (τ)η1(κ)g(κ)α′(τ)α′(κ)dτdκ

+
∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

× Ek
ς(ϑ(α(x)− α(κ))θ ; p)ζ2(τ) f (τ)η2(κ)g(κ)α′(τ)α′(κ)dτdκ

≥∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

× Ek
ς(ϑ(α(x)− α(κ))θ ; p)η1(κ)η2(κ) f 2(τ)α′(τ)α′(κ)dτdκ

+
∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

× Ek
ς(ϑ(α(x)− α(κ))θ ; p)ζ1(τ)ζ2(τ)g2(κ)α′(τ)α′(κ)dτdκ.

Now by using k-fractional integral operator, we get(
k
αZσζ1 f

)
(x; p)

(
k
αZςη1g

)
(x; p) +

(
k
αZσζ2 f

)
(x; p)

(
k
αZςη2g(x; p)

)
≥
(

k
αZσ f 2

)
(x; p)

(
k
αZςη1η2

)
(x; p) +

(
k
αZσζ1ζ2

)
(x; p)

(
k
αZςg2

)
(x; p).

By applying AM-GM inequality, we get(
k
αZσζ1 f

)
(x; p)

(
k
αZςη1g

)
(x; p) +

(
k
αZσζ2 f

)
(x; p)

(
k
αZςη2g

)
(x; p)

≥ 2
√(

k
αZσ f 2

)
(x; p)

(
k
αZςη1η2

)
(x; p)

(
k
αZσζ1ζ2

)
(x; p)

(
k
αZςg2

)
(x; p),

which leads to the required inequality (23).

Corollary 2. If ζ1 = u, ζ2 = U, η1 = v and η2 = V, then we have

χσ(x; p) χς(x; p)
(

k
αZσ f 2

)
(x; p)

(
k
αZςg2

)
(x; p)[(

k
αZσ f

)
(x; p)

(
k
αZςg

)
(x; p)

]2 ≤ 1
4

(√
uv

UV
+

√
UV
uv

)2

.

Remark 5. In Theorem 2, for α(x) = x and k = 1, we get [14] (Theorem 2), for ϑ = p = 0 (and
a = 0), we get [19] (Lemma 3.6), for α(x) = x, k = 1, ϑ = p = 0 (and a = 0), we get [10]
(Lemma 3.3).
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Theorem 3. Under the assumptions of Theorem 1 with ς > 0, we have(
k
αZσ f 2

)
(x; p)

(
k
αZςg2

)
(x; p) ≤

(
k
αZσ(ζ2 f g/η1)

)
(x; p)

(
k
αZς(η2 f g/ζ1)

)
(x; p). (25)

Proof. From (20), for τ ∈ [a, x] with x > a, we can write

ζ2(τ) f (τ)g(τ)
η1(τ)

− f 2(τ) ≥ 0 (26)

and
η2(κ) f (κ)g(κ)

ζ1(κ)
− g2(κ) ≥ 0. (27)

Multiplying (26) with (α(x) − α(τ))
σ
k−1Ek

σ(ϑ(α(x) − α(τ))θ ; p)α′(τ) and (27) with
(α(x)− α(κ))

ς
k−1Ek

ς(ϑ(α(x)− α(κ))θ ; p)α′(κ) on both sides and integrating, we get∫ x

a
(α(x)− α(τ))

σ
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p) f 2(τ)α′(τ)dτ

≤
∫ x

a
(α(x)− α(τ))

σ
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)
ζ2(τ)

η1(τ)
f (τ)g(τ)α′(τ)dτ

and ∫ x

a
(α(x)− α(κ))

ς
k−1Ek

ς(ϑ(α(x)− α(κ))θ ; p)g2(κ)α′(κ)dκ

≤
∫ x

a
(α(x)− α(κ))

ς
k−1Ek

ς(ϑ(α(x)− α(κ))θ ; p)
η2(κ)

ζ1(κ)
f (κ)g(κ)α′(κ)dκ.

Now by using k-fractional integral operator, we get(
k
αZσ f 2

)
(x; p) ≤

(
k
αZσ(ζ2 f g/η1)

)
(x; p) (28)

and (
k
αZςg2

)
(x; p) ≤

(
k
αZς(η2 f g/ζ1)

)
(x; p). (29)

Multiplying (28) with (29), we obtain (25).

Corollary 3. If ζ1 = u, ζ2 = U, η1 = v and η2 = V, then we have(
k
αZσ f 2

)
(x; p)

(
k
αZςg2

)
(x; p)(

k
αZσ f g

)
(x; p)

(
k
αZς f g

)
(x; p)

≤ UV
uv

.

Remark 6. In Theorem 3, for α(x) = x and k = 1, we get [14] (Theorem 3), for α(x) = x, k = 1,
ϑ = p = 0 (and a = 0), we get [10] (Lemma 3.4).

The Chebyshev type inequalities for generalized k-fractional integral operators are
given as follows:

Theorem 4. Under the assumptions of Theorem 1 with ς > 0, we have∣∣∣χσ(x; p)
(

k
αZς f g

)
(x; p) + χς(x; p)

(
k
αZσ f g

)
(x; p)

−
(

k
αZσ f

)
(x; p)

(
k
αZςg

)
(x; p)−

(
k
αZσg

)
(x; p)

(
k
αZς f

)
(x; p)

∣∣∣
≤ |Gσ,ς( f , ζ1, ζ2)(x; p) + Gς,σ( f , ζ1, ζ2)(x; p)|

1
2

×|Gσ,ς(g, η1, η2)(x; p) + Gς,σ(g, η1, η2)(x; p)|
1
2 ,

(30)
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where

Gσ,ς(m, n, o)(x; p) =
χς(x; p)

[(
k
αZσ(n + o)m

)
(x; p)

]2

4
(

k
αZσno

)
(x; p)

−
(

k
αZσm

)
(x; p)

(
k
αZςm

)
(x; p).

(31)

Proof. Let f and g be two positive and integrable functions on [0, ∞). For τ, κ ∈ [a, x] with
x > a, we define A(τ, κ) as

A(τ, κ) = ( f (τ)− f (κ))(g(τ)− g(κ)),

which imply
A(τ, κ) = f (τ)g(τ) + f (κ)g(κ)− f (τ)g(κ)− f (κ)g(τ). (32)

Multiplying (32) with (α(x)− α(τ))
σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)
Ek

ς(ϑ(α(x)− α(κ))θ ; p)α′(τ)α′(κ) and integrating, we get∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

× Ek
ς

(
ϑ(α(x)− α(κ))θ ; p

)
A(τ, κ)α′(τ)α′(κ)dτdκ.

Now by using k-fractional integral operator, we get

χς(x; p)
(

k
αZσ f g

)
(x; p) + χσ(x; p)

(
k
αZς f g

)
(x; p)

−
(

k
αZσ f

)
(x; p)

(
k
αZςg

)
(x; p)−

(
k
αZς f

)
(x; p)

(
k
αZσg

)
(x; p).

(33)

By using Cauchy-Schwartz inequality, we have∣∣∣∣∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

×Ek
ς(ϑ(α(x)− α(κ))θ ; p) A(τ, κ)α′(τ)α′(κ)dτdκ

∣∣∣
≤
[∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

×Ek
ς(ϑ(α(x)− α(κ))θ ; p) f 2(τ)α′(τ)α′(κ)dτdκ

+
∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

× Ek
ς(ϑ(α(x)− α(κ))θ ; p) f 2(κ)α′(τ)α′(κ)dτdκ

−2
∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

×Ek
ς(ϑ(α(x)− α(κ))θ ; p) f (τ) f (κ)α′(τ)α′(κ)dτdκ

] 1
2

×
[∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

×Ek
ς(ϑ(α(x)− α(κ))θ ; p)g2(τ)α′(τ)α′(κ)dτdκ

+
∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

× Ek
ς(ϑ(α(x)− α(κ))θ ; p)g2(κ)α′(τ)α′(κ)dτdκ
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−2
∫ x

a

∫ x

a
(α(x)− α(τ))

σ
k−1(α(x)− α(κ))

ς
k−1Ek

σ(ϑ(α(x)− α(τ))θ ; p)

×Ek
ς(ϑ(α(x)− α(κ))θ ; p)g(τ)g(κ)α′(τ)α′(κ)dτdκ

] 1
2

≤
[
χς(x; p)

(
k
αZσ f 2

)
(x; p) + χσ(x; p)

(
k
αZς f 2

)
(x; p)− 2

(
k
αZσ f

)
(x; p)

(
k
αZς f

)
(x; p)

] 1
2

×
[
χς(x; p)

(
k
αZσg2

)
(x; p) + χσ(x; p)

(
k
αZςg2

)
(x; p)− 2

(
k
αZσg

)
(x; p)

(
k
αZςg

)
(x; p)

] 1
2 .

By taking η1(t) = η2(t) = g(t) = 1 in Theorem 1, we get the following inequality:

(
k
αZσ f 2

)
(x; p) ≤

[(
k
αZσ(ζ1 + ζ2) f

)
(x; p)

]2

4
(

k
αZσζ1ζ2

)
(x; p)

.

This implies

χς(x; p)
(

k
αZσ f 2

)
(x; p)−

(
k
αZσ f

)
(x; p)

(
k
αZς f

)
(x; p)

≤
χς(x; p)

[(
k
αZσ(ζ1 + ζ2) f

)
(x; p)

]2

4
(

k
αZσζ1ζ2

)
(x; p)

−
(

k
αZσ f

)
(x; p)

(
k
αZς f

)
(x; p)

= Gσ,ς( f , ζ1, ζ2)(x; p)

(34)

and
χσ(x; p)

(
k
αZς f 2

)
(x; p)−

(
k
αZσ f

)
(x; p)

(
k
αZς f

)
(x; p)

≤
χσ(x; p)

[(
k
αZς(ζ1 + ζ2) f

)
(x; p)

]2

4
(

k
αZςζ1ζ2

)
(x; p)

−
(

k
αZσ f

)
(x; p)

(
k
αZς f

)
(x; p)

= Gς,σ( f , ζ1, ζ2)(x; p).

(35)

Applying the same procedure for ζ1(t) = ζ2(t) = f (t) = 1, we get the following
inequalities:

χς(x; p)
(

k
αZσg2

)
(x; p)−

(
k
αZσg

)
(x; p)

(
k
αZςg

)
(x; p) ≤ Gσ,ς(g, η1, η2)(x; p) (36)

and

χσ(x; p)
(

k
αZςg2

)
(x; p)−

(
k
αZσg

)
(x; p)

(
k
αZςg

)
(x; p) ≤ Gς,σ(g, η1, η2)(x; p). (37)

Finally, considering (33) to (37), we arrive at the desired result in (30).

Theorem 5. Under the assumptions of Theorem 4, we have∣∣∣χσ(x; p)
(

k
αZσ f g

)
(x; p)−

(
k
αZσ f

)
(x; p)

(
k
αZσg

)
(x; p)

∣∣∣
≤ |Gσ,σ( f , ζ1, ζ2)(x; p) Gσ,σ(g, η1, η2)(x; p)|

1
2 ,

(38)

where

Gσ,σ(m, n, o)(x; p) =
χσ(x; p)

[(
k
αZσ(n + o)m

)
(x; p)

]2

4
(

k
αZσno

)
(x; p)

−
(

k
αZσm

)
(x; p)

(
k
αZσm

)
(x; p).

Proof. By taking σ = ς in (30), we get the inequality (38).
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Corollary 4. If ζ1 = u, ζ2 = U, η1 = v and η2 = V, then we have∣∣∣χσ(x; p)
(

k
αZσ f g

)
(x; p)−

(
k
αZσ f

)
(x; p)

(
k
αZσg

)
(x; p)

∣∣∣
≤ (U − u)(V − v)

4
√

uUvV

(
k
αZσ f

)
(x; p)

(
k
αZσg

)
(x; p).

Remark 7. In Theorem 4 and Theorem 5, for α(x) = x and k = 1, we get [14] (Theorem 4,
Corollary 4), for α(x) = x, k = 1, ϑ = p = 0 (and a = 0), we get [10] (Theorem 3.6, Theorem 3.7).

4. Conclusions

We have proved some new Pólya-Szegö and Chebyshev type inequalities for generalized
k-fractional integral operators involving Mittag-Leffler function in their kernels. The outcomes
of this paper also provide a lot of Pólya-Szegö and Chebyshev type inequalities for several
well-known fractional integral operators via parameter substitutions. The classical inequalities
and results can be generalized by using the new k-fractional integral operators.
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