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Abstract: The main goal of this study is to demonstrate an existence result of a coupled implicit
Riemann-Liouville fractional integral equation. First, we prove a new fixed point theorem in spaces
with an extended norm structure. That theorem generalized Darbo’s theorem associated with the
vector Kuratowski measure of noncompactness. Second, we employ our obtained fixed point theorem
to investigate the existence of solutions to the coupled implicit fractional integral equation on the
generalized Banach space C([0,1],R) x C([0,1],R).
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1. Introduction

Fractional calculus is considered as a generalization of the differentiation and integra-
tion since the order is not necessarily an integer. At the end of the XIX" century, pioneering
mathematicians Liouville [1-4] and Riemann [5] developed the theoretical analysis of frac-
tional calculus. Over the past three decades, the field of fractional calculus has been studied
by many authors due to its potential to be applied to many problems from several areas of
scientific disciplines; see [6-9] and the references therein.

The measures of noncompactness play an important role in showing that there are
solutions to differential equations, especially for implicit differential equations, integral
equations, and integro-differential equations (see, for example, [10-13]).

This notion was introduced by Kuratowski in [14] with the function &, which deter-
mines the degree of noncompactness of a bounded set B in complete metric spaces by the
infimum of the numbers ¢ > 0 such that B admits a finite covering by sets of diameter
smaller than ¢, i.e.,

n
x(B) :inf{e >0:BC|JSi:S CX, diam(S;) <e¢ i=1,2,...,n,n¢e N}. (1)
i=1

In 1964, Perov [15] initiated the study of fixed point theorems in complete vector-
valued metric spaces by extending and proving the Banach contraction principle in com-
plete vector-valued metric spaces. Viorel in [16] studied the topological fixed point theorem
of type Schauder in generalized Banach spaces. Graef et al. in [17] presented many topo-
logical methods for differential equations and inclusions in complete vector-valued metrics.
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Precup in [18] showed that using the vector-valued norm is more appropriate when treating
systems of equations. Several authors have recently studied the existence of solutions to
systems of the differential and integral equations in generalized Banach using appropriate
fixed point theorems; for example, see [16,17,19-25].

This paper is organized as follows: Section 2 is devoted to providing some preliminary
remarks, lemmas, and definitions regarding generalized Banach spaces, the generalized
measure of noncompactness, and the Riemann-Liouville fractional integrals. In Section 3,
we present a generalization of the generalized Darbo’s fixed point theorem [17]. Then, we
prove that the following system of implicit fractional integral equations

1) = [ Kalo,0)P1(1,01(6), 02(0) 5 T 01 (6)

02() = [ Kalt,0)P2(1,01(6), 02() " T 0a(c)

has a solution in the generalized Banach space C([0,1],R) x C([0,1],R).

()

2. Preliminaries

In this section, we present some basic concepts that will be used to gain our own
results. In the rest of this paper, M, (R4 ) is denoted to family of matrices of positive
real numbers with dimension m x n. We start our work by defining on M,,.»(R) a
partial order relation as follows: Let M, N € M;;x»(Ry),m > landn > 1.PutM =
(Mi,j) 11§<]§:1 and N = (Nz,]) 11§<]§;: . Then, we define < on men(R+) by

M%NifNi,]'ZMl‘,]‘ forallj:1,~~~,m,i:1,~~~,n.
M%NifNi,]‘>Mi,]‘ foralljzl,--~,m,i:1,~~~,n.

Let Q2 = [TL; Q; be abounded set of R". The following vectors
sup{A1: A € (1} inf{A;: A1 € 1}
sup{A:A e} = : , inf{A:A e N} =
sup{A, : Ay € Qn} inf{A, : Ay € Qy}
represent the supremum and infimum bounds of (2.

Definition 1. Let £ be a vector space over K = R or C. A vector-valued norm (generalized norm)
on &£ is a map
I-llg: € —=10,+00)"

7111
=l =

71l
with the following properties
(i) Foralln € & if |n|g = Ogn, thenn =0,
(i) ||Aqllc = |AllInllg forally € € and A € K, and
(i) |ln+ollc < llnllc + l[ollg for all n, v € €.

The pair (£, || - ||g) is called a vector (generalized) normed space. Furthermore, (&, || - ||g) is
called a generalized Banach space (in short, GBS). Every vector metric space that is generated by its
vector metric is complete.
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Proposition 1. [17] The definitions of convergence sequence, continuity, open subsets, and
closed subsets in the sense of Perov for a GBS are similar to those for usual Banach spaces.

Let (£, - ||¢) be a generalized Banach space, r = (ry,---,r,) € R, and 179 € £.
Throughout this paper, the open balls centered at 7y with radius r (resp., r; ) are defined by

B(no,r) ={n € & :llno—nlcg <r} (resp. Bi(no,ri) ={n € € :llno—nlli <ri}),i=1,---,n.
Further, the closed balls centered at 7y with radius r (resp. 7; ) are defined by
B(ito,r) = {n € € : lno—nllc < r} (resp. Bi(no,ri) ={n € €: no—nlli < r:}).

If g = 0, then B, and B, are denoted to B, = B(0, ) and B, = B(0, 7). Finally, the closure
and the convex hull of an arbitrary subset C of £ are denoted by K and co(K), respectively.

Definition 2. A matrix M € My, (Ry) is said to be convergent to zero if
M"™ — 0, as m — co.

Lemma 1. [26] Let M € M« (R ). The following assertions are equivalent:
i) M"™—0, as m— oo.

(ii) The matrix I — M is invertible, and (I — M)~ € M, (R4).

(iii) The eigenvalues of M lie in the open unit disc of C.

Definition 3. Let (&, || - ||g) be a GBS and let IC be a subset of £. Then, K is said to be G-bounded
if there exists a vector A € R such that

forally € K, e < A,

and we write

sup |71
nek
IKllc == sup{llnllc:neK}= : <A
sup ||77][x
nek

Definition 4. Let (&, ]| - ||g) be a GBS. A subset K of £ is called G-compact if every open
cover of K has a finite subcover. The subset K is said to be relatively G-compact if its
closure is G-compact.

Notation: We denote by NV (€) the family of all relatively G-compact subsets of £.
Now, we present a definition of an axiomatic measure of noncompactness for general-
ized Banach spaces similar to that given by Banas and Goebel [10] in 1980.

Definition 5. Let (€, || - ||g) bea GBS and let B (E) be the family of G-bounded subsets of €. A map

pe : Bg(€) — [0, +o0)"
#1(Q)

Q= uc(Q) =

pn(Q2)

is called a generalized measure of noncompactness (for short, G-MNC) defined on £ if it satisfies the
following conditions:
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(i)

(ii)
(iii)
(iv)

(v)

The family ker ug(€) = {Q € Bg(E) : uc(Q2) =0} # @and ker ug(E) C Ng(€).
Monotonicity: (21 C Qy = ug(Q1) < uc(Q2), forall Oy, 2y € Bs(E).

Invariance under closure and convex hull: ug(Q) = ug(Q) = ug(co(Q)), for all
0e Bc(g)

Convexity:  ug(AQ1 + (1 — A)Q22) < Aug(1) + (1 — ANug(2), for all
04, () € BG(S),and)\ S [0,1].

Generalized Cantor intersection property: If (Q,),,,~ 1S a sequence of nonempty, closed subsets of
& such that Q1 is G-bounded, Q1 O 2 D ... D Oy ..., and ml_l)I}}_lo“lélG(Qm) = OR'fr’ then the

e}
set (oo 1= ﬂ 0y, is nonempty and is G-compact.

m=1

Example 1. Let £ be a GBS that is defined as the Cartesian product of Banach spaces &;, i = 1, ..., n.
Then, the generalized Kuratowski measure a g is an example of a G-MNC, which is defined as follows:

For a G-bounded subset (2 := ]!, Q; of €, we let

m
DCG(.Q) :Zinf{EERiiﬁ C U Sk:Sk Cg, 5G(Sk) <g, k=1,...,m, m EN},
k=1

inf{eg >0: 1 C UL, SL 61(S)) <er, k=1,...,m, m e N}

inf{e, >0:0Q, CU[L, S}, 6u(S}) <en, k=1,...,m, m € N}

w1 (1)
o‘n(Qn)
Here,
Ogn, if O is empty
5c(Q2) =
sup{|ln — vllg : n,v € O}, otherwise

and foreachi=1,--- ,n

0, if 2; is empty
5i(Q) =

sup{||n7; — vill; : i, vi € Q;}, otherwise.

Remark 1. It is clear that if n = 1 in the previous example, then we obtain the usual Kuratowski
measure of noncompactness w (1).

Definition 6. Let (€, ||.||g) be a GBS, and let i be a G-MNC. Let M be a matrix that belongs to
Mixn(RT). A self-mapping S : € — & is said to be an M-set contractive mapping with respect to
uc if S maps G-bounded sets into G-bounded sets in such a way that

1c(8(Q)) < Muc(Q),

for every nonempty G-bounded subset (2 of £. If the matrix M converges to zero, then we say that
S satisfies the generalized Darbo condition.

Now, we give some basics of the fractional calculus.
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Definition 7. [27,28] Let | = [a,b], (—o0 < a < b < +00) be a finite interval on the real axis R.
The Riemann-Liouville fractional integral of the function f € L'([a,b]) of order v € C is defined by

R0 = oy [ 5 0 0 <t Ri) > 0)

a

where the function
y—T(y) = / et dt, R(y) >0
0

is Euler’s gamma function.

Lemma 2. [27] Let v € R with 0 < v < 1. Then, the fractional integration operator Iaﬁ is
bounded in C([a, b]). Moreover,

|*ezy. £

(b—a)7
o = T gy Ml

Lemma 3. [12] Let Q C C(a,b) be bounded and equicontinuous. Then, ¢6(Q2) C C(a,b) is
also bounded and equicontinuous.

Lemma4. [29] Let Q2 C C(a, b) be bounded and equicontinuous, and let a the Kuratowski’s
measure of noncompactness. Then, u(1) = a(2(¢)) is continuous on | and

o[ o) < [ o

Now, we recall the Schauder-type theorem for generalized Banach spaces.

Theorem 1. [16] Let (&, || - ||g) be a GBS; K a closed, convex subsetof £; and let N : K — K
be a continuous operator such that N(K) is relatively G-compact. Then, N has at least one
fixed point in K.

3. Main Results

We start our work by expanding Lemma 2.4 from [12] into a more general form.

Theorem 2. Let I be a closed, G-bounded, and convex subset of a GBS £, and let N : I — K
be a continuous operator. For any subset (2 of K, set

N'Q=NO, N'Q-= N(@(NHQ)), n=12,3,... 3)

Suppose there exists a matrix M that approaches zero and a positive integer 1y such
that for any subset (2 of K, we have

ne(N™Q) < Mug(Q), 4)

where y is an arbitrary generalized measure of noncompactness. Then, N has at least one
fixed point in .

Proof. Consider the sequence of sets

o _ [ K=K ifn =0,
" 0 (N™(K,_1)) otherwise.

First, we will prove that this sequence is decreasing. We know that

K1 = (K™ (Ky)) C K,
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hence,
N™(Ky) € N"(Ko),
that means
G2 = (K1) € (N7 (Ko) = K.

By induction, we find IC,, C K;;_1, withn € N. Thus, (Ky,),en is a decreasing sequence.
So, (4) implies that

16 (Kn) = ng (co(N"(Ky-1)))
< Mpg(Ky-1) = Mpg (0 (N"(Ky—2)))
< MZVG(’CJPZ)

K M'ug(K) -0, asn— oo.

By keeping in mind that the mapping . generalizes the Cantor’s intersection theorem,
e8]

it follows that the intersection Ko = ﬂ ICyy is a convex closed compact set, and we can
n=0

prove that N(Ke) C K. So, Theorem 1 ensures that N has at least one fixed point in

Ko CK. O

Remark 2. Theorem 2 is a generalization of the generalized Darbo’s fixed point theorem [17] with
ng = 1.

Now, we are concerned with the existence of solutions to the implicit system of
fractional integral equations in (2). First, we present the next useful lemmas.

Lemma 5. Assume for all 7 > Ope, the function IP; is bounded and uniformly continuous on
[0,1] X By, X By, x B;;and 2 C C(0,1) x C(0, 1) is bounded and equicontinuous. Then, the
family {P; (s, 01(g), 02(¢) R* Igf 0i(¢)) : 0 € O} is bounded and equicontinuous in C(0,1).

Remark 3. The previous lemma is a corollary of Lemma 1 in [30].

Lemma 6. The space £ = C(0,1) x C(0,1) equipped with the generalized norm

[ filleo
Ifllc == ,
[ 2]l oo

for each f := (fi, f2) € C(0,1) x C(0,1) is a generalized Banach space.

We consider the following assumptions:

(H1) Ky, Kp € C([O, 1]2,R).

(Hz) The functions P; : [0,1] x R x R xR — R, i = 1,2 are supposed to satisfy the
following:

i B2 b ) € Mjy3(R4) such that for
Br1 Bap Urs

each (1, 01,02,03),(4,01,02,03) € (a,b) x Rx R x R,and fori € {1,2}, we have

(a) There exists a matrix M, = (

IPi(1,01,02,03) —Pi(1,01,02,03)| < 0i1]01 — 01| + Bip|o2 — 02| + Vi 3]03 — @3]
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(b) The functions P; and P, are continuous with respect to the first variable, and
there exists functions 6; € C([0,1], R ) and a vector r € R2 such that

IPi(1,01(6), 02(6), " I3 0i(6))| < 6i(¢), i=1,2

for o € £ with ||0||g. < -

(3

<
(H3) There exists a matrix M, = ( 21 22 2? ) € Myy5(C1([0,1],Ry)) such that

for any bounded sets ]D)]- CR,j=1,2,3and € [0,1] we have

3
a;(Pi(1, D1, D2, D3)) < Y (1) (D). @)
j=1

Theorem 3. Suppose that the assumptions (#1) — (H3) are satisfied. Then, the coupled
implicit fractional integral Equation (2) has a solution in £ provided that there exists a

"
vector ( of positive numbers fulfilling the following inequality

p)
3
1+ : %
n YT+ ) 2 r IP1(.,0,0,0) e
=K +
&) 1923 o ||]P)2("0’0’0)H°°
19 19 4 —
! T4 m) ©
6
Here,

K := max sup  |Ki(1,¢6) ;-
’6{1’2}{<z,g)e[0,112

Proof. We define the operator = : C([0,1],R) x C([0,1],R) — C([0,1],R) x C([0,1],R) by

Z(o)(1) =
Z2(0)(1)
Jo Ki(t,6)P1(1 01(5), 02(6) RE T 01 (6))dsg

Jo Ka (1, 6)Pa (1, 01(5), 02(6), X 2 02(6) )dg

Let B, be the closed ball on & centered at the origin of radius r = Og2, where the
positive vector r € R? has the properties as described above in Hypothesis (H,)(b) and
satisfies the inequality (6).

We focus on applying Theorem 2 to find a fixed point for the operator = in £. The
proof will be divided into the following steps:

Step 1: First, we shall show that the mapping

£:¢([0,1],R) x C([0,1],R) — €(]0,1],R) x C([0,1], R)

is well-defined. To see this, let ¢ € £ and {1, },,cy be a sequence in [0, 1] converging to a
point ¢ in [0, 1]. Hence, for each i = 1,2, we have
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(Ei0) (1) ~ (Z0) W] < [ Kt Pt 01(6), 02(6). - T ei(s))
- Kl OPG a6 e )RETT o, \dg

Pi(1,01(5), 02(6),% I3} 0i(c))|de

< / Ki(tn,€) ~Ki(t,¢)

+ [ s 0)[Biln 01(6),22(6) 5 T3 ()

Pi(s, 01(c), 02(6).X" 7! 0i(c))|de

il @)
~Pi(1,01(6), 02(6), " ]! 01(c)) e
+ K sup [Bi(1,01(6), 02(c >RLI% 0:(6)) i —
1€[0,1]

< i / Ki(unr ) = Ki(1,6) g + K8y () 1n —

i(tn, 01(6), 02(6) X I 0i(c))

- i(‘/Ql(Q)/QZ( )RLI% 0i(¢))|dg.

The Hypotheses (H1), (H2)(b), and the dominated convergence theorem imply that
Z;0 € C([0,1],R) for each i € {1,2}. Hence, Z is well-defined. Furthermore, if ¢ € B,, then
for eachi = 1,2, we have

[(Zi0)(1)] < /01IKi(t,g)I(\Pi(tfel(g)fez( )M L) 0i(s ))—IP’i(t,OIOIO)\+|Pi(l,0,0,0)|)dg

! s
< K/O 8;1101(c)| + Bial02 ()] + r( 10:(0)] + [Pi(4,0,0,0)|de

1+%)

< K@i llo1lleo + Bizlle2lleo + lloilleo + [IPi(-, 0,0,0) o)

I i~ )

Since the vector r fulfills (6), we derive that for each ¢ € B, and i = 1,2

3
¢ - ¢
- ¥ T(1+7) 2 21
[(Ei0)llc < K
23

01 B0 + m
||P1(.,0, 0,0) ”00
(8)

IP2(.,0,0,0) oo

"
< .
2

Due to (8), we conclude that = is a mapping from B, into B,.
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Step 2: Now, our aim is to show that the map Z is continuous. Let (01)en = (01,1, 02,1)neN
be a sequence in C([0,1],R) x C([0,1],R) that converges to ¢ := (01, 02). Then, ¢ belongs
to the same space, and for each i € {1,2}, we have

(Zi0) (1) — (Zien) (1)] < /Ol (IKi( ) P(1 01(c), 02(6). " It 0i(6))
— Pilt, 01,0(¢), 02,(6), " I 01, (6))] ) de,
<k (w,umg) — al©)] + i2l02(c) — 024 (6)

+ l0i(e) — el-,n<g>)dg.

(1+'r)

By taking the supremum over ¢, we find

(6) = o1,u(¢)] + i2l02(5) — 02,4 (5)]

1
(i) = el <K [ (8

Vi3
10 - o) )ds
Vi3
§K<19-, a—otlle+ ialloan — 02l + WHQM Qi|G)'

Thus, & is continuous on £.
Step 3: Here, we shall show that = satisfies the inequality (4), which is related to Kura-
towski’s generalized measure of noncompactness. We begin by proving the equicontinuity
of Z;(B,) € C([0,1],R) foreachi =1,2. Let ¢ € By, 7, 1 € [0,1], with ¢ < 7. Then, by using
our hypotheses, we obtain

(Zi0)(x) Bi(t, 01(¢), 02(6). " ]! 0i(c))
—Kﬂ)(wﬂhw)“ﬁ’ (6))|de
Pi(1,01(6), 02(6). M T 0i(0)) | de

§&g/MM@—K@M@+m£W—N

(T,01(6),02(6) R T 0i(5)) — Pi(1, 01(6), 02(6). R Tt 0i(c)) |dg

So, the hypotheses (#1) and (H;)(b) imply that =;(B,), i = 1,2 are equicontinuous.

Let F; = ¢0 (Z;(Br)) i = 1,2. Lemma 3 implies that 7; C B,,,i = 1,2 are bounded and
equicontinuous, and = : F; x Fp — Fj X F3 is a continuous and G-bounded operator. For
any (2 C F1 X JF,, we obtain that Z;Q2,i = 1,2 are bounded and equicontinuous on [0, 1].
Now, using the Lemmas 3, 5 and Equation (3), we conclude that E;” 0,i = 1,2 are bounded
and equicontinuous. For eachm =1, 2,..., we have

2 (E'Q) = max a; ((E]'Q) (1)), m=1,2,...,i=1,2.
1€[0,1]

Now, we are going to prove that there are a positive integer 1y and a matrix M that
approaches zero such that for any (2 C F := F; x F, the following inequality

aG (EHOQ) < Mag (Q)
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holds. By using condition (H3) and Lemma 4, we obtain
o ((210)0)) = m(ZQ) )
=o«(/‘K' B, 01(6),0a(6), (2300 6))l
<K [ (B 21(6), ale), (VI 0)(0)) )de

< K/o (Ki,l Nar(1(¢)) + xip()az(22(g)) + r(’cli,i(l')yi)ai(Qi(g)Odg

Ki o]
SK!(|Ki,1||oo“1(ﬂ1)+||Ki,2||oo“2(02)+ Iria] “i(Qi))'

I(1+7)
Suppose that
Hmpm-1 2l oo
lxi((fimﬂ)(l)) < % (HKi,lHooﬂ‘l(Ql) + [l 2|l o2 (€22) + r|(|11<1j_”%)“i(0i)>,
where sl
Ki, 00
L= rialleo + lli2lleo + r(lij_%)
Hence, for any ¢ € [0,1], we obtain
wi (&) () = w(@(E" ) ()

= o [0 €0Bils (00(2"00))(0), (OIS D) ), (3 (el ) )l
< K [0 (Bl (€0(E" ) (@), (e0(E" ) 0), (U3 (5" 0))) () ) de
< K/Ol i1 ()i (E3(Z;" Q)) (6) + Ki (1) (SO(E"2)) (c)
+ e (e(&" ) (e
= K [ ka0l 0(0)) + 2 (a5 (&) + 122 ()

0 i1 i\—~i ¢ 1,2 1\~i ¢ r(l—i-’)/i) i\—i ¢)ag

! K mmel
<K A i (1) <( g)m' <|Ki,1||oo“1(01) + (K202 (22)

o)

K mmel
+xi2(1) <( g)m' (”Ki,l“w“l(ﬂl) + (K2 [|eo2 (22)

)

Ki3 (1) ((K€>mLM1
I'(1+7) m!
i3] 00
R ) )i
(K[)erle
- (m+1)!

+

<||Ki,1|°°0‘1(01) + [ 2[[cott2 (22)

%3
(1551 () + Iialloa(€22) + 1202
Km—',—le

%300
< 1 lottr (O o [leotta (O ' () ).
<ty (Il (0 + allona(2) + F 20 ()
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Then, it follows that
1,310
K o+t = K 00
) — k1]l T+ 77) ll%1,2l w ()
a6 (EM0) <~
" I Izl + J2alle | A22(22)
2,11c0 2,2||c0 1—.(1+72)
a1()
=: My,
a2((22)
Notice that
KmLm—l
Iim —— =0.
m—o0 (m)'
Now, put
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1o = min{m € N: [|Mull pay, (&, ) < 1}.

Notice that ng is a finite positive integer. Moreover, since p(My,) < [[Mu || p,,., (R, ) <
1, we conclude that M;,, converges to zero. In other words, there are ny € N and a matrix
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By applying Theorem 1, we obtain that the problem (2) has a solutionin £. [

4. Conclusions

In this work, we gave a new fixed point result in spaces with a vector-norm structure
related to a generalized measure of noncompactness. The conditions of that theorem are
weaker compared with the conditions of the generalized Darbo theorem [17]. On the other
hand, we applied our theorem to prove that there exist solutions for a coupled implicit
Riemann-Liouville fractional integral equation with the help of the vector Kuratowski
measure of noncompactness and its properties.
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