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Abstract: Developing mathematical models of fractional order for physical phenomena and construct-
ing numerical solutions for these models are crucial issues in mathematics, physics, and engineering.
Higher order temporal fractional evolution problems (EPs) with Caputo’s derivative (CD) are numeri-
cally solved using a sextic polynomial spline technique (SPST). These equations are frequently applied
in a wide variety of real-world applications, such as strain gradient elasticity, phase separation in
binary mixtures, and modelling of thin beams and plates, all of which are key parts of mechanical
engineering. The SPST can be used for space discretization, whereas the backward Euler formula
can be used for time discretization. For the temporal discretization, the method’s convergence and
stability are assessed. To show the accuracy and applicability of the proposed technique, numerical
simulations are employed.

Keywords: higher-order partial differential equations (PDEs); evolution problems; Caputo time
fractional derivative; sextic spline polynomials; collocation method

MSC: 39A14; 5M06; 66M12; 656M70; 65N06; 65N12

1. Introduction

Fractional derivatives (FD) and Fractional integrals (FI) are no longer a novel concept.
FDs gain considerable attention, because of its non-local property, in few decades. FDs
are the leading tool for description of problems in biology, physics, chemistry and in
many other areas. FDs may also be used to describe the memory and heredity features
of different materials and processes. Non-integer order derivatives and integrals are
demonstrably more effective than classical models for expressing some electrochemical
difficulties. Extensions of the wave and diffusion equations are also done with the FD
and FI operators. The brief history and detailed analysis of this area are provided by
Podlubny [1] and Oldham and Spanier [2].

At the same time, applications of the fourth order differential equations are reported
in various real life problems. Floor systems, bridge slabs, aeroplane wings, and window
panes, for example, may be modelled as plates with various types of boundary supports
which can be governed by 4th-order PDEs.

A higher-order EP with time-fractional CD is examined in this study, as follows:
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N,

T _|_;7g = g(s,t), se A=][0,b], te(0,T], @

subject to the initial condition (IC)
x(s,0) = 1©p(s), 0<s<bh,

and boundary conditions (BCs)

{ x(0,t) = x(0,

t)
Xss(0,1) = xss(b,1) =0, e (0,T]. )

where 7 (0 < 7 < 1) denotes the order of the FDs in the Caputo sense, 17 denotes the
ratio of the beam’s flexural stiffness to its mass per unit length, and x denotes the beam’s
transverse displacement. The g(s, t) represents dynamic driving force per unit mass, and
vo(s) is a continuous function. Berdyshev et al. [3] discussed the existence and uniqueness
of the solution of suggested problem as a special case where the authors applied the
separation-variables method to prove the unique solvability of direct and inverse problems
for a fourth-order mixed type equation, which coincides with suggested problem for
t > 0. As hereditary properties and memory of various materials can be depicted more
precisely using the time-fractional derivatives, thus they are useful tool for modeling of
different processes.

Several descriptions for the notion of fractional operators, e.g., Caputo, Riemann—
Liouville and He’s are presented in the last few years. For any discontinuous problems, it is
appropriate to use He’s fractal derivative [4-6]. Also, with the help of two-scale transform,
the differential equations of fractional order can be converted into classical differential ones,
which can be solved easily [7,8]. In this work, the Caputo’s fractional derivative will be
used because of its suitability to describe physical systems in the real-world as it guarantees
to allow the classical IC and BCs in the mathematical modeling of the system. In this work,
for description of fractional derivative, the Caputo derivative is used. The time-fractional
CD of order v is defined as:

1 tox(sp) d
Px(st) )t b TS wr 0< <t )
otY ax(st) -1
ar 7=
When y = 1, Equation (1) provides 4th-order PDE
ox 64)( _ B
E‘i"]g = g(S,t), SEA—[O,b], t e (O,T] (4)

The analytical results of many FDEs cannot be obtained using the existing solutions
techniques. Therefore, various numerical techniques have been proposed for the approxi-
mate solutions of fractional order differential equations.

A numerical technique for solving 4th-order integro PDE with a weakly singular
kernel developed by Yang et al. [9]. Liu et al. [10] constructed a computational scheme
using the mixed finite element scheme to obtain numerical solution of fractional order
fourth-order differential equation. Khan et al. [11] utilized variational iteration technique
to obtain the numerical solution of FDEs of order four. Moghaddam et al. [12] presented a
integro quadratic spline scheme to obtain the approximate solution for the class of fractional
order problems. Roul et al. [13] constructed a collocation approach for fractional order
diffusion equation. They used L1 scheme for the time-discretization, whereas the space
discretization was observed using sextic B-spline. Abdeljawad et al. [14] proposed some
fixed point results to determine the numerical solutions of fractional differential equations.
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El-Sayed et al. [15] introduced a new numerical approach based on Jacobi polynomials for
multi term variable order FDEs.

Fractional Bagely-Torvik equation solved numerically using a non-polynomial spline
technique [16]. Pedas and Vikerpuur [17] discussed the spline collocation method for multi-
term fractional integro-differential equations with weakly singular kernels. Youssri [18]
constructed orthonormal ultraspherical operational matrix algorithm for fractal-fractional
Riccati equation via generalized Caputo fractional derivative. Cardone et al. [19] discussed
the Nordsieck GLM collocation methods for ordinary differential equations, and on two-
step spline collocation methods for fractional differential equations. A predictor-corrector
method introduced for the approximate solutions of uncertain FDEs [20]. The fractional
Drinfeld-Sokolov-Wilson equation was investigated using a novel numerical computational
method [21]. Approximate solution of the fractional stochastic Tricomi-type equation was
investigated using a finite difference scheme with Caputo’s derivative [22]. Legendre
wavelet method was implemented successfully for the numerical computations of the
solution of a system of fractional order Volterra integral-differential equations [23]. It is
well-known that there is a wide range of effective and robust tools for the solutions of
fractional differential equations, namely, the Chun-Hui He’s iteration method [24], the
Fourier spectral method [25], reproducing kernel method [26], the variational method [27],
spline method [28], the He-Laplace method [29], Integral balance methods [30], lower and
upper solutions method [31], and Li-He method [32]. Although existing tools are useful for
solving these problems, the expansion of applications and the introduction of new-found
and generalized forms for existing equations can be considered the best reason to explore
new, useful, and more effective tools.

The main goal of this work to achieve the numerical solution of 4th-order time-
fractional boundary value problem using a spline technique based on sextic polynomials.
In order to solve PDEs, a sextic spline is broadly applied. If the numerical solutions of
FPDE are required at several knots within a particular region, spline solutions ensure that
the information about spline interpolation between mesh points is provided. The proposed
method uses the piecewise defined spline functions over the spatial domain and it offers a
continuous differentiable approximation to the solution with great accuracy but despite
any insight into generalizations are not guaranteed. Also, its straightforward applicability
provides a reliable base for utilizing it in the framework of numerical solutions for partial
differential equations.

The following is how the paper is structured: Section 2 presents materials and meth-
ods including some preliminary, a brief overview of SPST, the consistency relations (CR)
between the values of the spline and its derivatives at knots are derived using derivative
continuities at knots, temporal discretization of the given problem, the first order backward
Euler technique, the topic of temporal discretization’s stability and error analysis and the
SPST for spatial discretization. In Section 3, numerical results are presented to demonstrate
the method’s efficacy. The closing remarks are noted in Section 4.

2. Materials and Methods
2.1. Preliminary Results

Definition 1. The inner product and norm of L2(A) can be defined as follows:

9) = [ owds, il = (9.9,

where the L2(A) is the space of measurable functions whose square is Lebesgue integrable in A.

In order to verify the accuracy of the proposed method, the maximum norm errors and
Ly norm errors between numerical and exact solutions are given by the following definitions:

Definition 2. The maximum norm error is defined as follows:
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- 1) — oKl
llex o Orgiglx(su k) — 9 |

Definition 3. The L, norm error is defined as follows:

L L\
el = 3 ( X5 (st — @1 )
i=0

2.2. Sextic Polynomial Spline Functions

The interval [0, b] is uniformly partitioned into the subintervals [s;_1, s;| defined on
the grid points s; = jo (j =0,1,...,k, p =%, k> 0). Itis assumed that the function u(s) is
a differentiable function on given domam [0, b] which is to be approximated by a SPS, P(s).
Each SPS segment T;(s) is considered, as:

Tj(s) = aj(s — S]')6 + b]‘(s — S]')S + C]‘(S — S]')4 + d]'(s — S/‘)S + €j(S - S]‘)z +g]~(s — S]‘) + 7, 5)
j=0,1,...,k along with the requirement that
e Ti(s) € C°[0,b],
e P(s) :T]-(s),Vse [S]',S]'+1],]’:0,1,...,k—1.

To determine the CR between the values of a spline and its derivatives at knots, the
following relations must exist

1
Tjs) =P, Tispn) =P, T(s) =2

1) =5, T (5m) =S, TV (5) =G

4
T} /(5i41) = Gy
It should be noted that the spline P can be stated in terms of P;’s and any three

derivatives at the subinterval precincts. The coefficients introduced in Equation (5) to
express the spline in positions of P]-'s, S j’s, Z j’s, and G]-'s are determined as follows:

1 1 1
aj = ﬁ(PjH - Pj) - ﬁzj - @(SJ‘H +2S;) + 1080p2 (7Gj41+8G)),

1 1 1 1

b]'z fﬁ(Pj+1*Pj)+EZ]‘+67p3(5j+1 +25) 360p(4G +1+11G)
1

C] = 24G]’

5 5 1 Y

dj = 303 (Pit1 —Py) — ?Zj - @(25]#1 +135)) + ﬂ(cﬂl —4G;)),
1

6] = ES],

8j =2j

U]' = P]

At the knots, the 1st, 3rd, and 5th derivative continuities are applied, i.e., T].(é) (s j) =

7

i1 (sj), ¢ = 1,3 and 5, yield the following relations:

Zi+ Z; —%(P'—P' )+£(S'*5' ) — P3 (G G 1), (6)
] ]—1_p ] j—1 6 71 j—1 360
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1 3
Zi+Zjq = ;(Pj+l —Piq) - 3%(25]'+1 +215; +78;1) + ;@(Gjﬂ —9G; +2Gj 1), (7)
1
Zj + Zj—l = E(Pﬁ_l — Pj—l) — %(Sj-i—l + 35]' + 25]'_1) + 360 (4G]'+1 + ZlGj + 5G]'_1), (8)
From Equations (6) and (7), we get
o o
Pj+1 — 2P]' + Pj—l = E(S]'_H + 135]' + Sj—l) - %(Gﬂ_l — 8G]' + G]'_l). 9)
Equations (6) and (8) yield
02 ot
Piy1 —2Pi+ P = f(51+1 + 4Sj + ijl) — 7(2Gj+1 + 11G]' + 2G]‘,1). (10)

6 180
Using Equations (9) and (10), the following relations are obtained

4

p2S) = Piy1 — 2P+ Py — 2(Gjut +28G,+ G 1), (1)
4 207
0 G]' = 20(Pj+1 —2P; + ijl) — 7(5/'+1 + 285]' + 5];1). (12)

Eliminating S;, i = j —1,j,j + 1, from Equation (9) using Equation (11) to obtain the
following CR in positions of the 4th-order derivative of G; and P;, as:

4

P2 = 4Pj1 + 6P — 4P 1 + Py = 4

(Gj+2 + 56G]‘+1 + 246G]‘ + 56G]',1 + Gj,z),
ji=23,...,k=2. (13)

In the (k — 1) unknowns, the system (13) generates (k — 3) linear algebraic equations.
Two further equations (end conditions) are required for (P;,j = 1,2,...,k —1). Taylor
series and the technique of undetermined coefficients can be used to derive the two end
conditions. Following two end equations are used for unique solution

4

— 2Py + 5P — 4P, + Py = —p2So + 3%0(2860 245G, 456G, + Gs3), (14)

and

4
P 3 — 4P 5 +5P; — 2P, = —p?S; + ;E(Gk_g, 456G, + 245G, +28G;).  (15)

An alternative derivation of Equation (13) is given in Appendix A.

2.3. Temporal Discretization

In this section, we discretize the Caputo time-fractional derivative using the Backward
Euler scheme. Let us consider t,, = nAt,n = 0,1,...,K, where At = % is called the time
step size. The Caputo FD at time ¢t = t,,,1, can be taken as:
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] ax s, i+1 aX _
/0 E()lplp)( n+1 — Wdllj 2/ n+l - 1/]) 7d1[)
(s,tiv1) — x(s,t;) [+
:ZX l+1) X( 1) / (tn—i-l*w) 'ydlp+ln+1
i=0 At fi
- i x(s tiv1) = x(s, ti) /t"“ "o ~Vdo + 114
= At I
i=0 n—i
LRSS (USRS {16)
i=0 At i
1 X(s, tnmiv1) = x(s,tni) . 1—y _ 1—y
1= Z NG ((i+1) it
th“
n
_ AX(Sr buivt) = XS tai) | nia
=1 2 NG + I3

where g; = (i + 1)1~ —i'~7and ¢ = (t, 11 — ¢). From definition of CTFD, we have

a'\’X(S, tn+1)

_ 1 ! X(S/ tn7i+1) - X(S/ tnfl) n+1
oty S T(2-1) ;f’l At Tl 17)

Define the semi-discrete FD operator V;" as:

1 " ox(s, t—iv1) — x(S, tu_i
Vt’YX(S/thrl) = F(Z—’)/) qu ( - Z+A)i’7 ( - 1)-

Then, Equation (17) can be taken as:

" x(s,t
%:Vﬂ)((s,tnﬂ) lzrll (18)

where lgfl is the truncation error (TE) between W(;t# and Vﬂ)((s, fn41) in [20]. The

scheme (1) using V;"x(s, t,+1) may be expressed below as an approximation of time-
fractional CD at time point t = t,,41,

o*x (s, t
Vi x (s, tuga) + W% = g(s,tnt1)-

The given equation yields the following form when using Equation (17)
chi™ 1 (s) + pnxtds = (1= qUX" () + 1 (i = qir)X" ' (5) + anx’(s) + g™ (s), n=11K-1, (19

where x"*1(s) = x(s, t,41) and 4 = At'T(2 — ), with BCs and the following IC

X o= vo(s), 0 <s <b.

Remark 1. These are the characteristics of the coefficients q; in Equation (16)
*  g;’sare non-negative wheni=0,1,...,n

e l=go>qn>q0>q93>...>qs, qu—0as n— o

o Yo —qir) Fan1 = (1= q) + X5 (i — qi1) +qn =1
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Also the term thH is bounded. i.e.,
I < A, (20)
where c is a constant that is determined by x.

To apply this three time level approach, the x* and x! time levels are required. The
scheme (19) can be stated in the following way for n = 1 as:

X))+ mxasss = (1—q0)x'(s) +q1x°(s) + pg>(s). (21)
For n = 0, the scheme can be written as:
Xl (S) + Wngss = UO(S) + Vgl (S) (22)

Also, the Equations (19) and (22), as well as BCs and IC, make up the entire semi-
discrete issue of Equation (1). The term I"*! is defined as follows [20]:

7 x(s,t
=y <X(aﬂ”+1> —Vx(s, th)). (23)

The error term ["*1 derives from Equations (18) and (20) and has the following form:

l”“‘ =@

| < et (24)
where @ = T'(2 — 7)At".

In order to bring the weak representation of the problem, several functional spaces,
along with their established norms and inner product (IP), are defined as follows:

PA(A) = {y € L2(A), s, gss € 2(A) },

P3(A) = {9 € PX(A), $lan = 0,5l =0},

.
PE(A) = {1/; € L2(A), lfislf € L%(A), for all positive integer r < k },

where 5 = l;—lf and s = ‘ZZTZLP. The IP and norm of P?(A) can be determined by

(0 9)2= (. 9) + (P ) + PsssPss) 9l = ()3
The norm ||.|| of the space P¥(A) is defined as:

1
2\ 2
0)

It is preferable to define ||.||> by instead of using the above usual P>-norm

dryp
ds’

Il = <i

r=0

/
ol = (13 + pnligssl?) 25)

The following required variational weak version of Equations (19) and (22) is used to
investigate the stability and convergence, i.e., finding x**! € P(A), such that V¢ € P3(A),
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o4yntl
(" 9) + () 26)

n—1 )
= (I—q)(X" ¢)+ ; @i — i) (X" ) + an (X ) + u(g" ),

and

1 347(1 0 1
X ¥) +w7<@,¢> =X +ulg, 9. (27)

2.4. The Stability Analysis

The following theorem discusses the semi-discrete problem’s stability analysis.

Theorem 1. In the sense that it holds for every At > 0, the semi-discrete issue is unconditionally
stable

where ||.||2 is defined in Equation (25).

n+1

il = (el e
i=1

gi(()), n=01,...,K—1, (28)

Proof. To establish the result, mathematical induction is utilized. When n = 0 and ¢ = x!
are used in Equation (27), it may be expressed as follows:

o4yl
O + i (Sh ) = 00 + gt a0 (29)
The preceding equation becomes the following when by parts integration is used

ale 82)(1
<X1/X1> + M<F’ ﬁ> = (XO/X1> + #<811X1>r (30)

Because of BCs on 1, all boundary-related contributions have vanished. Using ||¢||, <
|||, and Schwarz inequality, Equation (30) yields

el = Tl #le e, ey
< [l el
el = (Wllo+ls'll)

Next, suppose that the result holds for ¢ = x'. i.e.,

Let ¢ = x"*! in Equation (26), it can be written as:

Xi

c = (lerglel) im2sen

n+1 n+1 34?6"“ n+1 33
AT (g X (33)

n—1 .
= Q=g X"+ Y (0 — i) LT+ an (X
i=1

n+1 n+1>
, .

+u(g" " x
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The preceding equation becomes the following when by parts integration is used

92yt g2yn+l
2+ (g ) (34)

n—1 .
= (I—q)X" A"+ Y (i — qiv) (XX
i=1

‘Hin <X0/Xn+l> 4 y(g”“,x”“),

Because of BCs on 1, all boundary-related contributions have vanished. Using Schwarz
inequality and ||¢¢||, < ||¢||,, the above equation yields

e < amaleler], + S| ], o9
i=1
N R s N
or
X 2 < (@A=a)lx"ll|a™" 2“‘;:_211(‘71‘_‘7#1) A, @)
+”7"HX0H0 P L g+l ) P .
or

lyule e

b, < ammlel,+ S -n e, e o

2

Using Equation (32), the above equation becomes

n+1

X g

<
, =

<

+u

n
s
i=1

n+1

n—1
01 ((1 —q) + ; (7 = qi41) + %)

8

0

Using properties of g;, it can be rewritten as:

+1
, < (Wl

n+1
X

gi

0) . (38)

Lemma 1. Consider (s, t) be the exact solution of problem (1) and {x"}X_, be the time-discrete
solution of Equations (26) and (27) with IC. Then it holds

O

Ix(tn) = X"la < g, AP, n=12,... K (39)

Proof. Lete" = x(s,t,) — x"(s), for n = 1, by coalescing Equations (1), (25) and (27), the
error equation can be expressed in following form as:

aZ 1 aZ
() + (S S E) = () + (1L y), Ve BR(A).

Let ¢ = ¢!, noting ¢ = 0 gives

el = 7l
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From above equation and Equation (24),

() = 2|, < exag "ot (40)

Thus, the Equation (39) is completed for n = 1.
The Equation (39) satisfies for n = 1(1)r, i.e.,

[x(tn) — X"l < C)c‘hilAﬂ (41)

The Equations (1), (25) and (26) can be used for n = r + 1, the error equation for all
i € P3(A) can be written as:

aZen-i-l 821p
1
(", ) + 74’7<T/ @>

= (1—q1)(e +Z — ip1)(€" L ) + qn (%, ) + (", ).

-1
Take ¢ = ¢"*1 , use the induction assumption and the relation Zﬂl < 1 for all non
i+1

negative integer 7, then above equation becomes

1 A2
et Hz < gy AP

O

Using the definition of g, the following equation may be derived as:

-1

—
lim Tn1 _ lim "
n—oo nY n—oo pl=7 — (n—l)
-1
n—eo ] — (1— ﬁ) Y
1
(1=7)
The function @(y) can be defined as: O(y) := % This function is increasing
on y for all y > 1 since @’(y) > 0, Vy > 1. It can be concluded that 1 < n — oo,
-1
q” is increasingly tends to ( 7 As, n q‘il = 1 for n = 1, hence it can written in

followmg form

1
n g, < A=y "= 1,2,...,K.

Consequently, for all # such that nAt < T,

—1 g2
[x(tn) =X"ll2 < x4t
cxn Vg LY AP

IN

1
Xy ’Y(nAt)7At2_7
< oy, TYAPTT.

The above results can be summarized in the following theorem as:
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Theorem 2. Let x be the exact solution of Equation (1) and {x"}X_, be the time-discrete solution
of Equations (26) and (27) with IC x° = vy (s), 0 < s < b, then it holds

Ix(t) = x"l, < cpaTTATY,  n=1,2,... K (42)

2.5. Space Discretization

Consider the grid points (s;, t;) of a uniform mesh with, to discretize the region
[0,b] x [0, T], where si=jh,j=0,1,...,k,and t, =nAt,n=0,1,...,K, T = KAt. The At
and p are the step sizes in the time and space, respectively.

The space discretization of Equation (19) using SPS is carried out as:

P+ Git = (1— 1) P + ij( — i) Pl g+ gt (43)

The operator () is defined as follows:
Qp; = 246p; +56(pi—1 + pit1) + (pi—2 + piv2)- (44)

Now, Equation (13) can be written as:
OG; = ?’:f(Pj_z — 4Py +6P; —4P;,1 + Py5). (45)

Using operator (), the Equation (43) yields,

+1 +1 +1 +1 +1
(P! +56PIst + 246P 1 4 56P ! + Pt ) (46)
360 1 1 1 1 1
Ml (Pr) — 4prsl - 6PP 1 — 4PrAT 4 PIET)

- (1-q) (P]”_ o +56P!" | +246P" + 56P",; + P! +2)

n—1
+ Z — gisn) (P 56B] +246P7~ 1 56D + P15

+qn (Z)] 7+ 56U]‘ 1+ 2460]' + 56Z)j+1 + Z)j_,.z)
(gl +56g ! + 2461 + 56g1 T + 871,
n=1,2,...,K-1. (47)

The system gets simpler once, it has been simplified
360 360 360
(( + un— o )Pﬂgl + (56 dyun— 5 )P]ﬂﬁl + (246+6y17 . )P]ﬂ“ (48)
360 . 360 .
(56 dun—r , )P;fl + <1+;uy o )171;2)
= Q, n=12...,K-1, j=23,..k-2
where,

Q = (1-q) (P"_z +56P! | +246P!" +56P7, | + P]+2)

+ Z — qis1) (P75 + 56 +246P! T+ 56P" + g}

+Gn (U]'_z +560;1 +246q; +560; 11 +042) + (g} + 568"

+246g7 1 4 56¢7 1 + g1t ).
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In the (k — 1) unknowns (P"H,] 1,2,...,k — 1), the system (48) gives (k — 3)
equations, hence two additional equations are required to obtain a full solution for P]ﬁ“ to
be derived.

2.6. Initial State

A five-point approach has been proposed To use this approach, there is need to find
the values of P2 = [P}, P3,...,P? |]" and P! = [P}, P],..., P! |]T. To obtain the value of
P2, there is need to find Pl. The value of P! can be obtained, solving Equation (18) using

SPST, as:
360 360 360
((1 +un— o )P}z - (56 dun—- 4 )lel + (246—1—6;417 : )le (49)
360 360
+<56 dun—r o ) 1+ (1+wy . )p]1+2)
Jis ]_2,3,...,k 2,
where,

Ji = (0j-2+ 560 1+ 2460; +560; 11+ vj12) + H(g]_, +568] 1
+246g] + 56811 + 81 15).

The Equation (49) provides a system of linear equations (k — 3) x (k — 1) with un-
known (le, j=1,2,...,k—1). For a unique solution of this system, we have added two
end equations which are given by:

((28 2un 360> P+ (245 +5u7 3640) - (56 4y 350) P; (50)
<1 + ;4173640> P%)
= (280 + 24501 + 560, + v3) + (288 + 24541 + 5693 + g3,
and
( (1 + ;477 o )P,}_3 + <56 - 4;4;73'06f> P, + (245 + 5;[;73;40) P, (51)
+ (28 2un 3640) P,})
= (Uk_3+ 56055 + 2450, 1 +280) + p(g}_3 + 5684, + 2458y +28g;)-
Letv = [0,02,...,0¢1]T, 8 = (81,83, -, 8 )T, V = [00,0,...,0,0]T and g =

(§3,0,...,0,8}] be the (k — 1) dimensional column vectors. The system given by (49)—(51)
can be written in matrix form as follows:
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APl = B(v+g)+C(¥+g),

where,
245+5un22 56 —4un3% 1+ pup’%
56 —4un Y 246+ 6pun°Y 56— 4y 1+ Y
L3 56— 4y 246+ 6y 56 —aup’P 1+ puniE
A= ,
T+ pup%% 56 —4un=? 246+6;m§% 5674;4172% 14 py %0
L% 246 + 6> 56—4;:;7? 56 — 4yun 20
TP 56— 4pun<f 245+ 5%
245 56 1
56 246 56 1
1 56 246 56 1
B= ,
1 56 256 56 1
1 56 246 56
1 56 245
and
28 0 0 0
10 0 0
0 0 0 0
C:
00 0 ... 0
0 01
0 0 28

are (k — 1) x (k — 1) matrices.

2.7. Truncation Error For The Spatial Direction
The Equation (46) can be written in the following form, as:

p*(360 + 6007 +5¢) P! + 3605 PI ! = Qj (52)
where,
n—1
Q = pH1-q) (360 + 6082 + (5;*) Pt 4 1; (@i — gis1) (360 16082 + (5;*) pr-i
0 (360 -+ 6002 + 6 ) + u(360 -+ 6062 + 64)g 1)

Expanding Equation (52) with Taylor series in terms of P(s;, t,) and its spatial deriva-
tives, the following relations are obtained

6 8 17 10 62 12

54P(sj tn) = (p4D;*+%D§+g—OD§+ 30‘;4 DL 4 18! D2+ )P(sj,tu),
20% 20° 208

8P(sty) = (p*D2+ %D? + %DS + %Df + )Py ). (53)
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Using Equations (52) and (53), the truncation error is obtained as:

= p*(360 + 6002 + 62 P! +360unatPI T — o (1 - q1) (360 + 6002 + 5;1)13;1“
+ Z — gis1) (360 + 6052 + 54) P4, (360 + 6002 + 54) 0; + (360 + 6052
+6;4><Df T+ yD}P,

— p*(360+60(p?D? + 20 s 20 ps | 2 sy )+(p4D§‘+p De + £ pp

41 6! 8! 6 80
1701 10, 620" 1 p° 6 0% s 170"
D D P(’H‘l 4D4 7D6 D8 DlO
T3022 s T 0 )) j o 360uy <P st e s g0 T 300a
62012

+

2 2
12 n+1 4 212 P 4 P 6
Tor Ds +...)Pj —p <(1—q1)<360+60<p D5 + = Ds + 5 DS

208 8, ap 0 6 P g 170" 10 62p'2 2 el
—Dg D Dy Dy Dy Dy P!
a0 )+ (p st 6P T80 T 30 101 ) j

n—1 6
2 2 2
+ Z(qi—qi+1)<360+60<p2D§ Z D! + g DS + ; Df+...) + (p*Df + D8
i=1

8 .
L 1700 DI 4 620 D2 ¢ ))P],’”+qn<360+60<p2D§ PD4 2° D¢

80 3024 10! 4! 6!
208 g ara 06 0% s 170" 10 620 5
+8'DS+...)+<pDS+6D + 5D+ S D0+ 2B D2t ) e

2 2 2
+}4<36O+60<p2D§ 4P'D4 5D6+%D8 )+(p4D§ %De+gng

170" 10, 620" 1 2— 4\ bl
o DY+ 25D ) (D} " +nD})P!

2 2 2 10
= (3600* + 60 (D2 + £D4+ ’6’, DS + g, DS+ .. )+<p8D4+%D6+%O D}

170" 10 | 620" 1 1 ara P e 0% s 1701 4o
TP e P ))Pj +36O”’7<P Ds+ 75D+ oo D5 + 550 Ds
62012 12 41 4 22, 20t 4 20° ¢
+=5-D] .)P]?1 —ota-q) 360+60(p D+ -Df + H D
208 g ara, PP e 0% s 17010 o 62012 45 41
DS D DS DS D! D! P’
T st )+<P st g s TggPs T ama Y5 T o0 * ) j
+nf( i1 360+ 60( 2p2y 2 pe 20 Dé+iD8 SR ipi 4 £ ps
= ql q1+1 p S 4| S 6' 8' p S 6 S
8
0% s 170" 0 | 620" 1y n—i a2 20 4 20° 6
+ED8+ 2Dl + ZE D24 ) ) Prt 4 gu | 360+ 60 (02D + oDl + LD

Ls 44P6P817P1062P12 ,
Dt )+(”DS s T gl t g Ds g Pt ) o

2 2 2
+u<360+60(p2D£+ §D4+ gm S’j DS+ .. )+(p4D§+96D6+§OD8

70! 0 6202 2 2 4\ ikl
+—3024D D! ))(Dt +1D})P,
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With the help of above discussion and Theorem 2, the scheme obtained is of O(p* + 27 7).

3. Results and Discussion

In this section, two numerical examples of proposed method are presented to check
the accuracy, effectiveness, and correctness of the proposed approach by adding 3D graphs
and some results in tabular form. 3D Graph technology is such a technique to be used for
projecting multidimensional data/arrays into a visual form that is easier to understand,
analyze and interpret, thus authors showed an accuracy of approximate solutions to the
true solution by 3D plots. Mathematica and Matlab are used to do the computations using
the steps given in Algorithm 1.

Algorithm 1: Coding algorithm for the proposed scheme

Inputb, N, k, K, and 7.

Step 1. Define each sextic spline segment T;(s).

Step 2. Construct consistency relation Equation (13) and two end Equations (14)
and (15).

Step 3. Approximate Caputo FD at time t = ¢, as in Equation (17).

Step 4. Using the semi-discrete FD operator V,7, the Equation (17) is converted to
Equation (19).

Step 5. Using SPS for space discretization to convert Equations (19) to (43).

Step 6. Compute the elements of the vectors v, g, vand g.

Step 7. Compute the elements of the matrices A, B and C.

Step 8. Compute the elements of the matrice P! = A"'1B(v+g) + A~'C(V+§g).

Output xX

Example 1. Consider a higher-order PDE

ax .,

501 +77@ = g(s,t), s€][0,1], te(0,T],
with the IC
Xx(s,0) = sin(ms), se€0,1]
and BCs
x(st)ls=0 = x(s,t)]s=1=0,
Xss(sH)ls=0 = Xss(s,t)[s=1 =0, te[0,T],

where g(s,t) = sin(7s)H =Y Ey 5 (t) + nrt* exp(t) sin(7ts) and E., ,,(s) is the two parameter
function of Mittag-Leffler type. The analytical solution of the proposed problem is

X(s,t) = sinmsexp(t).
The above equation yields the following equation when <y is one,

4
aa% +17?)T§ = g(s,t), s€]0,1], te][0,T]. (54)
The v = 0.75 and 1 = 0.01 are used to solve this problem. The greatest absolute Lo, and
Ly error norms for k = 40 and k = 80 with At = 0.000001 are reported in Table 1. To prevent
contaminating spatial and temporal-discretization errors, At is set to a relatively modest value in
this problem. The Kth time level is modified to assess the correctness of the presented approach,
which demonstrates its efficiency. The suggested technique accurately approximates the analytical
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solution, as shown in Table 1. As illustrated in Figure 1, the numerical and precise solutions are
displayed using k = 40, K = 500, and At = 0.000001.

Table 1. The error norms for various k when At = 0.000001.

v =075 k K llex | oo llex|l2

40 100 1.1389 x 1073 1.2733 x 104
500 4.0224 x 1073 4.4972 x 104
1000 6.9266 x 1073 7.7442 x 104

80 100 1.1389 x 1073 9.0036 x 10>
500 4.0224 x 1073 318 x 1074
1000 6.9266 x 1073 5476 x 104

r=1

40 100 1.9246 x 104 2.1518 x 107>
500 9.8211 x 10~* 1.098 x 104
1000 1.9692 x 103 22016 x 10~4

80 100 1.9246 x 10~* 15215 x 10~°
500 9.8211 x 10~* 7.7642 x 10~°
1000 1.9692 x 1073 1.5568 x 104

Figure 1. Numerical & analytical solutions when k = 40, K = 500 and y = 0.75 for Example 1.

Example 2. Consider another higher-order PDE

I"x
oty

with the IC

and BCs

X(s/ t) |s:O
Xss (S; t) |s:0

g(s,t),

X(s,t) =0

s€[0,1],

0, s€l0,1]

X(S/ t)|S:1 = O/
XSS(S/ t)|s=1 = O/

0<t<T,

0<t<T,
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The true solution of the problem is
x(s,t) = tsinms.
The above equation yields the following equation when <y is one,

o, Ix _
54_;7@ = g(s,t), 56[0,1], tE[O,T}. (55)

Here g(s,t) = sin(ns)ﬁtl’V + nrttsin(ms). The v = 0.5 and = 0.05 are used
to solve this problem. The greatest absolute Lo, and Ly error norms for k = 40 and k = 80 with
At = 0.000001 are reported in Table 2. To prevent contaminating spatial and temporal-discretization
errors, At is set to a relatively modest value in this problem. The Kth time level is modified to assess
the correctness of the presented approach, which demonstrates its efficiency. The suggested technique
accurately approximates the analytical solution, as shown in Table 2. As illustrated in Figure 2, the
numerical and precise solutions are displayed using k = 40, K = 500, and At = 0.000001.

Table 2. The error norms for various k when At = 0.000001.

v=05 k K llex oo llex||2
40 100 9.9755 x 107> 1.1153 x 10~°
500 4999 x 104 5.5891 x 107>
1000 9.9994 x 10~4 1.118 x 10%
80 100 9.9755 x 107> 7.8863 x 107°
500 4999 x 104 3.9521 x 1075
1000 9.9994 x 10~* 7.9052 x 107°
r=1
40 100 9.7001 x 107> 1.0845 x 105
500 49701 x 104 5.5567 x 1075
1000 9.9701 x 10~* 1.1147 x 104
80 100 9.7001 x 107> 7.6686 x 10~°
500 49701 x 104 3.9292 x 107>
1000 9.9701 x 10~* 7.8821 x 10~°

Figure 2. Numerical and analytical solutions for Example 2 when k = 40, K = 500 and y = 0.5.

4. Conclusions

The fourth-order problems play a significant role in modern science and engineering
and their solutions are need to be examined in order to understand the dynamical frame-
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work of plate-models of bridge slabs, floor systems, window glasses and airplane wings.
The approximate solution of 4th-order EP with time-fractional CD has been accomplished
using an SPST in this study. The time discretization has been done using the backward
Euler formula. Sextic spline approach has been utilized for spatial derivative discretization.
The approximate solution converges to the analytical solution with order O(p* + At>~7).
Numerical test applications have been presented to show the accuracy of the sextic spline
technique. The presented scheme has been found to provide highly accurate results. The
efficacy of the proposed techniques has been established by calculating the error norms for
the obtained results.
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Appendix A. An Alternative Derivation

In this appendix, we explain how the expression of the Equation (13) is symmetric
with respect to j £ 2, j £ 1? This can be given systematically as follows:

Ti(s) = aj(s —5j)° + bj(s — 5;)° + cj(s —s;)* + dj(s —5;)° + ¢j(s — 5;)* + gj(s — 5j) + v}, 5 € [5,5/41], (A1)
Ti(s) = a;(s —5;)° + bj(s —5;)° + &j(s —s;)* + di(s —5;)° + &i(s —5;)* + §i(s — 5;) + 0}, s € [sj_1,5;]. (A2)

Since T] €Coats = sj, we have,

{ bj=b;, G=c, dj=dj (A3)
g=¢, &=8 =70
We denote,
2 4
Ts)=F  T6)=s,  TV)=G; (Ad)
2 4
Ti(sj1) = Ber, T (501) = Spas T, (s51) = Gy, (A5)

Tj(sj-1) = Pj-1, T]-(z) (sj-1) = Sj-1, T,-(4) (sj-1) = Gj-1. (A6)
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By equation (A4), we have
P = Tf((2§f> = vj,
5j=T;"(s)) = 2ej, (A7)
4
Gj= T]( )(s]) = 24c;.
The sum of (A5) and (A15) implies
Piy1+Pior = Tj(sj+1) + Tj(sj-1) (A8)
= ({Il] + ﬁj)pé + Zij4 + 2€jp2 + ZZ)]‘
1
= Ap®+ EG]»p‘* +S;0* +2P;,
2 2
Sii+Sia = T (si1) + T2 (s51) (A9)
= 30(aj+ a)p* + 24cjp” + 4e;
= 30A;0* + Gjp* +25;,
4 4
Giy1+Gjo1 = T]'( )(Sj+1) + T]‘( )<Sj—1) (A10)
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