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Abstract: In this work, the F-expansion method is used to find exact solutions of the space-time
fractional modified Benjamin Bona Mahony equation and the nonlinear time fractional Schrodinger
equation with beta derivative. One of the most efficient and significant methods for obtaining new
exact solutions to nonlinear equations is this method. With the aid of Maple, more exact solutions
defined by the Jacobi elliptic function are obtained. Hyperbolic function solutions and some exact
solutions expressed by trigonometric functions are gained in the case of m modulus 1 and 0 limits of
the Jacobi elliptic function.

Keywords: Benjamin Bona Mahony equation; Schrodinger equation; F-expansion method; Jacobi
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1. Introduction

Nonlinear partial differential equations (NPDEs) are essential in a variety of domains,
including engineering, mathematics, fluid dynamics, and physics. NPDEs have been used
to model a variety of real-life challenges. Exact solutions to NPDEs have been obtained
using a variety of various and reliable mathematical approaches [1-11]. Fractional calculus
is a relatively new field that has gained interest in recent decades. Different physical
phenomena, such as viscoelasticity, plasma, solid mechanics, optical fibers, signal process-
ing, electromagnetic waves, fluid dynamics, biomedical sciences, and diffusion processes,
are made easily solvable in fractional partial differential equations (FPDEs). Researchers
have used numerous ways to acquire exact solutions to FPDEs to make these equations
appealing. Many articles have been made recently about obtaining analytical, numeri-
cal exact solutions of mathematical problems and some physical phenomena that can be
mathematically formed and described using fractional derivatives [12-16]. It seems that
these are similar events are often stated in nonlinear fractional partial differential equations.
The fractional derivative operator has been defined in many different ways. Some of
these are frequently used ones are as follows: Caputo derivative [17], Riemann-Liouville
derivative [18], Caputo-Fabrizro [19], Jumarie’s modifies Riemann-Liouville derivative [20],
Atangana-Baleanu derivative [21]. By aid of these derivative operator, some of the various
techniques developed that provide analytical, approximate and exact solution of nonlinear
fractional partial differential equations can be listed as sub-equation method [22], the first in-
tegral method [23], auxiliary equation method [24], the modified trial equation method [25],
the variational iteration method [26], natural transform decomposition method [27].

A new fractional derivative, called conformable derivative, has been described in [28].
Then, using this derivative, exact solution of the time-heat differential equation has been
obtained [29]. Moreover Atangana et al. have revealed some definitions, theorems and
properties about the conformable derivative [30]. Eventually, a new definition of a fractional
derivative called the beta-derivative has been given by Atangana et al. In their paper,
the solution of the Hunter-Saxton equation has been obtained using this derivative [31].
In addition, the solutions of the fractional Sharma-Tasso-Oliver, space-time fractional
modified Benjamin Bona-Mahony, time fractional Schrodinger equations, which are also
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given with this derivative, have been obtained by the first integral method [32]. Many
aspects of the recommended version have been used to model various physical difficulties
and have acted as fractional derivative restrictions. They are not fractional, but they can be
regarded an natural extension of the classical derivative. Recently, studies defined with this
derivative have gained importance. The interval on which the function is differentiated
determines this derivative. It possesses characteristics that the well-known fractional
derivatives lack, including the following.

Definition 1. Suppose that F(w) is a function. The beta derivative of F(w) is defined by [31]

_1 \1-8] _
ADP(F(w)} = lim Flot 1w my) 7 F(w), w>0, Be(0,1. (1)

r—0 Y

There are some important properties for this derivative [32].

1. ADf,(aoF(w) +0G(w)) = aOADf, + alADf,G(w), Yag,a; € R,
2. ADE;(CO) =0,V €R,

3. ADf(F(w).G(w)) = G(w)"Df (F(w)) + (w)ADf;( G(w),

4 ADﬁ( F(w)/G(w)) = G(w)* Db (F (u[’))(w)]( ) D (G(w)) (G #0),
5. ADE(F(GW)) = (w+ ) Glw)F(G(w)),

where F and G two functions f differentiable and B € (0,1].
The proofs of these properties are given in [30-32].

2. F-Expansion Method

In this section, a detailed explanation of the F-expansion method will be given to
obtain the exact solutions of fractional partial differential equations (FPDEs) defined by
beta derivative.

Let us consider the space-time FPDE with a beta derivative for a function of two real
variables x and t:

2 2
H(p,ADPp,2DEp, " Dp,ADFp,..) =0, (0<p<1) 2)

1. Firstly, the following travelling wave transformation should be used to transform (2)
into an ordinary differential equation

p(x,t) = Ufe),
k 1 \f ¢ 1 \# ®)
=5l ) 5 )

where k and c arbitrary constant. Substituting (3) into (2), a nonlinear ordinary
differential equation (ODE) can be obtain as

du d*u
N(U,E,d—ez,..) =0 (4)

2. Assume that, the solution U(¢€) of (4) can be described as

M ) .
U(e) = ao+ ; (ﬂiKl(E) + K,'b(le)> ©)

where ag and a;, b; (i = 1, 2,..., M) are constants to be determined, K(¢) is a solution
of ODE

[K'(e)]* = falK(e)]* + filK(€)]* + fo 6)
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where f», f1 and fp are custom values in the Table 1 [33,34]. M is positive integer
which can be determined from Equation (4) as follows where deg(U(e)) = M is degree
of U(e)

aiu
deg{dq} =M+yq,

(AT °

Table 1. Jacobi elliptic function solutions.

Case fo fi f2 K(e)
1 1 —(1+m?) m? sn(e) or cd(e)
2 1—m? 2m? —1 —m? cn(e)
3 m?—1 2 — m? -1 dn(e)
4 m? —(1+m?) 1 ns(e) or dc(e)
5 —m? 2m? —1 1 —m? nc(e)
6 -1 2 —m? —(1—m?) nd(e)
7 1 2 —m? 1—m? sc(€)
8 1 2m? —1 1 —m? sc(€)
9 1 —m? 2 —m? 1 cs(e)
10 —m?(1 —m?) 2m? — 1 1 ds(e)
11 # % %1 nc(e) + sc(e) or %
12 7(174"12)2 % _Tl men(e) £ dn(e)
13 1 1-2m? 1 sn(e)
4 2 4 1+cn(e)
14 1 Lin? (1-m2)? sale)
4 2 4 cn(e)Ldn(e)
3. By substituting (5) with (6) into (4) and collecting the coefficients of K/ (¢) (j = 0, £1,42,...),

a set of specified algebraic equations consisting of ag, a;, b; (i = 1,2, ..., M). By solving
these algebraic equations, these parameters can be clearly determined.

Equation (6) will have Jacobi elliptic function solutions in Table 1. In Table 1, sn(e) = sn(e,m),
cd(e) = cd(e,m), cn(e) = cd(e,m), dn(e) = dn(e), ns(e) = ns(e,m), cs(e) = cs(e,m),
ds(e) = ds(e,m), sc(e€) = sc(e,m), sd(e) = sd(e,m) are the Jacobi elliptic functions with
the modulus 0 < m < 1. These functions transform into trigonometric and hyperbolic
functions when m — 0 and m — 1 as Table 2 shows [34].

Table 2. Transformation of Jacobian elliptic functions to trigonometric and hyperbolic functions.

m— 0 m— 1
sn(e) = sin(e) sn(e) = tanh(e)
cd(e) = cos(e) cn(e) = sech(e)
cn(e) = cos(€) dn(e) = sech(e)
ns(e) = csc(e) ns(e) = coth(e)
cs(e) = cot(e) cs(€) = csch(e)
ds(e) = csc(e) ds(e) = csch(e)
sc(e) = tan(e) sc(e) = sinh(e)
sd(e) = sin(e) sd(e) = sinh(e)
nc(e) = sec(e) ns(e) = cosh(e)

dn(e) = cd(e) =1
5. By substituting the parameters found in step3 and the known values in step4 into (5),

the solutions of (2) are found.
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3. Applications to Fractional Equations with Beta Derivatives

In this section, the exact solutions of the space-time fractional modified Benjamin
Bona Mahony equation and the nonlinear time fractional Schrodinger equation with beta-
derivative will be investigated by F-expansion method.

Example 1. Let us consider the space-time fractional modified Benjamin Bona Mahony equa-
tion [32,35,36]

ADfp(x, f) +ADEp(x, £) — ap(x,t)2 Afop(x,t) + ADiﬁp(x,t) =0, 0<B<Ll (7

Let us assume the travelling wave solution of (7) has the form

k 1 \¢ ¢ 1 \#
x,t)=U(e), e=—=(x+=—) —=(t+=—=]) . (8)
Pl = U, e=5(x+ 1) — 5t 1)
Substituting (8) into (7), we have
au = du 2dU | 3d’U

Integrating this equation with respect to € and neglecting the constant of integration we obtain

d*u k
k3ﬁ+(k—c)U—%U3:0 (10)

Using the balancing principle between % and U3 (€) in (10) gives M = 1. Thus, from (5),
the solution of (10) can be written

by

U(e) = ap + mK(e) + (o)’

(11)

where ag,a1,by are constant to be specified and K (e) fulfills the elliptic Equation (6). Substituting (11)
and (6) into (10), sixth order polynomial in K(e) is found. By equating all coefficients of K(e) to
zero, the following nonlinear system of equations is found.

2k3f2a1 — %ka% =0

—akaga? =0
I frag + (k—c)ay — aka%al — aka%bl =0

(k—c)ag — %kag — 2akagay by =0

K3 fiby + (k — )by — akagby — aka;b? = 0

—akagh? =0
2k3 foby — %k@ =0

Solving this system with the help of Maple, we can get the following three sets of solutions for
unknown coefficients.

setl set2 set3
c=fik®+k c=fik> + kL 6K3\/fafo c=fk>+k
ap =20 ap =20 ap =20
a; = +1/62k a = +1/62k a; =0
by =0 by = +1/62k by = +1/6Lk

(X-) (>(->(-) (*X-*)
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Substituting (*)-(***) into (11) with (8), we have the following exact solutions for Equation (7):

md&”:i¢4%K@”€:§@+réﬂﬂ‘ﬁi:k@+réﬂﬁ (12)

ps, (x, 1) \/7— K(e) + @K‘l(e);

k 1 \# Bh+kt6/fofo
=50+ ) p (@)

3
pPes(x,8) = i@”(_l(e); €= %<x + r<1;%>)/3 B flkﬁ+k (1 r<1ﬁ>)/3 (14)

Combining (12)—(14) with Tables 1 and 2, the exact solutions of (7) are gained. Let us express
some of them below for set1:

casel. fo =m?, fi = —(1+m?), fo =1, K(e) = sn(e), Uy(e) = + 6’"72k sn(e);
_k 1 \f K(=1+m?)+k 1 \#
=gl 5 () 1

when m — 1, the exact solution of (7) is

p1(x,t) = j:\/gktanh(e); €= %(x + %ﬁ))ﬂ (0 <a) (16)

case2. fo = —m?, fy =2m* —1, fo=1—m?, K(e) = cn(e), Up(e) = £ 6’”72k cn(e);

(13)

o E(x—l— 1 ))ﬁ_k3(2m2—1)—|—k

p (g p

when m — 1, the exact solution of (7) is

_ 3
pg(x,t)zj:\/;ksech(e); e—k( +F(1ﬁ)>ﬁ k;k(wr(lﬁ))ﬁ, (a<0) (18)
)i

In Figure 1, the solitary wave solution py(x, t) in (18) with some special parameters are showed.

(t + r(lﬁ) )ﬁ 17)

(a) (b)

Figure 1. (a) The hyperbolic solution of py(x,t) when p = 0.5,a = —6,k = 1. (b) The hyperbolic
solution of py(x,t) when p = 0.75,a = —6,k = 1.
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case 5. fy =1—m?, f1 =2m? —1, fo = —m% K(e) = nc(e), Us(e) = £1/6="2k nc(e);

a

o k(x—f— 1 ))ﬁ_k3(2m2—1)+k

p r(p p

when m — 0, the exact solution of (7) is

(t +3 (lﬁ) )ﬂ (19)

ps(x,t) = j:\/fksec(e),‘ €= Z(x—i— r(lﬁ))ﬁ — _k:;—'—k (t—i— r(lﬁ))ﬁ (20)

In Figure 2, the periodic wave solution ps(x, t) in (2) with some special parameters is demonstrated.

(a) (b)

Figure 2. (a) The trigonometric solution of p5(x, t) when g = 0.5,a = 6,k = 2. (b) The trigonometric
solution of ps(x,t) when p = 0.75,a = 6,k = 2.

case9. fr =1, fi =2 —m?, fo=1—m?, K(e) = cs(e), Ug(e) = i\/%k cs(e);

ok 1 \f KQ2-—m? +k 1 \#
=altrg) 5 (i) -
when m — 1, the exact solution of (7) is
6 k 1 \# KE+k 1 \B
pga(x,t)—j:\/;kcsch(e); G:B(x—kr(ﬁ)) ~ 3 <t+l"(,8)) , (22)

when m — 0, the exact solution of (7) is

M“”‘*V?mm”e_;@+dby‘%?%

The remaining solutions can also be found similarly.

(t—i—rl ))'g (23)

Example 2. Let us regard the nonlinear time fractional Schrodinger equation [32,37]

DY {p(x, 1)} +ap(x,t) o + b | p(x,t) P plx,t) =0, 0<p<1, (24)
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where p(x, t) is a complex value function. We get the travelling wave solution of (24) and we apply
the transformation as follows:

20

B v B
; (t+r(1/5)> , (p:wx+ﬁ(t+r(1ﬁ)) (25)

where k, ¢, v and w are constants. Substituting (25) into (24) we get

p(x,t) = U(e).e'?, e=kx—

. du du ,d?U » 3,
z( — ZCU—d€ + Zakw—d€ ) + ak T2 (v+aw™)U(e) +bU’(e) =0 (26)
From the imajinary part of (26), we obtain
akw
c= — (27)

From the real part of (26), by using the balancing principle between % and U3(e), we get
M = 1. Therefore, the solution of

2
aKz% —(v+ awz)U(e) + bU3(e) =0 (28)
can be written b
U(e) = a0+ mK(e) + 29)

where ay, a1, by are constants to be defined and K(e) satisfies the elliptic Equation (6). Substitut-
ing (29) and (6) into (28), sixth order polynomial in K(e) is obtained. By equating all coefficients to
zero in this polynomial, the following nonlinear system equations is gained.
2ak%ay fo + bas =0
3apatb = 0
ak2f1a1 — ak?(v + aw®)a; — Sa%alb — 3a%b1b =0
—ak?*(v + aw?)ag + bag — 6agaib b =0
ak? f1by — ak? (v + aw?)by + 3a3bib — +a1b?b = 0
3agh3b =0
2ak? foby + b3b = 0

Resolving this system by aid of Maple, we can obtain the following three sets of solutions for
unknown coefficients.

setl set2 set3
aO:O lZ():O 11():0
m == %fzﬂk am ==+ %fzak a1 =0
by =0 by = +1/ =k +1/600%k
c=¢ c==¢c¢ c==¢c¢
v = —aw?+ fi v=16\/fofr —aw?®+ fi v = —aw?+ fo
(*) (**) (***)

Substituting (*)—(***) into (29) with (25), we have the following exact solutions for (24):

—a?+fy 1 B
pai(xt) = [+ \/? kK(e)}ei[“’” 70ty L .

k B
e-kx—2a§(t+lﬂ(1ﬁ))
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oox ié\/%—uwz-#h 1 B
P t) = /220K () = z%Kl(e)e[ T () o
2akw 1 \B
€ =kx — ﬁ (t + W
+h 1 P

p33(xrt) = 4+ z%kal( ) l[wx+ f (H_W) :|, (32)

2akw 1 \A

e =k — == (1 W)

Combining (30)—(32) with Tables 1 and 2, the exact solutions of (24) are found. Let us define
some of them below for set1:

case 1. fo =m?, fi = —(1+m?), fo =1, K(e) = sn(e), Uy (e) = i\/—ZamTzk sn(e);

aw? +1+m?

=il S (e )] >

when m — 1, the exact solution of (24) is

p
pr(x,t) = Ui(e)e'p = {i \/?ktanh(e)]ei [wxfwi%z(H%ﬁ)) };

- %(H%ﬁ))ﬁ, (ab < 0)

In Figure 3, the solitary wave solution p1(x,t) in (3) with some special parameters is displayed.

(34)
€ =kx

(a) (b)

Figure 3. (a) The hyperbolic solution of p;(x,t) when = 0.5,a = —8,b =1,k = 1,w = 1. (b) The
hyperbolic solution of p1(x,t) when § =0.75,a = -8,b=1,k=1,w = 1.

cased. fo =1, f1 = —(1+m?), fo = m?, K(e) = ns(e), Uy(e) = [i \/%k ns(e)];

s A1y m? (t 1))ﬁ} (35)

(p:i[wx B (B
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when m — 0, the exact solution of (24) is

B
. _ _aw?41 1
Paa(x,t) = Ugq(€)e'p = :I:\/?kcsc(e)el G <t+r(/3>) } (36)
when m — 1, the exact solution of (24) is
B
aw2+2 1
Pap(x, 1) = Ugp(€)e'? = ﬂ:\/ik coth(e P (t+ W”) } (37)
where € = kx — 2“’“" ( ) , (ab<0)
case7. f=1—m2, fy =2—m?, fo = —1,K(e) = sc(e), Uy(e) = {i #’Vlz)ﬂk sc(e)];
. 2 — aw? — m? 1 \B
¢ =ifwe+ —=—=(t+ )] (38)

when m — 0, the exact solution of (24) is

B
— i|wx+2=aw” (4 L B
p7(x,t) = £/ =2k tan(e)e [ : ( ”’5)) } =kx — 2agw (t + ﬁ) , (ab<0) (39)

In Figure 4, the periodic wave solution py(x, t) in (4) with some special parameters is showed.

—-—R_-_H“"-q__
// P

408 ‘

Bl
5008 |

- 2 e ! )

B b4 P, 1
‘r‘?ﬁ‘}‘“‘-—m "_J,.«—r’ﬂ & hﬁh—‘q—‘h“" /1"1 :
i il S
(a) (b)

Figure 4. (a) The trigonometric solution of p1 (x,t) when § = 0.5,a = —=8,b =1,k =1,w = 1. (b) The
trigonometric solution of p1(x,t) when p =0.75,a = -8, b=1,k=1,w = 1.

The remaining solutions can also be found similarly.

4. Conclusions

In this study, we used the F-expansion method to solve fractional partial differential
equations with beta-derivative. We applied this method to find the exact solution of the
space-time fractional modified Benjamin-Bona-Mahory equation and the nonlinear time
fractional Schrodinger equation.These solutions were validated by symbolic computing
system. This study showed that the F-expansion method was an effective way, dependable
and powerful to find new exact solutions.
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When the results of this method are compared to previous publications, it is clear that
they are novel. One of the important features of this method that we use is its diversity
compared to other methods [32,35-37]. It is clear that we are able to get this. The findings
in this work are valuable for characterizing some nonlinear processes and give good
complements to the current literature. Many more nonlinear evolution problems may be
solved using this approach. It’s worth noting that the suggested approach may be used to
solve various nonlinear evolution problems in mathematical physics. The solutions that
were obtained in this study could be of significance for the meaning of some concerned
physical problems.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Acknowledgments: We’d like to express our gratitude to the anonymous reviewers and editors for
their insightful remarks and ideas, which helped us improve the paper’s quality.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Elwakil, S; El-Labany, S.; Zahran, M.; Sabry, R. Modified extended tanh-function method for solving nonlinear partial differential
equations. Phys. Lett. A 2002, 299, 179. [CrossRef]

2. Abdou, M,; Soliman, A. New applications of variational iteration method. Physica D 2005, 211, 1. [CrossRef]

3.  Wazwaz, A.M. Multiple-soliton solutions for the KP equation by Hirota’s bilinear method and by the tanh—coth method. Appl.
Math. Comput. 2007, 190, 633. [CrossRef]

4. Kudryashov, N.A. One method for finding exact solutions of nonlinear differential equations. Commun. Nonlinear Sci. Numer.
Simulat. 2012, 17, 2048. [CrossRef]

5. Yildirim, O.; Uzun, M. On the numerical solutions of high order stable difference schemes for the hyperbolic multipoint nonlocal
boundary value problems. Appl. Math. Comput. 2015, 254, 210. [CrossRef]

6.  Yildirim, O.; Caglak, S. Lie point symmetries of difference equation for nonlinear sine-Gordon equation. Phys. Scr. 2019, 94, 085219.
[CrossRef]

7. Inc, M.; Miah, M.; Chowdhury, A.; Ali, S.; Rezazadeh, H.; Akinlar, M.A.; Chu, Y. New exact solutions for the Kaup-Kupershmidt
equation. AIMS Math. 2020, 5, 6726. [CrossRef]

8. Yildirim, O.; Uzun, M. Weak solvability of the unconditionally stable difference scheme for the coupled sine-Gordon system.
Nonlinear Anal. Model. Control 2020, 25, 997. [CrossRef]

9.  Goémez, C.A,; Jhangeer, A.; Rezazadeh, H.; Talarposhti, R.C.; Bekir, A. Closed Form Solutions of the Perturbed Gerdjikov-Ivanov
Equation with Variable Coefficients. East Asian J. Appl. Math. 2020, 11, 207.

10. Hashemi, M.S.; Rezazadeh, H.; Almusawa, H.; Ahmad, H. A Lie group integrator to solve the hydromagnetic stagnation point
flow of a second grade fluid over a stretching sheet. AIMS Math. 2021, 6, 13392. [CrossRef]

11. Leta, T.D.; Liu, W.; Rezazadeh, H.; Ding, J.; Achab, A.E. Analytical Traveling Wave and Soliton Solutions of the (2 + 1) Dimensional
Generalized Burgers-Huxley Equation. Qual. Theory Dyn. Syst. 2021, 20, 1-23. [CrossRef]

12.  Gomez-Argular, J.F. Space-time fractional diffusion equation using a derivative with non-singular and regular kernel. Phys. A
Stat. Mech. Appl. 2017, 465, 562. [CrossRef]

13.  Kumar, D,; Singh, J.; Baleanu, D. A hybrid computational approach for Klein-Gordon equations on Cantor sets. Nonlinear Dyn.
2017, 87, 511. [CrossRef]

14. Owolabi, K.M.; Atangana, A. Numerical simulations of chaotic and complex spatiotemporal patterns in fractional reaction
diffusion systems. Comput. Appl. Math. 2018, 37, 2166-2189 [CrossRef]

15. Srivastava, H.M.; Kumar, D.; Singh, J. An efficient analytical technique for fractional model of vibration equation. Appl. Math.
Model. 2017, 45, 192. [CrossRef]

16. Owolabi, K.M.; Atangana, A. Numerical simulation of non-integer order system in subdiffusive, diffusive and superdiffusive
scenarios. J. Comput. Nonlinear Dyn. 2017, 12, 1.

17.  Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999.

18.  Metzler, R; Klafter, J. The random walks guide to anomalous diffusion: A fractional dynamics approach. Phys. Rep. 2000, 339, 1.
[CrossRef]

19. Caputo, M.; Fabrizio, M. A new definition of fractional derivative without singular kernel. Progr. Fract. Differ. Appl. 2015, 1, 73.

20. Jumarie, G. Modified Riemann-Liouville derivative and fractional Taylor series of nondifferentiable functions further results.
Comput. Math. Appl. 2006, 51, 1367. [CrossRef]

21. Atangana, A.; Baleanu, D. New fractional derivatives with nonlocal and non-singular kernel: Theory and application to heat

transfer model. Therm. Sci. 2016, 20, 763. [CrossRef]


http://doi.org/10.1016/S0375-9601(02)00669-2
http://dx.doi.org/10.1016/j.physd.2005.08.002
http://dx.doi.org/10.1016/j.amc.2007.01.056
http://dx.doi.org/10.1016/j.cnsns.2011.10.016
http://dx.doi.org/10.1016/j.amc.2014.12.117
http://dx.doi.org/10.1088/1402-4896/ab1180
http://dx.doi.org/10.3934/math.2020432
http://dx.doi.org/10.15388/namc.2020.25.20558
http://dx.doi.org/10.3934/math.2021775
http://dx.doi.org/10.1007/s12346-021-00528-z
http://dx.doi.org/10.1016/j.physa.2016.08.072
http://dx.doi.org/10.1007/s11071-016-3057-x
http://dx.doi.org/10.1007/s40314-017-0445-x
http://dx.doi.org/10.1016/j.apm.2016.12.008
http://dx.doi.org/10.1016/S0370-1573(00)00070-3
http://dx.doi.org/10.1016/j.camwa.2006.02.001
http://dx.doi.org/10.2298/TSCI160111018A

Fractal Fract. 2022, 6,173 11 of 11

22.

23.
24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

Zhang, S.; Zhang, H.Q. Fractional sub-equation method and its applications to nonlinear fractional PDEs. Phys. Lett. A 2011,
375,1069. [CrossRef]

Lu, B. The first integral method for some sime fractional differential equations. J. Math. Anal. Appl. 2012, 395, 684. [CrossRef]
Tala-Tebue, E.; Korkmaz, A.; Rezazadeh, H.; Raza, N. New auxiliary equation approach to derive solutions of fractional resonant
Schrodinger equation. Anal. Math. Phys. 2021, 11, 167. [CrossRef]

Pandir, Y.; Gurefe, Y.; Misirli, E. New exact solutions of the time-fractional Nonlinear dispersive KdV equation. Int. . Model. Opt.
2013, 3, 349. [CrossRef]

Das, N.; Singh, R.; Wazwaz, A.M.; Kumar, J. An algorithm based on the variational iteration technique for the Bratu-type and the
Lane-Emden problems. |. Math. Chem. 2016, 54, 527. [CrossRef]

Zhou, M.; Kanth, A.S.V.R; Aruna, K.; Raghavendar, K.; Rezazadeh, H.; Inc, M.; Aly, A. Numerical Solutions of Time Fractional
Zakharov-Kuznetsov Equation via Natural Transform Decomposition Method with Nonsingular Kernel Derivatives. J. Funct.
Spaces 2021, 2021, 9884027. [CrossRef]

Khalil, R.; Horani, O.A.; Yousef, A.; Sabableh, M. A new definition of fractional derivative. |. Comput. Appl. Math. 2014, 264, 65.
[CrossRef]

Cenesiz, Y.; Kurt, A. The extented trial equation method for some time-fractional differential equations. Discret. Dyn. Nat. Soc.
2013, 2013, 491359.

Atangana, A.; Baleanu, D.; Alsaedi, A. New properties of conformable derivative. Open Math. 2015, 13, 889-898. [CrossRef]
Atangana, A.; Baleanu, D.; Alsaedi, A. Analysis of time-fractional Hunter-Saxton equation: A model of neumatic liquid crystal.
Open Phys. 2016, 14, 145-149. [CrossRef]

Yepez-Martinez, H.; Gomez-Aguilar, ].F.; Atangana, A. First integral method for non-linear differential equations with conformable
derivative. Math. Model Nat. Phenom. 2018, 13, 1. [CrossRef]

Zayed, EM.E.; Amer, Y.A.; Shohib, RM.A. The Jacobi elliptic function expansion method and its applications for solving the
higher order dispersive nonliear Schrodinger equation. Sci. J. Math. Res. 2014, 4, 53-72.

Zayed, E.M.; Al-Nowehy, A.G. Exact solutions for the perturbed nonlinear Schrodinger equation with power law nonlinearity
and Hamiltonian perturbed terms. Optik 2017, 139, 123-144. [CrossRef]

Mirzazadeh, M.; Ekici, M.; Sonmezoglu, A. On the Solutions of the Space and Time Fractional Benjamin—Bona—-Mahony Equation.
Iran. ]. Sci. Technol. Trans. A Sci. 2017, 41, 819-836. [CrossRef]

Uddin, M.H.; Akbar, M.A.; Khan, M.A.; Haque, M.A. New exact solitary wave solutions to the space-time fractional differential
equations with conformable derivative. AIMS Math. 2019, 4, 199. [CrossRef]

Gurefe, Y. The generalized Kudryashov method for the nonlinear fractional partial differential equations with the beta-derivative.
Rev. Mex. Fis. 2020, 66, 771. [CrossRef]


http://dx.doi.org/10.1016/j.physleta.2011.01.029
http://dx.doi.org/10.1016/j.jmaa.2012.05.066
http://dx.doi.org/10.1007/s13324-021-00519-y
http://dx.doi.org/10.7763/IJMO.2013.V3.296
http://dx.doi.org/10.1007/s10910-015-0575-6
http://dx.doi.org/10.1155/2021/9884027
http://dx.doi.org/10.1016/j.cam.2014.01.002
http://dx.doi.org/10.1515/math-2015-0081
http://dx.doi.org/10.1515/phys-2016-0010
http://dx.doi.org/10.1051/mmnp/2018012
http://dx.doi.org/10.1016/j.ijleo.2017.03.050
http://dx.doi.org/10.1007/s40995-016-0121-9
http://dx.doi.org/10.3934/math.2019.2.199
http://dx.doi.org/10.31349/RevMexFis.66.771

	Introduction
	F-Expansion Method
	Applications to Fractional Equations with Beta Derivatives
	Conclusions
	References

