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1. Introduction

A set € C R is said to be convex, if
(I1—v)x+vyec

forall x,y € Cand v € [0, 1].
A function .% : € — R is said to be convex, if

F(1—v)x+vy) <(1—v)F(x)+VvZ(y)

forall x,y € Cand v € [0, 1].

The classical concepts of convexity are simple but have many applications in different
fields of pure and applied sciences. For example, they play a significant role in the theory
of optimization, mathematical economics, operations research, etc. In recent years, the
classical concepts of convexity have been extended and generalized in different directions
using novel and innovative ideas. It has been observed that these new generalizations
of classical convexity enjoy some nice properties which classical convexity has. Recently,
Cortez et al. [1] presented a new generalization of convexity class as follows:

Definition 1 ([1]). Let p,A > 0and o = (0(0),...,0(k),...) be a bounded sequence of positive
real numbers. A non-empty set J is said to be generalized convex, if

@1 +TRp A o(@ —@1) €7

forall @1, @ € Jand T € [0,1].
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Here, R, 5 o (z) is the Raina’s function and is defined as:

R _ go0,0() e,y o K
prolz) =R (2) kZ:O Mok +A) "

where p,A > 0,]z| < R, 0 ={0(0), o(1),...,0(k),...} is a bounded sequence of positive real

numbers and '(n) = [ xN~le=*dx is the gamma function. For details, see [2].

0
Cortez et al. [1] also defined the class of generalized convex functions as:

Definition 2 ([1]). Let p,A > 0and o = (0(0),...,0(k),...) be a bounded sequence of positive
real numbers. A function F :J — R is said to be generalized convex, if

F (@1 +Rppo(@2 —@1)) < (1—1).F (@1) + 17 (@2)
forall @1, @, € Jand T € [0,1].
Awan et al. [3] introduced the class of exponential convex functions as:

Definition 3 ([3]). A function # : C — R is said to be exponentially convex, if

Z((1=v)x+vy) < u—we;’;&l) ”eg((z)yr

forallx,y € Candv € [0,1].

Besides its applications, the theory of convexity has also played a dynamic role in
developing the theory of inequalities. A wide class of inequalities is just a direct conse-
quence of the applications of the convexity property of the functions. Hermite-Hadamard'’s
inequality, also known as trapezium-like inequality, is one of the most studied results. It
reads as:

Let.# : 1 C R — R be a convex function, then

@2
ar
P W1+ @3 < 1 Jﬁ(x)dxgj(®1)+g(®2).
2 Wy — @1 2
@1

For some recent developments related to Hermite-Hadamard’s inequality and its
applications, see [4].

In recent years, several new techniques have been used to obtain new versions of
Hermite-Hadamard’s inequality. For instance, Sarikaya et al. [5] utilized the concepts
of fractional calculus and obtained the fractional analogues of Hermite-Hadamard’s in-
equality. Alp et al. [6] obtained quantum analogue of Hermite-Hadamard'’s inequality.
Awan et al. [3] obtained a new refinement of Hermite-Hadamard’s inequality using the
class of exponentially convex functions. Cortez et al. [1] obtained Hermite-Hadamard’s
inequality using the class of generalized convex functions. Kunt and Aljasem [7] obtained
fractional quantum versions of Hermite-Hadamard type of inequalities. Noor et al. [8]
obtained some more quantum estimates for Hermite-Hadamard inequalities using the class
of convex functions. Sudsutad [9] obtained various new quantum integral inequalities for
convex functions. Zhang et al. [10] obtained a new generalized quantum-integral identity
and obtained new g-integral inequalities via (o, m)-convexity property of the functions.

The main motivation of this article is to obtain two new identities involving q-Riemann—
Liouville fractional integrals. Using these identities as auxiliary results, we derive some
new (-fractional estimates of trapezoidal-like inequalities, essentially using the class of
generalized exponential convex functions. We hope that the ideas and techniques of this
article will inspire interested readers working in this field.
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2. Preliminaries

In this section, we recall some previously known concepts and results.
The following concept of g-derivative was introduced and studied in [11].

Definition 4 ([11]). For a continuous function .F : [@1, @3] — R the q-derivative of F at
x € [@1, @y] is defined as:

F(x) = F(qx + (1 —q)@1)

@ Da? () = == i)

;X F @1 M

The g-definite integral is defined as:

Definition 5 ([11]). Let .7 : [@1, @2] — R be a continuous function. Then the q-definite integral
on [@1, @3] is defined as:

n=0

j FV) oydgy = (1-qx—@1) Y q"Z(qx+(1-qY@1), @)

forx € [@1, @y].

Interesting additional details of the following concepts can be found in [9,12].

m

1—q’

[mlq = m e R. 3)

The g-analogue of power function is defined as, if y € R, then

(r—m —rVH rogtm T #0. 4)

q‘y+nm
The g-gamma function is defined as:

1—q
(1 _ q)v—l 4

For any s, v > 0, the g-beta function is defined as:

Tq(v) = veR/O0,-1,-2,...}. 5)

1

Bq(s,v) = Ju(sfl)u—qu)(vfﬂdqu, (6)
0
and ()T (V)
_ 'qi8)iqlV
Bq(s,v) = m.

The g-Pochhammer symbol is defined as:

k—1
(miqlo=1, and (m;qk=]]1—q"m) )
n=0
for k € NU {oco}.
Theorem 1 ([13]). Suppose A, u € R, then
Ay
99 _ (1 _xu, ®)

q—1- (q"x;q)
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(@)g

g7 )(x)

uniformly on {x € C : x| < 1}, if u > A, A+ > 1, and uniformly on compact subset of

{x € C: x| <1,x # 1} for other choices of pand A.
The g-shifting operator is defined as:
@, Pq(m) = qm+ (1—-q)@;.
For any positive integer k, one has:
@1q)1(;(m) = fchD](;’il(ﬁ)l(Dq(m))/ (qu)g(m) =m.
The following properties for g-shifting operator hold:

Theorem 2 ([9,12]). For any r,m € R and for all positive integers X, j, one has:

@, 0§ (M) = o, Ogx(m);
@1(Dq(®1) = Wy,
@, O (m) — @1 = q*(m—@1);

m— o, ®K(m) = (1-q¥)(m—@1);
@, @E(m) = m%d)lj(l), form #0;
(Dl(Dq(m) - @1®§(T) = ‘](m— G)]q)]c;_l(r))'

N R =

The power of g-shifting operator is defined as:

@1 o (m)
(v I | q
T (r—o , YeER
a)l( )q 1) T 1®1q,+n( )

Theorem 3 ([9,12]). Foranyy,r,m € R, r # @1 and k € N, one has:

L o r—m)li == ml)k(r;‘ig’;’ll,q)

mml n-+
oY

(v) 1-Tgtgn (7=5ta)
2. or—m)g =(r—@)Y 1_[ —w o = (T—®1)Y < Tme

n=01— T ;’11 )
3 el o @5 = (r—wm%.

©)

(10)

(11)

Definition 6 ([9,12]). Let « > 0and .% be a continuous function on [@1, @>]. Then the Riemann—

Liouville-type fractional quantum integral is given by ( @1]0J )(v) = F(v) and

X

1

~ (@ J§FWN0) = o | 1% o, O F ) gy
q

)

@1

1-qx-—@1) & . n ) gz(, @n
S L e e, 05 S 0 ),

where o« > 0 and x € [@1, @3).

3. Results and Discussions

(12)

In this section, we will discuss our main results. First of all we define the class of

generalized exponential convex functions.
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Definition 7. Let p,A > 0and o = (0(0),...,0(k),...) be a bounded sequence of positive real
numbers. A function F : J — R is said to be generalized exponential convex, if

F(@1)  _F (@)

F(@1+MRppo(@—®1)) < (1—7) NCT T

forall@1, @ €J, 1€ (0,1l andx > 1.

Note that if we take « = 0 or x = 1, then the class of generalized exponential convex
functions reduces to the class of generalized convex functions introduced and studied in [1].
If we take x = exp, then we have the class of exponentially convex functions involving
Raina’s function. This class is defined as:

Definition 8. Let p,A > 0and o = (0(0),...,0(k),...) be a bounded sequence of positive real
numbers. A function F : J — R is said to be generalized exponential convex, if

Fl@) ,  F(@)

F (@1 + Ry p0(@2 —@1)) < (1_T)exp(0@1) exp(a®;)

forall @1, @, € Jand T € [0,1].

Now, we derive our auxiliary results. Before we proceed, for the sake of simplicity, we
consider Q = [@1, @1 + Rp \,¢(@2 —@1)] and Q° = (@1, @1 + Rp a0 (@2 — @1)).

Lemma 1. Let # : Q — R be a continuous function and « > 0. If o, Dq.7 is q-integrable on
Q°, then

gl +1) o (e +1g =D F(@1) + F (@1 + Rp0(@2 — @1))
RS‘,A,G(QZ_@”(@JC[%(Q + R 0(@2— @1)) — ot 1l
1
:R o - [0
"'N[“(fzﬂ 1) J(m Uqo(1 = @q(V))§ = 1) 0,DgF (@1 + VR p (@2 — @1)) odgv. (13)
q

0

Proof. It suffices to show that

1

Roo(@r—@1)
p j(m Uqo(1 = 0®(V)§™ 1) 0, DgF (@1 + VRo,p 0(@3 — @1)) 0dgV

[(X+ 1]q

=Roro(@2—@1) | 0(1— oq)q(\/))((fx) 01 Dq7 (@1 + VR A (@2 — @1)) odqV

Rool@r —@1)
[CX+ 1]q

@, Dq7 (@1 + VRp a0 (@2 — @1)) odqV

O e—_— O

=81 —8,. (14)

Now,
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81 =Rprc(@2—@1) | o(1— 0‘13q(\/))c(1“) @, Dq 7 (@1 +VRp A (@2 — @1)) odqV

o(1— o @o(v)) F (@1 + VR o(@2 —@1)) = F (@1 + qVRp Ao (@2 — @1))
e (1—=q)Rpp,o(@2—@1)v

=Rp\,o(@ —@1) odqv

e O

1
a R —
— 1o | o1 - 0@y e 2 )
0

dgv
v 0%q

1
1 F (@1 + qVRp A 0(@2 — @1))
- 17J o(1— oq)q(V))é(X) i odqv
—q v
0
ar n o
=Y ol SR (@14 09§ (11Rppal@2— 1))
o o 0@ (1)
o F (@1 +qo@ (D)Rpr,0(@2 — @1)
— Y qrol1— e@3 1)L ( 1 )
n=0 O(Dq (1)
[ (e o n
nZ=0 MJ ((Dl Tq :Rp,}\,(y((’szwl))
“=o (qoc+n+l;q)oo 179 oA, o 2 1
[ x+n (qn+1'q)oo a n
Zo(l—q JWJ(GHW Roo(@2 —@1))
— n=
_y 1—gnt! a2 4 n+iqp _
ZO( d )(q‘”““;q)oo‘/(@lJrq oA o(@2—@1))
L n=
[ (thg)
Y (el (@14 Ry (@2~ @)
— n=
_ S @ g qn IR ) (@2 — 1))
o (q(x+n+l;q)oo 179 oA, o 2 1
[ a9 o n
Z_Oq m‘/@h +q " Rp (@2 —@1))
— n_oo a2 (qn+2;q)oo el
a Zoq g7 (@149 Ropo(@2 —@1))
L n=
1. )
= (;[o(f'ccll)oo y(a)l+5Rp,7\,0(®2—@1))—y(ﬁ)1)
4 (e}
[ X a+n n_H'q)oo . n B
Zoq a7 (@14 q"Rp 0 (@2 — @1))
_ Tl—oo N (qn+1.q)oo _ N
B Zlq aema 7 (@14 4" Rp 0 (@2 — @1))
L n= ]
CR))
= (Cclloc.(zl)oo F(@1+Rpp 0@ —@1)) — F(@1)
7 [o.9]
= x+n (qn+1'q)oo ar n T
L 4" g 7 (@1 + 4" Rp (@2~ @1))
— niOO n (qn+1;q)oo ar n
- L Mg 7 (@1 3" Ropa(@2 — @1))
T e R
L T 7 (@14 Rpa0(@2 —@1)) |
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=T+ 1-q) Y LD g g (@ @)

— —F (@) +[oq(1—q an(2a+n'ccll)°° Z (@14 4" Rp 0@ — @1))
n=0
= ﬂ’(a)l)jumgi:(rq( )@1)
=—F(®1)+ ngro((aﬂ)@l)
x <(1—q)ﬂ%pr,2ic;()®z—@1) ;qné“_l(%@l)(q(a&ll?+séc+l)1),q)m9(@1 +qnﬂzp,A,0(a>2—a>1))>
= —F (@) + RS‘IG((H ”@1) <(1 - q)m"r':(‘;f)mz — @1 Tiq“ o, (@1 + Ry o(@2 — @1))

a)cha‘*l(Gh + pr,?\,G(a)z — @”)é“*”ﬂ‘( a)](D:]l(Gh + pr,}\,o-(G)z — @1))))

Tqla+1)

=—F (@) +
VTR (@ — @)
. @1+Rp Ao (@2—@1)
-1
| e o1 @1+ Rp0(@2 = @1) = @, Pg(W)g™ T F(v) @ dgv
q o
—Flon) + =D e g (@ 4 Ry o (@2 — @1) (15)
VTR (@ — @) €1 11 FpAcl@2 = ®1)).

Similarly, we have

1
R (@ — @1)
e J@qu(ml VR p (@2 — @1)) odqV
K 0
1
_ Rorol(@— )Jgf(c’m +VRo A, o(@2 —@1)) = F (@1 + qVvRp A, o (@2 — @1)) dv
[x+1]q ) (1=q)Rp A cl@2—@1)V 0™
1
B 1 J«?(wl +VRp Ao (@2 —@1)) d
= odqVv
(1—q)lec+1]q ) v
1
B 1 J9(®1+qvmp,7\,a(®2®1)) dov
(1— )+ 1]q v 0%a
0
1 (o] o0
rEET Y F(@+q"Rppcl@—@1)— ) Fl@1+q" Ry o(@2— @1))
9 Ln=0 n=0
F (@1 + Rp 0@ —@1)) — F (1)

= FESIE : (16)

Using the equalities (15) and (16) in (14), we obtain the desired result. O
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Corollary 1. Under the assumptions of Lemma 1, if we choose o« =1, then

D1+Rp Ao (@2—@1)

1 F(v) o dav — q7 (@1) + F (@1 +Rp A (@2 — @1))
Roo(@2—@1) @1q 1+q
w1
R (D — @
= d p,A,T+; ) J(l - (1 + q)V) a)quy(ﬁ)l +Vpr’)\,0—((D2 — (Dl)) oqu. (]7)

Lemma 2. Let # : Q — R be a continuous function and o > 0. If o,Dq.% is q-integrable on
Q°, then the following equality holds:

ﬁ(([‘x“‘ﬂq_l)@l'i‘(@l +:Rp,7\,0'(®2_a)1))) o Tyle+1)
[ + Hq :Rgcl)\,d(ﬁ)z — 1

1

[oc+1]q
[ (1= 01— @g(v)E) @, DgF (@1 + ¥Ro p,o(@2 — @1)) odgV
0

] (@,]§ ) @1+ R o(@2 —@1))

=Roo(@—@1) 1 . (18)
+ | (o1 —Dg(v )) ) @, DqF (@1 + VRp A (@2 — @1)) 0dgV
(xllq
1
[oc+l]q
Proof. LetS3 = [ ,DgqZ(@1+VRp (@2 —®@1)) gdqV. Then
0
1
[0(+1]q
S3 = J @, Dq7 (@1 + VRp Ao (@2 — @1)) 0dqV
0
1
[(X+l]q
_ J F (@1 +VRpp o(@2 —@1)) = F (@1 + qVRp Ao (@2 — @1)) odov
) (1—=q)Rpp,0(@2—@1)v K
1
[OH—]]q
1 J F (@1 + VR o(@2 —@1)) d
0dqV
(1-q)Rpa,o(@2—@1) ! v
1
[oc+1]q
1 J F(@1+ qVRppo(@2—@1))
(1-q)Rp (@2 —@1) ) v
1 Z F <031 + [“H} Rp,?\,O‘(QZ_ml))
= q n
Ropo(@2 —@1)la+1lq = [oﬂu]q
n+1
1 Z (6)1 + [oc+l] j{p,)\,c(wz_a)l))
_ - q -
pr,)\ o(@r — @1) (X+1 Tl
= ! if(ml-i- - A (632—631))—i§(¢’k>1-1—anfR A (632—@1))
Rp?xo(COZ*CDl) = [oc+1]q " = [+ 1]q " "™
([a+1lg—D@1 + (@1 +R Dy — @
_ {9‘( 1+ (@1 +Rpa,0(@2 1))>y(®1)]. (19)
pr,)\ o(@y — @1) (o + 1]q
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By (15), we have

1
81 = Ry rol@2— @) J 01— 0@g(V)LY o Dy F (@1 + VR p (@2 — 1)) odgv
0

Tqlac+1)

Ro Ao (@2 —@1)

=—F(®1)+ (@,J§F) @1+ Rp p,0(@2 — @1)). (20)

Using the equalities (19) and (20), we have

1

[£x+1]q

[ (1= 01— 4(v))§) @, DgF (@1 +VRop,0(@2 — @1)) odgv
Ropol@—@1) | °

+ — (1= Dg(V))5 2, DqF (@1 + VR 0 (@2 — 1)) odqV

[

——

+

1]q
r 1
[oc

l]q
@1 Dq7 (@1 + VRp \ o (@2 — @1)) odqV
=R\, o(@2 —@1)

O, O +

0(1— g (V)Y 0, Dy (@1 +VRo o (@2 — @1)) odqV

1 ([a41lg—D @1+ (@1+Rp a0 (@2—D1))
Roo(@2—®1) {y( . [o+1lq . ) _y(wl)]

1 Iq(o+1)
| T Rorc(@w1) —F (@) + W( @ J§ F) @1+ Rp a0l — @1))]

f(([cx—kl}q—l)f‘h-%(@l +Rp,)\,c(®2—®1))) fqlax+1)
J J—
[x+1]q Ro Ao (@2—@1)

= Roo(@ —@1)

(@) F)([@1+ Rp o(D2 —@1)).

This completes the proof. [

Corollary 2. Under the assumptions of Lemma 2, if we take o = 1, then the following result holds:

D1+Rp Ao (@r—@1)

y((1+q)®1+pr,A,a(®2—®1) 1

- F(v) o,dgVv
1+q ) Rono(@2— @1) @17

(1
1
T+q
f v G)quy(Gjl + V:Rp,}\,o-(@z — (Dl)) oqu
0

+J}(v—

= qRp,0(@2 —@1) (21)

) @, DgF (@1 + VRp A, o (@2 — @1)) 0dqV

o=

1+q

Theorem 4. Let 7 : QO — R be a continuous function and « > 0 and &, Dq.# be q-integrable
on Q°. If | @, Dq-7 | is generalized exponential convex on Q, then

gloc+1) « o ([x+1]qg = 1).7(@1) + F (@1 + Rpp,0 (@2 — @1))
R&A,G(a)z — CDl) ( @1 Iq F )(@1 + :Rp)\,()'(a)Z - (Dl)) - [(X+ 1]q
< pr,A,c(Gz—GH)(A | @, DgF (@1)] +A2|@1Dqﬁ(®2)|)/ 22)

[+ 1]q I ye@ XX®2
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where

A1 = | |ler+ g (1= 0@q(vD§™ 1|1 =) odg,

[

and
1
Ay = J’[chr 1qo(1— o@g(v){™ —1‘v0dqv.
0

Proof. Using the Lemma (17), property of modulus and the generalized exponential con-
vexity of | o, Dq7|, we have

Mqlec+1)
(@ —@1)

(@,]q F) @14 Rpp 0(@2 — @1)) —

([a+1lq—1)F(@1) + F (@ +ﬂzp,x,0(wzwm‘

R [CX+ 1]q

p,AC

o Ro,o(@2 —@1)
b [CX+ 1]q

[(for+ g0 (1= 0@ (W)E™) 1) @,DgF (@1 + VR p 0(@2 — 1)) odgv

< :Rp,?\,o‘(QZ - ajl)

|0, DqF (@1) | _|@,DgqF (@2)]
< +v
[(X+ 1]q

Xoca)l XOL@z :| Oqu

vt (1~ o0g(v -1/ 11 v

1
| @, DgZ (@1)] ‘[cx (o) ‘
——— +1lgo(1 = g@q(v —1/(1 —=v) odgVv

Rp,x,o(f‘?z*@ﬂ NG t]; qO( 0 q( ))q ( )0 q

[CX+ ﬂq

1
| @, DgZ (@5 (o)
2 Tl o1 = 0@qv))" —1[vodgy
Roao(@2 — @1)

| @, Dq7 (@1)] | @, DqF (@2)]
= ( a® A1t a®
[ +1]q @1 XX@2

1 Q——r O—F—

Az),

which completes the proof. [

Corollary 3. Under the assumptions of Theorem 4, if we choose & = 1, then we have

D1+Rp Ao (@—@1) _ _ 2
1 F (@ F (@ 0y — @
Z(v) @1dqv—q (@1) + F (@1 +Rp A, 0(@2 — @D1))
Ro, (@2 —@1) 1+q

w1

qzmp,?\,d(iDZ_@l) *\wquf(ah)l +A*|Q1qu(@2)| (23)
(1+q)* boxe® 2oxe® )
where
. q+3q°+2q*
V" 14q+q?
and

A*71+4q+q2
2 1+q+q?’

Theorem 5. Let .7 : Q — R be a continuous function and o > 0 and o, Dq.F be g-integrable
on Q°. If | o, Dq.Z|" is generalized exponential convex on Q for v > 1Land p~t +v71 =1, then
the following inequality holds:
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Tqloc+1) (l+1] —1)9(@1)4—?(@14—% A (@2—@1))
q [od q pP,A,0
F)@+R Wy — 1)) —
Rg,x,g(wz—ml)(aﬂq J(@1+Rpp,0(@2 1)) o+ 1l
| @, DgZ (@1)|" T
pr,)\lg(szfDl) % = qucanl - +‘®1Dqu(@2)r
< Al , (24)
where
1
As = ||l +11q0(1 = 0@q(v){ —1]" od
3= ||la+1go(l—0Pq(v))q  —1| odqv.
0
Proof. Using Lemma (17), Holder’s integral inequality and generalized exponential con-
vexity of | o, Dq#|", we have
Tq(a+1) ([ae+1lg—1).F(@1) + F (@1 +Rp p, (@2 — @1))
9 X g R o o q PO
RSIA,G(@z—@l)(wlqu)(ml+ pAo(@2—@1)) o+ g
1
Ropo(@—@1) [ (o)
o [l aoll = 0@q()g™ ~ 11, Do F (@1 4 ¥Ro 0@~ @1)odgy
) 1 1
P T
Roo(@ —@1) 11— () 4|7 4 D.7 R T 4
o [l 1g0(1 = 0@q(§™ = 1| 0dqv | | [121DgZ (@1 + VR 0(@2 = @) odgv
1 0 0
. 1
P
Roo(@2 —@1) P
P ﬂ[cx—kl}qo(l—OCDq(v))éo‘)—l’ 0dqV
1 0
|0, DgZ (@1)|" [ |0, DgZ (@2)|" | r
19 179
X e J(lfv)odqur NETE Jvodqv
1
5 [ loDeZ (@)I" | |2, DgZ(@)|T\ *
Ro, (@2 —@1) («) P X1 T
— e 1o o(1— 0@ —1’ )
o | [l g0t - s =1 gy -
0

which completes the proof. [

Corollary 4. Under the assumptions of Theorem 5, if we choose & = 1, then we have

, D1+Rp o (@2—@1) _ _ 2
F(o) + F (@1 + 0y — @
F(v) wldqqu (1) (@1 +Rpp,0(@2 —@1))
Ro,o(@2 —@1) 1+q

(251

==

| @,DgZ (@)
Roro(@2=@1) ;o) 9~ wor Tl DgZ (@)

(1+q) 1+q !

(25)
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where
1
AL = Ju ~ (14 VPP odgv.
0

Theorem 6. Let 7 : Q — R be a continuous function and « > 0 and o, Dq.# be q-integrable
on Q°. If | o,DqF|" is generalized exponential convex on Q for v > 1, then the following
inequality holds:

Mqlee+1)
(@ —@1)

([ +1lq—DF (@1) + F (@1 + Rp a0 (@2 — @1))
[ox + 1]q

T (@,]g F) @14 Rpp0(@2— @1)) —
oA, C

1
< pr,A,U(Gz—Gﬁ)Al—% A |m1Dq9(®1)\T+A | 2, DgZ (@) "\ ™
b loc +1lg 4 T e 7 xe@: ’

(26)

where A1, Aj are given in Theorem 4 and Ay is given as:

1
Ay = H[OL+ 1g0(1— o@q(v))L™ — 1] odgv.
0

Proof. Using Lemma (17), the power mean integral inequality and generalized exponential
convexity of | ,Dg.7|", we have

(e +1]g =D F(@1) + F (@1 + Rp 5,0 (@2 — @1))
[ox + l]q

1
R Dy — @
o202 =21 [l 4 1001 0@q (V) 1]l 0,Dg P (@1 +¥Rpp 0122~ @11l oy
[0(+1}q
0
R ) 1 -1
p Aol — W _ ()
FEn (i’[oc-l—l}qo(l 0Dg(v)} l‘odqv>

1
=

1 1=
Roro(@r —@1) ()
< PN, _ _
< l]mnqo(l 0@q(VN§) — 1] odgv
1 1
| 2, Dq.Z (@1)]" | @, DqF (@2)"
x (J)[a+1}q0(1— qu(v))él“)—lw% “”H% v} odqV
0
1 -5
Ror,o(@2 —@1) (o)
< P,A, _ _
S ﬂ[wuqou 0Pg(v))} 1‘odqv
1 1
. D7 T "
| R et g0 = 0@q()g™ — 11 = v)odgy
| @, Dy F (@) T
#1220 o+ g (1 — 0®@q(v)EY) —1]vodgv

1

R D) — @ _1 Dy.Z (@1)|" DqZ (@7) "\ ™

_ o o(@2 1)A}1 r(Al|a>1 qF (@1)] +A3\a>1 q7 ( 2)|)
[0(+1]q

o@D xw 4
XT XT*e2

which completes the proof. [
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Corollary 5. Under the assumptions of Theorem 6, if we choose x = 1, then we have

D1+Rp Ao (@2—@1)
1 q7 (@1) + F (@1 + Rp A, 0(@2 — @1))

F(v dgv —
:Rp,?\,O'(G)Z_a)l) ( )a)l a 1+q

@1

, (27)

1
qRop (@2 —@1) 411 A*|®1Dq9(®1)|r+A*|®1Dq9(®2)|r T
(14q) 4 b xe@ 2 xx®2

where A7, A3 are already defined in Corollary 3 and

ar L 2a+ai+qt
S CEIE

Theorem 7. Let # : Q — R be a continuous function and « > 0 and &, Dq.# be q-integrable
on Q°. If | o, Dq | is generalized exponential convex on Q, then

y(([cx—kﬂq— D@1+ (@1 +Rpa,0(@2 — @1))> — 7 (o +1) (@,J§F) @1+ Rpp o(@2—@1))

[x+1]q oAo(@2—@1)

| 0, DqZ (@1)] | @, DqZ (@]
[ e R e 28)
where
1
[octl]q
As= | [1= 01— @g(v)){|(1=v)odgv
0
TaiTlq
Ag = 1—o(1— (1) 0d
6 ol q(v))q 7| Vodqv
0
1
Ay = |— 0(1 = ©q(v) M1 = v) odqv
1
[oc+1]q
1
Ag = |— 01— Dg(v){¥ v odqv-
o]y

Proof. Using Lemma (21) and the generalized exponential convexity of | ,Dq-7|, we have



Fractal Fract. 2022, 6, 185 14 of 19

‘y(“‘””q”@1“@1”"'“[@2@”))—R (et (e )@y + Ry p (@2 — 1)

[OCJqu g,)\,g(CDZ*@l)
[ = ()
[ N=01-04(V))g" @, DgF (@1 + VR (@2 — @1))| odqV
< Rp 0@ —@1) o o
+ [ 1= 0(1=0q(V)g™l @,DqF (@1 + VR A o (@2 — @1))l odgV
L [ochfl]q
[ 11]
oa+1lq
| o, DgF |
f 1= 01— @g(v) {11~ v) =252 v o Dy (@) gdgv
<:Rp)\cr(®2_@1) 1
A @1 DqF
+ ] 1= o1 = @gv)NT — V)l @, Dy (@1) + vk =2 gy
L [ochfl]q
[ ﬁ 1 |
° D..Z a+1lq
PO = (1= 0g (VI = V) odgv+ [ 1= 01— Dg(v))§ 11— V) odgv
0 1
[oc+1]
::Rp,?\,cr(@2_®1) 1 +q
[oc+1] 1
| o, DgF | 4
+le2uion)l [0t = 0q)givadqv+ [ 1= (1= 0g(v)g Ivodgy
L Loc+1]q ]

This completes the proof. [

Corollary 6. Under the assumptions of Theorem 7, if we set « = 1, then we have the following
inequality

D1+Rp o (@r—@1)

(1+Q)®1+Rp>\c(®2®1)) 1
T — - F (v dgv
( 1+q Ror (@2 — @1) NES
w1
qQRozo(@2 —@1) [,l@;DqF (@1l 2 | @, Dq-Z (@2)]
SHrqr@irai[ o TEOF2-DTEG— )

Theorem 8. Let .7 : QO — R be a continuous function and « > 0 and &, Dq.# be q-integrable
on Q°. If | ,DqF|" is generalized exponential convex on Q, then the following inequality holds
forpl+r1=1:

6\(([“+1}q_1)®1+(@1+:Rp,?\,cr(@2_a)l))) Tqloe+1)
e/ p—
[ +1lq RO (@2 —@1)

1
A% |m1Dq9<w1)|f((1+q)[a+uq—1)+mquff(coz)\f( 1 ) r
9 x*®1 (1+q) (To+11q)? Xx5©2 (1+q) ([ac+1]q)?
(@2 —@1)
2 — Wi

+A;<@1quf(a>1)|f< q (1+q)[a+1]q71) |w1Dq3J(wZJ|T( 1 1 )
10

(@,]q ) @14+ Rpp0(@2— @1))‘

< :Rp,7\,0‘ 1 s (29)

X*®1 THq "~ (1+q) ([a+1]q)? X *®2 T+q ~ (1+q) ([t 1]q)?

where

[oc+l]q

A= | = o= g odgy,
0
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and

1
Ar = J | 01— Dg(v) (| odg.
1

Proof. Using Lemma (21), Holder’s inequality and the generalized exponential convexity
of | mquﬂ’lr, we have

5\(([06+1]q—1)®1+(®1 +Rp,?\,0(®2_a)1))> lqlae+1)
7 R

XF) (@1 +R D) — @
ot 1 S,A,o(@2_@1)(®1]q J([@1+Rp p0(@2 — @1))
B (@)
J 1= 0(1=0q(v))g Il @, DgF (@1 4+ VRp A0 (@2 — @1))[ odqV
< :Rp,?\,(r(a)Z - @1) 0 1 ()
+ ! | = 0(1 = @q(v))g™ Il @, Dq:Z (@1 + VR A, (@2 — @1)) 0dgV
L loct+1lq
i 1 1 1A
o+l o) ’ 1 '
1= 01 —=Dq(v))g P odgv | 1@ DgZ (@1 + VRp,o(@2 — @1))[" odqv
0 1
< Rpol(@ —@1) 1 e+l 1
P T
1 1
+ { | —o(1— ch(vJ)f{")lp odqVv { | @, DgqZ (@1 +VRp A, 0(@2 — @1))[" odqV
L [o+1]q lo+1q i
1 b ]
[O<+1]q (oc)
g 11— 0(1—@q(v))g 'IP odqVv
1 1 T
[ac+1] [a+1]
| @;DgF (@2)| " K | @;DgF (@2)| 7 4
e quz - g (1—v)odqv+ quz : g vodqv
< Rppol(@r —@1) 1
P
P 1—@ ()p 4§
+ f | — ol q(V))q Po qV
[zx+11]q
1
|0, DgZ (@1)]" |0;Dg 7 (@,)|7
L la+1lq lo+1lq J
- 1 l -
ltx+1]q (‘X) v
=01 —=@q(v))q [P odqv
0
1
« ‘Qqufy(@l)‘r((1+q)[06+1]q*1) n |mqut¢(®2)‘T( 1 ) ’
? (@ — 1) X5®1 (1+q) ([act11q)2 52 (1+q) ([t 11q)2
= Np,A 0 2 — W1

1

P

1
+| 1ot —og(v) PP odgv
1

[oc+1]q

[

y \Qqufi(@])\r(L_(1+q)[(x+1]q71> \oquﬁ(wz)lf(L_ 1 ) T
L x*®1 I+9  (1+q)([x+1]q)? x*®2 I+q  (1+q) ([ex+11q)?
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This completes the proof. [J

Corollary 7. Under the assumptions of Theorem 8, if we set o« =1, then

D1+Rp Ao (@2—@1)

(1+Q)®1+Rp>\c(@2—®1)) 1 J
F — - F(v dgv
( 1+g¢q Ro,o(@2 —@1) M a@dg
()]
1
o1 (1o DgZ (@1)|" [ % +2q | @, DgqZ (@2)]" 1 T
< —
S Ronol@2 =) A9p( NCTH 1+q?) " x== (1+q)P?
1
. 1/ loDgZ(@1)|" (q®+q>—q |0, DgZ (@217 (¢ +2q\\ "
+A10v< N Gxqr )T xeo 139 , (30)
where
T (I+q)Pti(1—qrt)
and
1 1 P
ATOZJI (q—v) odgv.
Tiq

Theorem 9. Let .7 : Q — R be a continuous function and o > 0 and o, Dq.F be g-integrable
on Q°. If | @, DqZ|", v > 1is generalized exponential convex on Q, then

‘f((m 1Jq—1)a>1+(a>1+ﬂzp,x,g(a>z—w1))) Tqla+1)
7 R

*F) @ +R Dy — @
[x+1]q S‘,A,G(wz—wﬂ(@llq )(@1 o\ o(@2 1))

1
1 D..% T D..F T]T
A; T{A5|m1 qué)g@z” PWIES Xq:;imz)\ }
:iRp,?\,o((DZ*@ﬂ : . . 1 ,
1-1 | 0, Dq.Z (@1)] | o, DqF (@) T] T
+A10 |:A7 ®1 XCIoca)l ! +A8 = thxa)2 2 :|
where
1
[oc+1]q
Ag = 1— o(1—®g(v) ¥ od
9 0 q(¥))q "|odqv
0
and

1
Al = J |1—0(1—d)q(v))é°‘)|0dqv.
1

Proof. Using Lemma (21), power mean integral inequality and the generalized exponential
convexity of | ,Dq#|", we have
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(@) @1+ Rp 0 (@2 —@1))

‘g(uﬁuq—l)aw(awﬂzp,x,g(az—al)))7 Mq(e+1)
R

< Rpa,o(@—@1)

< Rpa,o(@—@1)

< Rpa,o(@—@1)

=Rpa0(@—@1)

[ +1]q Ao (@2— 1)

1

Toc+11q ()

[ 1= 0(1=®q(v)q™ Il 2,DqF (@1 + VRp a0 (@2 — @1))l0dgV
0
1

+ ] = 01— @q(v)E | @, DgF (@1 + VR0 (@2 — @1))lodqV
1

Ta1lq

1
1 1—5
Toc+H1q

I 11— 01— (v odgv
0

1
x| [ 1= 01— g @, DgZ (@1 + VRp a0 (@2 — @1))I7 odgv

1
Toc+1Iq
11
1
+ |— o(1— Dg(v){* [odqv
TaHTq
1
1 () '
X [ 1=0(1=0q(v))q" Il @, DqF (@1 + VRp a0 (@2 — @1))|" 0dqV
1
[ec+1Iq d
1 1—1 T
=2 ()
I = (1= @q(v){™ 1odgv
0
«+1lq T T
| Dq.F (@1)] | DgF (@3)]
<[ \170(17®q(v)5“))\[(17w R ey R }odqv
0
1-1
1
T o= @g(v))E edgv
1 '
| @DqF (@1)] " | @, DqF (@) T
x| I \—o<1—®q(vn(§“)|{u—v> D oy ]oqu
Ta+11q i
, 1—-1
Toc+11q

J 1= 01— @g(v)§™ [odgv
0

1

Ta+11q Ta+1lq
| @,DqF (@)1 " d | @ DqF (@)1 " d
X [T T = (1= @q(V)E 1= V) odg v+ I [ 1 (1 Dg (V)
0
-4
i (o)
+ f ‘*0(1*®q(v))q |Oqu
[oc}uq
lo,DgZ (@D 7 | |, DgF (@) 7 |
X [FEIREE [ = (1= (V)G I — V) pdgv + SRR [ = g (1- @g(v)) ™
[oc«}»l]q ﬁ

This completes the proof. [

Corollary 8. Under the assumptions of Theorem 9, if we set o« =1, then

“N|vodgv

1=

]\VOdqv

YN
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(Dl‘i’iRp,)\,cr(CDZ*@l)

(1+Q)®1 +Rp?\o‘(a)2_a)1)> 1
7z A, _ F(v dgv
( 144 Rop,o(@2—@1) MV eidq
(1
1
1 |@1qu(a>1)|f( ?+q ) |@1Dq9(a>2)lr< 1 >)
< gR Wy — @
q p,)\,o( 2 1)((1+q)3) < X“ml (1+q+q2) + Xoca)z (1+q+ q2)
1
N | o, DgZ (@1)l" (> +q—1 +|a>]Dq<?(ﬁ>z)\r 2 v
X(xﬁ)l 1_|_q+q2 thﬁ)z 1+q_|_q2

4. Conclusions

We have introduced the class of generalized exponential convex functions involving
Raina’s function. We have derived two new identities involving g-Riemann-Liouville
fractional integrals. Using these identities, as auxiliary results, we have derived several
new (-fractional estimates of trapezoidal-like inequalities, essentially using the class of
generalized exponential convex functions. We hope that the ideas within this paper will
inspire interested readers. The results of this paper can be extended by using other classes
of convexity, for instance by using the exponential preinvexity property of the functions.
One can also extend these results using the concepts of post-quantum calculus, which
is an interesting problem for future research. It is worth mentioning here that many
inequalities e.g., Lipschitz, Holders, Minkowski, etc., are used to solve the control problems
and stability analysis for dynamical systems; for details, see [14-19]. So it can also be an
interesting problem for future research to use the inequalities obtained in this paper to
solve physical problems.
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