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Abstract: The main goal of this article is to explore a new type of polynomials, specifically the Gould-
Hopper-Laguerre-Sheffer matrix polynomials, through operational techniques. The generating
function and operational representations for this new family of polynomials will be established.
In addition, these specific matrix polynomials are interpreted in terms of quasi-monomiality. The
extended versions of the Gould-Hopper-Laguerre-Sheffer matrix polynomials are introduced, and
their characteristics are explored using the integral transform. Further, examples of how these results
apply to specific members of the matrix polynomial family are shown.
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1. Introduction and Preliminaries

Significant discoveries in the theory of group representation, statistics, quadrature and
interpolation, scattering theory, imaging of medicine, and splines have led to the develop-
ment of matrix polynomials and special matrix functions. Numerous disciplines of mathe-
matics and engineering make use of special matrix polynomials (see, for
example, [1,2], and the citations included therein). For instance, many mathematicians
investigate and explore special matrix polynomials.

The Sheffer sequences [3] are used extensively in mathematics, theoretical physics,
theory of approximation, and various different mathematical disciplines. Roman [4] natu-
rally discusses the Sheffer polynomials’ properties in the context of contemporary classical
umbral calculus. The Sheffer polynomials are given as follows (see [4], p. 17): Set p(T) and
q(T) power series, which are formally given as follows:

5} TK
p(t) =Y pe 7T (pe€C, L €Z>p; po=0, p1 #0), (1a)
(=0 :
and
0 ™
qg(t) =Y q 71 e €C LEZx0; 90 #0), (1b)
= v

which are referred to as delta series and invertible series, respectively. Here and elsewhere,
let C, R, and Z be, respectively, the sets of complex numbers, real numbers, and integers.
Let

ES@’ E<§, Ezg, and ]E>§

be the sets of numbers in E less than or equal to ¢, less than ¢, greater than or equal to ¢,
and greater than ¢, respectively, for some ¢ € R, where E is either Z or R.
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With each pairing of an invertible series §(7) and a delta series p(7), there is a unique
sequence sy(x) of polynomials that satisfies the conditions of orthogonality (consult [4],

p- 17):
(a(0) p(0)|se(x)) = Lo (4 k€ L), @

where d; ;. is the Kronecker delta function defined by d;, =1 (¢ = k) and d;; = 0 (£ # k).
The operator (- | -) is unchanged from [4], Chapter 2.

Remark 1. The sequence s;(z) satisfying (2) is called the Sheffer sequence for (q(t), p(7)), or
s¢(z) is Sheffer for (g(t), p(7)), which is usually denoted as s;(z) ~ (q(7), p(T)). Remain aware
that q(t) and p(T) should be an invertible series and a delta series, respectively.

There are two forms of Sheffer sequences worth noting:

(i) Ifsy(z) ~ (1, p(7)), the sy(z) is said to be the associated sequence for p(T), or s;(x) is
associated with p(T);

(it) Ifsi(z) ~ (q(7), T), the sy(z) is said to be the Appell sequence for q(T), or sy(z) is Appell
for q(7T) (see [4], p. 17; see also [5]).

If sy(z) is Sheffer for (q(t), p(T)), the Sheffer sequence sy(z) is generated by depending solely
on the series q(t) and p(t). To emphasize this dependence, in [5], the sy(z) was represented by

iq.p)5¢(@)-

Amid various Sheffer sequences’ characterizations, the following generating function
is recalled (consult, for instance, [4], p. 18): The sequence s(x) is Sheffer for (q(7), p(7)) if
and only if:

L o) v sk(®)
TEGIR S ®
for every x in C, where p(7) = p~'(1) is the inverse of composition of p(T).

The particular polynomials of two variables are significant in view of an appli-
cation. In addition, these polynomials facilitate the derivation of numerous valuable
identities and aid in the introduction of new families of particular polynomials; see, for
instance, [6-9]. The Laguerre-Sheffer polynomials | s/(x,y) are generated by the following
function (consult [10]):

i l
i el wetr o) - Eeeng,

for all %, y in C, where Cy(x7) denotes the Oth-order Bessel-Tricomi function, which pos-
sesses the subsequent operational law:

o (_1\k x k .
G =y T o enhiy, )

k=0
where
D;"{1} ::’}% (n € Z>o). (6)
Generally,
A=E _ Lo e
DeHp()} = gy ) e pln)d, @)

where I is the well-known Gamma function (consult, for example, [11], Section 1.1), which
is a left-sided Riemann-Liouville fractional integral of order ¢ € C (R(&) > 0) (see, for
example, [12], Chapter 2). For some recent applications for geometric analysis, one may
consult, for example, [13,14].

As in Remark 1, the case q(7) = 1 and the case p(7) = 7 of the Laguerre-Sheffer poly-
nomials 1 5¢(x,y) in (4) are called, respectively, the Laguerre-associated Sheffer sequence
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and the Laguerre-Appell sequence, and denoted, respectively, by 1s,(x,y) and L A/(x,y)
(consult [15]).

Remark 2. For x € Zq, let C*** indicate the set of all x by x matrices whose entries are in
C. Let 0(B) be the set of all eigenvalues of B € C***, which is said to be the spectrum of B.
For B € C**%, let a(B) := max{R(w) |w € ¢(B)} and B(B) := min{R(w) |w € ¢(B)}. If
B(B) > 0, that is, R(w) > 0 for all w € o (B), the matrix B is referred to as positive stable.

For B € C**¥, its 2-norm is denoted by:

||B|| = sup HBP||2,
p#0 llell2
where for any vector p € C, ||p|l2 = (o p)l/2 is the Euclidean norm of p. Here p! indicates the
Hermitian matrix of p.

If p(w) and q(w) are holomorphic functions of the variable w € C, which are defined in an open
set A of the plane C, and R is a matrix in C*** such that 0 (R) C A, then from the matrix functional
calculus’s characteristics ([16], p. 558), one finds that f(R) ¢(R) = g(R) f(R). Therefore, if Q
in C*** is another matrix with 0(Q) C A, such that RQ = QR, then f(R)g(Q) = g(Q)f(R)
(consult, for instance, [17,18]).

As the reciprocal of the Gamma function indicated by T~ (w) = 1/T(w) is an entire function
of the variable w € C, for any R in C**¥, the functional calculus of Riesz-Dunford reveals that
the image of T~ (w) acting on R, symbolized by T~1(R), is a well-defined matrix (consult [16],
Chapter 7).

Recently, the matrix polynomials of Gould-Hopper (GHMaP) g/, (x, y; C, E) were intro-
duced by virtue of the subsequent generating function (consult [19]):

[ee] n
gl (xv; C,E)% = exp(x1v/2C) exp(EyT'). 8)
n=0 '

Here C, E are matrices in C*** (x € Z~) such that C is positive stable and an ¢ € Z~.
Consider the principal branch of wi = exp (% log w) defined on the domain A := C\

(—o0, 0]. Then, as in Remark 2, v/C is well-defined if ¢(C) C A.
The polynomials g/, (x,y; C, E) are specified to be the series

L) 1 (/20 n—tkEk
g, (x,y;C,E) = I;O ((n = 83()! iy

As aresult of the idea of monomiality, the majority of the features of generalized and con-
ventional polynomials have been demonstrated to be readily derivable within a framework
of operations. The monomiality principle is underpinned by Steffensen’s [20] introduction of
the idea of poweroid. Following that, Dattoli [21] reconstructed and elaborated the idea of
monomiality (consult, for instance, [22]).

As per the monomiality principle, there are two operators M and P that operate
on a polynomial set {q,(x)}¢cz_,, termed the multiplicative and derivative operators,
respectively. Then the polynomial set {q/(x)}/cz._, is said to be quasi-monomial if it
satisfies:

©)

M{ge(x)} = qen(x), P{acx)} =Lara(x), qo(x) =1 (10)
One easily finds from (10) that
MP{q,(x)} = £ qs(x), (11)

and

PM{qe(x)} = (£+1) qe(x). (12)
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A

A Weyl group structure of the operators M and P is shown by the relation
of commutation:

[P,M] :=PM—MP =1, (13)

where 1 is the identity operator.
As a result of M" acting on go(x), we may deduce the g, (x):

am(x) = M"{q0(x)}. (14)

The matrix polynomials of Gould-Hopper g, (x,y;C, E) are quasi-monomial with
regard to the subsequent derivative and multiplicative operators [23]:

Py = (V2C) "Dy, (15)
and
Mg = xv/2C 4 (Ey(v/2C)~~1UDL, (16)

respectively, where Dy := a—ax.
The generalization o Fg (a, B € Z>0) of the hypergeometric series is given by (consult,
for instance, [11], Section 1.5):

aFﬁ[m"”'W;w] v (p)n o (pa)n w"

v, ...,V}g,' _n:O (1/1)”"'(1/‘5);1 n! (17)

= aFﬁ(yl, o Has V1, e, VB w),

where (¢), indicates the Pochhammer symbol (for ¢, 17 € C) defined by
1 =0, ¢ C\{0}),
T(E+7y) { (n geC\{0}) (18)

(5)17 :W— EE+1)---(+n—-1) (y=necZsy ).

Here it is assumed that (0)y := 1, an empty product as 1, and that the variable w,
the parameters of numerators 1, ..., 4y, and the parameters of denominators vy, ..., Vg
are supposed to get complex values, provided that

(V]'E(C\Zgo,‘j:L...,ﬁ). (19)
Recall the well-known generalized binomial theorem (consult, for example, [24], p. 34):
0 k
(1-z)*=Y (“i’jz (x €C; |z < 1). (20)
k=0 :

Recall the familiar beta function (consult, for instance, [11], p. 8):

/ L —w) e (minfR(E), R(p)} > 0)

T(¢)I(n)
T +n)

Here we introduce the Gould-Hopper-Laguerre-Sheffer matrix polynomials (GHLSMaP),
which are denoted by ¢ Lsﬁ (x,y,2;C, E), by convoluting the Laguerre-Sheffer polynomi-
als 15, (x,y) with the Gould-Hopper matrix polynomials g}, (x,y; C, E). The polynomials
g Lsﬁ (x,y,2; C, E) are generated as in the following definition.

B(g, 77) = (21)

(¢, 11 € C\Zo).

Definition 1. The Gould-Hopper-Laguerre-Sheffer matrix polynomials g1.5%(z, y, 2; C, E) are gen-
erated by the following function:
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Flo s CB)(T) = s exp o2y 0) + Eu(p 1 (0) | Co(s7(4)
T?’l

(e 9]
=) gL54 (2,9, 2 CE)—.
= n!

(22)

Here and in the sequel, the functions p, q, Cg are as in (4); the matrices C, E are as in (8), (9),
or (16); the variables z,y, z € C.

In addition, to emphasize the invertible series q and the delta series p, whenever necessary, the
following notation is used:

gLsfZ (z,y,2C,E) = 0] gLsfl (z,vy,2C,E). (23)

Further,
gsfl(:z:, y;C,E) := gLsfl(a:, y,0;C,E) (24)

is called the Gould-Hopper-Sheffer matrix polynomials.

Remark 3. First we show how to derive the generating function in (22). In (4), replacing y by the

multiplicative operator Mg in (16), and z by z, we obtain
1

F(O) =y Co(7' ()

(25)
X exp l(m\@ p_l(T) + EEy(\@)_(Z_l) p~ (1) Di_1> {1}] .

Recall the Crofton-type identity (see, for instance, [25], p. 12; see also [26]:
at-1

4t
with f usually being an analytic function. Setting ¢ = 1 gives:
d
f(:z:—i—)\){l} = exp (A%){f(a:)}. (27)

Using (25) in (26), we get

F(t) = q(pll(T))Co(zp_l(T)) exp (Ey(@)_ZDi> {exp (m\@p_l(r)) } (28)

By performing the operation in (28), with the aid of (32), we can readily find that F(7T) is
identical to the F(z,y, z;C,E)(T) in (22).

Second, as in (i), Remark 1, setting p(t) = p~1(T) = T in (22), we get the generating func-
tion for the Gould-Hopper-Laguerre-Appell matrix polynomials (GHLAMaP) g1 C(z,y, z,C, E) in
[27].

Using Euler’s integral for the Gamma function I" (consult, for instance, Section 1.1 in
[11], p. 218 in [24]), we get
1 [e9)
-V _ v—1,—bu :
b~ = ) /0 u'"re " du  (min{R(v), R(b)} > 0). (29)

Dattoli et al. [28] used (29) to obtain the following operator:

(4= ) 0= s [ e et () au

1 ® vl —au
:m/o u e f(x 4+ u) du,

for the second equality of which (27) is employed.

(30)
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The following definition introduces the extended matrix polynomials of Gould-
Hopper-Laguerre-Sheffer (EGHLSMaP), which are indicated by Lsfw (x,y,2,C E;n).

Definition 2. Let ®(y) > 0 and R(v) > 0. Then the extended Gould-Hopper-Laguerre-Sheffer
matrix polynomials g1s} ,(,y, 2, C, E;17) are defined by

vt \ 7Y
gLSfW(ﬂ’:,y, z C En):= (q—yE(\/27C> f;m[) {Lsn(z,mm)}. (31)

In this article, we aim to introduce the Gould-Hopper-Laguerre-Sheffer matrix polyno-
mials via the use of a generating function. For these newly presented matrix polynomials,
we investigate quasi-monomial features and related operational principles. We also explore
the extended form of these novel hybrid special matrix polynomials and their properties
using an integral transform. Finally, we provide many instances to demonstrate how the
results presented here may be used.

2. Gould-Hopper-Laguerre-Sheffer Matrix Polynomials

The following lemma provides an easily-derivable operational identity.

Lemma 1. Let ¢ and n be constants independent of x. Also let £ € Z¢. Then:

d€
exp (CM>{6”“} —exp(ne+cn'). (32)
In particular,
oxp (& 42 ) €17} = exply o+ ). )
Proof.
k
)£ e
O

The following theorem shows that the Gould-Hopper-Laguerre-Sheffer matrix poly-
nomials g1 54 (x,y, z; C, E) may be obtained by performing a suitable differential operation
on the Laguerre-Sheffer polynomials 1 s,(x,y) in (4) with some suitable substitutions of x
and y.

Theorem 1. The following identity holds true:
—L
154 (5,9, 2,C,E) = exp (yE(\/ c) Di) {Lsn(z, m/zc)}. (34)

Proof. Replacing x and y by z and xv/2C, respectively, in (4), we get

q(pll(r))co (zp_l(r)) exp(xrp ) Z LSu(z, xr)

o
n!

(35)
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—{
Performing the operation exp [yE (\/ 2C ) Df{] on both sides of (35), we obtain

;ioexp [yE (\/i) B Dﬁ] {Lsn(z, x\/27C)} v

- i Gl 0) o5 (v2E) 0] {ep (vaGy ()} 69
= égLsﬁ(X,y,Z; C,E);—T,

n

for the second equality of which (22) and (32) are used. Finally, matching the coefficients of
7" on the first and last power series in (36) gives the identity (34). O

Theorem 2. The Gould-Hopper-Laguerre-Sheffer matrix polynomials g st (z, y, z;C, E) are opera-
tionally represented by the Gould-Hopper-Sheffer matrix polynomials gs'(z, y; C, E):

gLsﬁ(m, y,2,C,E) = exp [—Dzl (\/27C> _1Dm] {gsﬁ(m, Y C,E)}. (37)

Proof. From (22) and (24), we have

oy P VG @)+ By ()]

(38)

o
gLSfl (X, v C, E) P

ngk:

n=0

. -1
Performing the following operation exp {—DZ ! (\/ 2C ) Dx} on each side of (38), and

using (5) and (33), in the same way as in the argument of Theorem 1, one may find the
desired identity (37). O

The following theorem reveals the quasi-monomial principle of the matrix polynomials
of Gould-Hopper-Laguerre-Sheffer & Lsﬁ (x,v,2z;C,E).

Theorem 3. The matrix polynomials g4 (z,y, z; C, E) gratify the following quasi-monomiality,
with respect to the operators of multiplication and differentiation:

M, s = (m\/ZC — D, + (Ey(v2C) " (DDt -

q’((@>1Dm)>
q((v2C)~1Dy)

(39)

X

1
p'((vV2C)~1Dy)

and

- -1

B = p((\/ZC) Dz>, (40)
respectively.

Proof. Performing derivatives on each side of the first and second members in (22) about
x, k times, we derive

((\@)*1Dx)k{F(x,y,z;c,E)(T)}: (pfl(r))kF(x,y,z;c,E)(r) (ke Zsg). (41)

In particular,
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((v2€) ™' Dx) {F(x,y,2:C, E)()} = p () F(x,7,2: C, E) (7). (42)

Applying (41) to the series in (1a), we find

o k ) k
L5 (V201 D) Py zC BX®) = L R (7 () (P2 B,
— k! k=0

which implies

p((vV20) ™" Dx) {F(x,3,:C.E)(0)} = p(p (1) ) {F(x, 3, C, E) (1)}

(43)
=1F(%,y,2C, E)(7).
Then, utilizing the identity (43) in (22), we get
o) 3 Tn
Y p((v20) " De)gush(x,3,2:C,E) -
n=1 (44)

n

= 2 gLShil(X, y, Z, C, E)W

n=1
Now, identifying the coefficients of T" on each side of (44), in view of (10), may prove
the derivative operator (40).
Next, in view of (5), we have

Lz 0) = exp(—p ' (@D} =~ (p (1) Dy Cozp (). @9)

Then, taking (45) into account, differentiating (22) about T, we get

) ' el
gLSni1 (x,v,2 C,E)m
n=0 :
1 eyt a1 4 (pHD)
= [xV2C+¢Ey(v2C)" ¢ Ypit—pt -0 (46)
p'(p~ (7)) ( q(p~1(1))
[es] Tn
X Z gLsﬁ(x,y,z;C,E) e

n=0 .
Finally, applying (42) to (46), in view of (10), we can prove the multiplicative
operator (39). O

Remark 4. If p(7) is a delta series, then p'(T) is an invertible series. Therefore, the reciprocal
1/p'(p~1(1)) is well-defined in (46). O

Combining the multiplicative operator in (39) and the derivative operator in (40), such
as (11)—(14), we can provide several matrix differential equations for the matrix polynomials
of Gould-Hopper-Laguerre-Sheffer ¢ LsfZ (%,y,2;C, E). One uses (11) to illustrate one of them
in the next theorem, whose proof is simple and overlooked.

Theorem 4. The following differential equation holds true:

{ (v st sy o - L2000

7((v2C)~1Dy) )

p((v/2C)~1Dy)

" p'(vV20)-1D,) ”}gLsﬁ(% y,2,C,E) = 0.

The polynomials g 185 (x,y,2;C, E) may yield numerous particular matrix polynomials
as special cases, some of which are offered in Table 1.
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Table 1. Particular cases of the polynomials g Lsfl (x,y,2z;C,E).

S. Values of the Relation between Name of the Special Generating Functions
No. Indices and g Lsﬁ (x,y,2;C,E) Matrix Polynomials
Variables and Its Special Case
L =2 g15%(x,y,2;C,E) 3-Variable Hermite- W exp((xp’l(r)\/Zic—F Ey(p~! (T))2>
= pyrsn(x,5,2,C,E) Laguerre-Sheffer matrix XCO(zpfl(T)) = "EOHLSV,(X, y,z;C,E) ;—',1
polynomials (3VHLSMaP)
1L z=0 e1545(x,5,0;C,E) Gould-Hopper-Sheffer- q(p}]( 5 exp(xp* (1)V2C +Ey(p~z ))l)
= g8 (%,v;C,E) matrix polynomials =Y gsh(xy;CE)T el
(GHSMaP) =
I L=r—1 e18, 1 (,7,0;C,E) Generalized Chebyshev- e 11( o &P (xp (t)v2C+ Ey(p~ (T))Fl)
z=0 =yush(x,y;C,E) Sheffer matrix =Y ush(xy,C, E)Tn
polynomials (GCSMaP) i
v. =2, e152(x,y,0;C,E) Hermite Kampé de e 11( ) eXp (xp (1)v2C + Ey(pfl(r))z)
z=0 = psu(x,7;C E) Fériet-Sheffer matrix = Y usn(x,y;C E) 5y ol
polynomials (HKdFSMaP) "
V. z=0,x—y 1st(y,D1,0;C,E) Generalized Laguerre- m Co ( Ex(p~ )/)
y— D;? = 1s4(z,7;C,E) Sheffer matrix X exp (ypfl(r)\/i) i st (x,y;C,E) %’
polynomials (GLSMaP)
VL x = -Dg!, e185(=Dg1,y;C,E) 2-Variable generalized e 11( (xp (T )\/f) exp (Ey(p‘l('r))e)
z=0 = [Z]Lsﬁ (x,y;C,E) Laguerre type Sheffer matrix = of: Lsn(x, v; C,E)%’
polynomials (2VgLtSMaP)
VIL y=0z—x, 2155 (y,0,%,C, E) Laguerre-Sheffer W Co(xp1(7)) exp (ypfl(r)\/f)
Xy =1sx(x,7,C) matrix polynomials = Zo LSn (%, y;C)%

(LSaMP)

n=|

Remark 5. For the particular matrix polynomials demonstrated in Table 1, we may offer some
properties corresponding to those in Theorems 1—4.

We may get a variety of outcomes that correspond to the above-presented results by varying
the invertible series q(T) and the delta series p(T). As in Remark 1, the following corollaries give
the corresponding results to those in Theorems 3 and 4 for the associated and Appell polynomials.

Associated Polynomials

Corollary 1. The associated polynomials |, | e85 (2,9, 2,C, E) satisfy the following quasi-
monomiality with regard to the operators of multiplication and differentiation:

(Lp

and

respectively.

1 - —(zv2C - D1 ~-ype-1y b
N, (\Ec D! + tEy(v/2C) D >p/((¢2f)1Dm) (48)
wobas=p((VEE) 'D2), 49)

C‘orolla?y 2. The associated  polynomials | . g15y '(z,y,2,C,E) satisfy the following
differential equation:
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{ (:z:\/ZC D+ eEy(\/zcr(f—l)D’;—l)
~ (50)
X n} [Lp]gLsz(“’r y,2,C,E) =0.

Appell Polynomials

Cf)rollflry 3. The Appell polynomials @ 5Lsf{(m’ Y,z (;, E) gr‘atify the following quasi- monomi-
ality with respect to the operators of multiplication and differentiation:

[9(7).7]

I . ~e-npe1_ 1 ((V2€)"'Da)
Mg.s —( V2C Dzl—|—€Ey(\/f) 1Dw ! q((\/f)—le) (51)

and

p

l[a(v).7] ~ €L5

- (va©) 'ps, (52)

respectively.

Clorollafy 4. The Appell  polynomials e85 (z,y,2,C,E) gratify the following
differential equation:

T - D! (=) pt=1 _ w
{< V2C D, +£EZ‘/(\/E> D, q((\/zic)lez) )

XV 2C)_1Dm - n}[q(r)rT]gLsﬁ(m, y,2,C,E) =0.

3. Extended Gould-Hopper-Laguerre-Sheffer Matrix Polynomials

Fractional calculus is a well-established theory that is extensively employed in a broad
variety of fields of science, engineering, and mathematics today. The use of integral trans-
forms and operational procedures to new families of special polynomials is a reasonably
effective technique (consult, for instance, [28]).

This section provides some properties for the extended Gould-Hopper-Laguerre-
Sheffer matrix polynomials in (31).

Theorem 5. Let R(yy) > 0and R(v) > 0. Then the following integral representation for the
extended Gould-Hopper-Laguerre-Sheffer matrix polynomials gLsfw (z,y,2,C, E; n7) holds true:

¢15n,(2, 9, C, E;1p)
LI (54)
- —ntv—1 14 .
T(v) /0 e Tt grsy (@ yt, z,C,E) dt.
Proof. Let £ be the left-sided member of (54). Using (29) and (31), we have
L= 1 / ei’]ttl/*l exp yEt(\/ ZC) i {Lsn(Z,X\/E)}df
T'(v) Jo ox’
(55)
1 ~00
= W /0 e_”ttv_l gLSfI(X, yt, z; C, E) dt,

the second equality of which follows from (34). O

The following theorem gives the generating function of the EGHLSMaP.
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Theorem 6. The following function generates the extended Gould-Hopper-Laguerre-Sheffer matrix
polynomials gLsz,v(m/ v,z C,En):
n

exp(av/2Cp () Colep (W) _ &,
2 ) (7~ Eyp 1)) B (B B OBy %6)

Additionally, the following differential-recursive relation holds true:
]

5y 85n(2 9,2 C Ei) = = g1l (2,3, 5 C Ein). (57)
Proof. Multiplying each member of (54) by ‘7‘1—',1 and adding over 1, one derives
[ee] u}’l
gLSny (%,,2 C Erp)—
"0 (58)

= i L/006_771}1'_1 LSZ(X,yt,z;C,E)ﬁdt.
= T'(v) Jo gLon n!

Using (22) in the integrand of the right-sided member of (58) gives

00 n

u
). gLsz,u(X, v,z C En)—
n=0 n:

_ Co(z(p~(u))") exp(xv2Cp 1 (1)) /Oo e~ —Ey(f 1) Fp—1 g4
q(p~!(u))r(v) 0 '
the right member of which, upon using (29), leads to the left-sided member of (56).
Differentiating each member of (56) about #, one may get (57). O

The following theorem reveals that the EGHLSMaP g Lsf,,v (x,y,2;C, E; ) is an exten-
sion of the GHLSMaP gLsfZ (x,v,2,C,E).

Theorem 7. The following identities hold true:
exp(zv2Cp~" (1)) Co(2p~ " (1))

1h (V; L Ey(p™! (”))6)

. " (59)
= ZgLsﬁ,v(megl, z;C,E;l){1}z;

n=0 |
¢154(5,y, % C,E) = 15’1 (5,0, % C,E; 1) {1}, -

Proof. Takingn =landy = D; Lin (56), we get

G(v;t) := eXP(X\/fP_l (”))CO(Zp_l (u)) (1 _ ED—l(p—l(uDZ) 71/{1}. (61)

q(p~(u)) y
Using (20), we obtain
(1-E05 20 0)) "y = 1 G e () 0y )
_ v W Eny" (p~ ()" (62)
= (1) n!

=1k (1/; 1; EY(P_l(M))Z),

for the second and third equalities of which (6) and (17) are employed, respectively.
Now, setting the last expression of (62) in (61), in view of (56), we obtain (59).
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Noting
1B (153 Byl )) = exp (Ey(p00)'),

we find that the resulting G(#;1) is the generating function of the Gould-Hopper-Laguerre-
Sheffer matrix polynomials g Lsf1 (%,v,2; C, E) in (22). We therefore have

(] n n

A u el u
gLsna (x Dyt z;C, ED{1} =), gLSﬁ(X,y,Z;C,E)ﬁ,
n=0 : n=0 .

which, upon equating the coefficients of u", yields (60).
The identity (60) may be obtained as follows: Combining (31) and (34) gives

g15:(x,y,2 C,E) = (1 - Dy 'E(v2C) _ZDﬁ) exp <yE(x2ﬁC) _£D£>

x {gLsﬁll(X,Dgl,z;c,Eﬂ)}.
As in (62), we find
exp (y E(v2C) _ZD}{) = <1 - b;"E(v2C) _ZDf;) 71{1}.
O
Remark 6. As in (ii), Remark 1, the Laguerre-Sheffer polynomials 1 s,(z, y) reduce to the Laguerre-
Appell polynomials | Ay (z,y) (see [15]). Additionally, taking p~'(u) = u in the generating

equation (56), we can get the generalized Gould-Hopper-Laguerre-Appell matrix polynomials
gLAﬁrv(fE, v,z C,E;n) (see [27]).

The following theorem reveals the quasi-monomial principle of the extended Gould-
Hopper-Laguerre-Sheffer matrix polynomials g1 s5 ,(x,y,z;C, E; 7).

Theorem 8. The matrix polynomials gLsfw (z,y, 2, C, E; ) satisfy the following quasi-monomiality
with regard to the operators of multiplication and differentiation:

q’((\@)le))

M s =|zv2C—D;! — tEy(v2C)"“"Up, DL —
gLSv <$ z y( ) Yz q((\@)*le)

. (63)
WACESREY
and
B, = p<(\@)_le), (64)
respectively. Here Dy := a7
Proof. From Theorem 3, we have
(;MTC— D71 + tEy(vaC)--vpi-t - T (V2O D) )
9((v2C)~'Dx) (65)

1
X —gLsﬁ(x,y,z; C,E)= gLsfl+1(x,y,z; C,E),

p'((vV2C)~1Dy)

and

-1
p<<\/2C) DX)gLsf;(x,y,z; C,E) =ngrst 1(x,y,2CE). (66)
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Replacing y by yt in each member of (66), multiplying both members of the resultant
identity by = K ~7t*=1, and integrating each member of the last resultant identity with

respect to ¢ from 0 to co, with the aid of (54), one obtains
-1
P((VZC) Dx) {gLSﬁ,u(x,y, z;C, E}’?)} = ngrsy_1,(xy,2CEn),

which proves (64).

Furthermore, replacing y by yt in both sides of (65), multiplying both members of the
resultant identity by oG ~1tv=1 and integrating both sides of the last resulting identity
with respect to ¢ from 0 to oo, with the help of (54) and (57), one can derive

MgLSV {gLsﬁ,v (Xr v,z C, E; 77) } = gLsﬁ+1,y (Xr v,z C, E; 77)
This proves (63). O

As in Theorem 4, using the results in Theorem 8, a differential equation for the
extended Gould-Hopper-Laguerre-Sheffer matrix polynomials g Lsf;,v (x,y,2;C,E; ) can be
given in Theorem 9.

Theorem 9. The following differential equation holds true:

2/3C — D1 - ~t-1p. pe-1_ 1 ((V2€)"'Ds)
{< \/f Dzl EEy(\/f) ! D, Dy ! q((\@)—le

(67)
X (V201D Tl}gLsﬁ,V(q;, y,2,C,E;n) = 0.

As in Table 1, Table 2 includes certain particular cases of the extended Gould-Hopper-
Laguerre-Sheffer matrix polynomials g Lsﬁ,v (x,y,2; C, E; n7), among numerous ones.

Table 2. Special cases of the EGHLSMaP g Lsﬁlv(x, v,z C,E; ).

S.  Values of the Indices Name of the Hybrid Special Polynomials Generating Function
No. and Variables

exp((xp’1 (14)\/27C)C0 (z;r)’1 (u/))
q(p~(w) (nfEY(Vl (u))z)

0

=) HLSn, v(x ¥,z C,E, 77) il

n=0

exp(xp~! (1)v2C)

I =2 3-Variable extended Hermite-Laguerre-Sheffer

matrix polynomials (3VEHLSMaP)

II. z=0 Extended Gould-Hopper-Sheffer-matrix T
a(p~" () (1=Ey(p1())")
polynomials (EGHSMaP) =Y s, (x,y;CEnT
1
o ‘¢=r-1, Extended generalized Chebyshev-Sheffer exp((xp_ (”)\/i)

a(p=1 () (n—Ey (p~( )

z=0 matrix polynomials (EGCSMaP) 2 usny(x,y;C,E, 17)
'X] X -1
Iv. (=2, Extended Hermite Kampé de Fériet- exp(xp (1) v2C) T
9(p=" () (1-Ey(p~'(w))?)
z=0 Sheffer matrix polynomials (EHKdFSMaP) = 2 uSny(%,5;C,E, i) %,
n=0

CO( Ex(p (u))[>
q(p~ () (n-yv2Cp 1 (w))"

= ZO Lsfl,l/ (X' y; Cr E, 77) :Ty:
n—

V. z=0zx—y Extended generalized Laguerre-Sheffer

y — Dyt matrix polynomials (EGLSMaP)
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Table 2. Cont.
S.  Values of the Indices Name of the Hybrid Special Polynomials Generating Function
No. and Variables
xp—1
VI. x=-Df}, 2-Variable extended generalized Laguerre Colep” () 2C) TN
a(p=2 () (1-Ey(p~1(w)")
z=0 type Sheffer matrix polynomials (2VEgLtSMaP) = ) [()LSnv (x,v;C,E,n) ;—Y:
n=0 )
- y Co(xp~! ()
VI. y=0,z—x%, Extended Laguerre-Sheffer ) (V2 @)
Xy matrix polynomials (ELSaMP) =Y 1Sup(xy; C,'r])%l
n=0 ’

Remark 7. As in (i), Remark 1, if g(t) = 1, the Laguerre-Sheffer polynomials s,(x,y) reduce to
the Laguerre-associated Sheffer polynomials , 15n (z, y). The extended Gould-Hopper-Laguerre-Sheffer

matrix polynomials gLSfl,l/(m’ vy, z,C, E; 1) reduce to the extended Gould-Hopper-Laguerre-associated

Sheffer matrix polynomials (EGHLASMaP) , | gLsﬁ,,, (z,y, z,C, E; ). The following corollary contains
the results for EGHLASMaP corresponding to those in Theorems 5-9. [

Corollary 5. (i) Let R(y7) > 0and R(v) > 0.

1 o _
[l,p]gLsﬁ,v(m’ v,z C En) = m/o e Miyv—1 [Lp]gLsﬁ(a:,yu, z,C,E)du. (68)

(if) The polynomials Ly gLsﬁ,V(m, vy, z;C, E; i7) are generated by means of the following function:

eXp(mmp—l(u>)C (zp_l(u)) 0 : . ‘ un
p~t(u) {n— Ey(pgl(u)y}v = 712:()[1,p]gLsfl,v(ml y, 2, C, E'”)E' (69)

Additionally, the following differential-recursive relation holds true:

) .
ay gtSnu(@ 9 % C En) = —v g18y,41(2 9 % C En). (70)

(iii) The matrix polynomials , gLsﬁ,V(m, y, z;C, E; 17) gratify quasi-monomiality with regard to
the following operators of multiplication and differentiation:

N R 1
A /7C -1 _ /o)~ (1) -1y ___ L
unMas, =(2V2€ = D! — tEy(v2C) D, D >P’((\/2C)1Dm) 7
and
. -1
noiFas =P <(V2C) Dm)’ 72)
respectively.

(iv) The following differential equation holds true:

{ (m\@ — D' — tEy(v2C)" (" VD, Dﬁ*l)
(73)
p((v2C) 'Do)

“ P ((V2C)D.) ”}[l,mgLsﬁ,v(wr y,2C,E; ) = 0.
T

4. Remarks and Further Particular Cases

The 1 F; in (59), which is called the confluent hypergeometric function or Kummer’s
function, is an important and useful particular case of ,Fg in (17). It also has various
other notations (consult, for instance, [11], p. 70). For properties and identities of 1 Fj,
one may consult the monograph [29]. In this regard, in view of (59), one may offer a vari-
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ety of identities for the g Lsfl,v (%, ﬁy’ 12,C,E;1) {1}. In order to give a demonstration, the 1 F;
in (59) has the following integral representation (consult, for instance, [11], p. 70,
Equation (46)):

1h (V; 1; EY(P_l(”)y)

- 1”(1/)1“21—1/) /01 7' (1 —n)"" exp (Ey<p_1(u))€17) dy (0<R(v) <1).

Further, using (35) and (59), with the aid of (21) and (74), one may readily get the
following identity:

(74)

ya A—1
(90 ELS (%, Dy+,z,C E; {1}

7] |

: nt (V)i

=Y a7t EV) g 5n—(2,xV2C).
kg;’) (k)2 (n — lk)! "

The hybrid matrix polynomials introduced in Sections 2 and 3, besides the demon-
strated particular cases, may produce numerous other particular cases as well as corre-
sponding properties. In this section, we combine the findings from Sections 2 and 3 with
several well-known (or classical) polynomials to derive some related identities.

(75)

(@) The Hermite polynomials Hj(x), which are generated by the following function
(consult, for example, [30]):

= "
exp(2xT — T2 Z (76)

belongs to the Sheffer family by choosing
q(t) = e /4, p(t) = %, and p (1) =21 (77)

in (3).

For these choices of 4(7) and p(7) in (22) and (56), the GHLSMaP 415t (x,y,2; C, E)
and the EGHLSMaP Lsﬁﬂ,(x, v,z;C, E; 1) are called (denoted) as the matrix polyno-
mials of Gould-Hopper-Laguerre-Hermite (GHLHMaP) LHﬁ(x, y,2;C,E) and the
extended matrix polynomials of Gould-Hopper-Laguerre-Hermite (EGHLHMaP)
gLHﬁ,v (x,v,2;C, E; i), respectively.

Some identities corresponding to those in Sections 2 and 3 are recorded in
Tables 3 and 4.

Table 3. Results for the GHLHMaP LHﬁ (%,y,2;,C,E).

Results Expressions
Generating function: exp (2XT\/ 2C + Ey(27)" — TZ)CO(ZZT) = DZO; gL H.(x,y,2;,C,E) ;—7:
n=l
.. . (E: (-1 V2C 71Dx

Multiplicative and MzLH = (xx/ —-D;'+ (\/Tc)(y‘*U ;((—71 _ )2 )2,
derivative operators: ngH = (m% va

) ) ) o ' (-1 v26) ' px -1
Differential equation: <(xx/ 2C - Dy 14 (\/%)E(ykl) aaxi’i*l — ( )2 ) (\/ ZC) Dy — n)

xgLH}(x,y,2;C,E) = 0.
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Table 4. Results for the EGHLHMaP LHﬁ,V(x, v,2;C,E; ).

Results

Expressions

Generating function:

exp(ZxT\/i) Co(2zr) & 0 X LN
2 (a—Ey(ZT)[)V = "EO gLH,, (x,y,2C E;a)

nre

Multiplicative and

A _ A1 /.‘Ey aé‘
Mg, n, = (x v2€-D;" - (V20)@-1) gnax-T 2
(v2©)'ns

derivative operators: P, = 5

g

Differential equation:

H-1 (E ot (\/TC)*]DX 1
((X\/i —Dh (\%)%1) dudx—1 ) <\/f> Dy —n
XgLHﬁ/v(X/ v,2z;C,E;a) = 0.

(b) The truncated exponential polynomials e, (x), which are generated by the following

function (consult, for example, [31], p. 596, Equation (4); see also [32]):

oXT 0 ™
1-1 Zen(x)ﬁ (78)
n=0 :

belong to the Sheffer family by choosing () = - and p(t) = 7. As in (a), the
GHLSMaP s (x,y,2;C,E) and EGHLSMaP gLst(x,y,z; C,E;n) are called (de-
noted) as the Gould-Hopper-Laguerre-truncated exponential matrix polynomials
(GHLTEMaP) g1 ¢! (%, ¥,z C, E) and extended Gould-Hopper-Laguerre-truncated ex-
ponential matrix polynomials (EGHLTEMaP) ¢ Leﬁlv (x,y,2;,C, E; 1), respectively. As in
(a), their properties are recorded in Tables 5 and 6.

Table 5. Results for the GHLTEMaP 4y ¢l (x,,z; C, E).

Results Expressions

oo a n
Generating function: 1%, exp (xt\/ 2C + Eyté') Co(zt) = ¥ grehi(x,v,2,CE) &

L. . ~ _ A1 (Ey ol-1 _ 1

Multiplicative and e =xvV2C—D,; " + (VAT 3l T ~ 1-(v3C)-1D,’
. -1

derivative operators: Pe= (\/ ZC) Dy.

Differential equation:

_pH-1 (Ey o1 1 -1 _
((=v2C =D, + oty s — —va 5, ) (V2O) 'Dx =)
XgLefl(x,y,z; C,E) =0.

Table 6. Results for the EGHLTEMaP Lef,,y(x, y,z,C,E; ).

Results Expressions

Generating function: 1 exp(xiV20)Cole)

® n
=Y g1, (xy,2CEa)k.
0

T1-u (a—Eyué‘)V P
.1 . ~ A (E 4
Multiplicative and Mo, = xv2C — D! — (\/E)"(’Fl) aaaif’*l - 17(\/%)71&,
N -1
derivative operators: Pre, = (\/ ZC) Dx.
. . . A 4 _
Differential equation: ((xx/ZC -D;1 - (\/%L;}&‘il) auagxé‘*l - 1_(\/2%)71[)}{ ) (v2C)™'Dy — n)

ngef,/,,(x,y, z;C,E;a) = 0.

(c) The Mittag-Leffler polynomials M, (x), which are the member of associated Sheffer

family and defined as follows (see [4]):
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GJ:)— iMn(X):TT (79)

n=0

by choosing ¢(7) = 1 and p(t1) = ii—ﬂ As in (a), the GHLASMaP 45t (x,y,2;C,E)
and the EGHLASMaP ¢ Lsflrv(x, y,z;C,E; 1) are called (denoted) as the Gould-Hopper-
Laguerre-Mittag-Leffler matrix polynomials (GHLMLMaP) ¢ LMﬁ (x,v,2;C,E) and the
extended Gould-Hopper-Laguerre-Mittag-Leffler matrix polynomials (EGHLMLMaP)
g LMf;,V (x,y,2;C, E; 1), respectively. As in (a) or (b), their properties are recorded in
Tables 7 and 8.

Table 7. Results for the GHLMLMaP 41 MY (x,y,z; C, E).

Results Expressions
14
Generating function: exp (x In ( %) V2C + Ey ln(%> ) Co (z ln(%f—g) )
® n
— ngogLMﬁ(x,y,z; CE)%.
VIO 1py 1)
. 1s . ~ o A1 (E 8[71 e +
Multiplicative and M m = (X\/ZC -D;'+ (\/TC)%FI) axffl) ( ; B(JTC)*le) ,
. . . ) _ e<\/i>7lefl
derivative operators: LM = V1D,
i i fon: A—1 (E 9l-1 \ 2(v2C) 1Dx
Differential equation: ((X\/ 2C—-D; " + W P ) W —n

xgL Mk (x,y,2;C,E) = 0.

Table 8. Results for the EGHLMLMaP g LMﬁ,V(x, y,z,C,E;n).

Results Expressions

. . In(1£2)v/2C) Gy (zIn( 1L ®
Generating function: exp(xin(f7) 0([2 S( =) =Y gLMf,,V(x,y,z; C, E;U)%.
(a—Eyln(l—j) ) n=0
(V20 1Dx 412
ST o _ _AH-1_ (Ey 9! (e +)
Multiplicative and Mg, m, = (xx/f D, V2o D a“ax(,l) 2730 by
. . . ) _ e(\/zic)ilD"fl
derivative operators: PgL M, = VA0 1Dy
i i on° D1 _ (Ey 9’ 62(\/2?)710;:,1 -
Differential equation: <<xx/2C D, (V30T aaaxf*l) > /) 10x n

XgLMﬁrv(x,y,z;C,E;q) =0.

Numerous necessary and sufficient properties for Sheffer sequences, accordingly,

associated sequences and Appell sequences have been developed (see [4], pp. 17-28). In
addition to the identities in Corollaries 3 and 4, here, we record several identities for the
Appell polynomials | ¢ 155(%,3,2; C, E) in the following corollary, without their proofs
(see [4], pp. 26-28).

,T

Corollary 6. The following identities hold true:

(a)

[q(7)7]

_ -1
gLsﬁ(m,y, z;,C,E) :q<(\/27C) 1Dm> {z"}. (80)
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(b)
; ;C,E
[ﬂr),r]gLSn(ml +2,9,2C,E)
. k (81)
- Z (k) [q<r),r]gLszfk($1, y,2,C,E) (\Zﬁsz) )
k=0
(c) (Conjugate representation)
[q(0)1] gLSfl (z,y,2C,E)
B (2)

5. Conclusions and Posing a Problem

The authors introduced a new class of polynomials, the Gould-Hopper-Laguerre-
Sheffer matrix polynomials, using operational approaches. This new family’s generating
function and operational representations were then constructed. They are also understood
in terms of quasi-monomiality. The authors also extended Gould-Hopper-Laguerre-Sheffer
matrix polynomials and explored their characteristics using the integral transform. There
were other instances for individual members of the aforementioned matrix polynomial
family.

It should be highlighted that the polynomials presented and studied in this article are
regarded to be novel, primarily because they cannot be obtained by modifying previously
published findings and identities, as far as we have researched. Also, the new polynomials
and their identities are potentially useful, particularly in light of the tables” demonstrations
of some of their special instances.

Posing a problem: Provide some new instances (which are nonexistent from the
literature) for those novel polynomials, such as Gould-Hopper matrix polynomials and
Gould-Hopper-Laguerre-Sheffer matrix polynomials.
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