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Abstract: As we know one of the most important equations which have many applications in
various areas of physics, mathematics, and financial markets, is the Sturm-Liouville equation. In this
paper, by using the a-tp-contraction technique in fixed point theory and employing some functional
inequalities, we study the existence of solutions of the partial fractional hybrid case of generalized
Sturm-Liouville-Langevin equations under partial boundary value conditions. Towards the end, we
present two examples with numerical and graphical simulation to illustrate our main results.

Keywords: Sturm-Liouville equation; Langevin equation; a-ip-contraction; functional inequality;
fixed point theory; Caputo derivative

1. Introduction and Preliminaries

As we know, fractional calculus have been the focus of many researchers in recent
years due to their wide application in various fields of engineering, modeling of natural
phenomena, optimal control, and biological mathematics ([1-11]). Given the wide ap-
plication of this branch of mathematics in human life, it makes sense for researchers to
spend more time identifying equations that can interpret many physical phenomena and
come up with newer and more powerful solutions to them. For this reason, in the last
decade, many articles have been published in the field of ordinary and partial differential
equations (see, for example, [12-19]). On the other hand, the theory of inequalities has
always led to the expansion of fractional calculus and the introduction of new operators
due to its many applications ([20,21]). For this reason, many researchers today study the
existence and uniqueness of ordinary and partial differential equations with the help of
such inequalities ([22-24]).

The history of mathematics has always been full of the study of a famous problem in
various modes. One of these popular interdisciplinary problems is the Sturm-Liouville
equation. The classical Sturm-Liouville problem for a linear differential equation of second
order is a boundary-value problem which reads as follows:

—%[M(S)'{%‘] +n(s)u = Ap(s)u, sé€la,b],
ayu(a) +apu'(a) =0,
byu(b) + bou'(b) = 0.
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which is one of the most widely used equations in mathematics and physics, for instance
the equation u” + Au = 0, that is obtained by appling the method separating variables
to the equation that studies the problem of heat conduction in a bar. Also, other differen-
tial equations can be transformed into Sturm-Liouville equations, for example Hermite,
Jacobi, Bessel and Legendre equations [25]. In the last decade, researchers have tried
to study the fractional version of this equation from different aspects. Some of them in-
vestigated the eigenvalues and eigenfunctions associated with these operators and also
their properties ([26,27]). Al-Mdallal proposed a numerical method by using the Adomian
decomposition method to solve this problem, and investigated very interesting application
of the fractional Sturm-Liouville problems which is the fractional diffusion-wave equa-
tion [28]. Due to the special importance of this equation in quantum mechanics and classical
mechanics ([29,30]), its various properties have always been studied by researchers (see,
for example, [28,31-45]).

Another very important equation that plays a key role in physics and interest rate
modeling in financial markets is the Langevin equation, which is itself a special case of the
Sturm-Liouville equation. The Langevin equation (first formulated by Langevin in 1908) is
found to be an effective tool to describe the evolution of physical phenomena in fluctuating
environments [46]. For more details about the contributions in the Langevin equation refer
to ([47-53]).

In addition to the above, the study of fractional differential equations in hybrid mode
has always been of particular interest. In recent years, quadratic perturbations of nonlinear
differential equations have attracted much attention. These types of differential equations
are called hybrid differential equations in literature. Dhage and Lakshmikantham estab-
lished the existence and uniqueness results and some fundamental differential inequalities
for hybrid differential equations initiating the study of theory of such systems [54]. Per-
turbation techniques are very useful in the subject of nonlinear analysis for studying the
dynamical systems represented by nonlinear differential and integral equations in a nice
way [55]. For more details about the theory of hybrid differential equations, we refer to ([54-59]).
Although researchers in the fields of mathematics, physics, and engineering have each
taken different approaches to the Sturm-Liouville equation according to their needs and
perspectives, in this work, motivated by the above, we want to develop the theory of
fractional hybrid differential equations involving Sturm-Liouville operators. Theorems
of existence for fractional hybrid differential equations are proved under the fixed point
technique. We will consider some functional inequalities which are relevant for a further
study of the existence and properties of solutions of our hybrid boundary value problems.

In 2011 [59], Zhao et al. investigated the following hybrid problem

such that D! is the Caputo fractional derivative, / € (0,1) and k € C(J x R,R — {0}),
p€C(IxR,R).

In 2016 [36], Kiataramkul et al. introduced an important class of boundary value
problems by combining Sturm-Lioville and Langevin fractional differential equations as

follows
DI ([()DE +k(B)]o(t)) = C(to(), 1<t<T*,

o(1) = —o(T"),
Dio(1) = —Do(T*),

where D! and D2 denotes the fractional derivative of order ¢1, £, € (0,1),h € C([1, T*],R)
where |h(t)| > K> 0,and k € C([1, T*] x R, R).
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In 2019, El-Sayed et al. [60], studied the following fractional Sturm-Liouville

DE(k(tH (1)) + g(Dh(t) = m(t)p(h(t)),

i1 Aih(a;) = p 5 ajh(b)),

which D! is the Caputo fractional derivative, £ € (0,1] and k € C*(J,R), g(t) and m(t) are
absolutely continuous functionson J = [0, T], T < co with Vt € J,k(t) #0, p : R — Ris
defined and differentiable on the interval 7,0 < a1 < ay, < --- < a, < ¢, d < b < b <
- <bs<T,c<dand{y,...,Cr, 11,-..,1s and y are real numbers.
Let A = (A1,A2) € (0,00) x (0,00), also Iy, = [0, Ty}, and Zt, = [0, T2], where
Ty, T, > 0. For ¢ € LY(ZIr, x I, R) = LY(Zr, x Ir,), the partial left-sided mixed
Riemann-Liouville integral (of order A) can be introduced by the following framework [61].

o(w,u) / / s (/\z)t)/\rla(s,t)dtds.

In addition, the partial derivative in the sense of Caputo (of order A) is defined in the
following manner

a )\1 1 t))\z*l 82
A _ 71-A
Dio(w,u) =1, (E)w / / (/\2) asata(s,t)dtds.

In this paper, motivated by the above, we want to examine the partial fractional hybrid
case of generalized Sturm-Liouville-Langevin equation which reads as follows:

ph {f’(w u)DAz <%) + f(w,u)(a(w, u) — & (w, u,a(w,u)))] =(w,u,0(w,u)),

(w, u) D (%) + f(zu,u)(a(w, u) — (w,u,a(w,u)))} . = oo (),

w=|

B (w,u) D2 <%> +i-(w,u)(cr(w,u) — 0 (w, u,a(w,u)))} = o1(w), (1)
B u=

M] =%

L w=

M} =< (w)

»191(74),14,17(74),14)) o 1 ’

where A = (A1, ;) € (0,00) x (0,00), Zr, = [0, T1], and ITZ [0, Tz} such that T, T, > 0.
Moreover (w,u) € It, x It,, A1, Ay € (0,1] x (0,1], DM and D22 denote Caputo partial
fractional derivatives, p € C(Zt, x Zt,) with p(w,u) # 0 for all (w,u) € Zt, x It,,
%,0 Ity x Ity x R = Rand ¢ : Iy, x I, x R — R\ {0} are given function with
appropriate properties, the functions o1 : I, = R, 95 : Z1, = R, 31 : I, — R and
2 : I, — R are absolutely continuous with p1(0) = ,(0) and I1(0) = 3(0).

If in (1) for all (w,u) € Iy, x Irt,, and for all (w,u,r) € Zt, x It, x R, we take
p(w,u) = 1, % (w,u,r) = 1 and %(w,u,r) = rA, which A € R, then we obtain the
following equation

DR2(DM 4+ No(w,u) = C(w,u,0(w,u)),
(D + Mo (w,u)],_ = pa(w),
(DM + No(w,u)],_, = o1 (w),

c(0,u) =S(u) and o(w,0) = I1(w),

@
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which is a partial fractional Lagevin equation.
If in (1) we take ¢y (w, u,r) — 1 = O»(w,u,r) = 0 for all (w,u,r) € I, x I, x R then
we obtain the following equation
D2 (B(w,u)De o (w, 1)) = {(w,u,0(w,u)),
[B(w, 1) DM o(w,u)],_ = p2(u)

[B(w, 1) DM (w,u)],_y = 91(w)

c(0,u) =S(u) and o(w,0) = 3 (w),

which is a partial fractional Sturm-Lioville equation.
Next, we study partial fractional a hybrid version of the generalized Sturm-Liouville-
Langevin equation which reads as

DAl( f)(w,u)Dg\za(w,u) +¥(w,u)o(w,u)
‘ O(w,u,o(w, u),ICYlU(w, u),ICYZ(T(w, u), ..., ICYK(T(ZU, u))

) =t otw,u),

{ p(w,u)Dé\za(w,u) + ¥(w, u)o(w, u)
G)(w/ u, U(wl M)rICYlU(w/ M)IICYZO-(w/ M), "'/I(SYKa(w/ M))

] = %2 (Ll),
w=0 3)

B(w, u) D20 (w, u) + ¥(w, )0 (w,u) ] = i (w),
u=0

{@(w, u,o(w, u),Ig{la(w, u),ZCYZO'(w, u),o(w,u), ...,ZCY”(T(w, u))

c(0,u) =hp(u) and o(w,0) = hy(w),

where A1 = (A11,A12), Ao = (A21,A22), Y1 = (€11, €12), Y2 = (€21,€22), -+, Y = (€x1,€x2) €
(0,1] x (0,1] (x € N), D2t and D2? denote Caputo partial fractional derivatives, p €
C<IT1 X ITZ) with f)(w,u) # 0 for all (w,u) S IT] X ITZ’ O: IT1 X ZTZ x RFH1 5 R — {O},
the functions 71y : Iy, — R, fip : Iy, — R, %1 : I1, — Rand RN, : Zt, — R are absolutely
continuous with 711 (0) = f1,(0) and $1(0) = R, (0).

The existence of fixed points of different maps on ordered spaces has an old history.
Some researchers investigated different versions of the Tarski’s fixed point theorem (see
for example, [62,63]). In 2012 [64], Samet et al. introduced the following concepts in fixed
point theory, which will play a key role in this paper. Throughout this work, the symbol ¥
will be shorthand for the family of nondecreasing functions ¢ : [0, +00) — [0, +0), such
that ) ; ¢"(t) < +oo forall t > 0, where " is the n-th iterate of . Let T : ) — Y be a
selfmapand a : ) x Y — [0, +0) be a function. We say that T is a-admissible whenever
a(x,y) > 1yield that a(Tx, Ty) > 1. Also suppose that € ¥, thenaself-map T:Y — Y
is called an a-ip-contraction whenever Vx,y € Y, we have a(x,y)d(Tx, Ty) < ¢ (d(x,y)).
The notion of a--contractions generalized many old techniques in the literature. It let us
to consider ordered spaces or graphs in our works. Also, it able us to work with some new
notions such approximate fixed points (see for example, [65-67]). To continue, we need the
following lemma.

Lemma 1 ([64]). Assume that (), d) be a complete metric space and T : Y — Y is a-admissible
and a-p-contraction, also let Jyy € ) which satisfies a(yo, Tyo) > 1. Moreover suppose that every
sequence {yy, } in Y such that a(yn, Yy+1) > 1 for all n > 1 and for which there exists y € Y such
that y, — v, it follows that «(y,,y) > 1 forall n > 1. Then T has a fixed point.

2. Main Results

Consider the Banach space ) = {0 | ¢ € C(Zt, x Ir,) } equipped with the supremum

norm ||| = SUP (1) Ty, xTr, |o(w,u)|, where o € V.
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Lemma?2. Let{ € LY (Zt, x It,), A1 = (M1,A12) € (0,1] x (0,1] and also Ay = (Ay1,A2) €
(0,1] x (0,1]. Consider the equation

DM {p(w,u)pg\z (%) + ¥(w, u) (a(w,u) -t (w, u,a(w,u)))] =/l(w,u) 4)

with boundary conditions

p(w, u) DM <%> + ¥(w, u) (U(w,u) -t (w, u,U(w,u)))] » = po(u),
o pAz( oo )+f<w,u>(o<w,u>—02<w,u,a<w,u>>)} ~ 1)
0 5)
], -
zUqu wu ]

Then, the function o € C(Zt, x It,) is a solution of the problem (4) and (5) whenever

o(w,u) —ﬂl(w,u,a(w,u)){/ow/ou /Om /Oez

(01— c)™ (o2 — )" (w = 01)" 2 (1 — 0)'2 (61, 62)
dgodcidord
T'(A11)L(A12)T (A21)T(A2)P(01, 02) 62dg1dg2dor

' — 281, ) (s, )
- Aﬂ) (A2)B)) i

)\21 1 u—z))‘22 1y ¥(1,1)02(1,7,0(1,7))
/ / I'(A21)T(A22)B(2, ) "

)L21 -1 u—l)’\22 1§ £(1,7)A(1,7)
T B 2t

where Ny (w, u) = p1(w) + o2 (1) — p1(0) and Lo (w,u) = F1(w) + S (u) — I1(0).
Proof. We know that, the Equation (4) can be written as

o(w,u)

aZ
71N {awau <p(w u)DM2 (W) +¥(w, u) <a(w, u) — % (w,u,a(w,u))))] = {(w,u)
and by applying the operator /1 on both sides, we get

7! L)j;u (p(w u)DM2 (%) + ¥(w, u) (J(w,u) — 0 (w, u,a(w,u))))} = IM¢(w, u).
Since

. o(w,u)

7! {% (P(w,u)DéXZ (W) +¥(w, u) (U(w,u) -t (w,u, U(zu,u))))}

= (p(w,u)Dé\2 (#{%) +¥(w, u) (a(w,u) -t (w,u, U(w,u))))

- [(pw o (5 o(w,u)

m) +r(w,u)(¢7(w,u) & (w, u,0(w, u)

+ { f)(w,u)pé\z(ﬂl( o(w,u)

m) +i‘(w,u)(cr(w,u) B (w, u, 0(w, u)

( D))
- KI“’(W/“)D?Z(W) +f‘(w,u)(¢7(w,u) & (w, u, o (w, u) > o
( D) e
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= (p(w u)D? (%) +¥(w, u) (U(ZU,M) — o (w,u, o(zu,u))))

= p2(u) — p1(w) + ¢1(0),
we get

B, D (T =BT ) 4, ) ) 0,00, 0))

= I U(w,u) + o (u) + p1(w) — 1(0).

Hence,
As o(w,u) _ Y iy 2200 91 (@) — 0:1(0)
e O o) R R L R
F(w u)((f(w,u) — O (w,u,0(w u))>
p(w,u)
since 2 (st ) = st gty ) | we e
a9 o(w, u) =Y i g w220+ o1(@) — 0:1(0)
2 e (s sty )| = gy o + 2
- f(w,u)( o(w,u) — 0 (w,u,0(w,u )))
p(w,u) '

By applying the operator Z/2 on both sides, we get

1] @ o(w,u) A, 1 Mp(w. 1 Ay ¢ £2(1) + 1(w) — 1(0)
1 [E)w&)u(&ﬂw,u,a(w,u)))} =z (f)(w,u)z () + 2% ( p(w,u) )

_I/\z{

¥(w, u) (a(w, u) — 0 (w,u,0(w, u)))
p(w,u) ]

On the other hand, we have

02 o(w,u) B o(w,u) o o N
1 [awau (ﬁl(w, u,a(w,u))ﬂ = Hwu,own) S1(w) — S2(u) +S1(0).
Thus, we find

o(w,u)
O (w,u,o(w,u)) p(w,u)

IAlé(w,u)) +IA2(p2(u) + Kzl (w))_ 1 (0))
pPlw,u

) — O (w,u,0(w,u))
— )] +92(u) + 1) - 3(0)

_ﬂZ(w,u,U(w/”)))]

)
p(w,u)
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Hence,
o(w,u) = (w,u,0(w,u)) ZAZ(WIAW(W,”))
_ e F(w,u) (U(w,u) -t (w, u,a(w,u))) }
p(w,u)
Ao ¢ D1 (w, u)
Z 2(w)+A2(w,u) .
Note that,
A 1 A (w— o) (u—gp)'2! Ay
z(f)(z IMe(w,u)) / T )T (A )P (01, 03) Z™4(01,02)d02d01
o re2 (g1 —¢1)M (g2 — g2)M2H (w — 1) N (u — g2)*2 (g1, 62)
_/ / / / T(A11)T(A12)T(A21)T (A22) (01, 02) deadcrieaiar
and
N f(w,u)(a(w,u)— b (w, u,0(w, u) 21— 25, o, 1)
| B(w,u) } A L Rl

N2 (= )27 11, 1) 02 (1,7, 0(1, 7))
/ / T(A21)T (A22)B (1, 7) o

This completes the proof. [

Next we establish and prove our first main theorem.

Theorem 1. Assume that the following conditions hold

(Q1) There exist x, @1, @, € C(Zt, x It,,R™) such that the following functional inequalities are
satisfied

|C(w,u,r1) - g(w/ urr2)| < X(wru)‘rl - I'l|r
|01 (w, u,11) — 01 (w, u,12)| < @1(w, u)|r; — 1y,

[82(w, u, 1) — B (w,u,12)| < @2(w,u)|ry — 11

for all (w,u,x,1p) € I, X I, x R x R.
(Q2) There exists > 0 such that

7> (@i +97) (Ui +Us + A7) and (U + Uy + A3)@7 + (@15 +07)Up < 1,

where o
U. — T, 721 Tp422 T T2 i ¥ (1+03)
1= p* r(7\11Jr/\21+1)1"(/\12+)\22+1) (Ao +1)T (A +1) |7
A .
U, = BT Ty T L L)
2 P T A+ DT (A HAn+1) "+ T(Aza+ 1) (An+1) |”

and {*, @7, @3, ¥, A}, A3, x*, p* indicate the supremum of {(w,u,0), @1 (w, u,0), @2 (w,u,0),
Hw,u), AN (w, u) Az(w u) X(w,u) and p(w,u), respectively. Then the problem formulated
in (3) has a solution.
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Proof. Define themap a: ) x Y — [0,00) by

1 if o(w,u)<mn, Y(wu)cIy xIt,
a(o,0) =
0 otherwise.

Addotionally, define the operator H : Y — ¥ by Ho(w, u) = & (w, u,o(w, u))Ko(w, u),

where
0 an 01 02
L b bk

(01— g™ (o2 —ga)™ 2 (w — 01)™ (1 — 02)"2 717 (61,62, 0(51,62))
(A1) (A2)T (A2)T (Ax2) (1, 02)

M1 (= )1, o)
- AT (A2)B0 ) Ay

dgadgidoader

w— )l 1u_1)Azz ¥(1,7)02(1,7,0(1,7))
/ / /\21) (/\22)13( ) dld]

w =) (=) ) A (1)
/ ‘/ )L21 r(/\zz)P( ]) dld]+A2(w,M).

According to Lemma 2, Ho is equivalent to problem (1). By using Lemma 1, 0y, solves
problem (1), if and only if 0y is a fixed point of H. Now we are going to prove that all
conditions of Lemma 1 hold for the operator H. At first step, we find

2(w, u,0(w,u))| = |Z(w,u,0(w,u)) = L(w,u,0) +{(w,u,0)]|
< |§(w, u, a(w,u)) - g(w, ur0)| + |€(wr u, 0)|
< x(w,u)o(w,u)| + 7 < x*n + "

Thus,
w opnren e (o1 —g1)M1 7 (gg — ga)M2 N (w — 01)* T (1 — 02)*2 (61, 62,0 (61, 62))|
dcodcydord
FhL T(Am)T ()T (o)L (Az) B (o1, )] baderfiaads
< X*Uj o
P

a rex (g1 —g1)" Mo — ga)M2 N (w — g )M (u — gp)t2 !
dgodcidord
/ / / / T(A11)T(A12)T(A21)T(A22) caferieaton

X /w o)1) (w — 1)1 (u — gy) 2!
0 0

p* T(A11 +1)T(Ap +1)T(A21)T(A22)

szdQ]

I /\

X ,7+€* /T1 /T2 0 11 12 1791))\21 1(T27Q2)A22 1

dood
/\11+1 (A2 + DT (Aan)T(Ay) 02701

Xn+a* /Tl M1 Ay—1
P T (A1 + 1T (A2 +1)T(A21)T(A22) Jo at(M-a) 401

2
X/O 032 (Ty — 02)"2 doy.

Since

T, T,
/0 0" (Ty — 01)™ dgy X/O 02 (T2 — 02)"2 1oy

-1 -1
_ pMitra pAntan 01\ Ql Ap—14. Q1 / QA 02 \Ayp—1 4,02
i amete b - R ta ) s [ 2yea )
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= Ti\11+/\21 T£\12+/\223(A11 +1,A21)B(A12 + 1, A)

T AT R 2T (4 4 1) T (AT (Arn + 1)T (M)
T(Ap +An + DA +An +1)

7

where B denotes Euler’s beta function. Hence, we obtain

/"’ /” /91 /92 (01 —c)M N — g (w—g)2 (u— Qz)“fl\C(GLQLU(QLQZ))\dgzdgldgzdgl
T(M1)T(M2)T (A2)T (A22) B (01, 02)]

< X0+ L TR PRE (0 + DT (a0 (A + DT (Az2)

- p*r(/\n + 1)F(/\12 + 1)1"(/\21)1"(2\22) F(/\n + Ap1 + 1)F(A12 + Ay + 1)

_ Ti\11+7l21 T;\12+A22 (¢ + %)
PT(AM1 + Az + DAy + A + 1)

and so

/w /“ /gl /‘\72 (01 —g1)™ (02 — ga)M2 7 (w — 01)" (1 — 02)*2 (2 (61, 62,0 (61, 62))
(M) (M2)T (A2)T (A22) B (01, 02)]

‘dGngldgzdgl

A1+ pA2+A2
T T, X

T/\11+/\21 T/\1z+/\22 *
< 7+ 1 2 § .
T P T(Ar+An +1)I(Ap + A +1) PT(A11 + A1 + )T (A2 + A2 + 1)

(6)

On the other hand, we have

N (=027 kG, ) [|o ()] B e e Ut iy
/ / T(A21)T(A22) B (1 1) dudy < p* /0 /0 T'(A21)T(A2) didy

f*Tl/\uTz/\zz (7)
S PTOn+ 1A+ 1) !

Thus, we see

|02 (w, u,0(w,u))| = |8 (w,u,o(w,u)) — % (w,u,0) + % (w,u,0)|
< | (w,u,0(w,u)) — % (w,u,0)] + |0 (w,u,0)]
< @y (w, u)|o(w,u)| + 05 < @3y + 03

and so
[ [ e e e )
T(A2)T (A2) [P (1 7)]
< T*T1/\21T2)‘22 (60277+l9*) f*(D;Tl/\ZlTZ/\ZZ N f*@;TlA“Tz)‘ZZ (8)
- f)*r(/\zl + 1)F(/\22 + 1) f)*r()\n + 1)F()\22 + 1) T f)*r(/\n + 1)F(/\22 + 1)'
Similarly, we obtain
2171 = 121 [#(0, )| A (1) FAIT 1T,
. 2 didy + | DNp (w, u g + A3, 9
e e o] 1+l S g S a0 ©)



Fractal Fract. 2022, 6, 269 10 of 23

Since

Ko (w, u))| g/ow/ou/oq1 /O'QZ

(01 —g)"M N —g)*eH(w—g)2 (u— Qz)/\zrl‘C(gl’gz’a(gl’gm‘dgzdgldgzdgl
T(M1)T(M2)T (A2)T (A22) B (01, 02)]

M1 — )1, ) o)
[ ) TA2)[B () Ay

P [ e e I o
b

T'(A21)T (A22)[B(1, 1)
P = )2 ()| [ A ()]
did) + |y (w,u)],
e o 11+ Bz,
by using (6)—(9), we conclude that
TA“ +A1 T/\12+Azz X Ti‘“ +A21 T§12+/\zz r

|Ko(w,u)| <

- + <
pT(A + A + 1)1"(/\12 +An+1) T P T (A1 4+ A + DT (A2 + A2 + 1)

T\ 21T, 2 2T, 21Ty 2
+ - n+ = 2 1
PT(A2 +DI(A2+1) 7 pT(Azr + DI (A2 +1)

f*&;TlAzl Ty 2 T‘*ATTlAZ] T 2
PT(Aa + DI(An+1)  pT(Ay +DI(An+1)

+ A5

After using some simple computations and substitutions, we get
Ko (w,u)| < Uy + Uy + Aj. (10)
Further, it is easy to check that
& (w,u,0(w,u))| < @iy + 9. (11)
Hence, we get
|Ho (w,u)| = ]191 (w,u,0(w,u))||Ke(w,u)| < (@ + 97) (U1 + Uz + A3) < 17.

Similarly we can prove that |Ho(w,u)| < 5. Thatis, a(Ho,Hg) > 1. Then H is an
a-admissible mapping. Note that,

WU 0] [0
Ko (w,u) — Ka(w, u)| g/ / / 1/ ’
o Jo Jo Jo

(01 — 1)1 (02 — c2)™2"Hw — 1) ~H(u — 02)2 71 (61, 62,0(61, 62)) — T (61,62, 7(51,62)) | derdcrdondo
T(A11)T (A12)T (A2)T (A2) [P (01, 02)] ! !

w (= (= e ) o)) — 5,0)]
o T T2 [P0 )] Ay

o(1,7)) — 82(2,7,5(17))]

/ / N2 (w— )27, ) |19, didj

T'(A)T (/\22)15(] L]
S/Ow /014 /001 /092

(01— g™ (02 — ga)M2 M (w — 01)™1 (1 — 02)2 (61, 62)0(61,62) — (61, 62)] dcadcidordor
T(A11)T (A12)T (A2)T (Az2) [P (01, 02)]

w0 (w — Y (= )M 5o, ) o)) — (1)
o T(21)T (A2 [B (1, 1)] ey
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M = )M ) @ (1) |o (1) = 3(1,)]
) / Tt (A22)B (5 1) il

T1\11+/\21 T;\12+/\22X* o —&|| T*TlAﬂ TZ)\ZZ o — & i‘*Tl)‘Zl TZAZZO’?E o =&
TP TAn +An + DT (A +An+1) - pT(An +DI(An+1)  pT(An +1)T(An +1)

3 T1A21 TZ/\ZZ { Ti\llT;]zX* N (1 "rwﬁ) o]
- p* F(Ain+An + )T (Ap + A +1)  T(Ayn +1)T (A +1) 77
=U|c—7a].
Thus,
Ko)(w,u) — (K&)(w, u)| < Uqlle — 7| (12)

By applying (10), (11) and (12), we conclude that
[Ho (w, u) — He (w, u)| = |81 (w, u,0(w,u)) Ko (w, u) — 8 (w,u,o(w,u)) Ko (w, u)]
= |91 (0, 1, 0,10) Ko (w,0) = 94 (0, w, (0, 10) Ko (w, )
+ 01 (w, 1,7 (w, 1)) Ko(w, u) — 0 (w, 1,5 (w, u))Krf( )]
- ’Ko(w,u)(ﬁl (w,u,0(w, 1)) — Oy (w, 1,5 (w, u)

+ % (w,u,0(w,u)) (Ko(w,u) — Ko (w,u)) ‘

< Ko (w, u)||81 (w,u, 0(w,u)) — O (w,u,&(w,u))]

+ 101 (w, u, 0 (w,u))||Ko(w, u) — K& (w,u)|

< (Ui + Uz + Aj)@flo — 7| + (@17 + 87)Us[lo — 7|
= (Ui + U2+ A3)a7 + (@17 + 07)Us) [l — 7|

and so |[Ho — Ho || < ((Uyy7 + Uy + A3)@f + (@fn + 87)Uy) || — 7||. Now we define the
map ¢ : [0,00) — [0,00) by (t) = (U1 + Up + A3)@5 + (@fn + 07)Uq)t. Then, p € ¥
and ||Ho —Ho|| < ¢(||]c —]||). On the other hand if (0, &) = 0, then a(c, &) || Ho — Ho || =
0 <¢(|lc—7&]). Thus, a(c,7)||He — He|| < ¢(|lc —7||) forall o, € Y. Hence, H is a-yp-
contractive map. Suppose that {0, } is a sequence in ) such that a(c;,_1,05,) > 1 for all
n>1land o, — o € Y. Then, 0, (w, u) < 17 and s0 limy,_ye0 0 (w, u) = o < 5. This implies
a(oy,0) > 1forall n > 1. It is clear that there exists 0y € ) such that a(0p, Hop) > 1. Thus
all conditions of Lemma 1 hold and so H has a fixed point in Y which is a solution for the
problem mentioned in (1). O

Now we are going to state and prove our second main result. The next Lemma plays a
key role in the proof of our second main Theorem.

Lemma 3. Let « be a natural number and suppose that the pairs A1 = (A1, M2), Ao = (A1, Ax),
Y1 = (e11,€12), Yo = (€21,€22),--., Yk = (€x1,€x2) belong to (0,1] x (0,1]. Consider the
problem

O, LTSI
‘ O(w,u,o(w,u),Z, (,u),ICYZU(w,u),...,ICY"LT(w,u))

) = t(w,u,0(w,u)) (13)

with boundary conditions
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= %2(1/!),

[ B(w, )DA2 (w, u) + ¥(w, u)o(w, u) }
O (w,u,o(w,u), IV o (w,u), L0 (w, u), .., I (w,u)) Jweo

= Ry (w),

[ f)(w,u)Dé\zo(w,u) +¥(w,u)o(w,u) }
O (w,u,o(w,u), I o (w,u), I 20 (w, u), o (w, u), ..., T *o(w,u)) Ju=o

c(0,u) =hy(u) and o(w,0) = hy(w).

Then the function o € C(Zt, x L, ) is a solution of the problem (13) and (14), if

o(w,u)
O(w,u,o(w, u), I o (w, ), T 20 (w, 1), ..., T ¥ o (w, u)) (ZMe(w, u, 0(w,u)) + Q(w, u))

_ 7
=L p(w,u)

A LALCA) P(z);’i )+ o(w,u)

where

O (w, u) = hp(u) + 1y (w) — m1(0),
Q(w, u) = +Ro(u) + N1 (w) — R1(0).

Proof. As we know, the equation in (13), can be rewritten as

1 [ 9 p(w, ) 2o(w,u) + ¥(w, u)o(w, u) _ .
’ {Bwau (@(w,u o(w,u),Z; 'o(w,u), IYZU(w,u),...,ICYKU(w,u)) ﬂ o,y ow,u).
Thus
[ 92 B(w, u) D20 (w, u) + (w, u)o (w, u) — TN (w1 olw.u
! bwau(@(w,u,o( ), Tl >,ICZa<w,u),...,sz<w,u>)>] =Th o).
Since
11{ 92 ( B(w, u) D220 (w, u) + ¥(w, u)o(w, u) )}
Jwau @(w,u,U(w,u),Ig(la(w,u),Ig{2U(w,u),...,I}Ka(w,u))
_ B(w,u) D220 (w, u) + ¥(w, u)o(w, u)
; O (w, u,o(w,u), I o (w, u), T 20 (w,u), .., T (w, 1))
3 ( p(w, u) Do (w, u) + ¥(w, u)o(w, u) )
O(w,u,o(w,u ),I} (w,u),ZCYZU(w,u),...,IZ”a(w,u)) —0
B ( B(w, ) D22 a(w, u) + ¥(w, u)o(w, u) )
O(w,u,o(w, )IY1 (w,u),ZCYZU(w,u),...,Ig{"(f(w,u)) —0
N ( B(w, 1) D20 (w, u) + ¥w, u)o(w, u) )
@(w,u,a(w,u),ICYlU(w,u),ICYZcT(w,u),...,ICYKU(w,u)) (wu)=(0,0)

p(w, u)Dé\ZU(w, u) + tw,u)o(w,u)
(

@(w, u,o(w, u),ICYlU(w, u),ICYZU(w, u), ...,ICYKa(w, u))

and therefore, we obtain
p(w, ) D220 (w, u) + H(w, u)o(w, u)
O(w, u,o(w,u),I}la(w,u),Ig{za(w,u), o IXx o (w, u))
= IM0(w,u, o (w,u)) + Ra(u) + Ry (w) — R1(0)
= TMU(w, u, 0 (w,u)) + Q(w, u).

— Ro(u) — Ry (w) + R1(0)
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After doing some direct computations, we obtain
Dl o(w,u)

O (w, u, o (w,u), L o (w, u), T2 (w,u), .., T (w, 1)) (T £ (w, 1, 0 (w, u)) + Q(w, u))
p(w,u)

As Dé\za(w,u) = Icl_A2[aa?aua(w, u)], we get

1

L dwdu o(wu)
O(w,u,(w, u), I o (w, u), 20 (w, u), ..., ¥ o (w, u)) (TMl(w, u, 0 (w,u)) + Q(w, u))

=1
‘ p(w, u)

f(w, u)o(w,u)

~ T o)

].

Eventually, we can write

o(w,u)
_ @(w,u,U(w,u),Igla(w,u),Igza(w,u),...,ICYKU(w,u))(IAlé(w,u,U(w,u))+Q(w,u))
- p(w,u)
A Fw, u)o(w,u)
7 [7},)(%”) |+ ®(w, u).

Finally, note that

1

(e mv(w,u) = U(w,u) — O‘(O,u) — U'(ZU,O) + 0.(0’0)
(w, u) — hp (1) — iy (w) + 111(0)

(w,u) — ®(w,u).

(o
(o

This completes the proof. [

Now we establish and prove our second main theorem.

Theorem 2. Assume that the following conditions are satisfied

(O1) There exist B, w € C(It, x It,, R"), such that for all (w,u,r1,15) € Iy, X It, x R x R
and (w, 1,79, 11, .., ¥, 80,51, -+ Sx) € I, X It, x R2+2 we have the following functional
inequalities hold true

[0(w,u, 1) — L(w,u,17)| < w(w,u)lry — 1y,
|©(w, u,70,71, ... 1) — O(w,11,50,51, ., 5¢ ) | < B(w, 1) L—olrm — Sm

(O,) there exists u > 0 such that

App . oA o Ayl oA
T121T222 |: ((U ]«l-‘ré )TllszlZ N *>(‘B* i Tlml szz
PT(Aa + DI (A +1) [ T(An + DI (A2 +1) LA + DI (Amz +1)

m=0

y+®*)+i*] +o <p

and

A A A A- Am1pAm
T121T222 |: WZTllszlz N Wlﬁ* ZK: Tl 1T2 2
B T(A + )T (A +1) [T(A11 + DI (A2 + 1) T(Aps + DT (Apz +1)

m=0

+f*} <1,

” We — (w*”+£*)T1\11T212 O W, — BT T?mlT;\mZ O I* O wr OF
where Wi = 3, (gt + X Wa = B Lo 1z, irn, it + O £ €7 w7, O
O*, p*, ¥*, B* indicate the supremum of £ (w, u,0), ©(w, u,0,...,0), w(w,u,0), Q(w,u), ®(w,u),

p(w,u), p(w,u), ¥(w,u), B(w,u) respectively.
Then the problem mentioned in (3) has a solution.
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Proof. Definea : Y x Y — [0, 00) by
1 if o(wu)<mn, Y(wu)cIy xIt,
a(o,0) =

0 otherwise.

Additionally, defineM : Y — Y by

Mo (w, u)

_ {@(w, w, o (w, 1), I o (w, u), I 2o (w, u), o L0 (w,u)) (TN € (w, u, 0 (w, 1)) + Q(w, 1))
‘ p(w,u)

7IA2[ f(w, u)(r(w,u)} + @ (w, )

B(w,u)

According to Lemma 3, finding a fixed point for the operator Mo is equivalent to finding
a solution to problem (3). By using Lemma 1, 0y solves problem (3), if and only if oy is a
fixed point of M. Now we are going to prove that all conditions of Lemma 1 are holding
for ML. At first, we have

[(w,u,0(w,u))| < w p+ L~

Then, we can write

1T (w,u,0(w, 1)) + Qw,u)| < T (w,u,0(w,u))| + |Q(w, u)]

< E* /\11 1( t))\lzfld p o
< (w'u+ / / tds +
K T'(A1)T(A12)
A A
(w*‘u + g*)TllszlZ + Q*
T IT(An+DIT(A2+1) '
Thus,
* Z*)T/\“T/\lz
A < (w'p+ 1 1 . _
|22 (w, u, 0 (w,u)) + Qw,u)| < T £ T+ 1) +OF =Wy (15)
Furthermore

‘@(w, u,o(w, u),Ig{la(w, u),ICYZ(T(w,u), ...,ICY"cT(w,u)) ‘
= ‘@(w, u,(f(w,u),ICY]a(w,u),ICYZa(w,u),...,Ig{"(r(w,u))
- 0(w,u,0,0,0,...,0,0) + ©(w,1,0,0,0, ...,0,0) ’

< B(w, u) Z | ZYmo(w,u)| +|©(w,u,0,0,0,...,0,0)|

m=0
< pu Z 7Y (1) + @

T mlT m2
Z ml + 1)r(/\m2 + 1)

u+ 0.

That is, we proved that

O (w, u, o(w,u), ' o(w, u), 20 (w, u), .., T o (w,u)) | < W. (16)
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So by utilizing the Equations (4) and (16), we get

A
7.2

O(w,u,o(w, w), I o (w, u), T2 0 (w, 1), ..., ¥ o (w, u)) (ZMU(w, u, o (w,u)) + Q(w,u)) } '
p(w,u)

<7 P@(W, u,o(w, u),Ig{la(w,u),Ig{za(w,u),...,ICY"U(w, w)) | T2 6 (w, u, 0 (w, u)) + Q(ZU/M)I}
- [B(w,u)]

- WiWa_y, @ = T2 T)2 Wi W,

- pr ¢ PT(A + DI (A +1)°

Further, we deduce that

. A A
(w, u)o(w,u) priaTis
IAZV— + | ®(w,u)| < = + o,
T S S DR O D)
Since
|Mo(w, u)|
< |7 {®(w, w0 (w,u), Lo (w,u), 20 (w,u), .., T* 0 (w, 1)) (TN €(w, u, 0 (w, u)) + Q(w,u)):| ‘
- p(w,u)
T + o),
we have
? A 5\ A A
Mo (w, u)| < ToT" { (W*u+ )TN TH" —I—Q*}
T pT(Aa + DI(A + 1) LT (A + 1T (A2 + 1)
K Ti\ml Té\mZ E*Ti\ﬂ Té\zz

x |B* +0%| + +*
[ﬁ mZ::o T(Am1 + 1T (A2 + 1)” } P*T (A2 + 1)T (A + 1)

B T1\21T§22 [< ((u*‘u—b—ﬁ*)Ti‘“Tg”

= — + Q*)
p*F(/\21 + 1)F()\22 + 1) F(/\H + 1)T(/\12 + 1)

" (ﬁ* i Ti\ml Té‘mZ
A= T(A + DT (A2 +1)

”+®*>+f*:|+q>*
<p

Hence, M is a-admissible. Put

fro(w,u) := O(w,u,o(w, u),IchU(w, u),ICYZa(w, u), .., TXo(w, u)),
and
foo(w,u) == T U(w,u, 0 (w,u)) + Q(w, u).
So by applying Equations (15) and (16), we arrive at

|fro(w,u) foo(w, u) — f15(w, u) f20(w, u)|
= |fio(w, u) fo0(w,u) — fro(w, u) f0(w, u)
+ fro(w, u) 20 (w, u) — 10 (w, u) f0(w, u)]
< |fio(w, u)|| fao (w, u) — fo0(w, u))|

+ | fo0 (w, u)|| fro(w,u) — 10 (w, u)]

_ [ WZT?HTQIZ

T IT(AMn + DT (A2 +1)
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K T?mlTé\mZ
4+ W18* o—7ol.
N owres i vyweeny] Lt
This yields
T (f10) (w, u)(f20) (w, u) (f15)(w,u)(f25)(w,u)’
p(w, u) p(w,u)
_ Ti\ﬂ Té\zz |: WZTi\n Té\lz
~ pT(Aa + DI(A +1) [T(Ap + )T (A2 +-1)
T mlT)\mZ
W —7|. 17
TWap” Z T + DT +1)} lo=2l 17
Furthermore,
e v A21 A2
poe| Heeto) “otwml)) o TH BT o _a) gy
p(w,u) Pp*T(A + )T (A + 1)
Now, since

Mo (w, u) — Mo (w, u)]
O (w, u, o (w,u), T o(w, 1), T2 (w, u), .., T (w, 1)) (T L(w, u, o (w, 1)) + Q(w, u))

<I” .
p(w,u)
O(w,u,d(w, u), I & (w, u), I26 (w, u), o LG (w0, ) (ZM € (w, u, 5(w, 1)) + Q(w, 1))
p(w,u)
+ZA2 ¥(w,u)(o(w,u) — 5(w,u))
B(w,u) '

then by using Equations (17) and (18), we derive that

A A A A
T 21"[‘ 22 W2T llT 12
M ’ — M& ’ < 1 2 |: 1 2
Mo (w,u) = Me(wu)| < o IO +1) | TOm + DTz + 1)

K T{‘mlTé‘mZ
W, B G
*Wip Zormmwl)rmmzuﬂ”(’ g

m

v*TMl T/\zz
pT(An +1)T (/\22 +1) lr

+ -7

Ti\n ngz \Y ZTi\ll Té\lz
TP T(An + DAy + 1) {r(/\n + 1T (A2 +1)

T mlT m2

+W1‘B 2 ml +1)F(Am2+1)

+ f*} llo—all.

Thus ||[Mo — Mz || < g||o — &||, where

v*

g:=

<1

T;\21T£\22 WZT?HT;‘lZ L& ) mlT m2
BT + DI (A + 1) {r()\n Do) TV Lt e 1)
Define ¢ : [0,00) — [0,00) by 9(t) = gt. Then ¢ € ¥ and M is a-ip-contractive mapping.
Suppose that {0, } is a sequence in ) such that a(c;,_1,0,) > 1foralln > land o, — 0 € ).
Hence, 0y, (w, 1) < 5. So limy—e0 0y (w,u) = ¢ < 5. Thatis, a(0y,0) > 1foralln > 1.
Further evidently, there exists oy € )Y such that a(0p, Moy) > 1. Then all conditions of
Lemma 1 are valid and M has a fixed point in ) which is a solution for the problem (3). [
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3. Examples
Example 1. Let (w,u) € [0, 3] x [0,1]. Consider the fractional partial Sturm-Lioville problem

p ot ) [102eV5 wiep(as) . )
14+w24u?+1In(wu+1) + 7|a(w,u)|
2
[ | S 2,6
in2 (__TTwu 1+% e~ wu ‘U’(Z{),Ll))|
+ S (For:) (0' w,u) —e 1+sin2 (wtu) —) 19
(w, ) T+ [o(w, ) (19)
ZUZ 112
= cos(mwu) + L e 1(7(w u)
B 10 + In(w?* + ud + 1) 8 T
with boundary conditions
5 11 020 mwu
{1026_ \/w4+u2fD£2'3) ' |(7(w/”)_~‘_w‘g(w u)|) + 5 (1+w+u)(cr(w,u)
) 1+w2+u2+In(wu+1) = 6 ’
ey _ < o)) _
—e 1+sin® (w+u) W) . = e,
11
{102e v “’4*“2295(7’3)( e )+esm2(1+w+u)<a(w,u)
TrZ Gy 6 0@
77T721 2.6 (20)
s (ot e WU o (w,u
—e 14sin? (w+u) _ 1+(7(w(,u))))>:| — COS(ZU),
u=0
o(w) =In(u+1
|: 1+w2+u2£rln(wu+l) +% lo(wa)] :| w=0 ( ),
o(w,u) :| _ .
1 wu - arcsm(w)
|: 1+wz+uz+ln(wu+1) +T ‘U(w'u” u=0
Put,p =1,Ty =3, T =17\ = ()\11,/\12) = (1050, 309), Ay = (Ag1, M) = (3, 1),
1 1 <
p2(u) = ze p1(w) = Trcost (w)” So(u) = 1 (u+1), S1(w) = gpsin(rw), p(w,u) =
Vi _sin?( o) _ wu _
102e ¥ (w,u) = ™\ o), 9 (w,u,r) = 1+w2+u2+ln(wu+1) + “r|, O (w,u,r) =
B 1+7n221 Efwzu6 ‘r| 1 wz;uz +1
sin P L § — e
e Trsin2(wiu) e C(w,u,r) = cos(mwu) + O (@ T T) + g7

The graphs and numerical results for these functions are presented in Figures 1, 2 and Table 1.
Hence,

wzguz .
|C(w,u,11) = {(w,u,17)| < &5 |r; — 11
01 (w,u,11) — 1 (w, u,12)| < Gt |11 — 11

2,6
[92(w, u, 1) — G (w,u,12)| < e ™" |r; — 1]

and so
wzaruz 1
X(w/u) =< - —
@1 (w,u) = “*
2,6
@ (w,u) =e V4,
5 _ b
* — e € *
Also, we have x* = SUP (4,1)e[0,1]x[0,1] x(w,u) = SUP (4,u)¢(0,1]x[01] ~ 8 =S5 o =

7
bl
2

Loy =10=10=1,06=c72,p =102, =¢ A = Le+1)and A} =
%l 2—|—1O,Then,weget

;-n
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and so, we find

n =1 2> 0.5875715575919

~ (% x 14 1)(0.0489462698139 x 1 + 0.0468538853756 + %an + 11—0)
and
(0.0489462698139 x 1 + 0.0468538853756 + %mz + %) XI5
+ (% x 1+ 1) x 0.0489462698139 = 0.0982229377542 < 1.

Thus, all conditions of Theorem 1 hold and the problem (19) and (20) has a solution.

Table 1. Numerical resualts for some functions in Example 1.

w p1(w) S1(w) u o2(u) 2 (u)
0 0.5000 0 0 0.5000 0
0.1 0.5500 0.0309 0.2 0.6107 0.0911
0.2 0.7000 0.0587 0.4 0.7459 0.1682
0.3 0.8933 0.0809 0.6 0.9110 0.2350
0.4 0.9909 0.0951 0.8 1.1127 0.2938
05 1 0.1 1 1.3591 0.3465

Graph of plw,u) = 102eV

Figure 1. The graph of p(w, u) in Example 1.

Graph of plw,u) = & (555

0.4

0.3

0.2
0.1
w 0 1 u

Figure 2. The graph of ¥(w, 1) in Example 1.
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Example 2. Let (w,u) € [0,1] x [0, l]. Consider the fractional partial Sturm-Lioville problem

(1,4)
Dﬁm o) (96ln(e+ Vw? +ud YD, (7.11) o(w, )1 \/mv(w,u)> _ em,l N M (21)
O(w,u,0(w,u), IC(W'W)J(ZU u)) + o (w, u)]

with boundary conditions

1 1
{961n(e+\/w2+u) 771 o(w ,u)+\/1+w2+u3a(w,u)] 1,
1
O(w,u,o(w, u),IC(1 1’W)a(w,u)) w=0

{96 In(e + Vw2 + u) D, (7:10) o(w,u) +Ve+w?+ u%(w,u)} 1 (22)
u=0

c(0,u)=e" and o(w,0)=e¢",

— W ll2

where O(w,u,rp,50) = —w-u? e so— (10 +50). In this case we put, p = 0.9, Ty =1, T =
= (M1, A12) = (L 500) Az = (A21,A22) = (7/711) Y1 = (e, €2) = (107, 203), R (1)

31”2/ Ri(w) = g, ma(u) = Gz, M(w) = syriremay, P(w,u) = 96In(e + Va2 +15),

1
102 HZ .
Fw,u) = vV1+ w2 + ud, E(w, u, r) = EH%MM, and the graphs and numerical results

for these functions are presented in Figures 3, 4 and in Table 2. So we can deduce that {* =

1
1 _ 1
_ 2.2 _ * *x 3 =k
SUP (w,u)eTr, xIr, E(w, ”fO) = SUP(w,u)eTr, xIr, elrwtu =10"=1 9" = &, p* =96,

1
37

I
= %, and O = % Also, note that |€(w, u,ry) —(w,u,ry)| < errv?? 1|r1 — 12| and
€7w2u2
|®(wru,7’0150) - ®(wr u/rllsl)| < T('rl - r0| + |51 - SO|)'

Thus, we can obtain that w* = 81—0 and * = 1. Hence,

(g X09+1)x ——
— e + 5~ 1.4310186844

x 0.9 41 ~ 2.903038092981

and so
1 1) x - 1
(%)11 |:(OX09+ )X3200+E)( 32172 % 0.9
96I'(8)T'(13) I'(156)T(5%) T({§2)T(553)
55 3
— — 0. < 0.
+1)+ 7} + 205 0.0655017025002 < 0.9
and
1\ L 2.903038092981 x —— 1
()7 [ 201 14310186844 x ___afe
96T (3)r(33) T'(156)T(3%) T(1§2)T(353)
+ gﬂ ~ 0.0609282177553 < 1.

Thus all conditions of Theorem 2 hold and the problem (21) and (22) has a solution.
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Table 2. Numerical resualts for some functions in Example 2.

w Ry (w) hy(w) u o (u) ia (u)
0 0 1.6020 0 0 0.00166

0.3 9.8000 0.0014 0.1 0.0025 0.00150

0.5 1.3200 0.0012 0.15 0.0056 0.00142

0.7 49.8000 0.0011 0.2 0.01 0.00136

0.9 81.8000 0.0009 0.25 0.0156 0.00129
1 0.1250 0.0008 0.3 0.0225 0.00123

Graph of plw, u) = 961n(e + Vu? +u”)

Blw.u)

Figure 3. The graph of p(w, u) in Example 2.

Graph of E{w,u) = VI +w? +

Figure 4. The graph of ¥(w, 1) in Example 2.

4. Conclusions

For a better understanding and interpretation of physical phenomena, we must un-
doubtedly increase our ability to solve fractional differential equations. In this way, examin-
ing the properties and solutions of important equations is of particular importance. In this
study, we investigated the partial fractional hybrid version of generalized Sturm-Liouville-
Langevin equations. The existing derivation operators in this work are of the Caputo type.
One of the recent techniques of fixed point theory, namely a-1p-contraction, has been used
to prove the existence of solutions. Also, we provided two examples with some figures and
tables to illustrate our main results.
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