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Abstract: The theory of univalent functions has shown strong significance in the field of mathematics.
It is such a vast and fully applied topic that its applications exist in nearly every field of applied
sciences such as nonlinear integrable system theory, fluid dynamics, modern mathematical physics,
the theory of partial differential equations, engineering, and electronics. In our present investigation,
two subfamilies of starlike and bounded turning functions associated with a three-leaf-shaped domain
were considered. These classes are denoted by B73; and S, respectively. For the class BT 3, we
study various coefficient type problems such as the first four initial coefficients, the Fekete-Szego
and Zalcman type inequalities and the third-order Hankel determinant. Furthermore, the existing
third-order Hankel determinant bounds for the second class will be improved here. All the results
that we are going to prove are sharp.

Keywords: analytic (or holomorphic) functions; univalent functions; subordination principle; Schwarz
function; coefficient bounds; Hankel determinant

1. Introduction, Definitions and Preliminaries

For a better understanding of the work studied in this article, we have to provide
certain elementary geometric function theory literature. In this regard, we first express the
classes of normalized analytic and univalent functions by the letters .4 and S, respectively.
These classes are defined in the following set-builder form by

A= {f:f €H(E) and f(z) = ia]-zj (a1 = 1)} (1)
j=1

and
S:={f:fe A and fisunivalentinE},

where H(E) stands for the set of analytic functions in the region E = {z € C: |z| < 1}.
The set S was developed by Koebe [1] in 1907, and it has become a key component of
advanced study in this subject. Later in 1916, Bieberbach [2] conjectured the coefficient
estimate for the class S and proved it for the second coefficient. The proof of this conjecture
attracted researchers, whose work developed this field immensely. In 1985, de-Branges [3]
proved this famous conjecture. From 1916 to 1985, many of the world’s most distinguished
scholars sought to prove or disprove this claim. As a result, they investigated a number
of subfamilies of the class & of univalent functions that are associated with various image
domains. The most fundamental and significant subclasses of the set S are the families of
starlike and convex functions, represented by &§* and C, respectively.

It is worth noting that Aleman and Constantin [4] recently gave a beautiful interaction
between univalent function theory and fluid dynamics. In fact, they demonstrated a
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simple method for how to use a univalent harmonic map to obtain explicit solutions of
incompressible two-dimensional Euler equations.

For the given functions g1,¢> € A, we say g1 < ¢, if an analytic function v exists in
E with the restrictions v(0) = 0 and |v(z)| < 1 such that g1(z) = g2(v(z)). If g in E is
univalent, then we have the following relationship given by

81(z) < $2(z) (z€E) <= gi(E) C g(E) with g1(0) = ¢2(0).

In 1992, Ma and Minda [5] presented a unified version of the class S*(i) using
subordination terminology. They introduce the $*(¢) defined by

/
S*(y) = {f es: B yp) (ze E)}, @
f(z)
where ¢ is a univalent function with ¢/(0) > 0 and Ry > 0. In addition, the region ¢(E)
is star-shaped about the point ¥(0) = 1 and is symmetric along the real line axis. They
focused on distortion, growth, and covering theorems, among other interesting properties
of functions in this class. Later in 2007, Rosihan et al. [6] determined the sharp bounds of
problems involving coefficients for a generalized class of Ma-Minda type starlike functions.
The class $*() unifies various sub-families of starlike functions, which are attained by an

appropriate choice of . For instance:

(i). By choosing the function

14+ Mz
= 1< <
Y@ =1,  MEC —1SN S0 M#£N),
we achieve the class .y
* — ox + z
STMN] =S (1+Nz)

which was studied in [7]. The above described class, with the limitation —1 < N <
M < 1, represents the class of Janowski starlike functions investigated in [8]. The
special case by taking M =1 —2¢; and N = —1 with 0 < §; < 1 leads to the class
S*(&1) = S*[1 — 2&;, —1] of starlike function of order ¢;.

(ii). The below listed class

14+2\%
1—z/) "’

55%(&2) = 8" (9(2)), with p(z) = (

for 0 < &, = 1 was introduced as the collection of strongly starlike functions of order
¢ investigated in [9].
(iii). In [10], Sharma et al. discussed the class S;,, defined by

Sty = 8" (9(2)) (¢<z> —1t3z+ §z2).

Geometrically, it is a subclass of functions f € A with

(@)
@

Q(z)
contained in the cardioid domain given by

(9x% +9y* — 18x +5)> —16(9x> + 9y> —6x +1) = 0.
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(iv). By setting ¢(z) = 1+ sinz, we attain the class S*(¢(z)) = S, of starlike functions
connected with the eight-shaped domain which was introduced by Cho et al. [11].
Moreover, the below mentioned classes

Sks =S (cosz) & S

CO:

sh = S*(coshz),

were analyzed, respectively, by Raza and Bano [12] and Alotaibi et al. [13].
(v). By picking ¢(z) = 1+ tanh z, we obtain the class S

tanh

*
Stan

hi=S8"(1+tanhz),

which was established by Ullah et al. [14]. Moreover, they examined the radii re-
sults for the class ;. Further, in [15] the authors computed third-order Hankel
determinant sharp bounds for this class.

Finding bounds for the function coefficients in a given collection has been one of the
most fundamental problems in geometric function theory since it impacts geometric fea-
tures. The constraint on the second coefficient, for example, provides the growth and distor-
tion features. The general form of the Hankel determinant A, , (f) (withn,q € N= {1,2,...})
for the function f € S was explored by Pommerenke [16,17] in the form of

an Apy1 .- ai’H’ﬂ*l

An+1 An+2 -+ On+g
Dgn(f) =1 . : :

Apt+g—1 An+q -+ An42q-2

In fact, the determinants listed below are referred to as first-, second-, and third-order
Hankel determinants, respectively.

Ma(f) = a3—a3, ©)
Mop(f) = may—a3, (4)
As1(f) = 2axasa4 — a3 — a3 + asas — a3as. )

Only a few articles on the Hankel determinant for the class S can be found in the
literature. The earliest recorded sharp inequality for f € S is stated by

|82, (f)] < |v|v/n, vis a constant.

This outcome is due to Hayman [18]. Likewise, for the same set S, the following
bounds were derived in [19]:

Aoa(f)] < v (1 <v< 131)

and

A

Bsa(f)] < v (;‘ v < 2EYE ”85>

The problem of determining the sharp inequalities of Hankel determinants for a certain
set of functions attracted the minds of many experts. Janteng et al. [20,21] computed the
sharp bound of Ay, (f)| for the S sub-families C, S* and BT, where C and BT are the
sets of convex and bounded turning functions. These results are based on estimations
provided by

%, for fecC,
|Aoa(f)| <4 1, for feS*
{ %, for feBT.



Fractal Fract. 2022, 6, 291

4 of 35

For the following two families $*(&;) (0 <& < 1), and S§*(&2) (0 < & < 1), the
experts [22,23] obtained that |Ay»(f)| is bounded by (1 — &1)% and g3, respectively. This
problem was also investigated for different families of bi-univalent functions in [24-29].

The formulae in (3)—(5) make it quite evident that calculating the bound for |A3 1 (f)]
is significantly more difficult than calculating the bound for |A»(f)|. Babalola [30] was
the first mathematician who studied third-order Hankel determinant for the C, S* and
BT families. Though after the Babalola’s article, several papers appeared on obtaining the
bounds of the determinant A3 1 (f)| for various subclasses of analytic functions. However,
Zaprawa’s article [31] gained the attention of the readers in which he enhanced Babalola’s
conclusions by employing a new approach to demonstrate that

%, for feC,

|A3,1(f)|<{ 1, for feS*,
8 for feBT.

In addition, he points out that such bounds are not sharp. Later, in 2018, Kwon et al. [32] en-
hanced the Zaprawa inequality for f € S* by achieving |A31(f)| < §, and Zaprawa et al. [33]
polished this bound even further in 2021 by proving that |Az 1 (f)| < g for f € S*. Moreover,
for g-starlike type functions classes, such problems were determined in [34]. Furthermore,
the non-sharp bounds of this determinant for the sets Sy, and S7;, were also computed in
the articles [35,36], respectively. They achieved

051856, for f € S%,,
< sSin
1M31(f)] < { 11989, for f e SZ,.

The sharp bounds of the determinant have been sought by many experts, but none
have succeeded. Eventually, in 2018, Kowalczyk et al. [37] and Lecko et al. [38] achieved

the following sharp bounds of |Az1(f)| for the sets C and S* (%) :

%, for fecC,

1831(f)] S{ ; for feS*(%).

Barukab et al. [39], in the year 2021, computed the sharp bounds of |A31(f)| for
functions of bounded turning set related with the petal-shaped domain. Later at the end
of 2021, Ullah et al. [15] and Wang et al. [40] contributed the following sharp bounds of
this determinant:

L, for feBT
< 16 ’
1A31(f)] < { 5, for feSi.

where the family BT [ is given by
BTL={feA: f)<Vitz (zeE)}.

The interested readers can look at the work of Srivastava et al. [41] for further con-
tributions in this area. They successfully obtained the bounds of the fourth-order Hankel
determinant for various analytic and univalent functions.

In [42], Gandhi introduced a subclass of starlike functions defined by

S;,:—{fES:Z]J:;S)—<1+§z+;z4 (zeE)}.
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zf'(z ( )
region in the right-half plane. From the definition of the famlly 4, the authors [42]

deduced that:
Fesy e fz) =zexp (/ u(t)t_ldt), ©)

0

For functions belonging to this class, it means that lie in a three-leaf-shaped

for some u(z) < ug(z). By substituting 1(z) = ug(z) in (6), we acquire the function

folz) = ZeXP(./O‘Z (g + ;f3>dt) =z+ %zer e )

Similar to the definition of S3;, we now define a new subfamily of bounded turning
functions by the following set builder notation:

BT3 = {f:fEA and f’(z)%l—l—%z—l—éz4 (ZEE)}. 8)

For g(z) = z, it can be noted that B7 3 is a subclass of functions f € S satisfying

the condition £2) A .
zf'(z
1+ -z4=z* E).
@) <1+ zz+ 2z (z€E)

In [43], Shi et al. gave some coefficient estimates on functions belonging to the class S3;.
However, the bound |A31(f)| < #% that they obtained for the third Hankel determinant
is not sharp. In the current paper, we aim to prove some sharp bounds on the coefficient
problems associated with S3; and BT 3; using a new method. The main results are organized
as follows. The first part ais coefficient problems connected with the newly defined subclass
BT 3; of bounded turning functions. In the second part, we give some sharp bounds of third
Hankel determinant for the functions in the class S3; which improve the known results.

2. A Set of Lemmas
Before stating the results that are applied in the main contributions, we define the
class P in terms of a set-builder notation:

P—{qu: 9(z) < 12 (zeE)},

where the function g has the below series form:
—1+chz (z€E). 9)

The subsequent Lemma is essential for the proofs of our main findings. It includes the
well-known ¢, formula [44], the c3 formula credited to Libera and Ziotkiewicz [45], and the
c4 formula proven in [46].

Lemma 1. Let g € P be in the form of (9). Then, for x, o, p € E we have

2¢) = C%—f—x( —C%), (10)
4c3 = c§+2( —C%)clx—cl( —c%)x2+2( —cl) (1—|x| ) (11)
8y = cj+(4— C%)x[cl (x —3x +3) +4x] —4(4—cA)(1—|x)

[c(x —1)o+¥%0?—(1- |U|2)p]. (12)
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Lemma 2. If g € P has the form of (9), then

len| <2 (n>1). (13)
and S
2 for 0=u=1,
_ < _ - ==
[en-rk = penck| < 2max(L, |2 —1]) { 212 — 1] otherwise. 14
Moreover, if B € [0,1] with B(2B — 1) < D < B, we have
¢3 — 2Bcicy + Dc?, <2. (15)
The inequalities (13)-(15) in the last Lemma are taken from [44,47] and [35,36],
respectively.

Lemma 3 ([48]). Let a, B,y and a satisfy the inequalities 0 < « < 1,0 < a < 1and

8a(1—a) ((ocﬁ —29)% + (a(a+a) — ‘3)2) +a(1—a)(B —2aa)? < 4a0®(1 — a)*(1 —a). (16)
If q € P is of the form (9), then

'yc‘l1 + ac% + 2acic3 — gﬁc%cz —cy| <2

3. Coefficient Inequalities and Second Hankel Determinant for the Function
Class BT3;

Theorem 1. If f € BT 3 has the series expansion (1), then

2
ol < 2, 7
ol < (s)
] < é (19)
5] < ;5 (20)

These bounds are sharp with the extremal functions given by

9 = [(iv i3s3 e
o = [(1440) KO e i
fE = (1 E(E) (1) )ar =z gt 2,
filz) = /OZ (1 + %(t4> T é (t16)>dt =z+ %25 + 81—5217.

Proof. Let f € BT 3;. Then from the definition, there exists a Schwarz function w such that

flz)=1+ %w(z) + %(w(z)f‘, (z€E).

Suppose that p € P be described in terms of the Schwarz function w as

_ 1+w(z)

p(z)_1_7CU(Z)21+C12+C222—|—C323+..._ 1)
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Equivalently, we have

-1 2 3 44 ...
w(z) = p(z) __czt oz 4z ozt + ' 22)
p(z)+1 24 c1z+ 22 + 323 + o4zt + - -
From (1), we obtain
f'(z) = 1+ 2apz + 3a3z” + 4ayz° + 5a5z* + - - - . (23)
Using the series expansion of (22), we obtain
4 1 4 2 2 1 1 2 2 3
1+ = = 1+ (= — < <
+ 5cu(z) + 5w(z) + (5C1>Z+ <5C2 501>z + (10 — 5010 + 5C3>Z
3 3 1 2 2
+ ( Socl—l— 10c1c2 5cé—50103+504>z4+... . (24)
Comparing (23) and (24), we find that
1
m = o (25)
1/2 1
= 3 <5C2 SC%>’ (26)
11,5 2 2
_ 115 2 2 27
4 4(10 5616”563)’ @7)
1 3 3 1 2 2
as = 5( 30 ‘f—i—loclcz 5c§—5c1C3+SC4>. (28)

The inequalities on ay, a3 and a4 follow directly by using Lemma 2. For a5, we can
rewrite (28) as

3 1 1 3/1
5 = T35 (32 o+ (2)6% +2<2)Clc3 T2 <2)C%C2 _C4>'
2 3
(et e - dadnn) ®

where
3 1 1

"Exp Ty Ty Py
It can be easily verified that 0 <« < 1,0 <a <1and

8a(1—a) ((aﬁ 292 + (a(a+a) — 5)2) +a(1—a)(B—2a0)? < 4001 — 0)*(1 — a).

Therefore, from Lemma 3 we have

4

las| < 55

The proof of Theorem 1 is thus completed.
O

Theorem 2. Let v € Cand f € BT 3 be the form of (1). Then the sharp bound of the Fekete-Szegi
inequality is

4
o2 263 < maxd 55, 2l ).
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Proof. By employing (25) and (26), we have

2 1 1
‘03 - ’Yﬂ%‘ = ’1562 - EC% - ’YEC%

An application of Lemma 2 leads to the desired result. The inequality is sharp with
the extremal function given by

fz(z)—/oz<1+:(t2)+;( ))dt_z+f5z —l—%z
0

Theorem 3. If f € BT 3 has the form (1), then

1
_ < Z.
lazas —ay] < 5

This result is sharp.

Proof. Using (25)-(27), we have

23

1 19
—lea—2 3
10| <30)61C2+ 601

|aza3 —ay4| =

Let B = %andD: %.Itcanseenthatog B<1,B>Dand

38 23

Applying Lemma 2, we obtain the inequality in Theorem 3. This result is sharp with
the extremal function given by

fs(z)—/oz(1+§(t3)+;( ))dt—z—i—;z +61—5z
0

The second-order Hankel determinant Ay »(f) for f € BT 3 will be estimated next.

Theorem 4. If f € BT 3, then

16
’ 2‘ < :
1822(f)] axa, — az 25

The result is sharp.

Proof. By the virtue of (25)—(27), we have

1, 4

A SR R S
22(f) = 15501 ~ 32562 T 5561 ~ g1

Using (10) and (11) to express c; and c3 in terms of ¢; = c and x, ¢ in [, we obtain

[22(£)] = ‘2(1)()CZ(4CZ)x22;5(4Cz) “+ o0 100 e(4-2)(1-1F)o

Applying the triangle inequality and using |x| = b, || < 1, we have

[822(f)] = ﬁc 4=+ 25 (4 ) b+ 1006(4_C2) (1-97) =0(c,b).
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Itis an easy task to illustrate that %—(;) > 0for b € [0,1]. This means that ©(c,b) < O(c, 1).
Thus

[A2a(f)] < 2%062(4_ c2) + 2175(4— c2)2 = w@(c).

By observing that @’(c) < 0 for ¢ € [0,2], we see that @(c) < @(0). Thus, we have

|822(f)] < 558

Equality is attained by the function given by

fa(z) = /()Z<1+§(t2> +;<t8)>dt =z+ %23—#%29.
[

4. Results on the Third Hankel Determinant of Functions f € BT 3;
Now we study the determinant Az (f) for f € BT 3.

Theorem 5. If f € BT 5 has the series expansion (1), then

B51()] < .

The bound is sharp.

Proof. Let c; = ¢ and put the values of 4;’s from (25)—(28) into (5), we obtain that

1
Asi(f) = 1080000 (—211c6 —192ccs +936¢3c3 + 528c2c3 — 9216¢%¢cy

415840ccoc3 — 8320c5 + 11520c5¢4 — 10800c§). (30)

For some p, x, 0 € E, by substituting t = 4 — ¢? in (10)—(12), we have

192¢%, = 96 <c6 + c4tx>,
9363 c; = —234c*tx® +468c3t (1 - |x\2) o+ 468c*tx +234¢5,
528c%c5 = 132¢% 4 264cttx 4 132¢%124,

90216c%c, = 1152c*x3 — 4608c3tx(1 - |x|2)0 - 4608c2tf(1 - |x|2)02

—3456c£x2 + 4608¢% (1 — [« ”) (1~ |o]” ) p + 4608*
(1 - |x|2> o + 3456c*tx + 1152¢° + 4608¢2t22,
15840ccoc; = —1980c2#2x3 — 1980c* tx? + 3960ct2x<1 — |x|2>0 + 39600212 x>
+3960% (1 — [x| ) o + 5940c*£x + 1980,
83203 = 1040c® 4 3120c*tx + 3120c%12x2 4 1040833,
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11520c5c5 = 2880c%tx + 2880£2x% + 7200 + 2880c*tx + 2880c3 (1 - |x|2) o

+2880c% (1~ [x|?) (1~ |*) p -+ 2160c2%x* 4 2880cx

(1 - |x\2)a+ 2880t2x(1 - |x|2> (1 - |(T|2)p — 2160c* 22
— 2880c%tx (1 - |x|2)a2 — 2880c3tx (1 - |x|2>a — 2160c22x°

- 2880t2xy(1 - |x|2>02 — 28801222 (1 - |x|2)¢7
+ 720c*tx% + 720c% 2 x*,
108002 = 675c22x* — 2700c>x> (1 - |x|2>a — 2700c*2x% — 1350c* 32
+2700 (1~ \x|2)2az +5400cx (1~ || ) o + 270062252
+27006 (1 — [x[*) o + 2700c£x + 675¢°.
Putting the above expressions in (30) yields to

1
B31(f) = 1080000

(1= %) (1= o )0 — 180c2x (1~ |x[*) o — 2880P2x% (1 — [« ) o2
+2880%% (1 — [x[*) (1= [0 ) o + 14400t (1 — |x[ ) + 2880£2°
—1040£3x% + 180c*tx + 45c#2x* — 1440243 4 432c%#2 %2
—2700£2 (1 - |x|2)2(72 — 1728¢%t2 — 432423 + 432c4tx2}.

{—108c6 +1728c3tx (1 - |x|2)(r+ 1728&}(1 - |x|2)c72 — 1728¢%t

2

By virtue of t = 4 — ¢, we see that

1

A3q(f) = 1080000 (vl (¢, x) +va(c,x)o + U3(C,x)(72 +Y¥(c, x, a)p),

where

o1, x) ~108c + (4— ) [ (4~ ) (—400%x — 1280x° + 45¢%x* + 432622
— 172824 + 432c* % — 432c* 3 + 180c4x],

(=) (1= 1xP) [(4 ) (~180cx® + 1440cx) +1728¢% ],

vs(c,x) = (4—c)(1—1al?)[(4- ) (~180Jx — 2700) + 1728¢%%],

(e, x,0) = (4 - cz) (1 - |x|2) (1 - |ay2) {2880;;(4 - c2) - 1728c2]

v2(c, x)

By setting |x| = x, || = y and utilizing the fact || < 1, we obtain

1 2
831(A < Tog0005 [e1(e )+ [oa(e 1)Ly + [oa(e, 0)ly? + [¥(e, x,0)] ).
1
<
< Tosoooo G ¥ V) G1)

where
Gle,x,y) = 816, %) + ga(c, )y + gale, X)y? + gale, x) (1= 7).
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with
gi(e,x) = 108+ (4— ) [(4 - ) (4002 + 1280x° + 45¢%x" + 432c%2)
+1728c2x? 4 432¢*x? + 432¢*x% + 180c*x],
2(0x) = (4-2)(1-22)[(4- ) (180ex + 1440cx ) +1728¢%],
g(c,x) = (4 - c2> (1 - xz) {(4 - cz) (180x2 + 2700) + 1728c2x},
galex) = (4-)(1-22) [2880x(4 - 2) +1728¢%).

Now, we have to maximize G(c, x,y) in the closed cuboid Y : [0,2] x [0,1] x [0, 1]. For
this, we have to discuss the maximum values of G(c, x,y) in the interior of Y, in the interior
of its 6 faces and on its 12 edges.

1. Interior points of cuboid Y:

Let (c,x,¥) € (0,2) x (0,1) x (0,1), and differentiating partially G(c, x, y) with respect
to y, we have

_ <4 _ CZ> (1- xZ) |:360]/(x -1) ((4 — c2) (x —15) + 4;3(;2>

+180c (x (4 — c2) (8+x) + 458c2xﬂ .

oy

Plugging aa—(y; = 0, we obtain

180 (x(4 — ) (8 +x) + £%x)
- 360(x — 1) ((4 —2)(15—x) — 4578C2) -

If yo is a critical point within Y, then yy € (0,1), which is only achievable if
172863 + 180cx (4 — ) (8 + x) +360(1 — x) (4 — ) (15 - x) < 34562(1 — x).  (32)
and
2 20(15 — x)
123 —5x °

Now, we must find solutions that meet both inequality (32) and (33) for the existence
of critical points.

(33)

Let g(x) = 2%;:? As ¢'(x) < 01in (0,1), it is noted that g(x) is decreasing over

(0,1). Hence ¢? > % and an easy calculation indicates that (32) is impossible for all
x € [3,1),Thus there are no critical points of G in (0,2) x [3,1) x (0,1).

Suppose that there is a critical point (¢, %, 7) of G existing in the interior of cuboid
Y. Clearly it must satisfy that ¥ < J. From the above discussion, it can also be known
that &2 > % and 7 € (0,1). In the following, we will prove that G(¢, %, 7) < 43200 in this

situation. For (¢, x,y) € (\ / 248(1),2> x (0, %) x (0,1), by invoking x < % and1—x% < 1,it

is not hard to observe that
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gi(cx) < 108 + (4 )[( )(400c 1/2)3+1280(1/2)3+45c2(1/2)4+432c2(1/2)2)
+1728¢%(1/2)% 4 432¢*(1/2)2 4 432¢*(1/2)3 4-180c*(1/2)],
— 108¢5 + 11—6(4— ?) (1459¢* + 14644* +10240) = g1 (c),
@ x) < ( )[( )(180c(1/2) +144Oc(1/2))+1728c3(1/2)},
= (4- )(99c +3060c) = g2(c),
(e x) < (4 )[( )(180(1/2) +2700) +1728c2(1/2)],
= 4- )( 18812 +10980) = 3(c),
galex) < (4—c2)[2880(1/2) (4 - ) +1728¢2].

= (4—c?) (288 +5760) = pa(c).

Therefore, we have

G(c,x,y) < ¢1(c) + @a(c) + @2(0)y + [@3(c) — pa(c)]y* := E1(c, y).

Obviously, it can be seen that

T = 20+ 2pa(e) ~ ea(e)ly
and .
aa;1 2[@3(c) — @a(c)] = 2(4 — c2)(—2169¢* + 5220).

(0,1), and

Since ¢3(c) — @4(c) < Oforc € (\/@'2>

thus it follows that

981 _ 95

580

2 3 2

= (4— —4 + +10440) > — 2.
ay > 6]/ \y 1= (4—c¢")(99¢ 338¢” 4 3060c + 10440) >0, c € < )

2417

This implies that

E1(ey) < Eile1) = @i(c) + 2(c) + ¢3(c) := ue).

It is easy to calculate that 11 (c) attains its maximum value 25,311.25 at ¢ ~ 1.551335.
Thus, we have

G(c, x,y) < 43200, (c,x,y)€ ( ;8(1),2> X (O,%) x (0,1).

Hence G(¢, %,7j) < 43,200. This implies that G is less than 43,200 at all the critical
points in the interior of Y. Therefore, G has no optimal solution in the interior of Y.

2. Interior of all the six faces of cuboid Y:

(i) On the face ¢ = 0, G(c, x, y) becomes to

Ti(x,y) = G(0,x,y) = 640 [32x> + 2

(- x?)(16x +y*(x — 1) (x — 15))], x,y € (0,1).
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Differentiating partially with respect to y, we obtain

oTy

Fie 5760y(1 — x*)(x —1)(x —15), x,y € (0,1).

It is easy to see that T (x, y) has no critical point in the interval (0,1) x (0,1).
(ii) On the face ¢ = 2, G(c, x, y) yields
G(2,x,y) = 6912 < 43200.
(iii) On the face x = 0, G(c, x, y) becomes
To(c,y) = G(c,0,y) = 108c® + (4 — ¢*)((10800 — 2700c%)y* + 1728¢*(1 — ).

Differentiating T (¢, y) partially with respect to y, we know that
a;; = (4 — c®)(21600y — 8856¢%y).
Also derivative of T (c, y) partially with respect to c is

o,

= = 648¢® + (4 — ¢?)(—5400cy® + 3456¢(1 — y?)) — 3456¢%(1 — y?)

+ (5400c3 - 21600c) 2

By using Newton’s methods for the system of nonlinear equations in Maple, we have
found no solution to the system of equations in the interval (0,2) x (0,1). Thatis, Tz(c, y)
has no optimal solution in (0,2) x (0,1).

(iv) On the face x = 1, G(c, x, y) takes the form

T3(c,y) = G(c,1,y) = 108c® + (4 — c?)((4 — c?) (1280 + 877c?) + 1728¢? + 1044c*).

Then 9T
aTS = —354¢° — 13152¢% + 21408c.

Putting % = 0 and solving we obtain ¢ ~ 1.2498244295. Thus we have
G(c,1,y) < max Ts(c,y) = 28952.5898 < 43200, (c,y) € (0,2) x (0,1).
(v) On the face y = 0, G(c, x, y) yields

Ts(c,x) = Glc,x,0) = 45c°x* — 32¢%x% — 360c*x* — 180c0x — 3072¢*x3
+108¢® — 1728¢*x2 + 720c%x* + 3600c*x 4 19200023
— 1728¢* + 6912¢%x% — 23040c%x — 25600x° + 6912¢>

+ 46080x.
Now differentiating partially with respect to ¢, then with respect to x and simplifying
we have
% = 270c°x* — 192¢°x® — 1440c%x* — 1080c”x — 12288¢%x + 648¢°

— 6912¢3x? + 1440cx* + 14400c3x + 38400cx® — 6912¢°
+13824cx? — 46080cx + 13824c. (34)
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and

% = 180c®x® — 96c0x2 — 1440c*x® — 180c® — 9216¢*x2 — 3456¢*x

+2880c%x® + 3600c* + 57600c?x? + 13824c%x
— 23040c2 — 76800x% + 46080. (35)

Applying Newton’s methods to the system of nonlinear Equations (34) and (35)
in Maple Software, we noticed that the given system of equations has no solution in
(0,2) x (0,1).

(vi) On the face y = 1, G(c, x,y) reduces to G(c, x, 1) given by

Ts(c,x) = G(c,x,1) = 45c0x* — 32c%x3 — 180c°x* + 288c7x® — 540c*x*
—180c®x + 180c°x? + 1536¢* x> + 1440c3x* + 108¢° — 288c°x
— 5976 x% 4 4608¢3 x> 4 2160c2x* — 1008c*x — 1440c3x2
—10752¢%x3 — 2880cx* 4 2700c* — 4608¢3x + 339842 x>
— 23040cx> — 2880x* + 6912c%x + 2880cx? + 20480x3
— 21600c¢? + 23040cx — 40320x% + 43200.

Partial derivative of Ts(c, x) with respect to ¢ and then with respect to x, we have

dT5

e 270c°x* — 192¢°x® — 900c*x* + 1440¢*x3 — 21602 x* — 1080c°x

1+900cx? + 6144c3 x> 4 432002 x* + 648¢> — 1440ctx — 23904¢3 12
+13824¢%x3 + 4320cx* — 4032¢3x — 4320c?x? — 21504cx>
— 2880x* + 10800c® — 13824c*x + 67968cx? — 23040x°
+ 13824cx + 2880x% — 43200¢ + 23040x. (36)

and

aal; = 180c%x® — 96c0x? — 720c°x> + 864c°x? — 2160c x> — 180c°
+360c>x + 4608c*x? + 5760c3 x> — 288¢° — 11952¢x

+ 13824c3x? + 8640c?x® — 1008c* — 2880c3x — 322562 x>

— 11520cx> — 4608c® 4 67968c*x — 69120cx? — 11520x°

+ 6912¢? + 5760cx + 61440x2 + 23040c — 80640x. (37)

In Maple Software, we used Newton’s techniques to solve the system of nonlinear
Equations (36) and (37) and observed that the above system of equations has no solution
in (0,2) x (0,1). Thus T5(c, x) has no optimal solution in (0,2) x (0,1).

3. On the Edges of Cuboid Y:

(i) On the edge x = 0 and y = 0, then G(c, x,y) becomes

G(c,0,0) = 108c® — 1728c* + 6912¢> = U; (c).

Clearly,
U} (c) = 648c> — 6912¢ + 13824c.

Putting Uj (c) = 0 gives the critical point ¢y ~ 1.632993161 at which G(c,0,0) = U (c)
obtains its maximum. Hence

G(c,0,0) < maxUy(c) = Uy(co) = 8192 < 43200, ¢ € [0,2].
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(ii) On the edge x = 0 and y = 1, then G(c, x,y) takes the form
G(c,0,1) = 108c® + 2700c* — 21600c* + 43200 = Uy (c).

It follows that
Uj(c) = 648c° + 10800c® — 43200c.

As Uj(c) < 01in [0,2], we see that Uy (c) is decreasing over [0,2]. Thus U (c) has its
maxima at ¢ = 0. Therefore max U, (c) = U, (0) = 43200. Thus

G(c,0,1) < max Uy (c) = Un(0) = 43200.
(iii) On the edge ¢ = 0 and x = 0, then G(c, x, y) yields
G(0,0,y) = 43200y = Uz (y) < 43200, y € [0,1].
(iv) On the edges G(c,1,0) and G(c, 1,1), it is noted that G(c, 1, y) is free of y, therefore
G(c,1,0) = G(c,1,1) = —59c® — 3288c* + 10704c* + 20480 = Uy(c).

Then
U} (c) = —354c® — 13152¢> 4 21408c.

Putting Uy (c) = 0, we obtain the critical point ¢y ~ 1.249824429 at which G(c,1,0) =
G(c,1,1) = Uy(c) attains its maximum. Therefore max Uy (c) = Uy(cp) = 28,952.5898. Thus

G(c,1,0) = G(c,1,1) < maxUy(c) = Ug(co) = 28952.5898 < 43200, ¢ € [0,2].
(v) On the edge ¢ = 0 and x = 1, then G(c, x, y) reduces to
G(0,1,y) = 20480 < 43200, y € [0,1].
(vi) On the edge ¢ = 2, then G(c, x,y) becomes
G(2,x,y) = 6912.
G(2,x,y) is independent of x and y; therefore
G(2,0,y) = G(2,1,y) = G(2,x,0) = G(2,x,1) = 6912 < 43200, x,y € [0,1].
(vii) On the edge ¢ = 0 and y = 1, then G(c, x, y) yields
G(0,x,1) = —2880x* +20480x> — 40320x% + 43200 = Us(x).

Then
UL (x) = —11520x° + 61440x° — 80640x.

Since U%(x) < 01in [0, 1], it follows that Us(x) is decreasing over [0, 1]. Thus Us(x) has
its maxima at x = 0. Therefore max Us(x) = Us(0) = 43,200. Hence

G(0,x,1) < maxUs(x) = Us(0) = 43200, x € [0,1].
(viii) On the edge ¢ = 0 and y = 0 then G(c, x, y) takes the form
G(0,x,0) = —25600x> + 46080x = Us(x).

Then
Uj (x) = —76800x + 46080.
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The equation Uj(x) = 0 gives the critical point xg ~ 0.774596669 at which Ug(x)
obtains its maximum. Therefore max Ug(x) = Ug(xg) = 23,795.60968. Hence

G(0,x,0) < max Ug(x) = Ug(xg) = 23795.60968, x € [0,1].
From above cases we conclude that
G(c,x,y) <43200 on [0,2] x [0,1] x [0,1].
Using (31), it is clear that

854(/)] < 1550505 (Ge,%,9)) < e

The bound is sharp with the extremal function given by

f3(2) =/()Z<1+§<t3) +;<t12)>dt_z+;z +61—5z 3
0

5. Zalecman Functional

In 1960, Lawrence Zalcman proposed the following conjecture based on a coefficient
for the functions belonging to the class S.

ay — a2n71‘ <(n— 1)2-

Equality will be obtained when taking the Kéebe function or its rotations. The particu-
lar case of the familiar Fekete-Szeg6 inequality will be achieved when we put n = 2. For
more contributions on this particular topic, see the work [49,50].

Theorem 6. Let f belong to BT 3; and be of the form (1). Then

‘a fa2‘<i
5 =5

The inequality is sharp.
Proof. From (26) and (28), we obtain

‘a —az‘* —ﬂc‘L—Ecz—i cc +£c
ST T 73600 2252 25 172 4l

163 + 25

90

It follows that

‘a —az‘ 2|43 4+132+210c 335 2o — ¢
579 = 25|288°1 " 182 2 )71 T o\ 5g )T12 T A

Lety = 288,a: %,a: %,ﬁ: g—i.Itcanbefoundthat0<oc<1,0<a<1and

(38)

8a(1—a) ((ac‘B —29)? + (a(a+a) — /3)2> + (1 —a)(B —2aa)? < 4a0®(1 — a)*(1 — a).

From Lemma 3, we have
4
2
—a < —.
‘“5 “3’ =25
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The inequality is sharp and is achieved by

fa(2) :/()Z(1+;L(t4) +;(t16>>dt—z+25z +%z
0

Theorem 7. If f belongs to BT 3;, and has the form (1). Then

‘a3u5 - aﬁ’ < %
This result is sharp.
Proof. Setting (26)—(28) with ¢; = ¢, we obtain
a3a5—aﬁ = 1( c +8c c3 +E 2 2 §C2C4+%CC2C3
8000 3 3 3 3
—%—8 3+% 24—80c§>. (39)
Using t = 4 — ¢ in (10)—(12), some basic calculations show that
gC3C3 = écé + Z;c §c4tx2 + %C3t(1 — |x|2)(f,
%CZC% = 306 + §c4tx + — 222,
?czq = 13—6c6+13—6 —16c*tx? + 16cttx + 634 2x? 63—4c3tx
(1= xP)o - %8&(1 — |x[*)o? + %&(1 ~ |xP)
(1 - |a|2)p + %031? (1 - |x]2)c7,
ZSECCzC;; = %cé + 28c*tx — 23—8c41.‘x2 + 53—6c3t(1 — \x|2)0+ %szztz
—%czx‘o’tz + 5—36cxt2 (1 — |x|2)(7,
%cg = 36 6 4 16ctxt + 16c2x%12 + 136 3t3,
%czq = ?cé + ?c‘lx?’t —16c* %%t + 6346 xt + 6; 252t — %&xt

(1 - |x|2)(7 - 6374&&(1 - |x|2)c72 + %czt(l - |x\2) (1 - |(T|2)p

64 16
+ —c3t(1 — \x\z)a + x4 —16¢2x3 1 + 16c2 12

3 3
64 35, 64 o000 o\ 64 o/ 0\ 5
+3xt 3cxt‘(l | x| )(7 3xtx(1 |x| )0’
64 2 2 64 2
+ 3 —xt ( |x] )(1 o )p—i— 3cxt (1 | x| )a,
80c3 = 5c2x*? —20cx*t? (1— \x|2)(f—20c2x3t2—10c4x2t

2
4204 (1 - ]x\z) 02 + 40cxt? (1 - |x|2)0 +20c2x2 12

+ 20c3t(1 - |x|2)(7 + 20c*xt + 5¢°.
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Putting the above expressions in (39), we obtain

1 64 16 4 1 16
asas — aﬁ = 3000 { gx‘o’t2 — ?x3t3 + §C4tx + gx‘szzc2 — ?x3t2c2 — 20#?

(1 - |x|2)2(72 - %thz (1 - |x|2)c0 - 63—430?2 (1 - \x\z)faz
—1—63—4xt2(1 - |x|2) (1 - |a|2)p}.
It can be noted that

asas — ai (ul(c, x) +uz(c,x)o +us(c, x)c72 + ¢(c,x, a)p),

1

~ 8000
where

ui(c,x) = ( )

up(c,x) = (4—02)

(+-)

”3<C/x) =

(e, x,0)

Il
~/~
e
|
a
N
N—
oY
[uy
=
N
——
/
[uy
|
S
N
N—
| —
@
=
/~
S
|
a
N
N——
—_

By taking |x| = x, |o| = y and utilizing the fact |p| < 1, we obtain

jasas —af| < g (11 (e x)] + Juale 0)ly +ua(e, )Ny + 19 (e, x,0)]).
< aong(Fex), o)
where
F(e,x,y) = file,x) + (e x)y + fale,x)y* + fale,x) (1= 2),

with

file,x) = (4 - cz) [(4 - cz) (;czx‘L) + §c4x],

falc,x) = (4 — cz> (1 — x2> _(4 — cz) (gcx2 },

falc,x) = (4 — c2> (1 — x2> (4 — cz) <§x2 + 20)],

fale,x) = (4 - c2> (1 - x2> 63—49:(4 - c2)}

Obviously, it can be seen that

?)Iy: = fa(c, x) +2[f3(c, x) — falc, x)]y

and

2
2~ (e~ file)] = SR - x5 x)
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Since f3(c,x) — fa(c,x) > 0 for (¢,x) € [0,2] x [0,1], we obtain that 35 > 0 for
y € (0,1), and thus it follows that

ap oF

= ay‘/ 0= fa(c,x) >0, (c,x)€][0,2] x]0,1].

Therefore, we have

F(c,x,y) < F(c,x,1) = fi(c,x) + fa(c, x) + f3(c, x) := t(c, x).

It is not hard to calculate that

1 4 1
T(c,x) = F(cx,1)= §C6X4 —4ctyt 162t — §c6x + ?6c4x
4 4 5 2 2 4
3c5x4 + 3c X2+ 33 Sxt 33 Sx? — 6gcx‘l
4 44
+ 6—cx2 — —6(:4362 +20c* + —8029(2 — 160¢?
3 3 3
4

_ 860 3

Partial derivative of T(c, x) with respect to ¢ and then with respect to x, we have

a—T = 20%* —16¢3x* + 32cx* — 8%x + %C3x — @C‘Lx‘l + §C4x2
Jc 3 3 3
4 4 224
+32¢%x* — 32622 — 6—x4 + %xz 3x% 4 80¢®
+ %6& —320c (41)
and
9T 4 6.3 4.3 23 46,164 1655 85
= = = -1 4 _ = =
e 3cx 6c*x” + 64cx 30—1—3 30x+36x
128 5 5 64 ;5 256 5 128 112 4
+3cx 3cx 3cx+3cx 3cx
896 1792 256
+5c 2x 5 x- Tx3. (42)

A numerical calculation, using Maple Software, shows that the system of
Equations (41) and (42) has no solution in (0,2) x (0,1).
For x = 0, then 7(c, x) takes the form

7(c,0) = 20c* — 160c* + 320 = By (c).
Then
B} (c) = 80c® — 320c.

Since B} (c) < 0in [0,2], it follows that By (c) is decreasing over [0,2]. Thus By (c) has
its maxima at ¢ = 0. Therefore max By (c) = B1(0) = 320. Thus

T(c,x) < maxBj(c) = B1(0) =320, (¢, x) €[0,2] x [0,1].

For x = 1, it is easy to calculate that

1
7(c,1) = —c® + §c4 + §c2 = By(c)

and 32, 32
Bh(c) = —6¢° + 3 = +3c
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Putting B} (c) = 0, we obtain the critical point ¢y ~ 1.57840302 at which B, (c) obtains
its maximum. Therefore max B, (c) = By(cp) = 14.37535984. Thus

T(c,1) < max By(c) = Ba(co) = 14.37535984 < 320, ¢ € [0,2].
For ¢ = 2, then 7(c, x) becomes
T(2,x) =0<320, xe€[0,1].

For ¢ = 0, then 7(c, x) reduces to

4 96
7(0,x) = —%x4 - %xz -+ 320 = B3(x).
Then 256 1792
/ _ _/r3 -
B3(x) = 3 X 3 x

Since B4(x) < 0in [0,1], it is clear that B3(x) is decreasing over [0, 1]. Thus B3(x) has
its maxima at x = 0. Hence

7(0,x) < maxBs(x) = B3(0) =320, x € [0,1].
Thus from the above cases, we conclude that
F(c,x,y) <320 on|0,2] x [0,1] x [0,1].

From (31), we know that

1 1
‘a3a5 —ai’ < M(F(c,x,y)) < %

The bound can be achieved with the extremal function given by

falz) = /Oz(l - %(ta') + ;(tu))dt —z+ %z‘* + %z”.

O

6. Sharp Bounds on the Third Hankel Determinant for Functions f € S},

Next, we will improve the bound |Az(f)| < A% of third Hankel determinant for
f € &3 which was obtained by Shi et al. in [43].

Theorem 8. If f € S3; and has the series expansion (1), then

16
<
1As1(f)] < 75

This result is sharp.

Proof. Let f € &;;. From the definition, there exists a Schwarz function w such that

zﬁS) —1+ %w(z) + %(w<z))4, (z € E).

Assuming that p € P. Then it can be written in terms of the Schwarz function w(z) as

14 w(z)

p(z)—1_7“)(2):1+C]Z+C222+C323+"', (43)
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or equivalently,
w(z):p(z)flz €1z + 0222 + 323 +cazt + - ' (44)
p(z)+1 24cz+ 22+ 3z +ogzt+ -
From (1), we obtain
= 1+ayz+ (2a3 — a3)z* + (Bay — 3aza3 + a3)2°
+(4as — Zag —daray + 4a%a3 — a%)z4 + e (45)
By simplification and using the series expansion of (44), we obtain
4 1 4 % 2 _ 1 2 1 7 % 3
1+ g(w(z)) + g(w(z)) = 1+ 5012 + (502 5cl>z + (5C3 + = 01 5clcz)z
2a-la_ 3432, 2 4
+ (5C4 52~ gl + 10612 ~ 5C1C3)Z +-e (46)
Comparing like powers of z, z2, z> and z* in (45) and (46), we obtain
2
= Zq, 47
501 (47)
1 1,
_ 1 1 4
5 C2 50 C] 7 ( 8)
2 1 4
- = 4
159 5501~ 754 )
1 81 5 , 7 3,
= - 50
10+ 200001 * 300012~ 15091~ 1002 (0)
The third Hankel determinant can be written as
A3’1 (f) = 2{12{13{14 — ag — ﬂﬁ + asas — 11%05.
Let ¢; = c. It follows that
1 _ 6 _ 4 3. 22 2
As1(f) m( 7857c% — 19710c*c; + 936003 c5 — 800c2c3 — 324000c%c,
+472000cc5c5 — 2520003 + 360000c5c4 — 320000c§). (51)
Using t = 4 — ¢ in (10)—(12), for some p, x,0 € E we obtain
19710c%c, 9855 <c6 n c4tx),
9360033 23400c° + 46800c*tx — 23400c*tx2 + 46800c°t (1 - |x|2) o,
800c?c3 200c® + 400c*tx + 200c%#2x?,
324000c%cy 40500c*tx3 — 1620003t (1 - |x|2) o 162000c2tf(1 - |x|2) o>
+162000¢% (1 - [x[*) (1= |o*) p + 1620006 (1 — [ ) ¢
+40500c® + 162000ctx? — 121500c*tx* + 121500c*tx,
472000cc)c3 —59000c?t2x® — 59000c*tx? + 118000ctx (1 - |x|2> o 4 59000c®

252000c5

+ 118000c*2x% + 118000c>t (1 - |x|2) o+ 177000c%tx,
31500£3x3 + 94500c%+2x% + 94500c* tx + 31500¢°,
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360000coc, = 90000c%#x? + 90000£2x3 + 22500¢® + 90000c*tx + 90000c>¢
(1 - |x|2> o+ 9000062t(1 - |x|2) (1 - |U|2)p + 67500¢2 1212

+90000£%x (1 [x[*) (1= o) o — 67500c*£x* — 90000 x
(1 - |x|2)(7 — 67500c21223 — 90000t2x§(1 - \x\z)az +22500¢2
2x* — 90000ct?x2 (1 - |x|2) o + 22500c*tx® + 90000ct2x
(1 - ]x\z)a - 90000021%(1 - |x|2>02,
3200002 = 20000c2x* — 80000ct*x> (1 - |x|2)a — 800002223
+80000£2 (1 - |x|2> 202 4+ 160000ct2x (1 - |x|2) o -+ 80000c2£2x2
+80000c>t (1 — |x|2) o+ 80000c*tx +20000c® — 40000c*tx2.

Setting the above expressions in (51), we obtain

- 1 _ 6 2.3 3.3 2,2 4,.3
Asa(f) = 718000000{ 5012¢6 + 90000£2x — 31500633 — 72000c2£x2 — 18000c* £x

+7545c*tx + 250022 x* — 46500c%t% x> — 800001 (1 - |x|2)2(72 +12800c°t

(1 - \x\z)a + 72000c3tx(1 - |x|2>(f + 72000c2tf(1 - |x|2)c72 - 72000c2t(1 - |x|2)
(1 - \a|2) p — 10000ct2x> (1 - |x|2)¢7 — 90000£2x% (1 - |x|2)a2 + 48000cf2x

(1 - \x\z)a + 90000t2x(1 - |x|2) (1 - \a|2)p +10800c2x%t2 + 11600c4tx2}.

Thus, we see

851(f) = 10005 (+1(6%) + kale, 1) + ks(e,x)0% + (e, 0)p),
where
ki(ex) = —5012¢° + (4—c) | (4— ) (10800¢% +2500c%x* — 1500067
~36000x* ) +11600c*x? — 72000¢%x? + 7545¢*x — 18000¢*+°,
ka(c,x) = (4 - c2) (1 - |x|2) [(4 - c2) (—10000cx2 + 48000cx)
+12800¢% + 72000c3x} ,
ka(ex) = (4=) (1~ Ix)[(4—c®) (~10000]x[* — 80000) + 72000¢],

Clexo) = (4=c) (1= 1) (1~ Jof”) [90000x (4 — ) — 72000¢2].
Taking |x| = x, |o| = y and utilizing the fact |p| < 1, we obtain

1
851(A) < Tgooooag (k1 (e) |+ [kale, )y + ks e, x) [y + [2(c x,0)])-
1

< m(@(cl X,]/)), (52)

where

Qe vy) = 416 x) + gale Xy + 430, )7 + dale 1) (1- 1?)
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with
qi(c,x) = 5012c6 + (4 - c2) [(4 - c2> (10800c2x2 +2500c2x* + 15000¢2x°
+36000x3) +11600c*x? + 72000c?x* + 7545¢*x + 18000c4x3],
0(c,x) = (4 - c2) (1 - x2) {(4 - c2) (10000cx2 + 48000cx) +12800¢° + 72000034,
g3(c,x) = (4 - c2) (1 - x2) {(4 - c2) (10000x2 + 80000) + 72000c2x},
qalex) = (4-c)(1-2)[90000x (4~ c) +72000¢2].

Now, we have to maximize Q(c, x, y) in the closed cuboid Y : (0,2) x (0,1) x (0,1).
For this, we have to discuss the maximum values of Q(c, x,y) in the interior of Y, of its
6 faces and on its 12 edges.

1. Interior points of cuboid Y:

Let (c,x,y) € (0,2) x (0,1) x (0,1). Differentiating partially Q(c, x, y) with respect to
Y, we obtain

aaf = (4-)(1—?)[2y(2000(4 — ) (55> +40) + 36c2x — 72000¢? +90000x (4 — c2) )

+c (x (4 - cz) (48000 + 10000x) + c2(72000x + 12800))} .
Plugging %—g =0, we find

_c(5x(4—c?)(24+5x) +4c*(45x +8))
YT 0 —1)(BE—2)(8—x) —36c2)

If yo is a critical point inside Y, then y € (0,1), and this is only achievable if
4¢3 (45x + 8) + Bex (4 - c2) (24 + 5x) +50(1 — x) (4 - c2) (8 — x) < 360c3(1—x). (53)

and
2 20(8 — x)

© 7 J6—5x

For the existence of critical points, we must now find solutions that meet both inequal-
ities (53) and (54).

Let g(x) = 2%8:5;‘). As ¢/(x) < 0in (0,1), it can be seen that g(x) is decreasing over
(0,1). Hence ¢? > 4. It is not hard to verify that the inequality (53) cannot hold true in
this situation for x € [1,1). Thus, there is no such critical point of Q(c, x,y) existing in
(0,2) x (%,1) % (0,1).

Suppose that there is a critical point (¢, X, 7) of Q existing in the interior of cuboid
Y. Clearly it must satisfy that ¥ < % From the above discussion, it can also be known
that & > % and 7 € (0,1). Now we will prove that Q(¢, %,7) < 1,280,000. For (¢, x,y) €

(54)

( i’gg,Z) x (0,1) x (0,1), by invoking x < } and 1 — x? < 1itis not hard to observe that
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gi(c,x) < 50125 + (4 - cz) [(4 - c2> (1()8()0c2(1/2)2 +2500¢2(1/2)* + 15000c2(1/2) + 36000(1/2)3)
+11600c*(1/2)? + 72000¢2(1/2)? + 7548¢*(1/2) 4 18000c* (1 /2)3}
= 5012¢° + L4 2) (167654 +129700¢% + 72000 ) := ¢, (c),
1 ¢

0(c,x) < (4 - CZ) {(4 - c2) (10000c(1 /2)? + 48000¢(1 /2)) +12800c3 + 72000¢3 (1 /z)},

= (4—c)(22300¢° +106000¢ ) := pa(c),
Blcx) < (4—c)[(4—c)(10000(1/2) + 80000) + 72000¢*(1/2)],
= (4—c?)(—46500c? + 330000 ) = ¢3(c),
qa(cx) < (4—c?)[720002 +90000(1/2) (4 — )] = (4 — c)(180000 + 27000¢%) := py(c).

Therefore, we have

Qe x,y) < ¢1(c) + pale) +g2(c)y + [3(c) — pale)ly® := Ealc, ).

Obviously, it can be seen that

2 = 42(6) +200a(0) ~ pa(0)ly
and .
aasz 2[¢3(c) — Pa(c)] = 2(4 — ¢#)(—73500c* + 150000).

Since ¢3(c) — pa(c) < 0forc € (1/3%,2), we obtain that %52 o 2 <0forye (0,1),and
thus it follows that

98, . 08, ) 3 ) 300
— _ — > — .
o =1 = (4~ ¢*)(22300¢° — 147000c + 106000c +300000) > 0, ¢ € ({/7;=/2)

Therefore, we have

Ea(c,y) < Bafe 1) = ¢r(c) + da(c) + ¢3(c) := 1a(c).

It is easy to calculate that i (c) attains its extremal value 1,126,373 at ¢ ~ 1.428571.
Thus, we have

Q(c, x,y) < 1280000, (c, x,y) € ( i’igl) X (O,%) x (0,1).

Hence Q(¢, %, ) < 1,280,000. This implies that Q is less than 1,280,000 at all the critical
points in the interior of Y. Therefore, Q has no optimal solution in the interior of Y.

2. Interior of all the six faces of cuboid Y:

(i) On the face ¢ = 0, Q(c, x, y) reduces to

m(xy) = Q(0,xy) = 57600023 + (1 — x2) [y2 (160000x2 + 1440000 + 1280000)
+1440000x)], x,y € (0,1).
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Now h (x,y) differentiating partially with respect to y, we obtain

EZ; =2y(1 - x?) (160000x2 + 1440000x + 1280000), x,y € (0,1).

Thus &4 (x, y) has no critical point in the interval (0,1) x (0,1).
(ii) On the face ¢ = 2, Q(c, x,y) yields

Q(2,x,y) = 320768 < 1280000, x,y € (0,1).
(iii) On the face x = 0, Q(c, x,y) becomes
ha(c,y) = Q(c,0,y) = 50125 + (4 — c?) (12800c3y — 72000c3(1 — yz))

+ (80000c4 — 640000c> + 1280000)y2.

Differentiating h,(c, y) partially with respect to y

oh
aT; =(4—c?) (12800c3 - 14400062y) + (160000c4 — 1280000¢2 + 2560000) .

Taking %Lyz = 0 and solving, we obtain

Y= 5192 —10) "

For the provided range of y, y; would be a member of (0,1) if ¢ > ¢y with ¢y ~
1.49903072734. Also the derivative of I (c,y) partially with respect to c is

ahz _ 5 4 2 2 2
52 = 30072" - 25600cy + (4 %) (38400c%y + 144000¢ (1 - ?) )
— 144000¢3 (1 - y2> —c (1280000 - 320000c2) 2. (55)
By substituting the value of y in (55), plugging aalcz = 0 and simplifying, we obtain
oh
a—f = 72c<14267168 — 2034480c® + 9568000c* — 18560000c>

+12800000) = 0. (56)

A calculation gives the solution of (56) in the interval (0,1) that is ¢ ~ 1.360226043.
Thus h>(c, y) has no optimal solution in the interval (0,2) x (0,1).
(iv) On the face x = 1, Q(c, x, y) takes the form

ma(ey) = Qle1y) =5012¢° + (4— ) ((4 - c?) (28300¢% + 36000) + 37145¢*

+72000c2) .

Then 3
a—: = —22998¢° — 455280c> 4 905600c.
Taking aaig = 0 and solving, we obtain ¢ ~ 1.34963183573. Therefore max hi3(c,y) =

999,971.4325. Thus we have

Q(c,1,y) < maxhs(c,y) = 999971.4325 < 1280000, (c,y) € (0,2) x (0,1).
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(v) On the face y = 0, Q(c, x, y) yields
hy(c,x) = Q(c,x,0) = 2500c°x* — 3000c®x> — 800c®x? — 20000c*x* — 75450«
—102000c*x3 4 5012¢® — 40000c*x2 + 40000c%x* + 120180c*x
+ 672000¢%x% — 72000c* + 172800c%x% — 720000c%x — 864000x>

+ 288000c> + 1440000x.
Now, differentiating partially with respect to c, then with respect to x and simplifying,
we have
oh
374 = 15000c°x* — 18000c°x® — 4800c°x% — 800003 x* — 45270c°x
— 408000c3x> 4 30072¢® — 160000c3 x> + 80000cx*
+ 4807203 x + 1344000cx> — 288000¢® + 345600cx>
— 1440000cx + 576000c. (57)
and
% 10000c®x® — 9000c®x2 — 1600cx — 80000c*x® — 7545¢°
— 306000c*x% — 80000c*x + 160000c%x> + 120180¢*
+2016000c2x? + 345600cx — 720000c — 2592000x>
+ 1440000. (58)

Applying Newton’s methods to the system of nonlinear Equations (57) and (58)

in Maple Software, we found that the given system of equations has no solution in
(0,2) x (0,1).

(vi) On the face y = 1, Q(c, x, y) reduces to

hs(c,x) =

Ql(c,x,1) = 2500c®x* — 3000c°x> — 10000c°x* — 800c0x>
+ 24000c°x> — 30000c*x* — 75450 x + 22800c°x?
+ 60000c* x> + 80000c®x* + 5012c° — 24000c°x
— 182000c*x% 4 96000c3x + 120000c2x* — 12800c°
— 41820c*x — 131200c3x% — 336000c%x> — 160000cx*
+ 80000c* — 960003 x 4 1020800c?x? — 768000cx>
—160000x* + 51200¢> + 288000c*x + 160000cx>
+ 576000x> — 640000c? + 768000cx — 1120000x>
+ 1280000.

Partial derivative of hi5(c, x) with respect to ¢ and then with respect to x, we have
% = 15000c°x* — 18000c°x® — 50000c*x* — 4800c°x? + 120000¢* x>
—120000c3x* — 45270c%x + 114000c*x% + 240000¢% x>
+240000c%x* + 30072¢° — 120000c*x — 728000¢°x2
+288000c%x3 + 240000cx* — 64000c* — 167280c%x
—393600c2x2 — 672000cx> — 160000x* + 320000¢3
— 288000c%x + 2041600cx? — 768000x> + 1536002

+ 576000cx + 160000x> — 1280000c + 768000x. (59)
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and

% = 10000c®x® — 9000c®x* — 40000c>x> — 1600c®x + 72000c° x*

—120000c*x® — 7545¢® + 45600c°x + 180000c* x>
+ 320000¢%x% — 24000c° — 364000c*x + 288000¢° x2
+ 480000¢%x® — 41820c* — 262400¢%x — 1008000¢% x>
— 640000cx® — 96000c® + 2041600c%x — 2304000cx>
— 640000x° + 288000c* + 320000cx + 1728000x>
+ 768000c — 2240000x. (60)
As mentioned in the above case, we conclude that for the face y = 0, the system of
Equations (59) and (60) has no solution in (0,2) x (0,1). Thus Q(c, x,1) has no optimal
solution in (0,2) x (0,1).
3. On the Edges of Cuboid Y:
(i) On the edge x = 0 and y = 0, then Q(c, x, y) becomes

Q(c,0,0) = 5012¢® — 72000 (4 - c2>c2 = m(c).

It is clear that
m’y(c) = 30072c> — 288000c> 4 57600c.

Putting m] (c) = 0 gives the critical point ¢y ~ 1.686823152 at which Q(c,0,0) = m(c)
obtains its maximum. Therefore maxm(c) = mq(co) = 352,004.0398. Hence

Q(c,0,0) < maxny (c) = my(co) = 352004.0398 < 1280000, ¢ € [0,2].
(ii) On the edge x = 0 and y = 1, then Q(c, x,y) takes the form
Q(c,0,1) = 5012¢® — 12800c° + 80000c* + 51200c* — 640000c? + 1280000 = 5 (c).
Then
mb(c) = 30072c> — 64000c* + 320000¢> + 153600c — 1280000c.

As mb(c) < 0in [0,2], it is noted that my(c) is decreasing over [0,2]. Thus m;(c) has
its maxima at ¢ = 0. Therefore maxm;(c) = my(0) = 1,280,000. Hence

Q(c,0,1) < maxmy(c) = my(0) = 1280000 ¢ € [0,1].
(iii) On the edge ¢ = 0 and x = 0, then Q(c, x, y) yields
Q(0,0,y) = 1280000y* < 1280000,y € [0,1].
(iv) For Q(c,1,0) and Q(c,1,1), as Q(c, 1,y) is free of y, it follows that
Q(c,1,0) = Q(c,1,1) = —3833¢® — 113820c* + 452800c* + 576000 = n14(c).

Then
mly(c) = —22998¢> — 455280c> + 905600c.

Putting n1 (c) = 0, we obtain the critical point ¢y ~ 1.34963183 at which Q(c,1,0) =
Q(c,1,1) = my(c) maximizes, therefore maxmy(c) = my(co) = 999,971.435. Thus

Q(c,1,0) = Q(c,1,1) < maxmy(c) = my(co) = 999971.435 < 12080000, ¢ € [0,2].
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(v) On the edge c = 0 and x = 1, then Q(c, x,y) reduces to
Q(0,1,y) = 576000 < 1280000, vy € [0,1].
(vi) On the edge ¢ = 2, then Q(c, x, ) becomes
Q(2,x,y) = 320768 < 1280000, (x,y) € [0,1] x [0,1].
(vii) On the edge ¢ = 0 and y = 0, then Q(c, x, y) yields
Q(0,x,0) = —864000x> + 1440000x = ms(x).

Then
mf(x) = —2592000x> + 1440000.

The equation mf(x) = 0 gives the critical point xy ~ 0.74535599 at which ms5(x)
obtains its maximum. Therefore max ms(x) = ms(xg) = 715,541.7526. Hence

Q(0,x,0) < maxms(x) = ms(xg) = 715541.7526 < 1280000, «x € [0,1].
(viii) On the edge ¢ = 0 and y = 1, then Q(c, x, y) takes the form
Q(0,x,1) = —160000x* 4 576000x> — 11200002 -+ 1280000 = 1¢(x).

Then
m’é(x) = —640000x> + 1728000x% — 2240000x.

Noting that my(x) < 01in [0,1] , me(x) is decreasing over [0,1]. Thus m¢(x) has its
maxima at x = 0. Therefore max mg(x) = m(0) = 1,280,000. Hence

Q(0,x,1) < maxmg(x) = mg(0) = 1280000, x € [0,1].
From the above cases, we conclude that
Q(c,x,y) < 1280000 on [0,2] x [0,1] x [0.1].

Using (52) we see that

1
|A31(f)] < M(Q(CIM/)) < e

Equality is determined by the extremal function given by

zexp(/oz(g(z) +%( 11))111%) —z4 14—5z4+---.

Theorem 9. Let f belong to S}, with the form (1). Then

Q1| =

’115 - ﬂ%‘ <
This inequality is the best one.

Proof. From (48) and (50), we obtain

57 718000 1002 150 1% T 3000 172 T 1074
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After simplification, we have

1 13 7 7 3(77
25 — a3 = 10“8006‘11 +g8+2(55)ac 3 (g )de—al @)
Lety = —g3,a= 71,0 =7 and B = /Z. It can be easily verified that 0 < a < 1
T 8007 10 30 450 y ’

0<a<land
8a(1—a) (4B —27)" + (a(a+a) = B)°) +a(l - &) (B — 200)” < 4aa®(1 - &)’ (1 - a).

An application of Lemma 3 leads to

Q1| =

] <

The equality is obtained by

zexp(/()z<§(t3) +é<t15)>dt) :z—l—%zS—i---- .

Theorem 10. If f belongs to S3; and has the expansion (1), then

16

‘a3a5 — aﬁ‘ < 25"

This result is sharp.
Proof. Putting (48)—(50) with ¢; = ¢, we obtain

1
18000000

+88000ccoc3 — 108000c3 + 360000c5¢4 — 320000c§). (62)

azas — a3 (—1017c6 — 2400c3¢3 + 23200cc3 — 36000ccy + 8610ctc)

Lett =4 —c?in (10),(11) and (12). Now using Lemma 1, we obtain

2400c%c; = 600 + 1200c*tx — 600c*tx2 + 1200c3 (1 - |x|2)0,
23200c%c5 = 5800c® + 11600c*tx + 5800c*t>x?,
36000c%cs = 4500c® + 4500c*tx® — 13500c*tx* + 13500c*tx 4 18000tc?x?

- 18000c3tx<1 - |x|2)c7 - 18000c2ty(1 - |x|2)a2
+ 18000c2t(1 - |x|2> (1 - |cT|2)p + 18000c3t(1 - |x|2)¢7,
88000ccoc; = 11000¢® + 33000c* £x — 11000c* #x% + 22000c3t(1 — |x|2) o
4+22000c2£222 — 11000c2£2x® + 22000cxt? (1 - |x|2>(7,

8610c%c, = 4305¢° + 4305¢*xt,
1080003 = 90000c® 4 40500c*xt + 40500c2x2t> + 13500x°13,
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360000coc, = 22500c® + 22500c*x3t — 67500c*x% ¢ + 90000c* xt + 90000c? x>t
— 90000t (1 — |x” ) — 900002£% (1 — |« ) o2

+90000¢2t (1 — [x[?) (1 = |o*) p + 900006% (1 — [+ ) &

+ 225002 %42 — 67500232 + 67500c2x2 2 + 900002
— 10000cx2f2 (1 - \x\z)a - 90000xt2y(1 - |x|2) o2

+ 90000xt2(1 - |x|2) (1 - |(7|2>p +90000cx 2 (1 - |x|2>¢7,
320000c3 = 20000c® + 80000c*xt — 40000c* x>t + 80000c>t (1 - |x|2) o
+80000c2x2£2 — 80000c223#2 + 160000cxt> (1 - |x|2)(7
24,2 2,2 2 2 2\2 >
+20000%x*#* — 80000c2*#2 (1 — [x[*) o + 80000 (1 — [x[*) .
Putting the above expressions in (62), we obtain

1 2
2 2 2\* 2 4.2 2. 4.2
azas —ay = 18000000{—800001? (1— | x| ) 0" — 24400c*x“t 4 2500c°x"t

+1500c%x3#2 — 25200c2x2% + 3705¢* xt + 72000c2x%t + 18000c*x3¢
+90000x312 — 13500x3£3 — 72000c3xt (1 - |x\2)a - 72000c2t7(1 - |x|2>02

+72000c2t(1 - |x|2) (1 - |0|2>p — 10000cx22 (1 - \x\z)a — 90000x 2%
(1= [x?)o? + 90000512 (1 [x*) (1 = |o* ) o — 48000cx#* (1 — || ) &

+12800c% (1 - |x|2)¢7 + 3988c6}.

In view of t = 4 — ¢2, we obtain that

a3as — @ =z (11(6,%) 4 (e, )0 + Iy, x)0% + 6 (6, %,0)p),
where
Lic,x) = 3988¢0+ (4 - c2> [(4 - c2> (2500c2x4 +15000¢2x® 4 36000x>
—25200c2x2> — 24400c*x2 + 3705¢*x + 72000c2x% + 18000c4x3},
biex) = (4—c)(1—|xP)[(4~ ) (~48000cx — 10000cx?)
~72000c%x + 12800¢°
(e, x) = (4 - c2) (1 - \x\z) {(4 - c2) (—80000 - 10000|x|2) - 72000c2ﬂ,
clex,0) = (4=c) (1= |xP) (1—|oP)[90000x (4 — ¢) +72000¢2]

Utilizing |x| = x, || = y and also observing the fact |p| < 1, we obtain

1

18000000
1

< -
= 8000000 * ()

jaas —aj| < (I )+ Ii2(e, )Ly + [13(e, )1y + |e(e, %, 0)]).

(63)

where
S(c,x,y) = s1(c,x) +s2(c, x)y +s3(c, x)y? + s4(c, x) (1 - y2>,
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with
s1(c,x) = 3988¢6 + (4 - cz) [(4 - 02) (2500c2x4 +15000c2x® + 36000x
+25200c2x2) + 2440022 + 3705¢*x + 72000022 + 18OOOC4x3} ,
s2(c,x) = (4 - cz) (1 - xz) :(4 - cz) (48000cx + 10000cx2)
+720006%x + 12800c3} ,
ss(ex) = (4—c)(1—x2)[ (4 c) (80000 +10000x%) +72000c%],
sa(c,x) = (4 - cz) (1 - xz) :90000x (4 - cz) + 72000c2] .

Now we have to maximize S(c, x, y) in the closed cuboid Y : [0,2] x [0,1] x [0, 1]. For
this, we have to discuss the maximum values of S(c, x, ) in the interior of Y, in the interior
of its 6 faces and on its 12 edges.

In the following, we will prove that the maximum value of S(c, x,y) is 1,280,000 in
the closed cuboid Y. To prove this, we first discuss the maximum values of S(c, x, y) in the
interior of 6 faces and 12 edges of Y.

It is not hard to note that sy(c, x) = g2(c, x), s3(c, x) = g3(c, x) and s4(c, x) = q4(c, x)
forall (c,x) € [0,2] x [0,1]. A simple calculation shows that

s1(c,x) —q1(c, x) = —1024c® + (4 — ?) {14400(4 — ?)c?x? +12800c*x? — 3840644 .
It is clear that
@(c,0) = —1024c® <0, c€[0,2]

and thus
s1(¢,0) < q1(c,0).

For (c,y) € [0,2] x [0,1], it follows that
S(c,0,y) = s1(c,0) +52(c,0)y + s3(c, 0)y +54(c,0)(1 — y*) < Q(c,0,y) < 1280000.
For x = 1, it is noted that
s2(c,1) =s3(c, 1) = s4(c,1) =0, c€]0,2].
Therefore, we have
S(eLy) =si(e 1) =Li(c) = 3988¢° + (4—c?)[ (4~ ) (42700c + 36000)
+46105¢* +72000¢? .

Then oL
a—cl = 3498¢° — 772720¢% + 1366400c.

Putting aa% = 0 and solving, we obtain ¢ ~ 1.335172357. Hence, we obtain that
S(c,1,y) <maxLq(c) = 1183313.834 < 1280000, (c,y) € [0,2] x [0,1].

Now we only need to prove that S(c, x, y) does not exceed 1,280,000 in the inside of Y.
By observing that

8S(ca,yx,y) =s2(c,x) 4+ 2[s3(c, x) —s4(c, x)]y = 9Q(e % y)

Y

7
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we easily find that there are no critical points of S in (0,2) x [3,1) x (0,1) from the proof
of Theorem 8.

Suppose that there is a critical point (¢, X, 7) of S existing in the interior of cuboid
Y. It is clear that ¥ < % Moreover, it can be seen that & > % and 7 € (0,1). For
(¢, x,y) € ( i’gg,Z) x (0, %) x (0,1), by invoking x < % and 1 — x% < 1itis not hard to

observe that

IN

s1(c, %) 3988¢6 + (4 - c2> [(4 - c2) (2500c2(1 /2)% +15000¢2(1/2)3 + 36000(1/2)3
+25200c2(1/2)2) + 24400c*(1/2)? + 3705¢*(1/2) + 72000c%(1/2) + 18000c4(1/2)3},

1 )
— 3988¢0 + i (4 — c2) (7485c4 1 187300¢2 + 72000) = $1(c),

and
s2(c,x) < ¢a(c), s3(c,x) < ¢3(c), salc,x) < ¢alc).
Therefore, we have
S(e,x,y) < $1(c) + pa(c) + pa(c)y + [p3(c) — pa(0)]y* := Za(c, y).
It is easily to be seen that

98

- $2(0) +295(0) — pa(Q)ly = 22 <0, ye (0,1).

Thus, we obtain

Ea(c,y) < Es(c,1) = ¢1(c) + ¢a(c) + ¢3(c) :=13(c), c € (4 %,2)-

It is easy to calculate that i3(c) attains its extremal value 1,156,314 at ¢ ~ 1.428571.
Thus, we have

300 1
S(c,x,y) < 1280000, (c,x,y) € <\/147,2) X (0,5) x (0,1).

Hence S(¢, %, 7) < 1,280,000. This implies that S is less than 1,280,000 at all the critical
points in the interior of Y. Therefore, S has no optimal solution in the interior of Y.
From the above discussion, we conclude that

S(c,x,y) < 1280000 on [0,2] x [0,1] x [0,1].
In virtue of (63), we can write

16

< .
S(C’x/y)) — 225

1

2

_ < -
’“3”5 ”4‘ < 18000000

Equality is achieved by an extremal function

zexp(‘/oz(g( 2) +é(t11)>dt> —z+ 14—5z4+-~.
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Example 1. From (6), one can easily deduce the following functions

1623 + 212 4 , 8 ,
fo(z) ZeXp<60) —Z-f—EZ +@Z + - (64)
and Ry
_ 16z +z _ 15 14
fl(z)zexp( %0 >z+52 tgpz T (65)

Both these functions belong to the class S3;. Comparing coefficients of like powers of (64) and
(1), we have

4
a, =a3=as =0, a4zﬁ.
Then, it follows that
‘a as — a2’ _ 16
3 T 5
and 16
1831 = 55z
Similarly, using (65), we easily obtain that
1
2 _ 4l =2
7 o 5

7. Concluding Remarks and Observations

Due to the great importance of coefficients in the field of function theory, Pom-
merenke [16,17] proposed the topic of studying the Hankel determinant with entry of
coefficients. In the current article, we considered two subfamilies of starlike and bounded
turning functions, denoted by &3, and BT 3, respectively. These families of univalent
functions were connected by a three-leaf-shaped domain with the quantities zf'(z)/ f(z)
and f’(z) being subordinated to 1 + %z + %24. For functions belonging to these classes,
we investigated various intriguing problems containing initial coefficients. Among these
problems, the sharp bounds of the Hankel determinant are extremely difficult to investi-
gate, and we determined the sharp estimate of this determinant for functions belonging to
both classes.

In proving our main results, finding the upper bounds of the Hankel determinant
for functions belonging to S3; or BT 3; was transformed into a maximum value problem
of a function with three variables in the domain of a cuboid. Based on an analysis of all
the possibilities that the maxima might occur, we were able to determine the sharp upper
bounds for these families. Numerical analysis was applied since some of the computations
are quite complicated. Clearly, this approach may be used to calculate bounds for functions
belonging to various subfamilies of univalent functions. However, in most cases, it is not
so lucky to obtain such sharp results.

Furthermore, the application of the familiar quantum or fundamental (or g-) calculus,
as (for example) in similar recent publications [51-54], might be a promising route for
additional research based on our current findings.
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