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Abstract: This paper investigates an environmental protection expenses model, which considers
the relations between the visitors to the protected areas V, the quality of the environmental resource
E, and the capital stock K. In this model, the total tourism income is used partly to increase the capital
stock or as the environmental protection expenses. Two time delays are introduced into the number of
visitors, since the visitors need time to respond the changes of the environment, and the environment
will take time to respond to the input of money. Stability crossing curves in the plane of delays (71, 72)
are used to obtain the stable region of equilibrium. Numerical simulations represent the mutual
transformation of the supercritical bifurcation and the subcritical bifurcation. Our model shows that
under some parameter conditions, the share of tourism income 7 is related closely to the delay 74,
while the capital stock and the environmental quality can be maintained persistently if the delay T is
not too large.

Keywords: environmental protection expenses; two delayed model; dynamical behaviors; stability
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1. Introduction

Protected areas are now expected to achieve an increasing conservation for social
and economic objectives. The protection of Protected Areas (PAs) is always a project for
researchers [1-3]. Recently, the models of environmental protection expenditures have
attracted new attention because of the deterioration of environment in some PAs [4-8].
Russu [4] studied a three-variable model among visitors V, quality of environmental
resource E and the capital stock K in the PAs:

V(t) = mE(t) + maK(t) — aV?(t)
E(t)=r(P—E(t)) = (b—cn)V(t—1) 1)
K(t) = (1—n)V(t— 1) = 6K(1),

wherea,r, P, b,c, 5, mq, and m; are strictly positive constants. 2 > 0 represents the crowding
influence; this means that the PA becomes less attractive when the number of tourists
visiting the PA increases. P is the pollution stock of maximum tolerance, while b means
the waste generated by every visitor, 0 < r < 1 is a constant proportion of the pollution, c
determines how much the environmental expenses increase the quality of the environment.
Visitors impact negatively on the environmental resource, but environment and infrastruc-
tures are attractive for visitors; therefore, the manager of PA uses a part # of total tourism
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income to protect the environmental resource and the remaining part 1 — # to increase
the capital stock, where 0 < # < 1. The depreciate rate of capital stock is 6. my, m; mean
that the number of visitor is proportional to E and K, T > 0 means the delay from visitors
for increasing capital stock and the quality of the environment. The parameters involved
in this topic can also see [5-7].

In Reference [8], Caraballo et al. suggested a modified version of Russu’s model as:

V(t) = mE(t) + maK(t) — aV?(t)
E(t)=r(P—E(t)) — (b —cn)V(t —T)E(t) @)
K(t) = (1—n)V(t— 1) — 5K(t).

The authors gave some remarks for Russu’s model; they pointed out that there was
something wrong in Russu [4].

In many subjects such as biology, epidemiology, ecology, chemistry, and physics,
numerous engineering problems delays always occur. The models that have multiple
delays are of great interest mathematically and scientifically [9-16].

The stability crossing curve is an effective tool to understand the stable region for a
system with multiple delays and to comprehend the bifurcation behaviors. For instance,
Hale and Huang [17] investigated the stable region for the two delay differential equations

%(t) +ax(t) + bx(t —r) + cx(t — o) = 0. 3)

The authors described the stable region on the (r,0) plane and pointed out that
the stable region could be unbounded. Gu et al. [18] studied the stability crossing curve
carefully for a special case of characteristic equation. Lin and Wang [19] used a different
approach to extend the results of Gu et al. result to a general case. An et al. [20] studied
the stability switching properties of a model with delay dependent parameters. Matsumto
and Szidarovszky [21] considered a delayed Lotka—Volterra competition model with two
delays and some symmetries; the stability crossing curves on which stability is switched to
instability were investigated.

In this paper, we suggest a modified model of Caraballo et al. Considering that
the public praise will affect the amount of visitors, but with a delay, 1 V (t — 17 ) is introduced
to the model. The crowding effect is considered as aV?(t — 11). m1E(t) in the first equation
of (2) is changed into bV (t — 1) E(t) by considering the visitor’s effect on this term, and the
influence of the capital stock m,K(t) to the visitors is not adopted in our model. In the
second equation of (2), we consider that the environment resource has self-purification
ability, so a term rpE(t) is added. We hope that the pollution is not tolerable, so we let
P = 0. The term 4V (t — T)E(t) is changed into 5V (t — T)K(t), since we think in here
the capital stock is more important to the change of the environment. So, we obtain the
following model:

V(t)=nrV(t—1)—aVi(t—7)+bV(t—1)E(t)
E(t) = nE(t) — cV(t — m)E(t) + 1V (t — ©)K(t) @
K(t) = (1= )V(t—12) — 5K(1),

where 77 is the rate of effect of the public praise; visitors will increase if r; increases. r; is
the self-purification ability of the environment. a > 0 represents the crowding effect, b is
the rate of the visitors affected by environment resource, c means the waste generated by
every visitor which is affected by environment resource, and 0 < 5 < 1 means a share 1 of
total revenues is used to protect the environment. Capital stock is depreciated at the rate
6. The increment of the visitors relies on the visitors at the time t — 7y for their spread of
public praise and the crowding effect, while the dynamic evolution of the environment and
the capital stock rely on the contribution of visitors at the time t — 175, where 79y > 0 and
T > 0. We name 71 as the spread delay and 1, as the protecting delay.
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We give the initial conditions of system (4) as:
V(0) = v1(0),E(0) = v2(0),K(0) = v3(0),v;(0) 2 0,i =1,2,3, -1 <6 <0,

where (v1(8),v2(6),v5(0)) € C([—7,0],R3), T = max[1y, 1. Then, according to the the-
orem on functional differential equations [22], system (4) has one and only one solution
(V(t),E(t),K(t)) that satisfies the initial conditions. In this paper, we provide the theory of
the stability crossing curves and apply it to model (4). By means of numerical simulations,
we obtain the stable region of the equilibrium in the 7; — > plane. Bifurcation directions
of the periodic solutions are determined by using the normal form and the center manifold
theorem. Numerical simulations show how the equilibrium changes from stable to unstable
and how the bifurcation direction changes from supercritical to subcritical and vice versa.
Through the research of model (4), we find that the spread delay 77 we introduced to the model
(4) is more important than 1, which is T in [4,8] for the stability of equilibrium, since 71 needs
to be on the left of the stability crossing curves. We find that the share # of the tourism user
fees and the spread delay 77 are very important parameters in our discussion.

2. Equilibria and Stability Crossing Curves
By straightforward computation, system (4) has equilibrium Sy = (0,0,0), which

is unstable, since there are always positive eigenvalues Ay = r; and Ay = rp, while
the characteristic equation of (4) at Sg has no relation with delays 1, 7.
If

Hypothesis 1 (H1). bn(1—1) —aéc >0, r2 > %r

system (4) has S, = (V4, E«, K,) as a positive equilibrium:

—6(ary + cry) + /02(ary + cr)? + 461112 (by(1 — ) — acd)

Vo= 2(by (1 — 1)) — acd) '

E, = ’ZV*T_H,K* — 1;77‘/*'

If
Hypothesis 2 (H2). by(1 —1#) —adc <0, 6%(ary + cry)? + 481112 (by (1 — ) — acé) > 0,

system (4) has S, = (V4, E«, K,) as a positive equilibrium:

—6(ary + cry) — \/02(ary + cr)? + 461112 (by(1 — ) — acd)
2(by (1 — 1) — acd) ’

vV, =

aVi —1 1-7
E. = Ko = — V..
b )
If by (1 — 1) — adc = 0, there is no positive equilibrium.

Letuy(t) = V(t) — Vi, ux(t) = E(t) — E4, us3(t) = K(t) — Ky, then (4) becomes

i (t) = —aVauy(t — 1) + bViua(t) — aud(t — 1) + buy (t — 71)ua(t)
uy(t) = —cEsur(t — 1) + nKeuq (t — 1) + (r2 — Vi )up(t) + nVius(t)
©)
—cuq (t — T)ua(t) + nuq (t — m)us(t)

uz(t) = (1 —=n)ui(t — ) — dus(t).
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The corresponding characteristic equation of system (5) can be written by
A%+ g A% 4 apd + (@3A? + agA + as)e M 4 (apA + a7)e M2 =0, (6)

where
wg =cVie—1r+9,

ay = (cVi — 12)6,

3 =aVy,

oy =aVi(cVi —1p) +aVid + bcViE,, ?)
a5 = adVi(cVi — 1) + bedVLE,

xg = —byViK,,

a7y = —bydViK, —by(1 —n)V2.

When 71 = 1 = 0, by the criterion of Routh-Hurwitz, we have

Theorem 1. Assume 71 = 7 =0, (H1) (or (H2)) hold. If

Hypothesis 3 (H3). a1 +a3 >0, as+ay >0, (a1+a3)(a+ag+ag) > as+ay
is satisfied, then S, is asymptotically locally stable.

Next, we investigate the distribution of the roots of (6). From Rouche theorem [23],
as (11, 2) vary continuously in R? , the roots of Equation (6) vary continuously, and the
roots (counting multiplicity) can change their symbols of real parts if and only if they cross
the imaginary axis [24].

We consider two situations: 1) = =7>0,or (Il 4 >0, > 0,71 # T.

Case()y =1 =1>0.

Suppose that on the imaginary axis, system (6) has a root iw(w > 0). Substituting
it into (6), separating the imaginary part and the real parts, we have

{ ww? = agwsinwt + (—azw? + as) cos wt,

wpw — w® = (—azw? + as) SiN WT — 4w cos WT. ®)
Then, we obtain
Wb+ (a3 — 205 — ad)w* + (a3 + 20305 — af)w? — a2 = 0. )
Letz = w?, p= 0(% — 20y — a%,q = tx% + 20305 — txi,r = —tX%,’ then, (9) becomes
hz) =224+ pz2+qz+7r=0. (10)

We see from (10) that since r < 0, there is at least one positive root. We assume that
there are three positive roots for generality, defined by z1,z; and z3. According to (8),
we have
(m1wf (a5 — azwp) + aawi (Wi — a2)

2im}, 11
(a5 — agwy)? + afw? I +2jm} (11)

G _ 1 -1
T —wk{cos [
where j =0,1,--- and k = 1,2, 3. Denote
_ : (0) _
=T = T}, wy = wy,. 12
0=T ke?}g}a}{ .} wo = Wy, (12)

Then, we know
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Lemma 1. When (H1) (or (H2)), (H3) hold, all roots of (6) have strictly negative real parts when
T € [0, 7). (6) has simple purely imaginary roots when T = .

Near 7 = Tk(j)/ consider A(t) = o(7) + iw(T) as the root of (6) where a(rkm) =

O,W(Tk(j)) =wy,j=0,1,2...,k =1,2,3. For the transversality, we know that
Lemma 2. Suppose z = w2,k =1,2,3 and I (z;) # 0, then [dng’\)]Tirm # 0.
Tk

According to Lemma 1 and Lemma 2, we have

Theorem 2. When 1y = Tp = T, let Ty be denoted by (12), and assume that (H1)(or(H2)), (H3)
are satisfied,

(i) Ift €[0,71), then system (4) has a locally asymptotically stable positive equilibrium S..
(i) If T > 19 and W' (zx) # O, then for system (4), Hopf bifurcation will occur at S, when T = T.

Case (II) 1>015>010#%0
Characteristic Equation (6) can be rewritten as
P(A, 11, 12) = Py(A) + Py (A)e 0 + Py (A)e 2 =0, (13)
where
Py(A) = A3 + 1A% + a4,
P (/\) = 0(3)\2 + agA + as,
P, ()\) = agA + ay.

We can easily confirm that Equation (13) satisfies:

(D) deg(Po(A)) = max{deg(P1(A)),deg(P2(A))};

(I) Py(0) + P1(0) + P (0) = a5 +ay #0, if(H3)holds;
(I) Py(A), Py(A), Po(A) have no common zeros;

(V) limy e([P1(A)/Po(A)] + [P2(A)/Po(A)]) < 1.

Lemma 3. For each w > 0,Py(iw) # 0, P(A, 71, 2) = 0 has A = iw as its root for some
(11, 2) € R? ifand only if

Hypothesis 4 (H4).
|[Po(iw)| < [Pr(iw)] + |Pa(iw)], (14)

and
= |Po(iw)| < |P1(iw)| — [P2(iw)| < [Po(iw)].) (15)

The proof of Lemma 3 can be found in [18].
Let
Gl(w) = —[Py(iw)| + [Py (iw)] — [P (iw)],

G2(w) = =[P (iw)| = [Py (iw)| + |Py(iw)],

G3(w) = [Po(iw)| = |Pr(iw)| — | P2 (iw)],

then we know that P(A, 7y, ») = 0 has A = iw as its solution if and only if G1(w) <
0,G2(w) < 0,G3(w) < 0 simultaneously.

Denote the crossing set () of all w, which satisfy (14) and (15). For given w €
O, P (iw) # 0,k =0,1,2. From (14) and (15), we can find all of (73 (w), T2(w)):
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7 = " (w) = (arg 283 +@m—-V)rty)/w,m=m$,ms+1,..., (16)
n+ PZ(iw)
T =17"(w ):(argpo(iw)+(2n—1)n$¢2)/w,n=no,n0 +1,..., (17)

where 1, € [0, 77| can be calculated as

L IPolieo) 2+ [Py (i) 2 — [Paico) P
= cos , 18
4 R G 19)
L1 [Po(iw)|? = |Py(iw) > + | Po(iw) |
= Cos , 19
& N IOl 9
+ ~_
mar 1My, ng and n, are the smallest integers such that the corresponding Tlm 0 +, Tlm o, T; 0 +,

and T; 0 are non-negative.

Let wy € Q, we can obtain 19 = Ty9(wp), Too = Tao(wo) from (16) and (17).

Next, we discuss the transversality. Choose 1 to be the bifurcating parameter, and
take the derivative of A(12) in (6); then, we obtain

{BA2 4201 A + ap + 234 + g — (a3A% 4 g\ + a5) 1y ]e AT
+as — (a6 + a7) Tpe A2} 42
= AMagh + oc7)e_“2,

Therefore,

[@},1 _ (BA242a1 A +ap)et ™2 + RazA+ay— (a3A2+oc4/\+a5)T1]e’\(T2*Tl)
dn - AlagA+ay) AMagA+ay)
(20)
_ 0
+/\(0¢6/\+o¢7) A

When % = 19, A = iwg, then
((BA% + 2014 + 22)eM2 ) =1y = (a2 — Bw) cos(wpTag) — 2a1wp sin(wpTag))
+i (20 wp cos(woTz0) + (a2 — 3w3) sin(wpTa)),

(23 + ag — (a3A% + g + as) 7y ] M@)o

(21)
= (g + Tloﬂésw% — Tya5) cos(w(m0 — T10)) — (203 — Troag)wo sin(wo(T20 — T10))
+i[(2a3 — T4 )wp cos(wo (T2 — T10)) + (a4 + Tioazw] — Tioas) sin(wo(T0 — Ti0))]-
/\(066)\ + 0‘7)72:'[20 = —0(66()% ~+ inxywy.
We have
d -1 _ MyNi+MoN,
Re[ 7|52 = mr (22)
where
My = —agwo, My =ay,
N1 = (a2 —3wj) cos(woTa) — 2w wo sin(woTo) + a6 + (a4 + Troa3WE — Tioas) cos(wo(Ta0 — Ti0))
—(2a3 — Tyorta ) wo sin(wo (120 — Ti0)),
Ny = 2mwpcos(woT) + (a2 — 3w§) sin(woTa) + (203 — Tioas)wp cos(wo(T20 — Ti))

+(rg + Tioa3w§ — Tioas) sin(wo (20 — T10))-
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Let

Hypothesis 5 (H5). M{Ny 4+ MaN, # 0.

Denote T/ = {(T{O(w), Jo(w)),w € Q},j =1,2,...,p are p sections of continuous
curves defined on (), T° is the internal region surrounded by T = U]P:l T/ with coordinate
axis 71 = 0 and T = 0. Then, we can obtain the following:

Theorem 3. Assume that (H1) (or (H2)), (H3), (H4) hold,

() If (11, 2) € T°, then system (4) has a positive equilibrium S which is locally asymptoti-
cally stable.

(I)  If (74, T) crossing T and (H5) holds, then (11, T2) = (710, Tao) € T is a critical point, system
(4) has Hopf bifurcation at S,

We denote continuous curve T/, j=1,2,...,p as stability crossing curves.

3. Hopf Bifurcation Direction and the Stability of Periodic Solution

In this section, we suppose 0 < 71 < . If 0 < T» < T1; we can discuss it using
the same method.
Let 1 = 79, 2 = Too + 4, then system (5) has u = 0 as its bifurcation value. Let
t = tf, u;(tf) = u;(f),i = 1,2,3 and omit “—" above, (5) can be expressed as

u(t) = Lyus + f(p,ur), (23)

where u(t) = (u1(t), uz(t),uz(t))" € R3, uy(0) = u(t+6), 6 € [-1,0].

Ly = (20 + 1) (A9(0) + 347(—%) +CP(=1)), 9(6) = (¢1(6),92(6),93(6))", (24)

f(u,¢) = (0 + 1) (f1, f2. f3) "
= (20 + ) (—agi (=) + b1 (—32)$2(0), —cd1 (— 2 )$2(0) +7¢1 (=1)3(0),0) T,

where

0 bV, 0 —aVy 0 0 0 0
A= 0 rn—-cVy nVy |,B=| —cEx 0 0 |,C= nKy 0
0 0 -0 0 00 1-n 0

By the Riesz representation theorem, for 6 € [—1,0], we write

o oo
\_/

0
Lu¢ = L . dp(6, 1)¢(0), (25)
where -
0(6,1) = (o0 + 1) (AS(0) + BS(0 + ?;) +C5(0+1)). (26)
4(0) satisfies 5(6) = 0if @ # 0, and 5(0) = 1.
Define 0(6)
LA 6 €[-1,0),
AW = { N
JZ1do(s, m)¢(s), 6=0,
and

0, 0€[-1,0),

R —
(e {f(wp), 0 =0.
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Then, (23) can be expressed as
ur = A(p)us + R(p)us, (27)

it is a differential equation in functional space C!([—1,0], R%).

Denote A = A(0),

{ —dtl‘;—(ss), s € (0,1],
AP =14,
[Cidp" (£0)p(—t), s=0,
and
- O 9 -
(), ¢(0)) = pOp(O) ~ [ [* §(z - 0)dp(6,0)p(2)d, 28)

where ¢ € C1*(]0,1], (R®)*). Then, A* is an adjoint operator of .A.

Suppose q(8) = (1,8, 7) Te“o™P satisfies Aq(0) = iwoT20q(8), which means g(6) is
an eigenvector of A. We obtain that

(iwg + 8) (nKye 100 — cE e~ 0T0) 4 57(1 — 57) Ve =020 (1 —p)eiwomo

p= (iwy + 8) (iwg + cVi — 1) » = iwg + 0

Let —iwgTyo be an eigenvalue of A*, and g*(s) = D(1, B*,7*)e!0™> is an eigenvector;
then, we have

bV, . by V2

'B* - ’)/ =
—iwg +cVi — 1’ (—iwo + 6)(—iwg + cVi —13)

By (28),

(7°(s), q(8)) = D(1+ BB + 97" — [} (1, B, 7%)0e®0™0dp (6,0)(1,,7)T)
= D(1+ BB* + 97" + Ta0e 0™ (n*Ks + (1 — 17)7") + e "0 (—aVi — cB*E.)).
For (g*(s),q(8)) =1, (g*(s),3(#)) = 0, we choose
1

P T B t 7 + oo e (F K. + (1= 7)) + toe vt (—aV, — B E) )
Define
z(t) = (q", ur), ur(0) = W(t,6) +2Re{z(t)q(60)} (30)
when y = 0. Then, (27) becomes
{ z=iwoz+302% + gyzz 4+ SR 4 g’z + -, an
W = AW + H(z,z,0).

Here,
20 = 21D ((—ae™"“0T0 4 (b — cp*)pe M0 4y Bre 0T,
g1 = 1D (=2a+ (b — cf*)Be 00 + (b — cfF) B0 4 yyPreT 0T 4y frei ™),
02 = 21D ((—ae 0 ™0 + (b — cp¥)B)e 00+ ypreio™),

g2 = TaoD{ (20600 4 (b — c7)B)Why (—22) + (b — o)™ W, (0)
+31 e OOW3(0) + 37T Wag(—1) + (—2ae70T0 + (b — cp*) B)WH; (—2)

+(b — cp¥)e I OTOWE (0) + yBTe T OOWS, (0) + BT (—1)}-
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Who (9) = lgi O)eié)onzo + lgi —(0)e—i9on20 + C1€2i9w0TZO,

w0 3w o0
igll 0wy T igll = —iwy T
Wi1(0) = ——21L g(0)effwom 4 811 g(g)p—ibwoto 4,
11(0) onzoq( )e + onzoq( )e + G

Here, C1,C; € R3 satisfy

A1C1 = £p(20),

2iwg + aV,e w0 —bV, 0
Al = cE e~ 2iwoTio — UK*e’ZionZO iwg — 1y + Vi —nVi ,
—(1 — ) 2iwoma0 0 2iwy + 6

(—ge*iwofw 4 blB)e*i‘*’OTlO
fO(zO) =2 —Cﬁeiiwono + 177671"‘-70720
0

and

ArCp = fo(ll),

—aVsy bV, 0
Ay =| —cEi+yKi mn—cVi Vi |,
1—79 0 —6
—a + bR, (Be0™)
fo(11) = 2| —cR.(Be!“0™) + R, (yel«0™)
0

From Hassard’s method [25], we have
i

l =
1(0) 20T

1
(20811 — 2|gn1|* — §|g02|2) + g1 (32)

Hy = —% confirms the Hopf bifurcation direction: if Re{A' (1)} >0, 2 >0
(or if pp < 0), the Hopf bifurcation periodic solution exists for 7, > T (or T2 < Ty),
the bifurcation is supercritical ( or subcritical). If Re{A'(19)} < 0, the bifurcation is
on the opposite direction.

vy = 2Re{l1(0)} confirms the stability of the Hopf bifurcation periodic solutions:

the solution is stable if v, < 0 or it is unstable if v, > 0.

4. Numerical Simulations of the System

We consider some numerical results with different values of 11, 7. Let the parameters
of system (4) ber; = 1,1, = 0.1,4 = 0.09,b = 0.2,c = 4,7 = 0.8, = 0.5, then condition
(H2) holds. The unique positive equilibrium is S, = (13.5189,1.0835, 5.4076).

The corresponding characteristic equation of system (4) at S, is

A3 4+ 54.4757A% + 26.9879A + (1.2167A% + 77.9992) + 38.6954)e A1 + (—11.6967A — 11.6967)e 2 = 0. (33)

When 71 = 0, 7, = 0, the roots of Equation (33) are —53.9732, —1.3481, —0.3710. Thus,
S4 is asymptotically stable.
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Next, we just consider 71 # 7. From Lemma 3, we obtain that if and only if w €
[1.173,1.676l, P(A, 7. ) = 0 has a solution A = iw (see Figure 1).

500 T

G1(w)
400 G2(w) | T
G3(w)
300 F 1

200 - 1

Giw)

Figure 1. Forry = 1,7, = 0.1,a = 0.09,b = 0.2,c = 4,7 = 0.8,6 = 0.5, G1(w), G2(w), G3(w) are all
less then or equal to 0 if w € [1.173,1.676].

From Theorem 3, we know that if (11, 72) € T°, which is surrounded by T = U5:1 T,
coordinate axis 771 = 0, » = 0 and 7 = 7 (see Figure 2, here, 15 can be larger); thus, S,
is asymptotically stable, where T! = ((Tll(; (W), 53y (W), T? = ((Tll(; (W), 5y (W), T? =

(T (W), T (), T* = ((th (W), T (), T° = ((th (W), T (w)) from (16) and (17).

7

ST Tl T1
6.3 Z ) 7 o T2 Ny
560 / - Ty

’ T4
49t e - - 19

/
42} / ]
/

o~ /

& 3.5 h R
28 . y
21} : - .
1.4} .

.
07} L ]
‘/
0 L L L L L ~ L L L L

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 2. Forr; = 1,7 =0.1,a = 0.09,b = 0.2,c = 4,7 = 0.8,6 = 0.5, T — 75 are stability crossing
curves. The stable region is on the left of the stability crossing curves.

When (71, 2) crossing T and (H5) holds, there are periodic solutions bifurcating
from S... We choose some points (77, T2) to illustrate the result.

We know from Figure 2 that if 77 < 0.9034, then S. is always stable. Let 77 = 1.0003;
we see from Figure 2 that there are three critical points on the stability crossing curves, (7, o) =
(1.0003,1.9807) € T4, (13, T3y) = (1.0003,4.3577) € T, (13, 3,) = (1.0003,6.4977) € T°.
For each point, we calculate Re{A' (1)}, p2, va.
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When delay 73 = 1.0003 remains unchanged, 19 < 1.9807, since (13, T2) is in the left
of T, we know that S, is asymptotically stable (see Figure 3).

13.51904 1.08358

13.51902 1.08357

13.519 1.08356

13.51898 1.08355

> w

1351896 1.08354

1351894 1.08353

13.51892 1.08352

13.5189 1.08351
0 0

t x10* t x10*

5.40768

5.40766 5.40768

5.40766

5.40764
5.40764

« 5.40762
X 540762
5.4076

5.4076 5.40758

5.40756
1.08358
5.40758
1.08354

5.40756
0 2 4 6 8 10 E 1.08352

t x10*

1.08356 13.51905

13.519

13.51895
13,5189 v

Figure 3. The phase graph and the trajectories of system (4) with 7 = 1.00,7» = 1.80, S, is
asymptotically stable.

Let the delays (77, 72) increase and pass through the critical point (730, 7o) = (1.0003,1.9807),
where w = 1.372. We obtain that at (130, 729) = (1.0003,1.9807), Re{A (1)} = 0.2762 > 0,
Re{l1(0)} = —0.0565 < 0, up = 0.2047 > 0, and v, = —0.1131 < 0. Therefore, the bifurcation
is supercritical; the bifurcation periodic solution is in the direction of 79 > 1.9807 and is stable
(see Figure 4).

0 2 4 6 8 10
t x10*

Figure 4. The phase graph and the trajectories of system (4) with 73 = 1.00, T, = 2.55, S is unstable,
from S, bifurcates a stable periodic solution.

Let the delays (11, T2) increase further to arrive at the critical point (10, T20) =
(1.0003,4.3577), where w = 1.372. We obtain Re{A' (1)} = —0.0935 < 0, Re{l1(0)} =
—0.0580 < 0, up = —0.6206 < 0, and v, = —0.1160 < 0. Therefore, the bifurcation is



Fractal Fract. 2022, 6, 323

12 of 14

subcritical, and the bifurcation periodic solution is stable, which is on the side less than
Too = 4.3577. When 1y increases crossing 4.3577, the delay (13, 72) enters the area of T°,
and S, becomes stable again (see Figure 5).

A

13.51904

13.51902

13.519

13.51898

13.51896

13.51894

13.51892

135189

13.51888
0

x10*

5.40768

5.40766

5.40764

5.40762

5.4076
5.40758 <\

5.40756
0

6 8 10
x10

1.08358

1.08357
1.08356
1.08355
1.08354
1.08353

1.08352 W

1.08351
0

2 4 6 8 10

5.40768

5.40766

5.40764

5.40762

5.4076

5.40758

5.40756
1.08358
1.08356
1.08354

1.08352 1351895

E 1.0835 135189 v

1351905
13.519

Figure 5. The phase graph and the trajectories of system (4) with iy = 1.00, 7, = 4.50, S. is stable again.

Let the delays (11, T2) increase further to arrive at the critical point (10, T20) =
(1.0003,6.4977), where w = 1.372. We obtain Re{A (1)} = 0.2771 > 0, Re{l1(0)} =
—0.0538 < 0, pp = 0.1941 > 0, and v, = —0.1076 < 0. Therefore, the bifurcation is
supercritical; when Ty increases crossing 6.4977, S, becomes unstable, and a stable periodic
solution bifurcates from S. (see Figure 6).

6 8 10
x10*

|
|

6 8 10
x10*

17

16

15

14

13

w12

1.1

10
x10*

0 2 4

6 8
t

E 05 10 v

Figure 6. The trajectories and phase graph of system (4) with 7 = 1.00, 7, = 6.50, S, is unstable and
a stable periodic solution bifurcates from S.

In this example, we can see that if the Hopf bifurcation is supercritical for one point
(119" Tog ) on the stability crossing curve, then for another point (7%, 7,3 ) on the adjacent
stability crossing curve, the Hopf bifurcation is subcritical and vice versa. The Hopf
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References

bifurcation will be supercritical and subcritical alternately. From Figure 7, we understand
that # is closely related to the delay 7j, with a smaller 7, a smaller 77 is needed for
the equilibrium’s stability.

7 T
o / 1
L 27 o / T
6.3 Sy - - 12
- = T~ / 3
56} //_/,/ o / - T
, s T
L oo A — .15
4.9 il ) T
Va4 /
421 A h
s !
(o] | A \ i
= 3.5 S X
L
2.8 ;o B
LN
21 - : B
141 R
R a /‘
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P a
R ,/
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
T1

Figure 7. Stability crossing curves for different 77. From the left to the right are the stability crossing
curvesof 7 = 0.6,7 =0.7,7 = 0.8, and 7 = 0.9.

5. Conclusions

In this paper, we proposed a delayed environmental protection expenditures model
with two delays. We discussed the existence of equilibrium and bifurcation using delays 7
and 1, as the bifurcation parameters. We depicted the stability crossing curves and obtained
the stability of the equilibrium S,; the direction of bifurcation was also considered.

Since the financial support for the protection of the environment is only depending
on the share # of the tourism user fees in this model, the stability of the equilibrium relies
closely on 17 with delay 77, the lower the share 7, the smaller the spread delay 7; needs to be.
The external capital support for sustaining the PAs has not been considered in the model;
it will be an interesting problem in the management of PAs. We leave this subject for
future work.
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