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Abstract: In this article, a variable step size strategy is adopted in formulating a new variable step
hybrid block method (VSHBM) for the solution of the Kepler problem, which is known to be a rigid
and stiff differential equation. To derive the VSHBM, the step size ratio r is left the same, halved, or
doubled in order to optimize the total number of steps, minimize the number of formulae stored in
the code, and ensure that the method is zero-stable. The method is formulated by integrating the
Lagrange polynomial with limits of integration selected at special points. The article further analyzed
the stability, order, consistency, and convergence properties of the VSHBM. The stability regions of
the VSHBM at different values of the step size ratios were also plotted and plots showed that the
method is fit for solving the Kepler problem. The results generated were then compared with some
existing methods, including the MATLAB inbuilt stiff solver (ode 15 s), with respect to total number
of failure steps, total number of steps, total function calls, maximum error, and computation time.

Keywords: hybrid method; Kepler’s equation; Lagrange polynomial; stiff; variable step size

1. Introduction

Step size selection is an important criterion required in solving stiff differential equa-
tions using the integration method, [1]. It is however important to state that too small or
too large a step size affects the efficiency of any integration method. A variable step size
strategy is one approach that has been employed in choosing the correct step size required
for the integration of differential equations.

The Kepler equation first derived in 1609 by Johannes Kepler is an equation in me-
chanics that establishes the relationship among geometric properties of orbits with respect
to central force. The equation plays a prominent role in mathematics and physics, most
especially in celestial mechanics. The Kepler equation has various forms, which largely
depends on the type of orbit.

The Kepler standard equation (which we shall consider in article) is employed for
elliptic orbits, (0 < e < 1), where e is called the orbital eccentricity. This is a stiff second
order differential equation which can be transformed to the following system of first order
differential equations,

vV =fxy),y@)=Ta<x<b ey

where ¥T = (y1,y2,...,ym) and T' = (11,72, ..., T). We assume the functions 7(x) and
f (x,¥) are sufficiently smooth and also satisfy the existence and uniqueness theorem stated
in Theorem 1.

Other forms of the Kepler equation include the radial Kepler equation, which is
applied for radial or linear trajectories (e = 1), the Barker’s equation applied parabolic
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trajectories (e = 1), and the hyperbolic Kepler equation applied for hyperbolic trajectories
(e > 1). For e = 0, the orbit becomes circular. Equation (1) is assumed to satisfy Theorem 1,
which establishes the uniqueness and existence of a solution.

Theorem 1 ([2]).  Let the functions f1(x,y1,Y2,...,Ym), fo(X,y1,Y2, - Ym), ---,
fm(X,Y1,Y2,- ., Ym) and their corresponding partial derivatives ﬁ,%, . ,% be continuous
in a region R containing the points (x,y1,Y2,...,Ym). Then, the initial value problem

vi' = Ay, ym) v (x0) =t
v = YL,y Ym), ya(x0) =t

@
Ym' = fun(X, 91, Y2, Ym), Ym(xX0) = tm
has a unique solution of the form,
y1=¢1(x)
v2 = ¢2(x)
' ®)
Ym = Pm(x)
on the interval I containing x = x.
Definition 1 ([3]). The general k-step linear multistep method (LMM) is defined as,
k k
Y i =hY Bifusi 4)
j=1 j=1

where a's and B ]-’s are real constant coefficients and y is the differential equation’s order. Equation (4)
is implicit if By # 0 and explicit if By = 0.

Definition 2 ([4]). A differential equation is stiff if it satisfies any or all of the following conditions:

(i) stability requirements in contrast to accuracy constrain the step length,

(i)  some solution components decay much more slowly or rapidly compared to others,
(iii) it has time scales that vary widely, and/or

(iv) all its eigenvalues have negative real parts with large stiffness ratio.

The Kepler problem, which is stiff in nature, satisfies all the conditions stated in
Definition 2. Historically, the study of the motion of springs led to the discovery of stiff
differential equations. These equations occur frequently in science and engineering. A lot
of numerical techniques have been derived for approximating stiff differential equations
ranging from trigonometrically fitted methods, nonstandard finite difference methods, and
others. See the works of [5-13]. All these methods are constant step methods where the step
length is fixed. However, in this research article, emphasis shall be laid on variable step
method. Quite a number of researchers have developed different variable step techniques
for solving stiff differential equations including the Kepler equations. The authors in [1]
proposed variable step methods for solving some differential equations. The authors
went further to prove the efficacy of their methods by solving some standard problems,
e.g., the Kepler, Van der Pol, and Lokta—Volterra problems. Ref. [14] derived a two-point
variable step predictor-corrector block method for the solution of ordinary differential
equations. The method developed was in the form of Adams Bashforth-Moulton. The
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authors developed the method using the step size ratiosr = 1, r = 2, and r = 1/2.
They went further to plot the stability regions of the method at different step ratios and
also applied the method on some ODEs. Ref. [15] also developed a variable step size
sixth order Adams block method for the solution of differential equations. The method
approximates the solution in each of the steps with the aid of three points simultaneously.
Ref. [16] also formulated a variable step, variable order method for solving stiff ODEs.
The idea employed in their work is the combination of divided difference and Newton’s
interpolation formulas as the basis function in the design of the method. Other authors that
derived variable step size methods include [17-29].

2. Formulation of the VSHBM

The formulation of the VSHBM is discussed in this section, where the interval [a, b]
is subdivided into blocks with interpolation points (x,_2,¥n—2), (Xp—1,Yn—-1), (Xn,Yn),
(Xn+1,Yn+1), (Xna3/2,Ynass2) and (X412, Yus2); see Figure 1. The approximations y,41,
Yn+3/2, and y, 4o are concurrently determined using three previous values at x,_p, x,_1,
and x,, of the previous two steps each with step size rh.

N| S
N| S

rh rh h

x 3
n+3

Xn—2 Xn—1 Xn Xn+1 Xn+2

Figure 1. VSHBM showing interpolation points.

In order to optimize the number of steps taken, ensure zero-stability, and reduce the
total number of formulae in the code, the step size ratio r is maintained (r = 1), halved
(r =2), or doubled (r = 1/2). This approach is sometimes called the Milne device [30].
This strategy was first suggested by [31,32].

The VSHBM is formulated at the points x,,,* = 1, 3, and 2 by integrating Equation (1)

in the interval (x, Xy+/),
Xp+r _ Xn+r _
/x 7dx :/X F(x,7)dx ®)

The function f(x,y) in (1) is approximated using Lagrange polynomial P;(x) of
the form

k
Py(x) = Z Lq,j(x)f(anrZ—j) (6)
j=0
where )
-1
X — Xpi0_; 1
Lyi(x)=[] ———21%  i-0-,1,2,...k
7 (%) g Xnt2—j = Xn42-i J 2
i#j

The Lagrange polynomial at the points (x,—2, ¥n—2), (X1, Yn—1), (Xn, Yn), (Xn+1, Yn+1),
(Xn43/2,Ynt3/2), and (Xy42, Yn12) given by

Py(x) = [( (x=xn—2) (X=X 1) (X=%n) (X—=Xp41) (X—Xp43/2) ]f(anrZ)

X2 —Xn—2) (Xnt2—%n—1) (Xnr2—2n) (X2 —2Xn11) (Xnt2—X4n13/2)

(x—=xp—2) (x=%p 1) (x=%n) (X =2 11) (X=Xp12) }
[ (*nt3/2=%n—2) (Xny3/2—=%n—1) (Xng3/2=%n) (Xng3/2—%n11) (Xng3/2— Xnt2) f(xn43/2)

(xferfZ)(x*xnfl)(x*xﬂ)(xfxn 3/2)(x*xn+2) |
o 5 D) o1 ) o) G s 372) Gt | (K41

+
+
[ () (=2 ) (E ) (f—Xpa2) (T2 @)
+ n n n n+. n :|f(xn)
+
+

| (xn—xn—2) (Xn—xp—1) (Xn—Xp41) (Xn =X 43/2) (Xn—Xn42)
[ (x=xp—2) (x—xn) (x—=2py1) (x—x, 3/2)(x*xn 2) 1
Gt 020Gt 0] Gt w11 s372) (a1 2] | 1)
[ (x=xy—1) (=) (*=Xp11) (X=X 4.5/2) (X = Xn42) ]
_(xn727xnfl)(xnfzfxn)(xn727;;1+1)(xn—;r*anrS/Z)(;1—277511+2)_f(xn_z)
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is used in determining the corrector formulae for v, 1, ¥,,13/2, and v, 2.
The VSHBM for the corrector at i, 11, Y, +3/2, and y,, 1, are derived by integrating (1)

with respectto s, s = @17”2), substituting hds for dx and taking the limits of integration at
(=2, -1), (=2, —1/2), and (-2, 0) respectively. This gives,

Yne1 =Yn t [(24%#) (8r3+?515:zrj:1%3r+3)}f”’2 - [(#) (%)]fn*l
o) a0 04195 g
[ () () [ [ (8) (Bt s + [ (o) (4525°)  fen
Ynsd = Yn =+ [(1298ng) <8r3+1187:21613r+3)}f”*2 - [(169ng) (2r3+;zzrﬁ3r+6>}f”_1
() 0207511, g
() (i) [ + [(3) (52568 [y + [ (st ) (785732 o
Ynt2 =Yn + {(1572) (472+7r+3)] {(15#) (%)}fn*l
{(45#) (1512 + 6r + 1)}fn (10)
() R e+ () (s5t5259) v+ [(15) (55258 o

On the substitution of r = 1, r = 2, and r = 1/2, Equations (8)—(10) give the VSHBM
presented in Table 1.

Table 1. VSHBM Formulae at different step size ratios.

Step-Size Ratio Formulae

— 11 1 173 283 88 1
Ynt1 =Yn + h<72520fn—2 —oafn-1+ 350fn + 360 Snt1 — 315S00 3 + an-&-z)

— 69 3 591 339
r=1 Yn+i = Yn +h<17920fn72 = 50fn-1+ tag0fn + 330 fu1 — 140 ntd Tt 2560fn+2)

1 2 22 14 128
Yni2 = Yn + h(mfnfz ~ St Bt st sl %fn+2>

_ 1 137 1159 ¢ | 41 1328
Yni1 =Yn+ h(2112fn72 — 2160 /n-1+ ms0.fn + 5 Sus1 — 3ge5 S s + 96Of"+2>

3
r=2 Ynig =Yn +h(mfn—2 om0 fu1 + Tago fa + G4 fai1 — wag + mf}’l-‘rZ)

_ 1 1 73 16 1024 43
Ynt2 = Yn + h(1980fn—2 — o fn-1 7+ 180.fn + Bfus1 T 3ges Sy + mfwz)

_ 19 44 239 239
Ynt1 =Yn + h(mfnfz — o5 fu—1 + 520.fn + 520 fat1 — 225 nt3 + 600fn+2>

_ 87 69 399 609
Ynt3 =Yn +h(3200fn,2 — g0 fu1 a0 fu + G a1 + d5Sarz 3200fn+2>

‘
Il
NIl—=

8 16 3, 4 112 13
Ynt2 = Yn + h(mfn72 —Bfo1t et sfont o5 s mfwrz)

Since the proposed VSHBM is a predictor-corrector method, the predictor formu-
lae were also formulated using the same procedure above at the interpolation points

(Xn—2,Yn—2), (Xn—1,Yn—1), and (x,,y,). This gives

e [(B) e (O C e (B2
e [ [(ED s [ o
v (O (B [ o
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Atr=1,r =2,and r = 1/2, Equations (11)—(13) produce the predictor formulae for the
VSHBM as shown in Table 2.

Table 2. Predictor formulae for the VSHBM at different step size ratios.

Step-Size Ratio

Formulae

]/5+1 =VYn +h<%fn72 - %fnfl +

0,

r=1 VZJr% :yn'f‘h(%fn 27fn 1+15fn)
v =n +h<%fn72 —Rfa+ 19fn)

Yhio=yn+ h(%fn72 -hf1t+ B )
r=2 s = yu+h(Bfaz— Bfur+ 159fn>
o=yt h(Sfaa—§fu1+2f)

Ypig =Un+ h(%fn% — B fuat %fn)

r=1 vy =y h(Ffaz =1+ fn)

2

y5+2 =Yn +h(23lfn—

- 53,*6fn71 + %fn)

3. Order, Stability, Consistency and Convergence Analysis of the VSHBM

The order, stability, consistence, and convergence analysis of the VSHBM shall be
carried out in this section.

3.1. Order of the VSHBM

Definition 3 ([3]). The LMM (4) and its associated difference operator L given by

are called order pif co =c1 = cp =

k
L{y(x Z ajy(x + jh)

— hBiy' (x + jh)]

.=¢cp=0,cp41 #0.

(14)

The component ¢, 11 # 0 is the method’s error constant. The general form for the

constant ¢ is

k
o=y oj
=0
k

€1 = (]"‘J B))

.

-
I

k

The application of Equation (15) on the VSHBM at r = 1 gives

while

C0:C1:C2:C3:C4:C5:C6:[0 0 O]T

—151 —151 —11
120960 143360 7560

7 =

(15)

(16)

(17)
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Therefore, the VSHBM is of the uniform sixth order with its error constant given by
Equation (17). The same procedure is applied for the VSHBM atr =2 and r = 1/2.

3.2. Stability of the VSHBM
3.2.1. Zero-Stability of the VSHBM

Definition 4 ([4]). If no root of the characteristic polynomial has a modulus greater than one and
every root with modulus one is simple, then such a method is called zero-stable.

The scalar test to ascertain the zero-stability of a method was first proposed by [33].
Therefore, substituting

YV =f=Ay (18)
into the VSHBM at r = 1 gives
Yni1=Yn + h(ﬁ/\yna — 23Mn-1+ 30AYn + 30AYne1 — 3(5AY,0 3 + %/\ywz)
Vs = Yo+ h(8mAn-2 = HAVn-1 + FAYn + AVt — FoAV g + B 2 (19)

Yns2 = Yn + h(z%o)\yn72 — A Yn-1 + BAYn + 13+ HEAY, 3+ %Aym)

Equation (19) is compactly written in matrix form as

Yn+1
13—39%;12\ %h/; _8%9}“ 001 Yn_2
BER 315 ~ % Yn
Yn42 (20)
o, 1y 173, Yn—2
2520 24 360
+h| tomh @A A || Yt
mA @A B
Yn
Equation (20) is rewritten as
AYyy = (B+Ch)Yy1 (21)
where
}329%}” %h)\s —é@m 001 2%0)\ _5?41/\ ég%é/\
A= 7&%%\ 7112—8|—mh)\ Téqém ,B=1001|,C= @A @2)\ @)\
45 hA =75 hA 1—g5hA 001 >0/ sA FA
Yn+1 Yn—2
Y = yn-&-% and Y, 1 = Yn—1
Yn+2 Yn

Let H = hA. Then, the stability polynomial at r = 1 denoted by Ry (t, H) is given by,

_ __43( 18667 ry3 _ 172397 g2 , 2459 17 _ _ 42 15697 133 | 2915951 g2 1039
Rl(t’ H) =t (302400H 453600H + 2520H 1) t <l79200H + 7257600H + 1008H + 1)

(22)
3971 173, 31997 g2, 11 13 13 2
+t(6451200H + gm0 H T 150 H ) + 1o353600 11+ 55060800 11

Applying the same procedure above for the step size ratios v = 2 and r = 1/2, we
obtain the stability polynomials,

__ _43( 8471 143 _ 106703 132 , 797 1y _ __42( 3380029 173 1084 2 1713499
Rz(t, H) =t (54000H 226800H + 77OH 1) t (53222400H + 30412800H + 1774080H + 1)

(23)
2699 13, 846649 112 , 1627 1 3 13 2
+t(38016000H + 703116800 11~ + 1774080 H) + 1703116800 1 + 5709350800 H
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(24)

— _43( 20399 173 _ 419447 172 | 363 2( 63881 g3 | 198427 172 | 2033

Ry(t,H) = —t (432000H — Taseoo0 1+ 200 H — 1) —t (432000H + 3000 + 800 H + 1)
2039 113 10607 172 133 1 3 13 2

+t(43200H + 232000 11" + 360011 ) + 2300011 + 96000 H

The zero-stability for the VSHBM is determined by substituting H = 0in Equations (22)—(24)

to obtain

Ry(t,H) = Ry(t, H) =Ry (t, H) = 12 — 2 (25)

1
2

The zeros for the variable step sizes atr = 1, r = 2, and r = 1/2 are presented
in Table 3.

Table 3. Zeros for the VSHBM.

Step-Size Ratio Zeros
r=1 H=t=0t=1
r=2 =t =0,t3=1
r=1/2 f=ty=0,t5 =1

Since all the zeros satisfy [t| < 1 as described by Definition 4, it implies that the
VSHBM is zero-stable at the step size ratiosr =1, = 2,and r = 1/2.

3.2.2. Stability Regions of the VSHBM

Definition 5 ([34]). If the stability region of a method contains the whole left half-plane Re(hA) < 0,
such a method is referred to as A-stable.

The stability regions for the VSHBM are presented in Figure 2.

I

Imaginary (z)

Figure 2. Stability regions of the VSHBM.

The stability region of the VSHBM at r = 1 is the interior of the blue contour while that
of the VSHBM at v = % is the interior of the magenta contour. For the VSHBM at r = 2, the
stability region is the outer region of the green contour. Thus, in terms of size, the VSHBM
at r = 2 has the largest stability region followed by the VSHBM at r = 1, then the VSHBM
atr =1/2.

3.3. Consistency of the VSHBM
Definition 6 ([3]). The LMM (4) is called consistent if it is of order p > 1.

Since the VSHBM is of order 6, it is consistent.

3.4. Convergence of the VSHBM
Theorem 2 ([4]). The necessary and sufficient conditions for the LMM (4) to be convergent are that
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(i) it must be consistent, and
(ii) it must be zero-stable”.

See [35] for the proof.
Thus, the proposed VSHBM is convergent since it satisfies the conditions for consis-
tency and zero-stability.

4. Algorithm and Choice of Step Size for the VSHBM
4.1. Algorithm

The implementation algorithm for the VSHBM is presented in this subsection. The first
step is the determination of initial points of the method’s starting block. The step ratio r in
Figure 1 is taken as one. The truncated Taylor series method is used to determine the three
back values x,,_», x,_1 and x, since the values of I are small. The values of v,,11, ¥,,13/2,
and y,,1 are approximated using predictor-corrector methods. Suppose s is the number of
iterations required, the sequence of calculations at any point is (PE)(CE)' (CE)?... (CE),
where P is the predictor formulae, C is the corrector formulae, and E represents the function
evaluation f of the problem. The corrector VSHBM is iterated to converge with the conver-
gence test employed as ‘yisjzl) - ygi)rz < 0.1 x TOL. The algorithm for the implementation
of the VSHBM in code is explicitly stated below:
Step 1: Set data input, such as tolerance level (TOL), initial condition x(, 1o and step
length h
Step 2: Set y'(x) = f(x,y(x))
Step 3: Set Taylor series y; = y;_1 +hy,_; + gy;ffl + %?3/2‘11
Step 4: Set the predictor equations

2

P VZH = Z“nJrifnfi +any3/2fni3/2
i=0

2
y5+3/7_ = Z Butifn—i+ But3/2fnis/2
i=0

2
yZ+2 = Z Yutifn—i+ Yne3/2fnias2
i=0

P p
E:fi= (xn+1'.‘/n+1)
P _ p

fosan = (xn+3/2fyn+3/z)

P p
fov2 = (xn+2fyn+2)

Step 5: Set the corrector equations

4
Ciyoig =Y Onsifuso—i+Oni3/2furas2
i=0

4
C _
Voian = Y Envifusa—i+€nsa/afusas2
i20
4
C
Yn42 = Z Ontifniz—i+ Un+3/2fn+3/2
i20

E: fu1= (*nt1¥opa)

fian = (xn+3/2fyfl+3/2)
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fovz = (Xns2,Vi42)
Step 6: Compute the LTE, that is local truncation error
Step 7: If the LTE<TOL, then the solution is acceptable. Maintain (r = 1) or double
(r = 1/2) the previous step size and then proceed to Step 9.
Step 8: If LTE>TOL, halve the previous step size (r = 2) and then go back to Step 5.
Step 9: Stop

The flowchart for the VSHBM is shown in Figure 3.

Thput:
Set Tol, Step size,

initial condition(s)

Compute the Evaluate predictor and
coefficients corrector for VSHBM

No

If Indicator = 2;
Step Failure

Maintain or double Halve the previous
the previous step size step size

Output: Results T

Figure 3. Flowchart for the proposed VSHBM.

4.2. Choice of Step Size

The authors in [36-43] highlighted the importance of the selection of step size in
Adams methods for the integration of differential equations. When step size is properly
chosen, it minimizes the total number of iterations as well as computation time. The
values of approximations v, 11, ¥, 43,2, and y,, are acceptable if LTE < TOL. The LTE is
determined by,

LTE =y, =l (26)

where yffgz and yff[zl) are the pth and (p — 1)th orders of the method. If, on the other hand,
LTE is greater than the tolerance level, then y,,41, ¥,+3/2, and v, 4> are rejected. This implies
that the step is carried out again by taking the step ratio r = 2. The step size increment

after a successful step (LTE < TOL) is given by

(27)

TOL\ 7
LTE

hnew =Uu *hold * <

where p is the method’s order, I, is the previous block’s step size, and ¢, is the current
block’s step size. The parameter u, called the safety factor, ensures that the failure steps are
minimized to the barest minimum.

5. The Kepler Problem

The Kepler problem is a renowned two-body problem that describes planetary motion
in an orbit. The center of the coordinate system is represented by one of the bodies while
the position of the second body at time t is given by two coordinates ki (t) and k»(t). The
Kepler problem is given by,

K(t) = ——R k(0)=1-¢K/(0)=0
1() (k%(t)+k§(t))% 1( ) 1( )
Ky(h) = ——22U_1(0) = 0,K(0) = VI—¢2

(K2 (t)+K3(1))

(28)

NI
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where ¢ defined by the constraint 0 < e < 1 is the orbital eccentricity. The exact solution of
the Kepler problem (28) is given by,

ki(t) = cos(t) —e
ka(t) = V1= Zsin(t) } @9)

It is important to state that Equation (28) is equivalent to the Hamiltonian system

k; =S ,i =1 ,2
s2+s2 1 (30)
H(SIISZIklrkZ) = ( 12 2) - \/m

where H (s, 52, k1, kp) denotes the Hamiltonian of the system in Equation (28). To effectively
apply the proposed VSHBM (which is in the form of LMM in Equation (4)) on the Kepler
problem, we transform (28) to its equivalent first order system of equations. This is
achieved by letting y1 = k1, y» = ko, y3 = k}, and y4 = k}. Equation (28) is thus given by
the following system of equations

vi=vy3,y1(0)=1—e¢
]/:2 =y4,12(0) =0

= 7y1 ’ 0 = 0 31
= ——=73, 0 = 1 — e
y4 (y%+y%)3/2 y4

where ¢ is the orbital eccentricity.

6. Results and Discussion

The newly derived VSHBM shall be applied on the Kepler problem to test its accuracy,
efficiency, and computational reliability in terms of parameters, such as the number of
steps, number of failure/rejected steps, number of function calls, maximum error, and
computation time.

Absolute error (AbsE) is defined as

ADbSE = [y(x) — yu(x)]
Maximum error (MaxE) is defined as

MaxE = OQZ‘Q%MX) — yn(x)]

where y(x) is theoretical /exact solution while y, (x) is computed /approximate solution.

The proposed VSHBM was employed in approximating the Kepler problem. The
results obtained were compared with that of variable step predictor-corrector method
(2PVSPCM) developed by [14] at eccentricity 1 — e = 0.0000001 and run time te[0, 20].
From Table 4, it is obvious that the VSHBM performed better than that of [14] using different
indicators. The maximum error (MaxE) of the VSHBM is by far less than those of [14]. It
was also observed that fewer steps (TS) were taken in generating the results in contrast to
the method of [14]. This in turn translates to the faster generation of results (see the ComT
column) using the VSHBM. From Table 4, it is also obvious that no failure steps (FS) were
recorded. The total function call (FCN) column also showed that the proposed VSHBM has
more function calls than the variable step method developed by [14].
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Table 4. Performance of the VSHBM on Kepler problem with eccentricity 1 — e = 0.0000001 and run
time te[0, 20].

TOL Method TS FS MaxE FCN ComT
1072 VSHBM 18 0 42456 x 1073 411 452
2PVSPCM 30 0 9.3294 x 102 309 944
1074 VSHBM 37 0 1.2477 x 1075 1021 1021
2PVSPCM 61 0 1.4804 x 1073 513 1322
107° VSHBM 93 0 3.1129 x 10~8 2478 1892
2PVSPCM 137 0 1.9884 x 10~° 1121 2904
1078 VSHBM 242 0 6.7189 x 10~° 4781 3622
2PVSPCM 322 0 2.0891 x 1077 2001 5742
10710 VSHBM 502 0 43321 x 10~ 1 6719 9876
2PVSPCM 781 0 2.2126 x 107 4767 13906

In Figure 4, the efficiency curves of the Kepler problem were plotted in terms of time
versus maximum error, while in Figure 5 the efficiency curves were plotted with respect
to the number of steps versus the maximum error. From the two figures, it is clear that
the VSHBM performed better than the 2PVSPCM developed by [14] at the run time [0, 20].
This is because the VSHBM takes less time (Figure 4) and fewer steps (Figure 5) to generate
result than the 2PVSPCM developed by [14].

VSHBM
== 2PVSPCM

log(Max Error)

|
|
|
|
|
E 1 L
26 2.8 3 32 34 36 38 4 4.2
log (Time)

Figure 4. Efficiency curves for Kepler problem in terms of time versus maximum error.

TR T T T T T T Ir Vshen
: ! : : | —@=2pvspPcm

log(Max Error)

Total Number of Steps

Figure 5. Efficiency curves for Kepler problem in terms of number of steps versus maximum error.

Table 5 clearly shows the performance of the VSHBM on the Kepler problem at
different eccentricities 1 — e = 0.1, 0.001 and 0.00001. Different tolerance levels were
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considered in the computation. The results generated show that no step failed (i.e., FS = 0)
and the accuracy of the VSHBM increases as 1 — e reduces or tends to zero.

Table 5. Performance of the VSHBM on Kepler problem at different eccentricities and run time

t € [0, 10%].

TOL TS FS Eccentricity MaxE
0 1-e=01 6.6112 x 1072

1072 18 0 1—e=0.001 15571 x 102
0 1 — e = 0.00001 9.3294 x 1073
0 1—e=0.1 8.4519 x 107

107° 9 0 1—e=0001 41562 x 105
0 1 — e = 0.00001 3.9945 x 1077
0 1-e=01 5.1903 x 10~°

10710 502 0 1—e=0.001 5.1984 x 108
0 1—e=0.00001 65527 x 10710

The Kepler problem (31) was also integrated using the new VSHBM at constant step in
the interval ¢ € [0,20]. The VSHBM was used to calculate the stage value y; and the results
obtained were compared with those of the Matlab inbuilt solver, ode 15 s. It is obvious that
at constant step size, /i, the method performed slightly better than the inbuilt ode 15 s in
terms of computation time and maximum error; see Table 6 and Figures 6 and 7. However,
if variable step strategy was solely adopted in the generation of the results, the VSHBM

would have performed better, as clearly seen in Table 4.

Table 6. Computation time and maximum error of the VSHBM using constant step / and eccentricity

1 — e = 0.0000001.

h 0.001 0.01 0.1
ComT (ode 15 s) 316.84 126.73 15.69
MaxE (ode 15 s) 0.79 x 10~° 1.14 x 1073 10.41 x 102
ComT (VSHBM) 212.48 73.41 12.23
MaxE (VSHBM) 0.59 x 10~ 1.00 x 1073 9.89 x 1072
””” T T L e —
| | | | ode 15s
! ! ! ! =@= VSHBM
| | | |
| | | | | | |
| | | | | | |
| | | | | | |
e O O I S I
| | | | | |
| | | | | |
| | | | | |
N L L Ll ___L_____L_____b_____1_____1
| | | | | |
| | | | | |
| | | | | |
e - ___C_____v_____v_____L_____v_____L_____v_____r_____
| | | | | |
| | | | | |
| | | | | |
,,,,, L _ _ _ _L - - __°r_____1r____ _|
| | | | |
4 | | | |
| - | | |
o L it ¥ — — — L - |
I | " |
| | T . "
| | | | T 0
| | | | | T
0.05 0.06 0.07 0.08 0.09 0.1
Step-size h

Figure 6. Comparison of computation time for constant step size h.



Fractal Fract. 2022, 6, 343 13 of 15

0.12

I
|
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|
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>
I
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Figure 7. Maximum error comparison for with constant step size h.

7. Conclusions

A VSHBM was formulated for the approximation of the Kepler problem at different
eccentricities. From the numerical and graphical results generated, it is clear that the
method is computationally reliable. The order, zero-stability, consistence, and convergence
of the method were verified. The stability regions of the VSHBM at different values of
the step size ratios were also analysed. The results obtained show that the method is
convergent, consistent, and also exhibited zero stability. The results further showed that
the VSHBM performed better than some existing methods, including the inbuilt MATLAB
solver, ode 15 s. It is also important to state that the proposed VSHBM can approximate
any stiff differential equation of the form (1).
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Abbreviations
The following abbreviations are used in Tables 4-6 and Figures 4-7.
h Step size
Step size ratio
TS Total number of steps taken
FS Total number of failure/rejected steps
FCN Total function calls
ComT Computation or execution time in microseconds
AbsE Absolute error
MaxE Maximum error

Ode 15s MATLAB inbuilt stiff solver
2PVSPCM  2-point variable step predictor-corrector block method developed by [14]
VSHBM Newly formulated variable step hybrid block method
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