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Abstract: This paper initiates a study on the existence and approximate controllability for a type of
non-instantaneous impulsive stochastic evolution equation (ISEE) excited by fractional Brownian
motion (fBm) with Hurst index 0 < H < 1/2. First, to overcome the irregular or singular properties
of fBm with Hurst parameter 0 < H < 1/2, we define a new type of control function. Then, by virtue
of the stochastic analysis theory, inequality technique, the semigroup approach, Krasnoselskii’s fixed-
point theorem and Schaefer’s fixed-point theorem, we derive two new sets of sufficient conditions for
the existence and approximate controllability of the concerned system. In the end, a concrete example
is worked out to demonstrate the applicability of our obtained results.

Keywords: approximate controllability; non-instantaneous impulses; fractional Brownian motion;
stochastic evolution equations

1. Introduction

As a significant property of dynamical control systems, controllability implies that it
is possible to steer the state of the system from an arbitrary initial state to a target state by
choosing a suitable control from the set of admissible controls. The fundamental concept
of controllability was introduced by Kalman [1] in 1960. Afterward, extensive studies of
controllability for linear and nonlinear systems in finite and infinite dimensional spaces
emerged, one after another [2–5]. Moreover, taking into account the reality and inevitability
of stochastic effects, many authors investigated the controllability problems of stochastic
differential equations (SDEs) with different kinds of noises: for instance, see [6–9] and the
references therein.

On the other side, impulsive dynamical systems arise in the description of mathemati-
cal modeling of real-world systems which are affected by instantaneous perturbations or
non-instantaneous impulses (see, for example, [10–16] and the references therein). Natu-
rally, the controllability of impulsive stochastic differential equations (ISDEs) have been
discussed heatedly; for example, see [17–22] and the references therein. In the case of
non-instantaneous impulses, for instance, the approximate controllability of a class of
multi-valued impulsive fractional stochastic partial integro-differential equation (FISPIDE)
with infinite delay was explored by Yan and Lu [23]; recently, Yan and Han [24] derived
the approximate controllability result of a type of neutral FISPIDE with noncompact op-
erators. Note that most of the noises they considered in the aforementioned researches
are uncorrelated. Based on this problem, the controllability of various types of ISDEs
excited by fBm with Hurst index 1/2 < H < 1 have been researched by many authors;
see, for example, [25–27] and their cited references. Here it is worth mentioning that
Dhayal et al. [28] obtained the approximate controllability results of a kind of fractional
non-instantaneous ISDEs driven by fBm with Hurst parameter H ∈ (1/2, 1) in Hilbert
space. Since the properties of the fBm with 0 < H < 1/2 are more irregular and singular,
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this makes it especially difficult to study the approximate controllability of impulsive
stochastic systems driven by fBm with H ∈ (0, 1/2). Fortunately, Li and Yan [29] showed
some new estimations on the stochastic integral of fBm with Hurst index H lesser than
1/2. Very recently, Li, Jing and Xu [30] ran a study on the exact controllability of a type
of neutral SEEs with fBm (0 < H < 1/2) by the aid of the above-mentioned established
estimates and the Banach fixed-point theorem. However, to date, there is no research on
the approximate controllability for ISDEs driven by fBm with H ∈ (0, 1/2), not to mention
the case of non-instantaneous impulses. As a weak concept of controllability, approximate
controllability is more useful than exact controllability in practice [31]. Accordingly, we
urgently need to make up for this deficiency.

In this article, we consider the existence and approximate controllability problem
for the non-instantaneous ISEEs excited by fBm with Hurst index H ∈ (0, 1/2) of the
following form:

dx(t) = [Ax(t) + Bu(t) + b(t, x(t))]dt + g(t)dBH
Q (t), t ∈ ∪N

k=0(sk, tk+1],

x(t) = Ik(t, x(t)), t ∈ ∪N
k=1(tk, sk],

x(0) = x0,

(1)

where A : D(A) ⊂ H → H is the infinitesimal generator of an analytic semigroup
{T(t)}t≥0, B : U → H is a bounded linear operator, the control function u(·) takes value
in L2

F ([0, T],U ) and BH
Q (t) symbolizes a fBm with Hurst index H ∈ (0, 1/2), defined on

(Ω,F ,P) with values in K. Let 0 = t0 = s0 < t1 < s1 < · · · < tN < sN < tN+1 = T, b, g
and Ik be satisfying suitable conditions to be specified later. Moreover, the initial datum x0
is an F0-measurable H-valued random variable independent of BH

Q (t).
As stated above, this work is devoted to deriving the existence and approximate

controllability results of a class of non-instantaneous ISEEs driven by fBm with Hurst
index 0 < H < 1/2. We employ the inequality technique, the estimated results of Li
and Yan [29], some technical transformations, Krasnoselskii’s fixed-point theorem and
Schaefer’s fixed-point theorem to overcome difficulties brought by the introduction of fBm
with Hurst index 0 < H < 1/2 and the non-instantaneous impulses. Also worth noting is
that we have to define a new control function, which differs from the existing studies on
the approximate controllability of ISDEs excited by fBm with 1/2 < H < 1.

The organization of the rest work is as follows: Section 2 introduces the needed
notations, hypotheses, definitions and lemmas. Section 3 formulates and proves two
different sets of sufficient conditions for the existence and approximate controllability of
system (1). Finally, an example to illustrate our results is given in Section 4.

2. Preliminaries

(Ω,F ,P) denotes a complete probability space endowed with a normal filtration
{Ft}t≥0 satisfying the usual conditions. H,K denotes two real, separable Hilbert spaces.
Let L(K,H) be the space of all bounded linear operators from K to H. For the sake of
simplicity, throughout this paper, the same notation ‖·‖ is used to denote the norms in
different spaces. CT = PC

(
[0, T], L2(Ω,H)

)
expresses the family of all Ft-adapted, H-

valued processes {x(t), t ∈ [0, T]}, where x(t) is continuous at t 6= tk, k = 1, 2, · · ·, N, and
there exist x(t+k ) and x(t−k ) with x(t−k ) = x(tk) and supt∈[0,T] E‖x(t)‖

2 < ∞, equipped

with the norm:
(

supt∈[0,T] E‖x(t)‖
2
)1/2

.

Let J = [0, T],
{

BH(t)
}

t∈J is a one-dimensional fBm, where the Hurst index H ∈ (0, 1).
When 0 < H < 1/2, introduce the kernel operator

KH(t, s) = cH

[(
t(t− s)

s

)H−1/2
− (H − 1/2)s1/2−H

∫ t

s
(u− s)H−1/2uH−3/2du

]
, (2)
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where

cH =

(
H

(1− 2H)B(1− 2H, H + 1/2)

)1/2
,

for t > s, B(·, ·) is the Beta function. When t ≤ s, we set KH(t, s) = 0. It follows from
(2) that

|KH(t, s)| ≤ 2CH

(
(t− s)H
√

t− s
+

sH
√

s

)
.

Additionally, the following inequality holds:∣∣∣∣∂KH
∂t

(t, s)
∣∣∣∣ ≤ cH

(
1
2
− H

)
(t− s)H− 3

2 .

In addition, notice that B1/2 is standard Bm, and BH has the Wiener integral in the
following form:

BH(t) =
∫ t

0
KH(t, s)dW(s). (3)

Let Λ be the space of step functions on J of the following form:

φ(t) =
m−1

∑
j=1

xjχ[tj ,tj+1)
(t),

where xj ∈ R, 0 = t1 < t2 < · · · < tm = T. Denote H as the Hilbert space of the closure of

Λ with scalar product
〈

χ[0,t], χ[0,s]

〉
H
= RH(t, s). Then, the mapping

φ =
m−1

∑
j=1

xjχ[tj ,tj+1)
(t) 7→

∫ T

0
φ(s)dBH(s)

becomes an isometry between Λ and span{BH , t ∈ J}, and it can be expanded to an
isometry between H and spanL2(Ω)

{
BH , t ∈ J

}
. For any s < T, we consider the following

linear operator K∗H,T : H→ L2(J),

(K∗H,Tφ)(t) = KH(T, t)φ(t) +
∫ T

t
(φ(s)− φ(t))

∂KH
∂s

(s, t)ds.

It is known that K∗H,T turns into an isometry between H and L2(J). In this way, for every
φ ∈ H, the following relationship∫ T

0
φ(s)dBH(s) := BH(ϕ) =

∫ T

0

(
K∗H,Tφ

)
(s)dW(s)

holds if and only if K∗H,T ∈ L2(J), where the integrals
∫
·dBH ,

∫
·dW should be interpreted

as the Wiener integrals with regard to fBm and the Wiener process W, respectively.
Let Q ∈ L(K,K) indicate a non-negative self-adjoint operator, L0

Q(K,H) denote the

space of all ξ ∈ L(K,H) such that ξQ
1
2 is a Hilbert–Schmidt operator endowed with the

norm ‖ξ‖2
L0

Q(K,H) =
∞
∑

n=1

∥∥∥√λnξ(s)en

∥∥∥2
= tr(ξQξ∗). Let

{
BH

j (t)
}

j∈N
be a sequence of two-

sided one-dimensional standard fBm mutually independent on (Ω,F ,P); if we assume
further that Q is nuclear, then the infinite-dimensional fBm on K is defined by

BH
Q (t) =

∞

∑
j=1

√
λjejBH

j (t), t ≥ 0.
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Definition 1. For any ψ : J → L0
Q(K,H) satisfing the condition

∞
∑

j=1
λj‖K∗H(ϕen)‖ < ∞,

the Wiener integral for ψ of the fBm BH
Q is well defined by

∫ t

0
ψ(s)dBH

Q (s) : =
∞

∑
j=1

∫ t

0

√
λjψ(s)ejdBH

j (s)

=
∞

∑
j=1

∫ t

0

√
λj
(
K∗H(ψej)

)
(s)dWj(s),

where Wj is the standard Bm, same as that in (3).

One can refer to [29,30,32,33] for more particulars about BH
Q (t) and the stochastic

integral with regard to BH
Q (t).

Before proceeding any further, we introduce some needed results on (−A)α and the
analytic semigroup T(t) generated by A (Ref. [34], Theorem 6.13, p. 74).

Lemma 1. Let A be the infinitesimal generator of an analytic semigroup {T(t)}. If 0 ∈ ρ(A),
then
(a) T(t) : H→ D(−A)α for every t > 0 and α ≥ 0.
(b) For every x ∈ D(−A)α, we have T(t)(−A)αx = (−A)αT(t)x.
(c) The operator (−A)α is bounded and∥∥(−A)αT(t)

∥∥ ≤ Mαt−αe−γt, t > 0.

(d) For 0 < α ≤ 1 and x ∈ D(−A)α, there exists Cα > 0 such that∥∥∥(T(t)− I)(−A)−α
∥∥∥ ≤ Cαtα.

Following Ref. [28], the definition of a mild solution to system (1) is introduced.

Definition 2. A H-valued stochastic process x(t) is said to be a mild solution of the system (1), if
(a) t ∈ [0, T], x(t), is Ft-adapted and has càdlàg paths a.s.
(b) x(t) = Ik(t, x(t)) for all t ∈ (tk, sk], k = 1, 2, · · ·, N and x(t) satisfies the following integral
equations

x(t) =T(t)x0 +
∫ t

0
T(t− s)[Bu(s) + b(s, x(s))]ds +

∫ t

0
T(t− s)g(s)dBH

Q (s),

∀t ∈ [0, t1],

x(t) =T(t− sk)Ik(sk, x(s−k )) +
∫ t

sk

T(t− s)[Bu(s) + b(s, x(s))]ds

+
∫ t

sk

T(t− s)g(s)dBH
Q (s), ∀t ∈ [sk, tk+1], k = 1, 2, · · ·, N.

Definition 3. The system (1) is said to be approximately controllable on the interval [0, T],
if R(T, x0) = L2(Ω,H), where

R(T, x0) =
{

x(T; x0, u) : u ∈ L2([0, T];U )
}

is the reachable set of (1) at terminal time T.

Note that we have the following lemma [35] about the Q-Wiener process {W(t)}t≥0.
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Lemma 2. For any xtk+1 ∈ L2(Ω,Ftk+1 ,H), there exists ψk ∈ L2
F
(
[sk, tk+1],L0

2(K,H)
)

such that

xtk+1 = Extk+1 +
∫ tk+1

sk

ψk(s)dW(s).

Remark 1. In the existing literature, they use the similar property of fBm with the Hurst index
1/2 < H < 1 to define the control function (see, for example, Refs. [25,27,28]). However, since the
more irregular or singular properties of fBm with Hurst parameter are 0 < H < 1/2, we do not
have a similar formula for fBm with 0 < H < 1/2 as in Lemma 2. Hence, here we need to construct
a different type of control function.

Now for any z > 0 and xtk+1 ∈ L2(Ω,Ftk+1 ,H), combining the technique shown in
Ref. [9], we define the control function:

uz(t, x) =B∗T∗(tk+1 − t)
[
(zI + Πtk+1

sk )
−1(

Extk+1 − T(tk+1 − sk)Ik(sk, x(s−k ))
)]

−B∗T∗(tk+1 − t)
∫ tk+1

sk

(zI + Πtk+1
sk )

−1
T(tk+1 − s)b(s, x(s))ds

−B∗T∗(tk+1 − t)
∫ tk+1

sk

(zI + Πtk+1
sk )

−1
T(tk+1 − s)g(s)dBH

Q (s)

+B∗T∗(tk+1 − t)
∫ tk+1

sk

(zI + Πtk+1
sk )

−1
ψk(s)dW(s),

(4)

where xtk+1 = Extk+1 +
∫ tk+1

sk
ψk(s)dW(s) with Lemma 2 and k = 0, 1, · · ·, N, I0(0, ·) = x0,

xtN+1 = xT .
We end this section by stating Krasnoselskii’s fixed-point theorem [36] and Schaefer’s

fixed-point theorem [37], which are key tools in proving the existence of mild solutions to
system (1).

Theorem 1. Let B be a bounded, closed and convex subset of a Banach space Z , and let Φ1, Φ2 be
maps from B to Z such that Φ1x + Φ2y ∈ B whenever x, y ∈ B. If Φ1 is a contraction mapping
and Φ2 is compact and continuous, then there exists x ∈ B such that x = Φ1x + Φ2x.

Theorem 2. Let X be a Banach space and Φ : X → X be a completely continuous operator. If the
set S(Φ) = {x ∈ X : x = λΦ(x), f or some λ ∈ (0, 1)} is bounded, then Φ has a fixed point
on X .

3. Main Results

In this section, our goal is to obtain the results on existence and approximate controlla-
bility of system (1). We divide the process into two steps: Step 1, we show the existence
of mild solutions to the non-instantaneous ISEEs driven by fBm with Hurst parameter
H ∈ (0, 1/2). Step 2, under given assumptions, we prove that the stochastic control
system (1) is approximately controllable on [0, T].

In the first part of this section, we discuss this problem with the following hypotheses.

(A1) A : D(A)→ H, is the infinitesimal generator of an analytic semigroup {T(t)}t≥0 on H
and for any t > 0, T(t) is compact. In this case, there exist two constants M ≥ 1, λ > 0
such that

‖T(t)‖ ≤ Me−λt

for all t ≥ 0.
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(A2) The function b : T0 ×H→ H, T0 = ∪N
k=0(sk, tk+1] satisfies the global Lipschitz condi-

tion and the linear growth condition, that is, for all t ∈ T0, x, y ∈ H, there exists two
positive constants C1, C2 such that

‖b(t, x)− b(t, y)‖2 ≤ C1‖x− y‖2, ‖b(t, x)‖2 ≤ C2

(
1 + ‖x‖2

)
.

(A3) The mapping g : T0 → L0
Q(K,H) satisfies the Hölder continuous condition, i.e., for

any t, s ∈ T0, there exists a positive constant Cg such that

‖g(t)− g(s)‖L0
Q
≤ Cg|t− s|β,

with β > 1
2 − H.

(A4) The functions Ik : Tk ×H→ H, Tk = (tk, sk], k = 1, 2, · · ·, N are continuous and there
exist positive constants ck, dk such that for ∀t ∈ Tk, x, y ∈ H,

‖Ik(t, x)− Ik(t, y)‖2 ≤ ck‖x− y‖2, ‖Ik(t, x)‖2 ≤ dk

(
1 + ‖x‖2

)
.

with ck, dk < 1 and set c0 = d0 = 0.

(A5) The operators z
(

zI + Πtk+1
sk

)−1
→ 0 in the strong operator topology as z→ 0+, where

Πtk+1
sk =

∫ tk+1

sk

T(tk+1 − s)BB∗T∗(tk+1 − s)ds,

i.e., the linear deterministic control system corresponding to system (1) is approxi-
mately controllable on [0, T].

(A6) Let nk = e−2λ(tk+1−sk), and the following inequality holds:

max
0≤k≤N

{
Pk, 2M2ck +

M2M2
B(1− nk)

2

4λ2nk
Mk

}
< 1.

Remark 2. Assumption (A6) is a contraction condition to guarantee the existence of a mild solution
to system (1), where Mk is defined in Lemma 5 and Pk is defined in Theorem 3.

For the subsequent work, we state two useful lemmas which can be found in Ref. [29].

Lemma 3. Let g : J → L0
Q(K,H) meet the condition (A3), then there exist C3, C4 > 0 depending

on M, λ, β and H such that

E
∥∥∥∥∫ t

0
T(t− s)g(s)dBH

Q (s)
∥∥∥∥2
≤ C3 + C4t2H+γ−1, γ ∈ (1− H, 1).

Lemma 4. Supposed that g : J → L0
Q(K,H) satisfies the assumption (A3). Then, we have

E
∥∥∥∥∫ t+δ

0
T(t + δ− s)g(s)dBH

Q (s)−
∫ t

0
T(t− s)g(s)dBH

Q (s)
∥∥∥∥2

≤ Cδ2α,

for each 0 ≤ t < t + δ ≤ T, δ ∈ (0, 1), 0 < α < H. In particular, we have

E
∥∥∥∥∫ t+δ

t
T(t + δ− s)g(s)dBH

Q (s)
∥∥∥∥2

≤ Cδ2α,

where C is a positive constant.
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To prove the main results, we also need to show the following lemma.

Lemma 5. For any x, y ∈ CT , there exist positive constants Mk and Rk such that

E‖uz(t, x)− uz(t, y)‖2 ≤ Mk‖x− y‖2
PC , E‖uz(t, x)‖2 ≤ Rk,

where

Mk =
M2

B M2e−2λ(tk+1−t)

z2

(
2M2e−2λ(tk+1−sk)ck +

M2C1(tk+1 − sk)

λ

)
,

Rk =
4M2

B M2e−2λ(tk+1−t)

z2

[
M2e−2λ(tk+1−sk)dk(1 + K) +E

∥∥xtk+1

∥∥2

+
M2C2(1 + K)(tk+1 − sk)

2λ
+ C3 + C4(tk+1 − sk)

2H+γ−1
]

,

and K ≥ max
1≤k≤N

[
Q0

1−P0
, dk

1−dk
, Qk

1−Pk

]
, Qk are defined in Theorem 3.

Proof. For any x, y ∈ CT , it follows from Equation (4) that

E‖uz(t, x)− uz(t, y)‖2

≤
M2

B M2e−2λ(tk+1−t)

z2

(
2M2e−2λ(tk+1−sk)E

∥∥Ik(sk, x(s−k ))− Ik(sk, y(s−k ))
∥∥2

+2M2
∫ tk+1

sk

e−2λ(tk+1−s)ds
∫ tk+1

sk

E‖b(s, x(s))− b(s, y(s))‖2ds
)

,

then, the hypotheses (A2) and (A4) lead to

E‖uz(t, x)− uz(t, y)‖2

≤
M2

B M2e−2λ(tk+1−t)

z2

(
2M2e−2λ(tk+1−sk)ck +

M2C1(tk+1 − sk)

λ

)
‖x− y‖2

PC .

To continue, for Equation (4), the elementary inequality and Lemma 3 yield that

E‖uz(t, x)‖2

≤
M2

B M2e−2λ(tk+1−t)

z2

(
4M2e−2λ(tk+1−sk)E

∥∥Ik(sk, x(s−k ))
∥∥2

+ 4E
∥∥xtk+1

∥∥2

+4M2
∫ tk+1

sk

e−2λ(tk+1−s)ds
∫ tk+1

sk

E‖b(s, x(s))‖2ds

+4C3 + 4C4(tk+1 − sk)
2H+γ−1

)
,

that is,

E‖uz(t, x)‖2 ≤
4M2

B M2e−2λ(tk+1−t)

z2

[
M2e−2λ(tk+1−sk)dk(1 + K) +E

∥∥xtk+1

∥∥2

+
M2C2(1 + K)(tk+1 − sk)

2λ
+ C3 + C4(tk+1 − sk)

2H+γ−1
]

.

Hence, the statements of Lemma 5 are proved.

Theorem 3. Assume that the hypotheses (A1)–(A6) are satisfied. Then the non-instantaneous
impulsive stochastic control system (1) has at least one mild solution on [0, T].
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Proof. We transform the existence problem of (1) into a fixed-point one. Consider the
following two operators Φ1 and Φ2 on

SK =
{

x ∈ CT , ‖x‖2
PC ≤ K

}
⊆ CT

of the form

(Φ1x)(t) =


T(t)x0 +

∫ t
0 T(t− s)Buz(s, x)ds, t ∈ [0, t1],

Ik(t, x(t)), t ∈ (tk, sk],
T(t− sk)Ik(sk, x(s−k )) +

∫ t
sk

T(t− s)Buz(s, x)ds, t ∈ (sk, tk+1],

and

(Φ2x)(t) =


∫ t

0 T(t− s)b(s, x(s))ds +
∫ t

0 T(t− s)g(s)dBH
Q (s), t ∈ [0, t1],

0, t ∈ (tk, sk],∫ t
sk

T(t− s)b(s, x(s))ds +
∫ t

sk
T(t− s)g(s)dBH

Q (s), t ∈ (sk, tk+1].

Next, we divide our proof into three steps. In step 1, we show that Φ1x + Φ2y ∈ SK
for any x, y ∈ SK. In Step 2, we demonstrate Φ1 is a contraction. Then we prove that Φ2 is
continuous and compact in Step 3. As a result, we combine steps 1 through 3 to complete
the proof based on Theorem 1.
Step 1. For any t ∈ [0, t1] and x, y ∈ SK, the elementary inequality yields that

E‖(Φ1x)(t) + (Φ2y)(t)‖2 ≤4E‖T(t)x0‖2 + 4E
∥∥∥∥∫ t

0
T(t− s)Buz(s, x)ds

∥∥∥∥2

+4E
∥∥∥∥∫ t

0
T(t− s)b(s, y(s))ds

∥∥∥∥2

+4E
∥∥∥∥∫ t

0
T(t− s)g(s)dBH

Q (s)
∥∥∥∥2

.

With the aid of hypotheses (A1)–(A4), Lemma 3, we have

E‖(Φ1x)(t) + (Φ2y)(t)‖2

≤4M2E‖x0‖2 +
2M2M2

B
λ

∫ t1

0
E‖uz(s, x)‖2ds +

2M2

λ

∫ t1

0
C2(1 +E‖y(s)‖2)ds

+4(C3 + C4t2H+α−1
1 )

≤4M2E‖x0‖2 +
6M4M4

B
z2λ2

[
E‖xt1‖

2 +
M2C2(1 + K)t1

2λ
+ C3 + C4t2H+γ−1

1

]
+

2M2C2(1 + K)t1

λ
+ 4(C3 + C4t2H+γ−1

1 )

≤Q0 + P0K ≤ K,

(5)

where

Q0 = 4M2E‖x0‖2 +
6M4M4

B
z2λ2 E‖xt1‖

2 +

(
6M4M4

B
z2λ2 + 1

)
2M2C2t1

λ

+

(
6M4M4

B
z2λ2 + 4

)(
C3 + C4t2H+γ−1

1

)
and

P0 =

(
3M4M4

B
2z2λ2 + 1

)
2M2C2t1

λ
.
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When t ∈ (tk, sk], the hypothesis (A4) leads to

E‖(Φ1x)(t) + (Φ2y)(t)‖2 = E‖Ik(t, x(t))‖2 ≤ dk(1 + K) ≤ K. (6)

For t ∈ (sk, tk+1], estimating as above, we obtain

E‖(Φ1x)(t) + (Φ2y)(t)‖2

≤4M2dk(1 +E
∥∥x(s−k )

∥∥2
) +

2M2M2
B

λ

∫ tk+1

sk

E‖uz(s, x)‖2ds

+
2M2

λ

∫ tk+1

sk

C2(1 +E‖y(s)‖2)ds + 4(C3 + C4(tk+1 − sk)
2H+γ−1)

≤4M2dk(1 + K) +
8M4M4

B
z2λ2

[
M2e−2λ(tk+1−sk)dk(1 + K) +E

∥∥xtk+1

∥∥2

+
M2C2(1 + K)(tk+1 − sk)

2λ
+ C3 + C4(tk+1 − sk)

2H+γ−1
]

+
2M2C2(1 + K)(tk+1 − sk)

λ
+ 4(C3 + C4(tk+1 − sk)

2H+γ−1)

≤Qk + PkK ≤ K,

(7)

where

Qk =4M2dk +
8M6M4

B
z2λ2

(
nkdk +

C2(tk+1 − sk)

2λ

)
+

2M2C2(tk+1 − sk)

λ

+
8M4M4

B
z2λ2 E

∥∥xtk+1

∥∥2
+

(
8M4M4

B
z2λ2 + 4

)
(C3 + C4(tk+1 − sk)

2H+γ−1)

and

Pk = 4M2dk +
8M6M4

B
z2λ2

(
nkdk +

C2(tk+1 − sk)

2λ

)
+

2M2C2(tk+1 − sk)

λ
.

The above arguments imply that Φ1x + Φ2y ∈ SK whenever x, y ∈ SK.
Step 2. For any t ∈ [0, t1] and x, y ∈ SK, by Lemma 5, one can easily obtain

E‖(Φ1x)(t)− (Φ1y)(t)‖2 ≤E
∥∥∥∥∫ t

0
T(t− s)B(uz(s, x)− uz(s, y))ds

∥∥∥∥2

≤
M6M4

BC1t1

4z2λ3 ‖x− y‖2
PC

≤J0‖x− y‖2
PC ,

(8)

where J0 =
M6 M4

BC1t1
4z2λ3 . In turn, for t ∈ (tk, sk], k = 1, 2, · · ·, N, we have

E‖(Φ1x)(t)− (Φ1y)(t)‖2 ≤ E‖Ik(t, x(t))− Ik(t, y(t))‖2 ≤ ck‖x− y‖2
PC . (9)

When t ∈ (sk, tk+1], k = 1, 2, · · ·, N, a similar computation as before yields

E‖(Φ1x)(t)− (Φ1y)(t)‖2

≤2M2ck‖x− y‖2
PC

+
M6M4

B
4λ2z2 (1− nk)

2
(

2nkck +
C1(tk+1 − sk)

λ

)
‖x− y‖2

PC

≤Jk‖x− y‖2
PC ,

(10)
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where Jk = 2M2
[

ck +
M4 M4

B
8λ2z2 (1− nk)

2
(

2nkck +
C1(tk+1−sk)

λ

)]
.

The above inequalities (8)–(10) together with the assumption (A6) imply that Φ1 is
a contraction.
Step 3. Let {yn}∞

n=1 be a sequence such that yn → y in SK. For t ∈ (sk, tk+1], k = 0, 1, · · ·, N,
we have

E‖(Φ2yn)(t)− (Φ2y)(t)‖2 ≤M2C1

2λ

∫ t

sk

E‖yn(s)− y(s)‖2ds

≤M2C1(tk+1 − sk)

2λ
‖yn − y‖2

PC ,

then, E‖(Φ2xn)(t)− (Φ2x)(t)‖2 → 0 as n→ ∞, that is, Φ2 is continuous on SK.
It is time to prove that Φ2 is compact. Our first goal is to show that {(Φ2y)(t) : y ∈ SK}

is equicontinuous. Set τ1, τ2 ∈ (sk, tk+1], k = 0, 1, · · ·, N, τ1 < τ2, τ2 = τ1 + h(h > 0).
In virtue of the elementary inequality, hypotheses (A2), (A3) and Lemma 4, we arrive at

E‖(Φ2y)(τ2)− (Φ2y)(τ1)‖2

≤4C2(1 + K)(tk+1 − sk)
∫ τ1

sk

‖T(τ2 − s)− T(τ1 − s)‖2ds

+
2M2

λ
C2(1 + K)(τ2 − τ1)

+2E
∥∥∥∥∫ τ1+h

sk

T(τ1 + h− s)g(s)dBH
Q (s)−

∫ τ1

sk

T(τ1 − s)g(s)dBH
Q (s)

∥∥∥∥2

≤4C2(1 + K)(tk+1 − sk)‖T(h)− I‖2
∫ τ1

sk

e−2λ(τ1−s)ds

+
2M2

λ
C2(1 + K)(τ2 − τ1)

+2Ch2α.

Then, E‖(Φ2y)(τ2)− (Φ2y)(τ1)‖2 → 0 as h → 0(i.e., τ2 → τ1). Together with the
compactness of T(t) for t > 0, the equicontinuity of {(Φ2y)(t) : y ∈ SK} is proved.

To proceed, we showR(t) = {(Φ2y)(t) : y ∈ SK} is relatively compact in H. Firstly,
R(0) is compact. Then, for t ∈ (sk, tk+1], k = 0, 1, · · ·, N, let ε be a fixed number with
0 < ε < t, and we define

(Φε
2y)(t) =


∫ t−ε

0 T(t− s)b(s, y(s))ds +
∫ t−ε

0 T(t− s)g(s)dBH
Q (s), t ∈ [0, t1],

0, t ∈ (tk, sk],∫ t−ε
sk

T(t− s)b(s, x(s))ds +
∫ t−ε

sk
T(t− s)g(s)dBH

Q (s), t ∈ (sk, tk+1].

Since T(t)(t > 0) is compact, then for every ε,Rε(t) =
{
(Φε

2y)(t) : y ∈ SK
}

is the
relatively compact set in the space H. In addition,

E‖(Φ2y)(t)− (Φε
2y)(t)‖2

≤E
∥∥∥∥∫ t

t−ε
T(t− s) f (s, x(s))ds

∥∥∥∥2
+E

∥∥∥∥∫ t

t−ε
T(t− s)g(s)dBH

Q (s)
∥∥∥∥2

≤M2C2(1 + K)
λ

ε + 2Cε2α,

that is to say, E
∥∥(Φ2y)(t)− (Φε

2y)(t)
∥∥2 → 0 as ε tends to 0. It means that the setR(t) and

its relatively compact setRε(t) are arbitrarily close. Based on the above analysis, it can be
concluded from the Arzelà–Ascoli theorem that Φ2 is compact.
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Consequently, by virtue of Krasnoselskii’s fixed-point theorem, the non-instantaneous
impulsive stochastic control system (1) admits at least one mild solution on [0, T].

Theorem 4. Let the hypotheses of Theorem 3 hold, and assume further that the function b is
uniformly bounded. Then the non-instantaneous impulsive stochastic control system (1) is approxi-
mately controllable on [0, T].

Proof. Let xz be a fixed point of Φ1 + Φ2. By employing the stochastic Fubini theorem, we
see that

xz(tk+1) =xtk+1 − z(zI + Πtk+1
sk )−1[Extk+1 − T(tk+1 − sk)Ik(sk, x(s−k ))

]
−
∫ tk+1

sk

z(zI + Πtk+1
sk )

−1
ψk(s)dW(s)

+
∫ tk+1

sk

z(zI + Πtk+1
sk )

−1
T(tk+1 − s)b(s, xz(s))ds

+
∫ tk+1

sk

z(zI + Πtk+1
sk )

−1
T(tk+1 − s)g(s)dBH

Q (s).

(11)

The uniform boundedness of b guarantees that there exists a constant Ĉ > 0 such
that ‖b(s, xz(s))‖2 ≤ Ĉ, and there is a sub-sequence denoted by {b(s, xz(s))} which weakly
converges to say b(s) in H. The compactness of T(t) ensures that T(tk+1 − s)b(s, xz(s))→
T(tk+1 − s)b(s). It derives from (11) that

E
∥∥xz(tk+1)− xtk+1

∥∥2

≤6E
∥∥∥∥z(zI + Πtk+1

sk )
−1

E
∥∥xtk+1

∥∥∥∥∥∥2
+ 6E

∥∥∥∥∫ tk+1

sk

z(zI + Πtk+1
sk )

−1
ψk(s)dW(s)

∥∥∥∥2

+6E
∥∥∥∥z(zI + Πtk+1

sk )
−1

T(tk+1 − sk)Ik(sk, xz(s−k ))

∥∥∥∥2

+6E
∥∥∥∥∫ tk+1

sk

z(zI + Πtk+1
sk )

−1
T(tk+1 − s)[b(s, xz(s))− b(s)]ds

∥∥∥∥2

+6E
∥∥∥∥∫ tk+1

sk

z(zI + Πtk+1
sk )

−1
T(tk+1 − s)b(s)ds

∥∥∥∥2

+6E
∥∥∥∥∫ tk+1

sk

z(zI + Πtk+1
sk )

−1
T(tk+1 − s)g(s)dBH

Q (s)
∥∥∥∥2

.

(12)

By the hypothesis (A5), the operators z
(

zI + Πtk+1
sk

)−1
tend to 0 strongly when z→ 0,

furthermore,
∥∥∥∥z(zI + Πtk+1

sk )
−1
∥∥∥∥ ≤ 1, then, with the aid of the Lebesgue-dominated conver-

gence theorem and Lemma 3, we deduce that

E
∥∥xz(tk+1)− xtk+1

∥∥2 → 0 (13)

as z→ 0. This leads to the approximate controllability of the non-instantaneous impulsive
stochastic control system (1) on [0, T].

In the second part, we will prove the existence and approximate controllability of
system (1) under another new set of conditions.

(A7) For all t ∈ T0, the function b(t, x) is continuous in x, for all x ∈ H, b(t, x) is Ft-
measurable. For any positive integer, there exists hq : J → L1(J) such that

‖b(t, x)‖2 ≤ hq(t) f or all ‖x‖2 ≤ q and f or almost all t ∈ T0.
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(A8) For all t ∈ T0, x ∈ H, there exist two functions ψ : [0, ∞)→ [0, ∞) and p ∈ L1(J;R+)
such that

‖b(t, x)‖2 ≤ p(t)ψ(‖x‖2),

where ψ is a continuous non-decreasing function, and

2M2

λ

∫ t1

0
p(s)ds ≤

∫ ∞

c1

ds
ψ(s)

, c1 = 4M2E‖x0‖2,

2M2

λ

∫ tk+1

sk

p(s)ds ≤
∫ ∞

c2

ds
ψ(s)

, c2 = 4M2mk f or all 1 ≤ k ≤ N.

(A9) The functions Ik : Tk ×H→ H, Tk = (tk, sk], k = 1, 2, · · ·, N are continuous and there
exist positive constants mk such that for ∀t ∈ Tk, x, y ∈ H,

‖Ik(t, x)‖2 ≤ mk.

Theorem 5. Assume that the hypotheses (A1), (A3), (A7)–(A9) are satisfied. Then the non-
instantaneous impulsive stochastic control system (1) has at least one mild solution on [0, T].

To prove Theorem 5, we need the following lemma.

Lemma 6. If the hypotheses (A1), (A3), (A7), and (A9) are satisfied, then for any x, y ∈ CT ,
there exist positive constants Rk such that

E‖uz(t, x)‖2 ≤ Rk
z2

(
1+

∫ tk+1

sk

hq(s)ds
)

.

Proof. For Equation (4), by applying the elementary inequality, the hypothesis (A1) and
Lemma 3, we have

E‖uz(t, x)‖2

≤
M2

B M2e−2λ(tk+1−t)

z2

(
4M2e−2λ(tk+1−sk)E

∥∥Ik(sk, x(s−k ))
∥∥2

+ 4E
∥∥xtk+1

∥∥2

+4M2
∫ tk+1

sk

e−2λ(tk+1−s)dsE
∫ tk+1

sk

‖b(s, x(s))‖2ds

+4C3 + 4C4(tk+1 − sk)
2H+γ−1

)
,

then, the hypotheses (A7), (A9) lead to

E‖uz(t, x)‖2 ≤Pk
z2 +

Qk
z2

∫ tk+1

sk

hq(s)ds

≤Rk
z2

(
1+

∫ tk+1

sk

hq(s)ds
)

,

where, Pk, Qk are positive constants, Rk = max{Pk, Qk}. Hence, the statement of Lemma 6
is proved.

We are now turning to the proof of Theorem 5.
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Proof. Consider the following operator Φ : CT → CT :

(Φx)(t) =



T(t)x0 +
∫ t

0 T(t− s)Buz(s, x)ds +
∫ t

0 T(t− s)b(s, x(s))ds
+
∫ t

0 T(t− s)g(s)dBH
Q (s), t ∈ [0, t1],

Ik(t, x(t)), t ∈ (tk, sk],
T(t− tk)Ik(sk, x(s−k )) +

∫ t
sk

T(t− s)Buz(s, x)ds

+
∫ t

sk
T(t− s)b(s, x(s))ds +

∫ t
sk

T(t− s)g(s)dBH
Q (s), t ∈ (sk, tk+1].

(14)

Following the proof of Theorem 3.3 in Ref. [37], it is not difficult to examine Φ is
completely continuous. Rather than giving a proof, we outline it. Step 1. We first show
that operator Φ maps uniformly bounded set into an equicontinuous family; Step 2. We
proceed to demonstrate Φ maps uniformly bounded set into a precompact set; Step 3. It
remains to show that Φ is continuous. Finally, combining the Arzelà–Ascoli theorem and
Steps 1–3, we see that Φ is a completely continuous operator. Now, we only need to prove
that the set

S(Φ) = {x ∈ CT : x = λΦ(x), f or someλ ∈ (0, 1)}

is bounded.
Let x(t) ∈ S(Φ), then for some λ ∈ (0, 1), x(t) = λ(Φx)(t). Thus, for any t ∈ [0, t1],

we have

E‖x(t)‖2 ≤4M2e−2λtE‖x0‖2 +
2M2M2

B
λ

E
∫ t

0
‖uz(s, x)‖2ds

+
2M2

λ
E
∫ t

0
‖b(s, x(s))‖2ds + 4E

∥∥∥∥∫ t

0
T(t− s)g(s)dBH

Q (s)
∥∥∥∥2

.

Denote by µ(t) = sup
0≤s≤t

E‖x(s)‖2, 0 ≤ t ≤ T. Then, for all t ∈ [0, t1], we have

µ(t) ≤4M2E‖x0‖2 +
2M2M2

B
λ

∫ t1

0
E‖uz(s, x)‖2ds

+
2M2

λ

∫ t

0
‖p(s)ψ(µ(s))‖2ds + 4E

∥∥∥∥∫ t1

0
T(t− s)g(s)dBH

Q (s)
∥∥∥∥2

.
(15)

The right side of inequality (15) is denoted by v(t). Then, we get v(0) = 4M2E‖x0‖2,
µ(t) ≤ v(t). In addition,

v′(t) =
2M2

λ
p(t)ψ(µ(t)) ≤ 2M2

λ
p(t)ψ(v(t)).

Using the condition (A8), we derive that

∫ v(t)

v(0)

ds
ψ(s)

≤ 2M2

λ

∫ t

0
p(s)ds ≤ 2M2

λ

∫ t1

0
p(s)ds ≤

∫ ∞

c1

ds
ψ(s)

.

Hence, there exists a positive constant K such that v(t) ≤ K, that is µ(t) ≤ v(t) ≤ K,
t ∈ [0, t1].

For all t ∈ (tk, sk], the hypothesis (A9) gives that E‖x(t)‖2 ≤ mk.
For all t ∈ (sk, tk+1], reproducing the above estimating method, it follows from (A8)

that µ(t) ≤ v(t) ≤ K, t ∈ (sk, tk+1]. It implies that S(Φ) is bounded.
Consequently, according to Schaefer’s fixed-point theorem, Φ admits a fixed point,

which is a mild solution of system (1). This completes the proof of Theorem 5.
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Theorem 6. Let the hypotheses (A1), (A3), and (A6)–(A9) hold, and assume further that the
function b is uniformly bounded. Then the non-instantaneous impulsive stochastic control system
(1) is approximately controllable on [0, T].

Theorem 6 can be proved similarly as Theorem 4, so the proof will not be stated here.

Remark 3. It should be pointed out that the assumptions of Theorem 3–6 are the sufficient condi-
tions but not the necessary conditions for the existence and approximate controllability results of
system (1).

Remark 4. In fact, by the means of the fractional power of the operator −A (A is the infinitesimal
generator of an analytic semigroup), our techniques, after little modification, can be extended to
study the approximate controllability of the non-instantaneous impulsive neutral SEEs excited by
fBm with Hurst index 0 < H < 1/2 in the following form:

d[x(t) + h(t, x(t))] = [Ax(t) + Bu(t) + b(t, x(t))]dt

+ g(t)dBH
Q (t), t ∈ ∪N

k=0(sk, tk+1],

x(t) = Ik(t, x(t)), t ∈ ∪N
k=1(tk, sk],

x(0) = x0.

(16)

Here we give the definition of mild solution to system (16).

Definition 4. A H-valued stochastic process x(t) is said to be a mild solution of the system (16), if
(a) x(t), is Ft-adapted and has càdlàg paths on t ∈ [0, T] a.s.
(b) x(t) = Ik(t, x(t)) for all t ∈ (tk, sk], k = 1, 2, · · ·, N and x(t) satisfies the following integral
equations

x(t) =T(t)[x0 + h(0, x0)]− h(t, x(t))−
∫ t

0
AT(t− s)h(s, x(s))ds

+
∫ t

0
T(t− s)[Bu(s) + b(s, x(s))]ds +

∫ t

0
T(t− s)g(s)dBH

Q (s),

∀t ∈ [0, t1],

x(t) =T(t− sk)
[
Ik(sk, x(s−k )) + h(sk, x(s−k ))

]
− h(t, x(t))

−
∫ t

sk

AT(t− s)h(s, x(s))ds +
∫ t

sk

T(t− s)[Bu(s) + b(s, x(s))]ds

+
∫ t

sk

T(t− s)g(s)dBH
Q (s), ∀t ∈ [sk, tk+1], k = 1, 2, · · ·, N.

4. Example

Example 1. In this section, we provide an example to illustrate the proposed theory. Consider the
following non-instantaneous impulsive SPDE excited by fBm with Hurst index 0 < H < 1/2.

dx(t, ζ) =

[
∂2

∂ζ2 x(t, ζ) + Bu(t)(ζ) + 0.5x(t, ζ)

]
dt + t

1
3 dBH

Q (t),

t ∈ (0, 0.3] ∪ (0.6, 1], ζ ∈ [0, π],

x(t, 0) =0 = x(t, π),

x(t, ζ) =
1
6
(sin t)x(t, ζ), t ∈ (0.3, 0.6],

x(0, ζ) =x0(ζ), ζ ∈ [0, π],

(17)
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where 0 = t0 = s0 < t1 < s1 < t2 = 1 with t1 = 0.3 and s1 = 0.6. Let H = L2[0, π],
and A = ∂2

∂ξ2 with the domain D(A) := H1
0(0, π) ∩H2(0, π). Then

Aw = −
∞

∑
n=1

n2〈w, en(ξ)〉en(ξ),

for any w ∈ D(A), where en(ξ) =
√

2
π sin(nξ), 0 ≤ ξ ≤ π, n ∈ N.

It is well known [34] that A is the infinitesimal generator of an analytic semigroup {T(t)}t≥0
and it is given by

T(t)w =
∞

∑
n=1

e−n2t〈w, en(ξ)〉en(ξ), w ∈ H and ‖T(t)‖ ≤ e−t,

It implies that {T(t)}t≥0 is compact. Now, we define the bounded linear operator B from

U =

{
u =

∞

∑
n=2

unen : ‖u‖2
U :=

∞

∑
n=2

u2
n < ∞

}

to H:

Bu = 2u2e1 +
∞

∑
n=2

unen.

Putting x(t)(ξ) = x(t, ξ), we can rewrite the system (17) to the abstract form (1), and the
functions f , g, Ik are

f (t, x(t)) = 0.5x(t), g(t) = t
1
3 , I1(t, x(t)) =

1
6
(sin t)x(t).

Then, we have

M = 1, λ = 1, C1 = C2 = 0.25, t
1
3 − s

1
3 < (t− s)

1
3 (s < t), c1 = d1 =

1
36

.

Since B is a bounded linear operator, we choose MB = 1, z = 1. Thus, one can obtain

P0 = 0.375, 2M2c0 +
M2M2

B(1− n0)
2

4λ2n0
M0 =

(1− n0)
2M0

4n0
≈ 0.007,

P1 ≈ 0.81, 2M2c1 +
M2M2

B(1− n1)
2

4λ2n1
M1 =

1
18

+
(1− n1)

2M1

4n1
≈ 0.077,

where n0 = e−0.6 ≈ 0.55, n1 = e−0.8 ≈ 0.45, M0 ≈ 0.075 and M1 ≈ 0.125, that is,

max
k=0,1
{Pk, 2M2ck +

M2M2
B(1− nk)

2

4λ2nk
Mk} < 1.

In that case, all the conditions are verified. As a result, it follows from Theorem 4 that the
system (17) is approximately controllable on [0, 1].

5. Conclusions

In infinite dimensional spaces, the concept of exact controllability is usually too
strict [31]. So, this paper considered the approximate controllability for a class of non-
instantaneous ISEEs excited by fBm with Hurst index H ∈ (0, 1/2). Since the properties of
the fBm with 0 < H < 1/2 are more irregular and singular, we cannot define the control
function like the case with fBm with Hurst parameter H ∈ (1/2, 1). Hence, a different
type of control function was defined. Then we used two different fixed-point theorems
to overcome the difficulties brought by the introduction of non-instantaneous impulses,



Fractal Fract. 2022, 6, 440 16 of 17

and obtained two new sets of sufficient conditions to ensure the existence and approximate
controllability of the system. In our future work, we will consider the following three
issues. Firstly, we will discuss the approximate controllability of instantaneous and non-
instantaneous impulsive systems [38] driven by fBm with Hurst index H ∈ (0, 1/2).
Secondly, we will explore the optimal control for non-instantaneous ISEEs excited by fBm
with Hurst parameter H ∈ (0, 1/2). Thirdly, based on our method and recent studies
on the controllability of deterministic non-instantaneous impulsive differential equations
with non-local conditions [39,40], we will investigate the approximate controllability of
non-instantaneous impulsive stochastic differential systems driven by fBm with non-local
conditions in detail.
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