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Abstract: Fractional-order systems have proved to be accurate in describing the spread of the
COVID-19 pandemic by virtue of their capability to include the memory effects into the system
dynamics. This manuscript presents a novel fractional discrete-time COVID-19 model that includes
the number of vaccinated individuals as an additional state variable in the system equations. The
paper shows that the proposed compartment model, described by difference equations, has two
fixed points, i.e., a disease-free fixed point and an epidemic fixed point. A new theorem is proven
which highlights that the pandemic disappears when an inequality involving the percentage of the
population in quarantine is satisfied. Finally, numerical simulations are carried out to show that
the proposed incommensurate fractional-order model is effective in describing the spread of the
COVID-19 pandemic.

Keywords: discrete fractional operator; stability; COVID-19; disease; basic reproduction number

1. Introduction

Epidemic models have received considerable attention over the last years [1]. They
can be represented by either dynamic continuous-time or discrete-time systems, i.e., they
are described by either differential or difference equations [1]. Recently, several continuous
and discrete dynamic models have been proposed involving both integer-order equations
and fractional equations [2–8]. These dynamic models divide communities into classes (for
example, susceptible (S), infected (I), and recovered (R)) and describe the evolution of a
disease over time [9]. For example, in [2], an SIR model is utilized for estimating infectivity
and recovery rates from real COVID-19 data. Then, the estimated rates are exploited to
analyse the evolution of the pandemic over time. In [10], another SIR model is presented
with the aim of describing the spread of the COVID-19 epidemic in Wuhan. The model is
updated with real-time input data in order to derive clinical parameters that can support
public officials in decision-making. In [11], two new fractional-order versions for the SEIR
model were proposed in view of two fractional-order differential operators, namely, the
Caputo and the Caputo–Fabrizio operators. In [12], a novel fractional-order discrete model
was proposed to adapt the periodic change in the number of infections. In [13], the role of
fractional calculus in describing the growth of COVID-19 dynamics implemented in Saudi
society over a specific period was explored. In [14], the authors investigated the nonlinear
dynamic behavior of a novel COVID-19 pandemic model described by commensurate and
incommensurate fractional-order derivatives. In [15], a novel fractional-order version of
the SEIR model was established by proposing different physical conditions of its growth.
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Approaches to modelling the spread of the COVID-19 pandemic have becgun to
change at this point at the beginning of the year 2021 by virtue of the introduction of vac-
cines. A number of papers have been published taking into account the role of vaccination
in controlling the pandemic [16,17] in different ways. Most of these models are described
by differential equations, whereas very few models involve difference equations [18,19].

Referring to fractional-order models, i.e., systems described by non-integer order
differential or difference equations, they have proven to be accurate in describing the
spread of the COVID-19 pandemic by virtue of their capability to include memory effects in
the system dynamics [3,20]. The use of fractional operators enables them take into account
the fact that the spread of infectious diseases depends on both the current state and the past
states [20]. For example, in [20] a fractional model with seven compartments was proposed
for analysing the spread of the COVID-19 pandemic. In [21], the Caputo derivative was
exploited to study the transmission of COVID-19. The existence and uniqueness of the
solutions available with the proposed fractional model was discussed as well. In [22],
the dynamics of the COVID-19 pandemic were described using both the Caputo–Fabrizio
derivative and the Atangana–Baleanu–Caputo derivative, and, stability analyses for the two
modelling approaches were conducted. In [23], a fractional SEIR model was introduced
in which the fractional derivatives presented different orders for each of the different
populations being studied.

Starting from the beginning of the year 2021, in several countries a vaccine against the
COVID-19 virus became available. Consequently, new research could be conducted with
the introduction of epidemic models able to take into account the role of vaccination in
controlling the COVID-19 pandemic [16,18]. Referring to integer-order models, a number
of different papers have been published [18,24]. However, all these papers consider vacci-
nation as a control law or a preventive action, rather than as an additional state variable
to be added to the compartment model. For example, in [18], an integer-order discrete
SEIR epidemic model was developed in which a feedback vaccination control law was
included to stabilize the system dynamics. In [25], an integer-order SEIR epidemic model
was presented that incorporated both a feedback vaccination control law and an antiviral
treatment control law. In [26], an integer-order COVID-19 model was developed in which
vaccination was considered a preventive action. Only two papers have been published
thus far with fractional-order models that incorporate the role of vaccination [16,27].

This manuscript is organized as follows. In Section 2, basic notions of fractional
difference are provided, and in Section 3 a new fractional-order discrete compartment
model for describing the spread of the COVID-19 pandemic is presented. The non-integer
order dynamics are described via the Caputo difference using five state variables, i.e., the
Susceptible class (S), the Recovered class (R), the Infection class (I), the Infection dangerous
class (Id), and the Vaccinated class (V). Section 4 first shows that the model possesses a
disease-free fixed point and an epidemic fixed point. Then, the asymptotic stability of the
disease-free fixed point is proven in Section 5. In Section 6, a new theorem is illustrated
which highlights that the pandemic disappears when an inequality involving the percentage
of the population in quarantine is satisfied. Finally, in Section 7, numerical simulations are
described, showing that the proposed incommensurate fractional-order model is effective
in describing the spread of the COVID-19 pandemic.

2. Basic Tools about Discrete Fractional Calculus

Recently, discrete fractional calculus has shown great efficacy in modeling natural
phenomena because it is more compatible with realistic results, which are discontinuous in
nature, and is compatible with computer algorithms. In this section, we present definitions
and results about discrete fractional calculus which are used later in our study. In all
of the definitions below, the functions we consider are defined on a set with the form
Na := {a, a + 1, a + 2, ...}, where a ∈ R.
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Definition 1 ([28]). Let α > 0. Then, the α− th fractional sum of f : Na → R is defined by

∆−α
a f (t) =

1
Γ(α)

t−α

∑
s=a

(t− s− 1)(α−1) f (s), for t ∈ Na+α, (1)

where Γ(.) is Euler’s gamma function and t(α) = Γ(t+1)
Γ(t+1−α)

.

Based on the previous definition, we can define the fractional difference of Riemann–
Liouville as follows:

Definition 2 ([28]). Let 0 < α < 1. Then, the αth-order Riemann–Liouville fractional difference
of a function f is defined by:

∆α
a f (t) := ∆∆−(1−α)

a f (t) =
1

Γ(1− α)
∆

t−(1−α)

∑
s=a

(t− s− 1)(−α) f (s), for t ∈ Na+1−α, (2)

This definition is very good from a mathematical point of view. However, there is
great difficulty in its application; as studying the systems defined by it is not possible using
the classical initial conditions, we use the following definition:

Definition 3 ([28]). Let 0 < α ≤ 1. Then, the α-order Caputo fractional difference of a function
f defined on Na, is defined by

C∆α
a f (t) =

 ∆−(1−α)
a ∆ f (t) = 1

Γ(1−α)

t−(1−α)

∑
s=a

(t− s− 1)(−α)∆ f (s), 0 < α < 1

∆ f (t), α = 1
∀t ∈ Na+1−α, (3)

For this operator, we have the following result:

Proposition 1 ([28]). Let 0 < α ≤ 1 and let f be defined on Na. Then,

∆−α
a+(1−α)

C∆α
a f (t) = f (t)− f (a), ∀t ∈ Na. (4)

In the same way and for the same goals as above, we mention the following definitions:

Definition 4 ([28]). For a function f : Na,h → R, the nabla fractional sum of order α > 0 is
defined by

∇−α
a f (t) :=

1
Γ(α)

t

∑
s=a+1

(t− s + 1)α−1 f (s), for t ∈ Na, (5)

where Γ(.) is Euler’s gamma function and tα = Γ(t+α)
Γ(t) .

Definition 5 ([28]). The nabla Riemann–Liouville fractional difference of order 0 < α ≤ 1
(starting from a) is defined by

∇α
a f (t) :=

(
∇ ∇−(1−α)

a f
)
(t) =

1
Γ(1− α)

∇
t

∑
s=a+1

(t− s + 1)−α f (s), for t ∈ Na+1, (6)

where ∇ f (t) = f (t)− f (t− 1).
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Definition 6 ([28]). Assume that 0 < α ≤ 1, a ∈ R and f is defined on Na. Then, the left Caputo
fractional difference of order α starting at a is defined by

C∇α
a f (t) :=

(
∇−(1−α)

a ∇ f
)
(t) =

1
Γ(1− α)

t

∑
s=a+1

(t− s + 1)−α(∇ f )(s), (7)

for t ∈ Na+1.

The Mittag–Leffler of fractional nabla calculus is the solution of the linear system
defined by the Caputo nabla operator, and is defined as follows:

Definition 7 ([29]). For t ∈ Na, α > 0, and |λ| < 1, define the one parameter Mittag–Leffler
function of fractional nabla calculus by

Fα(λ, (t− a)α) =
∞

∑
k=0

λk (t− a)αk

Γ(αk + 1)
. (8)

This function satisfies the following properties:

Proposition 2 ([29]). If 0 < λ < 1, then Fα(−λ, (t− a)α)→ 0, as t→ ∞.

Proposition 3 ([29]). C∇α
a Fα(λ, (t− a)α) = λFα(λ, (t− a)α), t ∈ Na+1.

The comparison theory, which is needed later, is as follows:

Theorem 1 ([30]). Assume C∇α
a x(t) ≥C ∇α

a y(t), t ∈ Na+1, x(a) ≥ y(a), and α ∈ (0, 1]. Then,
we have x(t) ≥ y(t) for t ∈ Na.

3. A New Discrete Fractional Model including the Vaccinated Class

To understand the behavior of the spread of the epidemic, we divide the studied
population into five classes: people who are exposed to infection and were not previously
infected and did not receive vaccination, people who were previously infected and recov-
ered from the disease and are at risk of being infected again, and people vaccinated against
the epidemic. As for the class of infected persons, it is divided into two secondary classes:
people with good immunity and for whom infection does not pose a great risk (for whom
we suppose the ratio in society to be λ (λ ≤ 1), and those infected persons for whom the
infection is dangerous, consisting of the elderly, pregnant women, and people with chronic
diseases (whose ratio in society is (1− λ)).

Below, we explain the migration from each class to the other:
Susceptible class: This class acquires a number of people, which is the number of

people entering the studied area, and in the event that the studied area is isolated, then
represents the birth rate in this area. This class loses people who are exposed to infection,
people who have been vaccinated against the disease, and natural deaths.

Recovered class: This class is acquired at the rate of new recovered persons and loses
people who are exposed to infection, as well as losing people who have been vaccinated
against the disease and natural deaths.

Vaccinated class: This class is acquired at the rate of new vaccinated persons, and
class loses people who are infected and natural deaths.

Infection class: This class consists of acquired new infection. This class loses people
who are recovered and natural deaths (we assume that in this class there are no deaths due
to the epidemic).

Infection dangerous class: This class consists of acquired new infected persons. This
class loses people who recover, natural deaths, and deaths due to infection.
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The classes described above are summarized in Figure 1.

Figure 1. Diagram showing the transitions between categories.

The proposed model’s flowchart and parameters description are explained in Table 1.

Table 1. Parameters description.

Variable Description

S Susceptible class
R Recovered class
V Vaccinated class
I Infection class
Id Infection dangerous class
Ω The birth rate
µ Natural death rate

r1, r2, r3 Infection rates
ρ Recovered rate
υ Vaccinated rate
δ Death rate due to infection

Herein, ri =
pik
N , i = 1, 2, 3, k is the average numbers of contacts per capita (per unit of time), pi is the probability

of contagion (p1 > p2 > p3), and N is the total population and can be considered as the maximum value of the
population. In certain cases, we take N = Ω

µ .

The mathematical translation of the above in the system of differential equations is as
follows [31]:
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dS
dt = Ω− r1(I(t) + Id(t))S(t)− (µ + υ)S(t),
dR
dt = ρ(I(t) + Id(t))− r2(I(t) + Id(t))R(t)− (υ + µ)R(t),
dV
dt = υ(S(t) + R(t))− r3(I + Id)V(t)− µV(t),
dI
dt = (λ(r1S(t) + r2R(t)) + r3V(t))(I(t) + Id(t))− (µ + ρ)I(t),
dId
dt = (1− λ)(r1S(t) + r2R(t))(I(t) + Id(t))− (µ + δ + ρ)Id(t).

t ∈ R+. (9)

The total population is as follows:

N = S + R + V + I + Id.

In addition, the following initial conditions are taken into consideration:

S(0), R(0), V(0), I(0), Id(0) ≥ 0. (10)

In this paper, we study the general case of the discrete system provided by the Caputo
incommensurate fractional differences; we choose the order α for the healthy class and the
order β for the infected class. The incommensurate order allows for greater flexibility in
modeling, resulting in a more realistic model.

When converting System (9) to a fractional difference system, there are two types of
systems, the forward difference system and the backward difference system.

The fractional incommensurate order forward difference system is provided by

C∆α
0S(t + 1− α) = Ω− r1(I(t) + Id(t))S(t)− (µ + υ)S(t),

C∆α
0 R(t + 1− α) = ρ(I(t) + Id(t))− r2(I(t) + Id(t))R(t)− (υ + µ)R(t),

C∆α
0V(t + 1− α) = υ(S(t) + R(t))− r3(I + Id)V(t)− µV(t),

C∆β
0 I(t + 1− β) = (λ(r1S(t) + r2R(t)) + r3V(t))(I(t) + Id(t))− (µ + ρ)I(t),

C∆β
0 Id(t + 1− β) = (1− λ)(r1S(t) + r2R(t))(I(t) + Id(t))− (µ + δ + ρ)Id(t),

t ∈ N1, (11)

where 0 < α, β < 1. Using Proposition 1, System (11) can be written as follows:

X(t + 1) = X(0) +
1

Γ(α)

t−α

∑
s=a

(t− s− 1)(α−1)F(X(s)), t ∈ N, (12)

where X(t) = (S(t), R(t), V(t), I(t), Id(t)) and F(X(t)) = ( f1(X(t)), f2(X(t)), f3(X(t)),
f4(X(t)), f5(X(t)))t

f1(X(t)) = Ω− r1(I(t) + Id(t))S(t)− (µ + υ)S(t),
f2(X(t)) = ρ(I(t) + Id(t))− r2(I(t) + Id(t))R(t)− (υ + µ)R(t),
f3(X(t)) = υ(S(t) + R(t))− r3(I + Id)V(t)− µV(t),
f4(X(t)) = (λ(r1S(t) + r2R(t)) + r3V(t))(I(t) + Id(t))− (µ + ρ)I(t),
f5(X(t)) = (1− λ)(r1S(t) + r2R(t))(I(t) + Id(t))− (µ + δ + ρ)Id(t).

(13)

Thus, it is defined by a regression relationship. Note that existence and uniqueness
are trivial in this case. It cannot be shown that the solution is positive for System (11). In
fact, the solution to System (11) is not always positive even when the initial conditions
are positive.

In the rest of the paper, we study the fractional incommensurate order backward
difference system, written as follows:
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C∇α
0S(t) = Ω− r1(I(t) + Id(t))S(t)− (µ + υ)S(t),

C∇α
0 R(t) = ρ(I(t) + Id(t))− r2(I(t) + Id(t))R(t)− (υ + µ)R(t),

C∇α
0V(t) = υ(S(t) + R(t))− r3(I + Id)V(t)− µV(t),

C∇β
0 I(t) = (λ(r1S(t) + r2R(t)) + r3V(t))(I(t) + Id(t))− (µ + ρ)I(t),

C∇β
0 Id(t) = (1− λ)(r1S(t) + r2R(t))(I(t) + Id(t))− (µ + δ + ρ)Id(t).

t ∈ N1. (14)

where α = β = 1. By adding the equations from System (14), we obtain

∇N(t) = Ω− µN(t)− δId(t).

Consequently, we have
∇N(t) ≤ Ω− µN(t),

and thus

N(t) ≤ Ω + N(t− 1)
1 + µ

.

Let N(0) ≤ Ω
µ and suppose that N(t) ≤ Ω

µ for t; then, we have

N(t + 1) ≤ Ω + N(t)
1 + µ

≤
Ω + Ω

µ

1 + µ
=

Ω
µ

,

and by induction, for all t when the solution exists

0 ≤ N(t) ≤ Ω
µ

.

Therefore, the solution belongs to the invariant region

Ψ =

{
(S, R, V, I, Id) ∈ R5

+ and S + R + V + I + Id ≤
Ω
µ

}
,

where R5
+ =

{
(x1, x2, x3, x4, x5) ∈ R5 and xi ≥ 0 for i = 1, 2, 3, 4, 5} as the invariant region.

4. Fixed Points and Basic Reproduction Number

To study the dynamics of (14), it is necessary to first find the fixed points; to find the
fixed points, the following equation must be solved:

Ω− r1
(

I∗ + I∗d
)
S− (µ + υ)S∗ = 0,

ρ
(

I∗ + I∗d
)
− r2

(
I∗ + I∗d

)
R∗ − (υ + µ)R∗ = 0,

υ(S∗ + R∗)− r3
(

I∗ + I∗d
)
V∗ − µV∗ = 0,

(λ(r1S∗ + r2R∗) + r3V∗)
(

I∗ + I∗d
)
− (µ + ρ)I∗ = 0

(1− λ)(r1S∗ + r2R∗)
(

I∗ + I∗d
)
− (µ + δ + ρ)I∗d = 0.

(15)

The equation has the point E0 =
(

Ω
(µ+υ)

, 0, υΩ
µ(µ+υ)

, 0, 0
)

as a solution. It can be seen
that at this point the disease is non-existent, and this is therefore called the disease-free
fixed point, which we are interested in studying for its stability and discuss later.

If we suppose that
(

I∗ + I∗d
)
6= 0, we have
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Ω
r1(I∗+I∗d )+(µ+υ)

= S∗,

ρ(I∗+I∗d )
r2(I∗+I∗d )+(υ+µ)

= R∗,
υ(S∗+R∗)

r3(I∗+I∗d )+µ
= V∗,

(λ(r1S∗+r3R∗)+r2V∗)
(µ+ρ)

= I∗

(I∗+I∗d )
,

(1−λ)(r1S∗+r2R∗)
(µ+δ+ρ)

=
I∗d

(I∗+I∗d )
,

(16)

which is a complex and difficult system to solve in the abstract case. Even if we were able
to solve it, studying the stability of this fixed point contains many obstacles. Overall, this
point is called the epidemic equilibrium point, E∗ =

(
S∗, R∗, V∗, I∗, I∗d

)
.

The basic reproduction number R0 is very important in the study of stability for the
disease-free fixed point, which represents the rate of new people being infected by one sick
person until their recovery. Following the steps described in [32], we find that

R0 =
Ω

(µ + υ)

(
(1− λ)r1

(µ + δ + ρ)
+

υr3 + λµr1

µ(µ + ρ)

)
. (17)

5. Stability Analysis of the Disease-Free Fixed Point

One of the most important dynamic behaviors in the system is the stability of fixed
points. Therefore, we always resort to studying it, as for the purpose of knowing whether
the disease disappears or not, it is important to study the asymptotic stability of the
disease-free fixed point of the system.

The stability of the system from System (14) was studied in [33], in which the authors
mention the following theorem:

Theorem 2 ([33]). Let M be the lowest common multiple (LCM) of the denominators ui of αi’s,
where α = v1

u1
, β = v2

u2
, (ui, vi) = 1, ui, vi ∈ Z+ for i = 1, 2. Then, (14) has a unique solution for

all initial vectors close enough to E0; moreover, E0 is asymptotically stable if any zero solution of the
polynomial equation

det
(

diag
(

XMα, XMα, XMα, XMβ, XMβ
)
− J
)
= 0 (18)

lies inside the set

Kγ =

{
z ∈ C : |z| >

(
2 cos

arg z
γ

)γ

or |arg z| > π

2M

}
, (19)

where J is the Jacobian matrix of F at E0.

Based on this theorem, we can find the following result:

Theorem 3. Suppose that R0 < 1; then, the disease-free fixed point E0 of System (14) is locally
asymptotically stable.

Proof. To apply Theorem 2, we must first calculate the Jacobian matrix for the right-hand
side of system (14) at fixed point E0; by simple calculation we obtain

J =



−(µ + υ) 0 0 − Ωr1
(µ+υ)

− Ωr1
(µ+υ)

0 −(υ + µ) 0 ρ ρ

υ υ −µ − Ωυr3
µ(µ+υ)

− Ωυr3
µ(µ+υ)

0 0 0
(

λr1Ω
(µ+υ)

+ υr3Ω
µ(µ+υ)

)
− (µ + ρ)

(
λr1Ω
(µ+υ)

+ υr3Ω
µ(µ+υ)

)
0 0 0 (1−λ)r1Ω

(µ+υ)
(1−λ)r1Ω
(µ+υ)

− (µ + δ + ρ)


. (20)
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The characteristic Equation (18) is provided by(
XMα + µ

)(
XMα + µ + υ

)2(
X2Mβ + AXMβ + B

)
= 0,

where
A = (µ + ρ) + (µ + δ + ρ)(1− R0) +

Ωδ(υr3+λµr1)
µ(µ+ρ)(µ+υ)

,
B = (µ + ρ)(µ + δ + ρ)(1− R0).

Thus, to solve this equation we have(
XMα + µ

)
= 0, and

(
XMα + µ + υ

)2
= 0,

and thus
XMα = −µ or XMα = −µ− υ,

which means that
arg

∣∣∣XMα
∣∣∣ = π,

and therefore
arg |X| = π

Mα
>

π

2M
.

Alternatively, we have (
X2Mβ + AXMβ + B

)
= 0

if R0 < 1 then A, B > 0. Thus, according to the Routh–Hurwitz criterion [34], both roots of

Y2 + AY + B,

are in the open left half plane, and thus∣∣∣XMβ
∣∣∣ > π

2
⇒ |X| > π

2Mβ
>

π

2M
,

from which the condition of Theorem 2 fulfilled. Accordingly, the disease-free fixed point
E0 of System (14) is locally asymptotically stable.

Remark 1. We note that this result is very logical and compatible with the definition of the number
R0. As it is clear that if every infected person leaves less than one infection, the disease will disappear.

6. A Condition for the Disappearance of the Pandemic

The primary objective of the study of the mathematical model of the epidemic is to
study the possibility of finding solutions to get rid of the epidemic. By adding the last two
equations into System (14), we find that the infection is described by the next equation:

C∇β
0 (I + Id)(n) = (r1S(n) + r2R(n) + r3V(n)− (µ + ρ))(I(n) + Id(n))− δId(n);

because I is positive and ri =
pik
N , i = 1, 2, 3,

C∇β
0 (I + Id)(n) ≤ (p1k− (µ + ρ))(I(n) + Id(n)).

Applying the comparison from Theorem 1, we have

(I + Id)(t) ≤ Y(t),

where Y(t) is the solution of

C∇β
0 Y(t) = (p1k− (µ + ρ))Y(t), Y(0) = (I + Id)(0).
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According to Proposition 2,

Y(t) = (I + Id)(0)Fβ((p1k− (µ + ρ)), (t)β),

then we have
(I + Id)(t) ≤ (I + Id)(0)Fβ((p1k− (µ + ρ)), (t)β).

Note that if −1 <(p1k− (µ + ρ)) < 0 then according to Proposition 3, (I + Id)(t) → 0
when t→ ∞. Thus, we obtain the following result:

Theorem 4. If
(µ + ρ)− 1

p1
<k <

(µ + ρ)

p1
, (21)

then the disease will disappear.

Remark 2. While the condition of Theorem 4 is considered to be higher than the condition of
Theorem 3, it guarantees global stability.
In real applications, it is always the case that (µ + ρ) < 1, and the condition (21) becomes
k < (µ+ρ)

p1
.

The authorities in all countries of the world have imposed preventive measures such
as protective masks and the use of sterilizer in public places, which affects the probabilities
of contagion (p1, p2, p3). The authorities can impose quarantine, which affects the friction
as in all cases (k), where the only possible control is to reduce infection rates (r1, r2, r3).

Let u(t) : [0,+∞[→ [0, 1] be the control function, which represents the percentage of
quarantine (quarantine cannot be 100%, as this is considered impossible). The controlled
system is written as follows:

C∇α
0S(t) = Ω− (1− u(t))r1(I(t) + Id(t))S(t)− (µ + υ)S(t),

C∇α
0 R(t) = ρ(I(t) + Id(t))− (1− u(t))r2(I(t) + Id(t))R(t)− (υ + µ)R(t),

C∇α
0V(t) = υ(S(t) + R(t))− (1− u(t))r3(I + Id)V(t)− µV(t),

C∇β
0 I(t) = (λ((1− u(t))r1S(t) + (1− u(t))r2R(t)) + (1− u(t))r3V(t))(I(t) + Id(t))− (µ + ρ)I(t),

C∇β
0 Id(t) = (1− λ)((1− u(t))r1S(t) + (1− u(t))r2R(t))(I(t) + Id(t))− (µ + δ + ρ)Id(t).

(22)

When the initial condition is close enough to the disease-free fixed point, it suffices to
choose a controller to ensure the asymptotic stability of the disease-free fixed point, which
is what we do in the following theorem:

Theorem 5. Suppose that
R0 − 1

R0
< u(t). (23)

Then, the disease-free fixed point E0 is locally asymptotically stable.

Proof. The characteristic equation becomes(
XMα + µ

)(
XMα + µ + υ

)2(
X2Mβ + A′XMβ + B′

)
,

where

A′ = (µ + ρ) + (µ + δ + ρ)(1− (1− u(t))R0) +
Ωδ(1−u(t))(υr3+λµr1)

µ(µ+ρ)(µ+υ)
,

B′ = (µ + ρ)(µ + δ + ρ)(1− (1− u(t))R0).
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If R0−1
R0

< u(t), then A′, B′ > 0. Thus, according to the Routh–Hurwitz criterion, both
roots of

Y2 + A′Y + B′,

are in the open left half plane, and thus∣∣∣XMβ
∣∣∣ > π

2
⇒ |X| > π

2Mβ
>

π

2M
.

This fulfills the condition of Theorem 2. Accordingly, the disease-free fixed point E0 is
locally asymptotically stable.

When the initial condition is far from the disease-free fixed point, it is not possible
to guarantee stability. To reduce the spread of the epidemic in this case, we present the
following result:

Theorem 6. Suppose that

1− (µ + ρ)

p1k
< u(t)< 1− (µ + ρ)

p1k
+

1
p1k

, (24)

then, the disease will disappear.

Proof. Let min u(t) = χ. Adding the last two equations to System (22), we find that
infection is described by the following equation:

C∇β
0 (I + Id) = ((1− u(t))r1S(t) + (1− u(t))r2R(t) + (1− u(t))r3V(t)− (µ + ρ))(I(t) + Id(t))− δId(t),

because I is positive

C∇β
0 (I + Id) ≤ ((1− u(t))r1S(t) + (1− u(t))r2R(t) + (1− u(t))r3V(t)− (µ + ρ))(I(t) + Id(t)).

Because ri =
pik
N , i = 1, 2, 3,

C∇β
0 (I + Id) ≤

(
(1− u(t)) p1k

N S(t) + (1− u(t)) p2k
N R(t) + (1− u(t)) p3k

N V(t)− (µ + ρ)
)
(I(t) + Id(t)),

≤
(
(1− u(t)) p1k

N (S(t) + R(t) + V(t))− (µ + ρ)
)
(I(t) + Id(t)),

≤ ((1− χ)p1k− (µ + ρ))(I(t) + Id(t)).

Applying the comparison in Theorem 4, we have

(I + Id)(t) ≤ Y(t),

where Y(t) is the solution of

C∇β
0 Y(t) = ((1− χ)p1k− (µ + ρ))Y(t), Y(0) = (I + Id)(0).

According to Proposition 3,

Y(t) = (I + Id)(0)Fβ(((1− χ)p1k− (µ + ρ)), (t)β),

then
(I + Id)(t) ≤ (I + Id)(0)Fβ(((1− χ)p1k− (µ + ρ)), (t)β).

We note that if −1 <((1− χ)p1k− (µ + ρ)) < 0, then (I + Id)(t)→ 0 when t→ ∞.

Remark 3. We note that the control provided in Theorem 6 is more expensive than the control
given in Theorem 5. Therefore, it is better to impose quarantine and other procedures before the
spread of the disease, that is, when the initial condition is very close to the disease-free fixed point.
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7. Numerical Simulations and Application

To review the effectiveness of the studied system, in this section we apply it to the
state of Germany and compare the results of the integer order system with the fractional
incommensurate system to determine their compatibility with realistic results. All statistics
are taken as N(0) = 1,000,000. According to [35], the initial population can be divided
as follows:

S(0) = 17,0145, R(0) = 260,270, V(0) = 538,794, I(0) = 27,712, Id(0) = 3079. (25)

On the other hand, according to the same source [35] and according to [36], we can calculate
the values of the system parameters and find

Ω = 32.3308; µ = 3.15× 10−5; λ = 0.9;
r1 = 1.9008× 10−7; r2 = 1.5849× 10−7; r3 = 1.1405× 10−7;

ρ = 0.16; υ = 0.0037; δ = 0.06.
(26)

We take real data on active cases in Germany during the period from 26 April to 30 May
2022, represented in Figure 2.
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Figure 2. The number of active infections in Germany in the period 26 April to 30 May 2022 [35].

To apply Theorem 3, we must first calculate R0:

R0 = Ω
(µ+υ)

(
(1−λ)r1
(µ+δ+ρ)

+ υr3+λµr1
µ(µ+ρ)

)
= 0.59882 28.

We note that as R0 < 1, according to Theorem 3 the disease-free fixed point E0 is locally
asymptotically stable. While we thus know that the number of active cases is decreasing
with time, we do not know what the nature of this decrease is. First, when applying the
integer order system (α = β = 1) it can be seen from the simulations in Figure 3 that the
model provides a good result at first, then completes an exponential decrease in contrast to
the real results, which increase after a period of time.

We now apply the fractional incommensurate model by taking α = 0.99 and β = 0.09.
Note from Figure 4 that the results are very compatible and realistic, and in the end
the number of active cases is decreasing, although is should be noted that there is an
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epidemic wave before this decrease as well. In particular, Figures 3 and 4 show numerical
comparisons between real data which represents the number of active infections in Germany
for the period 26 April to 30 May 2022 along with the results obtained from the integer-order
system and fractional-order systems. Based on these two figures, we can clearly conclude
that the fractional-order system is closer than the integer-order system to the real data,
enabling us to rely on the construction of the fractional-order system to set a more suitable
effective prediction than the integer-order system.
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Figure 3. Numerical simulation of infected class with integer order and comparison with the real data.
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Figure 4. Numerical simulation of infected class with fractional-order system and comparison with
real data.
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8. Conclusions and Future Perspectives

In the context of the spread of the COVID-19 pandemic, this paper has presented a new
discrete fractional-order compartment model incorporating the number of vaccinated indi-
viduals as an additional state variable describing the system dynamics. In this manuscript,
we have shown that the proposed fractional-order model described by fractional difference
equations possesses an asymptotically stable disease-free fixed point. In particular, we
have proven a novel theorem which provides a condition for the disappearance of the
pandemic when an inequality involving some epidemic parameters is satisfied. This result
represents a remarkable finding of the proposed approach, and may help decision-makers
to better understand the epidemiological behaviour of the COVID-19 pandemic over time.
Finally, several numerical simulations were performed with the aim of showing the role of
discrete fractional calculus in describing the dynamics of the COVID-19 pandemic more
effectively. This can be considered one of the main contributions of this work, coupled
with the use of fractional-order difference operators, which except for a very few works
have not previously been used in the context of COVID-19 modeling. Our future goal is
to summarize this model and try to formulate it with as few equations as possible while
maintaining the same accuracy.
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