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Abstract: In this paper, the transverse vibration of a fractional viscoelastic beam is studied based
on the fractional calculus, and the corresponding scheme of a viscoelastic beam is established by
using the mixed finite volume element method. The stability and convergence of the algorithm are
analyzed. Numerical examples demonstrate the effectiveness of the algorithm. Finally, the values of
different parameter sets are tested, and the test results show that both the damping coefficient and
the fractional derivative have significant effects on the model. The results of this paper can be used
for the damping modeling of viscoelastic structures.
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1. Introduction

According to the definition of fractional derivative, the fractional partial differential
equation has more advantages than the integer equation in the study of some memory
processes, genetic properties and heterogeneous materials. Therefore, such equations are
widely applied to the fractal and dispersion in porous media [1,2], non-Newtonian fluid [3],
the anomalous diffusion [4], image and signal processing [5], electric conduction [6], oil
seepage and the piping of the boundary layer effect [7,8], etc.

Due to the particularity and complexity of viscoelastic materials, the traditional integer-
order model cannot describe the viscoelastic properties well, so the fractional-order operator
is introduced to construct the constitutive model of viscoelastic materials. Gement [9] first
proposed the fractional derivative constitutive model of viscoelastic materials in 1936.
In recent years, Demir et al. [10,11] studied the influence of the damping term modeled
by a fractional derivative on the dynamic analysis of beams with viscoelastic properties
under the action of harmonic external forces. Reza et al. [12] studied the forced vibration
of a fractional-order viscoelastic beam and discretized the equations into a set of linear
ordinary differential equations by the Galerkin method. The nonlocal fractional-order
viscoelastic model of a nanobeam resting on a viscoelastic foundation was studied by
Cajic et al. [13], where the solution of the fractional-order differential equation with two
fractional parameters and retardation times was given. Liu et al. [14] proposed a simple
and universal residual calculation method for the stochastic response behaviors of axially
moving viscoelastic beams under random noise excitation and fractional constitutive
relation. Yu et al. [15] analyzed the application of the fractional derivative in a damping
vibration analysis of a viscoelastic single-mass system. Faraji et al. [16] analyzed the
size-dependent geometrically nonlinear free vibrations of fractional viscoelastic simply
supported and clamped-free nanobeams. The Galerkin scheme was used to simplify the
fractional integral-partial differential governing equation into a time-dependent fractional
ordinary differential equation, which was then solved by the predictive correction method.
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Yang et al. [17] investigated the stability of an axially moving beam constituted by fractional-
order material under parametric resonances, where the governing equations of the beam
transverse vibration were derived and then the multi-scale method was used to analyze
the equation. Cao et al. [18] obtained a simple analytical expression for a free vibration
analysis of non-uniform and non-homogenous beams under different boundary conditions
by using the asymptotic perturbation approach. Liang et al. [19] utilized the Adomian
decomposition method to solve a linear differential equation with an arbitrary fractional
derivative order which can describe a fractionally damped beam structure. Sansit et al. [20]
used the fractional finite element model to study the nonlocal response of Euler-Bernoulli
beams under different loads and boundary conditions and provided analytical expressions
and finite element solutions for the nonlocal continuum model of the Euler-Bernoulli
beams. Stempin et al. [21] established a spatial fractional Timoshenko beam model with a
functionally graded material effect and gave the experimental verification.
In this article, we consider the time-fractional damping beam vibration problem

(a) V(C)D?Cu + Uy + azuxxxx = g(x,t), (x,t) e x (0, T],
(0) u(x,0) = ¢(x), us(x,0) = y(x), x€Q, ey
(c) u(0,t) =u(L,t) =0, uxx(0,t) = uxx(L,t) =0, t€][0,T].

In the model, u(x, t) represents the transverse vibration displacement of the beam,
OQ=(0,L),0<T<o0,a=+/EI/(pA), where EI, p and A indicate the bending stiffness,
density and cross-sectional area of the beam, respectively, and 3(>0) is the damping coeffi-
cient. In this paper, we assume that the parameters p, A, , E and [ are constants. g(x, t)
represents the force exerted on the beam, and ¢(x) and ¢(x) represent the displacement
and velocity of the beam at the initial time, respectively, and ¢(x) € C2(Q), (x) € C1(Q),
g(x,t) € LY(0,T; L2(Q)). {Dfu is the Caputo fractional derivative, which is defined as [22]

t n
oDfu(x, t) = F(nl—zx)/o (t— s)”*“*lw ds n—-l<a<n. 2)

It is difficult to find the analytical solution of fractional partial differential equations,
so the numerical method for solving fractional partial differential equations is widely con-
sidered. A great deal of work has been performed on the numerical solutions of fractional
partial differential equations, and different methods have been discussed. Guo et al. [23]
and Gao et al. [24] used the finite difference method to study fractional partial differential
equations. Li et al. [25] used the compact finite difference method to solve the 2D time-
fractional convection diffusion equation of groundwater pollution problems. Jin et al. [26]
gave an error estimate for the fractional parabolic equation semi-discrete finite element
method. Liu et al. [27] studied the H1-Galerkin mixed finite element method for the
time-fractional reaction—-diffusion equation. Su et al. [28] studied higher-order compact
finite-volume schemes for two-dimensional multinomial time-fractional diffusion equa-
tions. Youssri [29,30] proposed the orthogonal ultraspherical operation matrix algorithm
for the fractal and fractional Riccati equation with generalized Caputo derivatives and
two Fibonacci operation matrix pseudo-spectral schemes for the nonlinear fractional Klein—
Gordon equation. Sabir et al. [31] studied the fractional mathematical model of breast cancer
immune-chemotherapy based on neural networks and designed a stochastic framework to
solve the fractional differential model.

In 1995, the mixed finite volume element (MFVE) method was proposed by Russell [32].
This scheme is widely used in practical problems because it can solve two unknowns at
the same time and keep the local conservation of a physical quantity. Up to now, there are
few papers that discuss the numerical methods of time-fractional damping beam vibration
problems. In this paper, we apply the MFVE method to the vibration problem (1).

The arrangement of the article is as follows. In the second part, the vibration equation
of the damped beam (1) is transformed into second-order equations by introducing interme-
diate variables. Then, the spatial derivative term is discretized by the MFVE method, and
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the time-fractional derivative is approximated by the L1 interpolation formula to construct
the MFVE scheme of (1). The third part gives some lemmas required for proof. The stability
and convergence analysis for the MFVE scheme are analyzed in the fourth and fifth parts,
respectively. In the sixth part, the accuracy of the scheme is verified by two numerical
examples, and the parameter sets are tested to verify the influence of the parameters on the
model.

2. Fully Discrete MFVE Scheme

We establish the approximate format of MFVE by introducing two intermediate vari-
ables

v(x, t) =u(x,t), w(x,t) = —aux(x,t),

v(x,t) and w(x, t) have actual physical significance and represent the velocity and
bending moment of the beam during transverse vibration, respectively, then (1) can be
written as the following equation

(a) usDY o + vy — awsy = g(x, t) (x,t) € QA x (0,T],

(b) wy 4+ avyy =0 (x,£) € QA x (0,T], 3)
(¢) v(x,0) = 9(x), w(x,0) = 9" (x), xeQ,

(d) v(0,t) = v(L,t) =0, w(0, ) =w(L,t)=0, te]l0,T].

Multiply Equation (3) (a) and (3) (b) by ¢ € H(% (Q)), then integrate over () to obtain
the weak form equivalent to (3): find (v, w) : [0, T] = H}(Q) x H}(Q), such that

(@) p(GD; 0, @) + (01, @) + (awy, ¢2) = (,¢), Vo € Hj(Q),

(b) (wt, ) — (avy, <l>r) =0 Ve € Hy(Q), )
(c) v(x,0) = 9(x), w(x,0) = ¢"(x), x€Q,

(d) 0(0,1) = o(L, t) = 0 w(0,t) = w(L,t) =0, te[0,T]

where Hj(Q) = {f|f € H'(Q), flan = 0}.
Next, we introduce the semi—discreE MEFVE scheme of (1). Let 0 = xg < x1 < X <
- < xy = L be the primal partition of (), the matching dual partition is 0 = xg < x 1 <

= Wi (1=0,1,2,- - ,N—l).

X3 < < XN-1 < XN = L,wherexi+%
Give the primal partition R, = {A; = [x;, x;41];i=0,1,2- — 1} of the region Q),
the diameter of unit A; is h; = xj,1 — xj, leth = 0l m%)’( h;. Suppose R}, is a quasi-uniform
i<
partition, that is, there exists some positive constant « such thath; > «h, (i =1,2,--- ,N—1).

The dual subdivision is defined as R}, = {A] = [xi_%, xH_%];i =1,2,---,N— 1}, where
Al = [xo, x%}, Ay = [xN_%, xn], A forms the dual interval of node i. As for the boundary

nodes, its dual interval is revised accordingly.
Then, we define the finite element space

Uy = {u, € C(Q),upla € PL,VA € Ry},
Vi = {v), € L2(Q),vp] 4 € P, VA* € R} },
Uon, = {un € Uy, uy(0) = up(L) = 0},

Von = {vn € Vi, 0,(0) = vp,(L) = 0}.

where Uj, represent the linear finite element space corresponding to the primal subdivision
Ry, Vi, is the constant function space of corresponding dual subdivision ¥t} .
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[ g cD¥ Lo (x, t) dx + Jur ve(x, 1) dx —a[wx(xi+%,t) wy(x; 1, fA*
fA;f wi(x, t) dx +a[vx(xi+%,t) —vx(x;_1,t)] =0.

We define an interpolation operator I} : U, — Vj, by

N-1
H;;wh = Z wh(xi)NAi*, Ywy, € Uy.
i=1

N+ represents the eigenfunction on A7, i.e.,

{1 x € Af,

Rar =10 xga

By integrating (3) over A}, we obtain

©)

=3

Add all the elements together and notice that: for all w € L2(Q) and ¢y, € U,

(ZU, Hngh) = Z (Ph(xl') wdx.
Define
N-1
B(w, IT;¢y) = — ,g n(xi)alwr(x;, 1 1) — wa(x,_1, )],

Then, we have

{u(sDi‘lv,HZ%) + (01, IL;y) + B(w, ILpp,) = (8, 1), Ve € Uy, ©)

(wy, Iidy) — B(o, ITpp) =0, Ve, € Uy

Then, the corresponding semi-discrete MFVE scheme of problem (1) is: find (vj,, wy,) €
Upy, x Uy, such that
(@) p(§DF~ on, T n) + (o, Thpn) + B(wi, Tn) = (8, Thipn), Vb € Uon, @)
(b) (wnt, 1T ) — B(op, L) =0, Vb, € Upy-

Now, let0 =ty < t; < --- < t)y = T be the subdivision of time interval [0, T] with
step length 7 = T/M, t, = nt,n = 0,1,--- , M. For a smooth function ¢ on [0, T], we
denote ¢" = ¢(t,), " = (¢" — ¢" 1) /7. We can use L1-formula [33] to approximate the
time-fractional derivative at t = t,; as follows

Tl—a n—1

— -1 -1 -1
DR = §DF 1o = [ = L0 et ot = R

where al(“) =(I+ 1)(1_”‘) —1(1-a) ,IR| < |v”(t)|~f(3—0é)]_

1 x—
2r(2 a)[ T w)(3 ) torgta<xt

n—1 (0(71)

Denote § = I'(3 —a)t*" !, D 1o = Lljo" — ¥ (a a

a—1 a—1
ol — ;ka)) k ( ) O]/

vt —a, ;v
we have
6Dy 'o(t,) = Dy 10" 4+ R.

Then, we obtain the fully discrete MFVE scheme to find {v},w}/} € Uy, x Uy,
n=1,2,---,M,such that
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{

(

a

) u(DE 1ol TLigy) + (0r0)L, Tigpy) + B(wil, ITipy) = (8", ILigpy),  Vpy, € Uy,

®)

(b) (01w}, IT;¢y) — B(o}, IT;¢y) =0, Ve, € Ugy,.

3. Some Lemmas

In this part, we will give some necessary lemmas. Let u;, € Uy, we define the
following norms

2 R
lunllG, = Y hut,
i—1

— Uu;
\Mh|1h—2h -1

Lemma 1 ([34]). On Uy, the norms | - |ypand | - |1; || - |lopand || - || ;|| - || pand || - |1 are
equivalent, respectively. That is,
Gl Vo, € Uop,
Yoy, € Uy

where Cy, - - -, Cy4 are positive constants independent of Up,.

Lemma 2 ([35]). For the bilinear form B(-,I1;), it holds that
B(vh,l'[th) = B(wh,l'[,’;vh) Vvh,wh e Uy,

B(vy, Ivy,) > |7’h|1’ Vo, € Uy,

Lemma 3 ([35]). (-, IT}-) satisfies
(op, ITwy) = (wy, IGoy), Vo, wy, € Uy,

(o0 o) > 7 lon 2, Vo, € U,

(w, o) <3| w || - || op |, Yw e HY(Q), Yoy, € U,

4. Stability Analysis for Fully Discrete MFVE Scheme
Theorem 1 ([36]). For the scheme (8), the following stable inequality holds, for sufficiently small T

t271x
| op 117+ gy 1P< C[m Il 1P+ 11" > +T(2 - )ty 't Z Kl

where C > 0 is a constant free of two mesh parameters T and h.
Proof. Take ¢, = vy in (8)(a), ¢y = wy, in (8)(b), we have
(ewjy, T;wyy) + (ev), Top) + u(D§'ojy, o)) = (", TT07). )

Note the fact that
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(@reof, T > 5[, T — (=", Tef ™), (10)
(@10}, i) > o= [(of, Tef) — (o T~ ), )
w?”%,wmziﬁnﬁW—§¥$?l Al @, ) — a3 of), T}
ziﬁn%ﬁ?}&ﬁlaﬁ NG IR I2 4912 12) = a30 (5 1o 12 4911 o} 1P) (12)

Using (10)—(12), we rewrite (9) as

1 _ _ 1 -
o= (o i) — (o™ Ty ™)) + - [0 o) — (o7 Thiop )] + 2 ) o |2
n—1
1 -1 1 1
@50 = a0 ek 1B 49 1o 1)+ BaltS0 G 1 ef 12 +9 1 of 1)+ (g™ ).
k=1

which leads to

1 1
E(WZIHZWZ) + ﬂ(

n
1
i) + 55 Yoo ok 1P
< i(wn—l H*wn—1)+ i(vn—l ot 1 Za |I) ”2
= o \"h 7T ThTh o \h 7 TThYR 45 nklh
9
+E o 1P +55al 1o 1P (g o). (13)
Denote
- 2
F = (wy, Iwp,) + (o, IT,05) + Z A
Multiplying (13) by 27 and using Young inequality, we obtain
T 18t
P Pt Ll U o PSR o 2 2 | (g 1) |

_ 18t
<P Ty s o 2+ VZH%W+%Z|8HWM
k=1 k=

T 1 18tu "= 187
<12+ 0 1P+ T Yol o 2 4 ”2nﬁW+ E o)
26 k=1 o k=1 o

(a—1)

5 - J k2 Pk k2
+27) ( =) g |l T | op 119)-
k=1 }lan_k

Choosing T to satisfy 18# < 1,and using the discrete Gronwall’s lemma and Lemma 3,
we have

276
o 117+ [l wj IP< Clll o 1P + || wpy [I* + Z Vo I+ Z (a 2 18" I17. (14)
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Noting that aiffkl) >2—a)(n—k+1)17% > (2—a)n'"* when 1 < k < n, we derive

n ) , Goanf
) rG—a)te ! “IB—a)te! T(2-na)
Thus, we find that
. 2 1T 2
Z o 8" IP<2r@ -yt Z g 117 (15)
k=1 k
From Z ak'x 11) = n2~%, the following estimate holds
k=1
£2-
2 IR (16)

Collecting from (15), (16) to (14), it holds that

t2 [
o 112 + 1 )y 17< C[ﬁ Il 1P+ 1" I +T2 - a)ty ' Z I1&" 117):

We complete the proof. [

5. Convergence Analysis for Fully Discrete MFVE Scheme

In this section, we will estimate the error for the fully discrete MFVE scheme. Firstly,
we introduce the MFVE elliptic projection to analyze the error of the scheme: find (o}, w}!) :
[0, T] — Ugy, x Uyy, satisfies:

B(@Z - wnrnngh) = O/ quh € uOh, (17)
B(v}, — ", IL;¢p) = —(wj; — w", 11 ¢p), Yoy, € Ugp-

On the condition that &, is C-uniform subdivision, the MFVE elliptic projection is
unique and satisfies [34,35]:

| " =0 i+ || w" —wp [|< Ch(]| " I3 + | w" [l2),

18
| 0" — 3 < Ch(]| " |l3 + || " [}2)- (18)

We split the errors
vy — 0" = (v —0) + (0, —0") =¢" +7",
w,’;—w” = (wZ—ﬁﬁ)+(@Z—w”) =p" 46"

Differentiating (18) on £, the estimate of #}' and 8} can be obtained by the same method
as employed in Refs. [34,35].

1t | =1 T — o 1< CR(JloF I3 + || wf' [l2),
16 [| =l @pe — wi < Ch(|l oF I3 + || wf' [|2)-

From (6), (8) and combining with the elliptic projection (17), we obtain the following
error equations

) (010", T py) + (0:0", T} ¢pp,) + B(E", TT;¢pp,) — (0", T1;:py,)
(RY, IT:dy), Ve, € Uop, (19)
)u(DEE", Ty + (D2~ " TTipn) + (068", TTipy) + (0e™, X1 ) — B(p™, ILipy,)

(a
(b
= (R}, IT;¢py,) + w(R", TTy), Ve, € Uy,
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where

1 [t 1 rtu
Rl = 0" = = — [ (taor = $)wu(s)ds, RY = 30" —of = — [ (1 = s)ou(s)ds.

Theorem 2. On the condition that Ry, is quasi-uniform subdivision, if (v",w™) is a solution to
problem (3) and v, w satisfies the required regularity condition. Then, the solution (v}, wj}) €
Uy, x Upy, of the fully discrete MFVE scheme (8) converges to (v", w"), and there exists a positive
constant C which does not depend on the subdivision of R, meeting the following estimation

max |Joy—0v" ||+ max ||wy—w" [|[<C(h+71),
0<n<T/N 0<n<T/N

max ot — 0" < C(h+ 7).
0<n<T/N ' " hs Cr+7)

Proof. Choosing ¢, = p" in (19) (a) and ¢, = ¢" in (19) (b) to obtain

p(DE1E" TGE") + u(DE 1" T5E") + (068", TT¢") + (9", TLE") + (rp", TT0") + (0:6", I} p")

= (0", ;") + (R

1
7 (G IS —
Z (3,52 -

(aten IT,0")] +

o I,E") + (R, IT;0") + u(R", ITEM). (20)
Note the fact that
1
(9:g", 11°¢") > E[(é",ﬂ;ﬁ”)—(é‘”_l,HZ(;‘”_l)], (21)
1
(90", TT°0") > o [(p", Ip") = (0"~ TLp" 7). (22)

Substituting (21) and (22) into (20) and using L1-formula, we can obtain

(&L I ] + %[(p”IHZP") = (0" ") +%(§”,HZ§”)
a5 1) + Kal D (@0, 156 — (@, 118" + (DY, 11j2")
(6", IT,0") + (Rg, TLE") + (R, IT0") + u(R", IT;E"). (23)
Multiplying (23) by 27, then using Lemma 3 and Young inequality, we obtain
[(&", TT¢") = (" " D] + [(0", Ip") — (0", IT0" )] + - E g™ I1?
< 2?‘:21@5?,?1 —a G I E e 1)+ ZEDG N 49 e )

—27[(@ey", I;E") + p(D " TLE") + (240", 1T;0")] + 27 (6", IT;p")
+27(Ry, IT;¢") 4+ 2T(Ry, IT;0") 4+ 2Tu(R", IT;,¢").

which leads to

(¢" I1,¢") + (0", 1

< (LIS +

Z Y ek

* 18t
(0"~ 10" 1) + Zn“n@an el ey g

 2ef(Bur, T + (D TEE) + (e T+ 20(6" ")
20 (R IGEN) + 22(RY, TTip") + 2tp(R", TT;"). (1)
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n
Choosing G" = (&",IT;:¢") + (", IT;p") + 55 Z (IX 1 V|l & |12, and substituting into
(24), we have -

_ T 181
6" < 6" a0 1P+ = e P —2el @ TG + (DY 1)

(BT ] 4+ 2500, T) 4 2(RE T527) -+ 25(R ")+ 254(R T

7
<G+ Z D a0 2 4 Z B e 1+ My (25)
j=1

To analyze the right-hand terms of (25) in turn, we have

-1)

ok oy oy 180 2 V n k k
M= e o < Ly [ s 2+ I 1)
k=1 k=1 tr—1
2D
186 b M
< Z(ﬂ e |17 ds + —25=— k I 1%).
k=1 pa, . i
a1k 18tpé (=) k2 ‘ui(’lk) k2
M:—ZTVZD 7*,¢") <2<a1|\D H+2 LR
=18, i

n n 'tk 1
My =21 Y (085,05 < Y (0| [ s |2+ [ 0 )
k=1 k=1 -1

n

32(97/ I 6012 ds + 3 [ 0 ).

k=1 -

n n
1
My =27 ) (650) < } (3672 || 6% |12+ [ 0" II7).
k=1 k=1

(04—1)

72 6
i & 1%)

n n F’l
Ms =2t (R &) < ) (o | RSP+
ua,

A
172725 THa
<Y )/“||v”||2ds+z 8’3" g2

n n 1 n
Me =27 ) (RE,p") <367 Y | RE 17+ Y Il o* |12

3y [ 2 ~ 1 2
< 36T Z/t | we || dS—l—ZzHP 1=
k=1"7tk-1 k=1

1 " 7257

My =2 ) (R < ) L REJ2 4 Za< ek
k=1 k=1 nk

(x—1)

2Tué 62 2, v THA, g k2
(a kl) (OfgagT | ote(s) []) +k;785 | ¢ 117
n

IN
M:

T
A
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Substitute all the above estimates into (25), we obtain

1872 —«a

> & T _ _
6 < G0 B S g P+ TS Ty g2 s gt ra ) | D8P
k=1

T n 72T2t1x711" 2 _x T T
+36T/0 | 6; ||1* ds+ 3672 Y || 65 |12 + L V ( >/ | ou ||2ds+36'r3/0 || wy || ds
k=1

2

V k 181’ 3 &
+ 72§t T 1(0max | 0w (s) I1)* + 2 —2 ek P+ 2 SR gk +1 Yo le I
k=1

Noticing p° = ¢% = 0, and the following inequality [37]

Do < Dok — §DF1oH] 4| §Df ok
<O(T ™ max | {D¥ 1o(s)].
< O( ) + max | §DF~1o(s)|

Choosing T to satlsfy 5 E < 1 by the error estimation of elliptic projection and using
the discrete Gronwall’s Lemma, we obtain

T n
o™ 12+ 11g" |1 < C[hz/o (I ot I3 + Il we [|2)>ds + 7> Z I 6% 1>
+H(0(T°%) + max || §Df o (s) ||3+ max || §DF 'w(s) [|2)?
0<s<T

0<s<T

T T
#72 [ow [Pds 7 [ a2 ds 7072 (max || vn(s) ()7 26)
Next, we estimate | v}l — 0" |1, choosing ¢, = " in (19)(a)
(010", T18") + (9:6", IT;¢") — (6", T1,¢") + B(™, IT;¢") = (Rgy, TT,8").
Using Lemmas 2 and 3 and Young inequality
*If;’ [ < Clow" >+ Clla:8" >+ Clle"||* + CII R |I* + HC"IIZ- (27)

To estimate the right-hand side of (27), we have

1 [t 1 [t
o 2= I~ [ pe()aslP < - [ lln(s) s
t T

n—1 n—1
n)|2 Lot o _ 1 2
o |2 = I~ [ es)ds|> < [ llov(s)|Pds.
fp—1 T th—1
w" — wnfl 1 st tn
IRBIE = 1= =t P = [ (her = S)wn()ds|? < 7 [ on(s)] s,
T T th—1 th—1

The above inequality leads to

1 [t 1 [t b 1
R [ o) Pds+ = [ o) Par T [ wus)|Pds) + e

n—1 n—1 n—1

Combining (26) and the error estimation of MFVE elliptic projection, we obtain
¢ < Clh+ 7). (28)

Finally, by applying (27), (28) and triangle inequality, the theorem is concluded. [
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6. Numerical Examples

In this section, we will present two numerical examples to verify our MFVE method.
The numerical results show the efficiency and accuracy order of the proposed scheme. The
time-fractional damping beam vibration equation is considered as follows

(a) u§Dfu + s + A ugrrx = g(x, 1), (x,t) € (0,L) x (0, T],
(b) u(x,0) = ¢(x), ui(x,0) = 9(x), x e (0,L), (29)
(c) u(0,t) =u(L,t) =0, uxx(0,t) = uxx(L,t) =0, t€]0,T].

Here, we consider steel material with uniform cross section and uniform mass, a = \/EI/(pA),
where the material density p = 7850 kg/m?, the elastic modulus E = 1.96 x 10!! Pa, the cross-
section area A = 1.5 x 10~2 m? and the cross-section moment of inertia I = 1.25 x 107> m 2.

Example 1. We choose T = 1, L = 1, p = 1 in (29), the external force applied on the
beam is g(x,t) = (1282 + a®m*t* + %

tion u(x,t) = t*sin(7tx). vy, wy, are solved by MFVE scheme, uj, can be obtained by v, using
the backward Euler method. We fix the spatial step size h = 1/1000, select the time-step length
T =1/10,1/20,1/40,1/80 and give the error results of u,v, w in Tables 1 and 2. The results
show that the order of time convergence is approximately 1, which is consistent with the theoretical
results in Theorem 2.

t4=%)sin(7rx), then we can obtain the exact solu-

Table 1. L?-norm errors and temporal convergence order of MFVE method.

o T llu —uplloy  Order |lv—oyl|loy Order |[w—wy|on Order
1/10  3.0223x10°1 - 4.0686x1071 - 6.3215 -
w13 /20 1.4641x10°1  1.046  2.0832x10"!  0.965 3.1727 0.995
‘ 1/40  7.1948x1072  1.025  1.0506x10~!  0.988 1.5877 0.999
1/80  3.5650x1072  1.013  52749x1072 0994  7.9404x10~!  1.000
1/10  3.0233x10°1 — 4.0756x10~1 — 6.3245 -
we17 /20 1.4641x10°1  1.046  2.0820x10"!  0.979 3.1726 0.995
‘ 1/40  7.1945%x1072  1.025 1.0505x10~1  0.991 1.5877 0.999

1/80  3.5648x1072  1.013 52763x1072 0996  7.9393x10~!  1.000

Table 2. H'-harf-norm errors and temporal convergence order of MFVE method.

" T lu — up|1,n Order |v — vpl1n Order |w —wy|y,  Order
1/10  9.4947x1071 - 1.2782 - 1.9859x 10 -
w—13 /20 45997x 1071 1.046  6.5446x1071  0.966 9.9673 0.995
' 1/40  2.2603x10~1  1.025  3.3004x10"!  0.988 49881 0.999
1/80  1.1200x10~!  1.013  1.6572x10"1  0.994 2.4946 1.000
1/10 9.4979x107! - 1.2804 - 1.9869 %10 -
w—17 1/20 45996x10~1  1.046  6.5407x10"!  0.969 9.9672 0.995
: 1/40  2.2602x10°1  1.025 3.3001x10"!  0.987 49878 0.999
1/80  1.1200x10~!  1.013  1.6576x10~1  0.993 2.4942 1.000

Next, we chose the spatial step h = %, time step T = ﬁ When M = N?, the errors
and spatial convergence orders are shown in Tables 3 and 4, respectively. The above table
shows that the displacement, bending moment and velocity of the vibration beam in the
sense of L2 norm and H'-harf norm are more approximate than the theoretical estimates,
which proves the effectiveness of the MFVE scheme.
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Table 3. L2-norm errors and spatial convergence order of MFVE method.
o h llu —upllo, Order ||[v—opl|loy Order |w—wyl|lon Order
1/8 4.4899x10~1 — 6.6632x102 - 1.2098 —
f—13 1/16 11115x 1072 2.014 1.6676x1072 1999 3.0108x10~! 2.007
T1/32 2.7719x1073 2.004  4.1700x1073  2.000 7.5184x1072  2.002
1/64 6.9254x107% 2.001 1.0426x10°3 2.000 1.8790x10"2  2.000
1/8 4.4911x102 — 6.6675x10~2 - 1.2104 -
w17 1 /16 1.1117x1073 2.014 1.6683x1072 1.999 3.0118x10~! 2.007
Y1/32  2.7722x107%  2.004 4.1717x1073  2.000 7.5200x10~2  2.002
1/64 6.9260x10~* 2.001 1.0430x10~3 2.000 1.8793x10~2 2.001
Table 4. H!-harf-norm errors and spatial convergence order of MFVE method.
o h | — up|1n Order |v — opl1n Order |w — wp|yy,  Order
1/8 1.4015x1071 - 2.0800x 1071 - 3.7764 -
f—13 1/16 34863x1072  2.007 5.2305x1072  1.992  9.4436x10~1  2.000
: 1/32  87046x1073  2.002  1.3095x1072  1.998 2.3610x10~!  2.000
1/64  2.1755x1073  2.001  3.2750x10~%  2.000 5.9026x1072  2.000
1/8 1.4019x10~! - 2.0812x101 - 3.7781
f—17 /16 3.4869x 1072 2.007 5.2328x1072 1992  9.4465x10~!  2.000
' 1/32  87057x10~3 2002 1.3101x10~2 1998 2.3615x10~1  2.000
1/64  2.1756x1073 2001 3.2762x10~3  2.000 5.9035x10~2  2.000

Figures 1 and 2 show the function images of the numerical solution and the exact
solution at the last time point. It is proved that the numerical solution fits the exact solution

effectively.

20

15

10

T T

—+—numerical solution

exact solution

0.5

1 1.5

Figure 1. Graph of the displacementatt =2 whena =13, T=2,L =2, M = N = 32.
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800 - . .
—+—numerical solution
exact solution

600

400

w(x,2)

-200

-400

-600

_800 1 1 1
0 0.5 1 1.5 2

Figure 2. Graph of the bending moment at f =2 whena =13,T=2,L =2,M = N = 32.

Figures 3 and 4 show the contour plots of the numerical solution and the exact solution
of displacement, respectively, and Figures 5 and 6 show the contour plots of the numerical
solution and the exact solution of bending moment, respectively. It can be seen from the
figure that the numerical solution approximates the exact solution at different grid points,
which proves the effectiveness of the MFVE method.

2

1.5

0.5

0 0.5 1 1.5 2
X

Figure 3. Contour plot of uj,(x,t) whena =13, T =2,L =2,M = N = 256.
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0 0.5 1 1.5 2
X

Figure 4. Contour plot of u(x,t) whena =13, T =2,L =2, M = N = 256.

2

1.5

0.5

0 0.5 1 1.5 2
X

Figure 5. Contour plot of wy, (x, t) fora =13, T =2,L =2, M = N = 256.
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0 0.5 1 1.5 2
X

Figure 6. Contour plot of w(x,t) whena =1.3,T =2,L =2, M = N = 256.

Example 2. We choose ¢(x) = sin(mx), (x) =0, T=5L=1,a = 1.3and x = 0.5 in (29).
Suppose that the beam is in free vibration, that is, g(x, t) = 0, different y values were taken to verify
the influence of material damping on beam vibration. The obtained results are shown in Figure 7,
from which it can be concluded that the greater the damping coefficient of the material, the faster the
vibration attenuation rate of the beam.

1 T T T T
. ——— =1
[
\ A - = -u=2
i\ D
05F 1 i/ H=3]]
i
1 ]
I
2ot
=
>
05}
Y
_1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

t

Figure 7. Graph of uj,(x,t) at the midpoint over time for different values of .

Next, we fixed p = 3, changed the value of « and observed the vibration curve at the
midpoint of the damping beam. It can be seen from Figure 8 that the attenuation rate of
the beam vibration decreases with the increase in the order of the fractional derivative. In
addition, it is generally shown that the peaks of these curves gradually increase and shift
to the right as the order of the fractional derivatives increases.
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Figure 8. Graph of u,(x, t) at the midpoint over time for different values of .

7. Conclusions and Suggestions
In this paper, a mixed finite volume element method is proposed to solve the fractal-

order damped beam vibration equation. By introducing two auxiliary variables with
practical significance, the original fourth-order problem is transformed into a second-order
equation system. The stability and convergence of the scheme are analyzed. The numerical
examples demonstrate the effectiveness of the proposed method, and it can be seen that the
larger the damping coefficient and the smaller the order of the fractional derivative, the
faster the attenuation frequency of the beam vibration.

Although there are some other methods which can be used to solve such problems, the
MFVE method shows its advantages: (i) The feature of the finite volume element scheme is
retained, so the local conservation of physical quantities can be preserved. (ii) Two physical
quantities with practical significance can be solved at the same time; thus, the computing
cost is reduced. (iii) Compared with the finite element method, the space smoothness
requirement is lower.

In the future work, we can apply this method to other types of beam vibration equa-
tions, such as beam vibration equations with structural damping, non-uniform beam
vibration equations, etc. At the same time, other methods can be used to discretize the time

derivatives to improve the accuracy of the method.
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