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Abstract: This study investigates the fractional-order Swift-Hohenberg equations using the natural
decomposition method with non-singular kernel derivatives. The fractional derivative in the sense
of Caputo—Fabrizio is considered. The Adomian decomposition technique (ADT) is a great deal to
the overall natural transformation to create closed-form results of the given models. This technique
provides a closed-form result for the suggested models. In addition, this technique is attractive,
simple, and preferred over other techniques. The graphs of the solution in fractional and integer-
order show that the achieved solutions are very close to the actual result of the examples. It is
also investigated that the result of fractional-order models converges to the integer-order model’s
solution. Furthermore, the proposed method validity is examined using numerical examples. The
obtained results for the given problems fully support the theory of the proposed method. The present
method is a straightforward and accurate analytical method to analyze other fractional-order partial
differential equations, such as many evolution equations that govern the dynamics of nonlinear
waves in plasma physics.

Keywords: natural transform; Caputo-Fabrizio derivative; swift-Hohenberg equations; adomian
decomposition method; natural decomposition method

1. Introduction

Fractional calculus (FC) has become an essential computational method for describ-
ing appropriate nonlocal problems. Fractional derivatives have mathematically inter-
preted many physical models in the last few centuries; these representations have gener-
ated outstanding solutions to real-world modeling problems. Riemann-Liouville, Coim-
bra, Weyl, Riesz, Liouville-Caputo, Hadamard, Grunwald-Letnikov, Caputo—Fabrizio,
Atangana—Baleanu, and others, provided numerous fundamental ideas for the fractional
operators [1,2]. The Caputo—Fabrizio fractional derivative has expanded our understanding
of fractional differential equations. The new derivative’s charm is that it has a non-singular
kernel. The Caputo-Fabrizio derivative combines an ordinary derivative and an expo-
nential function. Still, it has the same additional driving qualities of heterogeneity and
configuration with different scales as the Caputo and Riemann-Liouville fractional deriva-
tives. Over the last several years, various nonlinear problems have been established and
broadly utilized in nonlinear scientific fields such as mathematics, biological sciences,
chemistry, and other aspects of mechanics such as thermodynamics, condensed matter
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physics, quantum dynamics, wave equation, optics, and plasma physics. The accurate
result of nonlinear systems is essential in deciding the characteristics and properties of
physical processes. Still, sometimes it is difficult to obtain accurate results when dealing
with nonlinear problems [3-6]. Since the field of partial differential equations (PDEs) is so
significant in modeling several real-world issues, nonlinear equations are also fundamental
in developing different models and problems in materials science, fluid dynamics, commu-
nications, plasma physics, and industrial engineering. As a result, these equations have
been examined analytically and numerically using different techniques [7-9]. The equations
above have been examined under numerous fractional differential operators [3,10-12] due
to the applications of fractional calculus. Keeping in mind the significance of PDEs, the
”Swift-Hohenberg equation” is a significant problem that precisely represents the evolution
and generation of patterns in many systems. Swift and Hohenberg are the first to develop
the Swift-Hohenberg equation: [13]

0 _ 2
& =ni— (1+92) 0+ Np).

Here, N({) is a nonlinear term, 7 is a real constant, and p is a scalar function. A
fundamental partial differential equation that defines pattern creation in various physical
systems is the Swift—-Hohenberg equation. J. discovered this equation for the first time.
P. Swift and Hohenberg has the form and is useful for characterizing the hydrodynamic
fluctuations near the convective instability.

ps 2070+ Pgzzr = ap + B — 10, M)

where «, f and <y are constant parameters of equation. This equation appears in numerous
scientific disciplines. It explains, for instance, how shear microbands in nanocrystalline
materials arise, the size of the optical electric field inside a cavity, the patterns found inside
thin vibrated granular layers, and many other things. Studying the wave mechanisms that
this equation and its generalizations explain is crucial. One of the interesting generalizations
of Equation (1), arises in literature, have the following form

o5 +2pz — opggs + pegze = w0 — 10" )

where o, & and 7y are the parameters. In Ref. [5], authors define the existence condition of
non stationary meromorphic solutions of Equation (2), that corresponds to o # 0. Using this
fact they were succeed to find elliptic and simple periodic solutions. Another work, devoted
to studding the Equation (2) is a work, where the so-called snakes-and-ladders structure of
equation is studied. The Swift—-Hohenberg equation has various uses in engineering and
science, including physics, biology, fluid, laser research and hydro dynamics [14-16]. In
addition, this equation has various uses in pattern formation modeling and its numerous
difficulties, such as the impact of noise on bifurcations, pattern selection, defect dynamics,
and spatiotemporal chaos [17-20]. The Swift-Hohenberg equation [21] is crucial in pattern
creation theory in fluid layers restricted between horizontal well-conducting barriers.

In the present investigation, we consider the fractional Swift-Hohenberg equations
with three different forms; for the initial two forms, [22-24].

Type-I Swift-Hohenberg equations:

IRCEXA))

*(p(Z,9))

- 35 an -
e Pl +(1-=09)p(,3)+p°(,3)=0,€(0,1],8 € R, I >0,
Type-II Swift-Hohenberg equations:

, 20 9)) (£, 3)

l
o + a2 +(1-0)p((,S) = pé(g-’%) - < a7 ) ,B€(0,1],3 >0,
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where ¥ € Rand ¢ > 0.

Type-III Swift-Hohenberg equations:
In the presence of the dispersive function [25], we investigate the proposed model
of the Swift-Hohenberg equation:

4 & 2 S 3 F & o o o
J uggi ) | 50 Qggé ) 9 ugg; ))__Ap(€ﬁ3>__2p2(gf3)_%p S =0,

where ¢F Dﬁ is Caputo—Fabrizio fractional operator and A, x are bifurcation and dispersive
real parameters Many researchers analyzed and solved the Swift-Hohenberg equation us-
ing various methodologies, such as Vishal et al.’s use of the homotopy analysis method [22]
and the homotopy perturbation transform method. Moreover, the Swift-Hohenberg equa-
tion was solved using the variational iteration method with the Riemann-Liouville deriva-
tive and the differential transform method. Motivated by the preceding work, we establish
an approximation analytic solution for the given problem using a computer known as
the natural decomposition method (NDM). We also present a convergence analysis for
the problem under consideration. To fulfill this requirement, Maitama and Rawashdeh
introduced and nurtured the fractional NDM [26,27], a mixture of the ADT and the natural
transform method. Since the fractional NDM is an improved method of ADT, it will reduce
vast computations, and in addition, it does not requires discretization, linearization, or per-
turbation. Recently, due to the efficacy and reliability of the projected scheme; thus, several
researchers worked on it to understand the mystery of various nonlinear models [28-30].

Due to the future technique allows us to choose the equation type of linear subprob-
lems, the initial guess, and the base function of the solution; thus, sophisticated nonlinear
differential equations can often be solved. The proposed technique is unique in that it has
a broad convergence zone, a straightforward solution procedure, and a nonlocal effect in
the achieved solution. The future scheme manages and manipulates the series solution,
which swiftly converges to the exact answer in a narrow acceptable region, which no other
traditional techniques can achieve. Furthermore, it logically contains the results of some
traditional methods, such as the ADT, the homotopy perturbation method (HPM), the
g-homotopy analysis transform method, and the reduced differential transforms method,
giving it prodigious generality. It is worth noting that the proposed approach can reduce
computing time and work compared to other standard procedures while retaining highly
efficient results obtained.

2. Basic Definitions

Definition 1. The Riemann—Liouville fractional integral operator of a function f € C,,v > —1is
defined as [31]

() =555 |} (w0 0F @z, B0, w0

®)
and I°f(w) =f(w).
Definition 2. The fractional Caputo operator of f(w) is given as [31]
DL (@) = 1D (w) = 1 [ (w0 i e @

foré —1<B<tl LEN, w>0,feClo>—1

Definition 3. The fractional Caputo—Fabrizio derivative of f(w) is given as [31]

D) = 15 [ e (FEE i@, ®
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where 0 < B < 1and B(B) is a normalization function, where B(0) = B(1) = 1.
Definition 4. The Natural transform of () is defined by [31]
N(@(3) =Uls0) = [~ e39(0,9)d3, 5,0 € (~o0,9). ©
For S € (0, 00), Natural transformation of ¢ (<) is given by
N(@(S)H(S)) =NT =UT(s,0) = /Ooo e S 9(0,3)dS, s,v € (0,00). 7)
where H(S) is the Heaviside term.
Definition 5. The inverse Natural transform of U (s, v) is define as [31]
NHU(s0)] = 9(S), VS = 0. ®)

Lemma 1. If linearity property of Natural transform of ¢1(3) is ¢1(s,v) and ¢2(S) is ¢a(s,v),
then [31]

Ne191(S) + 292(3)] = aN [@1(S)] + 2N [92(I)] = c191(5,v) + c292(5,v),  (9)
where c1 and cy are constants.

Lemma 2. If inverse Natural transformation of ¢1(s,v) and ¢;(s,v) are ¢1(S) and ¢5(S)
respectively [31] then

N Herp1(s,0) + c292(5,0)] = aaN e (s,0)] + 2N (s, 0)] = c191(S) + c292(S), (10)

where c1 and ¢ are constants.

L PR
Definition 6. The Caputo sense of Natural transform D ¢(<3) is given as [31]

B < 1
181 = (5) (Wlo3)1 - ()00, an
Definition 7. The Caputo—Fabrizio derivative of Natural transform ngo(g) is expressed as [31]
N9 = 15507 (Vo) - (5 )9l0)): 1)
W= TR ;

3. General Discussion of Method

In this section, we define an analytical methodology based on Natural transformation
of fractional partial differential equations

DEQ(L,S) = L(9({,9) + N (9, 9) +h((,9), (13)

the initial condition

9(2,0) = ¢(2), (14)
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where £, N, and h({,S) are linear, nonlinear and source term, respectively. Now, by

applying the Natural transformation of Equation (13), we get

1

U (e DY) e s
o (Ve 9 - 22 — i )

where

p(Bo,s) =1—B+B(5).

By applying inverse Natural transform (8), we rewrite Equation (15) as,
069 =N (P (g0 N ),

N(9(Z,S)) can be decomposed into

The nonlinear terms find with the help of Adomian polynomials
(5, ) = Z 9i(0, ).
Applying Equations (18) and (19) into (17), we get
500, 9) = (24 (g o 9)))

+N T (P(ﬁ, v,s)N li L(i(Z,9)) +

i=0

As )

From (20), we get

(Pl+1(€ ‘S) 71 (p(:B'U'S>N[‘C<ul(€_/ §)> + Al} )/ I = 112131 T
By substituting (21) into (19), we get the NDMcr result of (13) as
FCS) =5 (03 + 9T (6,9) + 95 (L) +--- .

4. Convergence Analysis

In this section, we discuss the uniqueness of NDMcr.

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

Theorem 1. The NTDMcr result of (13) is unique when 0 < (61 + &) (1 — p+ BS) < 1

Proof. Let F = (C[]],||.||) be the space Banach with the norms |[¢(3)|| = maxgcf|p(3)],V

function of continuous on J. Let G : F — F is a nonlinear mappings, with

i1 = 95 + N p(B, o, )NIL(gi(x0, S)) + N (gi(xi, )], 12 0.
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Suppose that |L(¢) — L(¢*)| < 01]¢ — ¢*| and [N (@) — N (¢*)| < &2 — ¢*|, where
41 and 6, are Lipschitz constants and ¢ := ¢({, <) and ¢* := ¢*({,t) are two various
functions value.

1Gp = Gg* | < maxg |N ! [p(B,o, )N [L(p) — L(9")]
+p(B,0,5)NIN (9) =N (@]l
< maxge; [N p(B,0,5)N g — 9]
+ N [p(B,0,5)N |9 — 9] @3
< maxge; (61 +02) [N p(B,0,5)N |9 — 9]
< 01+ &) N p(B 5N |9 — 9]

= (014 8)(1 =B+ BS)lle - ¢"].

G is contraction as 0 < (61 + &) (1 — B+ BS) < 1. The result of (13) is unique from Banach
fixed point theorem. O

Theorem 2. The NTD Mcr solution of (13) is convergence.
Proof. Let ¢y = Y ¢+({, ). To prove that ¢y, is a Cauchy sequence in F. Consider,

qum q)”H_max e]’ Z qu n=123,-
r=n+1

N1 [P(,B,U,S)N[ i (‘C(q’r—l) +N(§0r—l))‘|‘| ‘

r=n+1

< maxgeg

= THHXQGI

m—1
N1 [p(ﬁ,v,s)N[ Yy (ﬁ(qu)Jr/\/(fPr))H’ (24)

r=n+1

< maxge N7 p(B, 0, )N (L(@m-1) = L(@n-1) + N (@m-1) = N (9u-1)]]]
< Symaxge N p(B, 0,8 )NI(L(@m—1) = L(9n-1))]]|

+ Symaxg e INHp(B, 0, ) NN (1) = N(Sn-1))]]|

= (01 +02)(1 =B+ BI)|l@m-1— @n1ll-

Letm = n—+1, then
| @us1 = @ull < 0llgn = @u-ill < Pllgn-19u2ll <+ <"llg1 —goll, (25
where § = (61 + 62)(1 — B+ BS). Similarly, we have

[ @m — @all < @ni1 — @ull +ll@ur2@uiall + -+ lom — @u-1ll,
(" 46" 4+ 8" )1 — @ol|

(26)
_ sm—
< -7
<o (1255 el
As0 <d <1, wegetl—o""" < 1. Therefore,
51’1
lgm = gal| < T—maxseyllgu]l. @)

Since [|¢1]| < oo, ||@m — ¢n|| = 0 when n — co. Hence ¢, is a Cauchy sequence in F,
therefore the series ¢y, is convergent. [
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5. Applications

Example 1. Consider the linear fractional-order Swift—Hohenberg equation:

0, S)

0

%

az? act
with initial condition . )
p(£,0) = sin(¢),
Now, by applying the Natural transform to Equation (28), we have

?Po(Z,3) ?p(Z,S)
N { 257 PIe

+

| =-wa-ones+2 a4p(€'§>}’

FYE

Applying the inverse Natural transformation

=

o~

\(:@
Il

A [#29(5,0) _HEHBG—H)

s2 s2

2 _g 4 _g
{(1—19)p(§,§)+2a pa%é ) 42 pa(gi )H

Applying the ADT procedure, we get

Al
pir1 =N 2 a2 ot

The following two cases can be discussed.
Case 1: (0 = 0). According to Equation (28), we get
forj=20

() — N -PWSV))N{(l  H(C.F) L2006 ) | *0e(E,S) } —o

52

The subsequent terms read

0(0,3)=-N"" _W/\/{(l (6 3) +2221E3) L IES) } =0,

o,9) = - [ B e 9 L P0(08) | P0() }: L

The solution of Equation (28) at b = 0 read
p(é/ g) = pO(E/ g) +01 (C_/ g) + PZ(g_r g) + P3(€_r g) + p4(€_r g) T

p(E, ) = sin(Q).
Case 2: (¢ # 0). According to Equation (28), we get

po(C, ) = sin(Z),
In Equation (31) put j = 0,1,2,3 - - -, is given as

G

+(1719)p(§,§_‘9)+282p(§'§) LES) o B<1, 30,

"(Sﬂg(s_”))/\/{(l —9)p;(, Q) +282pf(§’§) + P0G, 3) H j=012,-

(28)

(29)

(30)

(31)

(32)

(33)
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A _1[p(s+B(s—n) 5 & d a4p Z.S)
p6,3) = -t BB el 1 g)p0g,3) 2205 4 TGS o
p1(£,3) = ((8 -1) +1)sin({)(1 - B+ BJ).
The subsequent terms read
5 — (SJrﬁ( )) _ > g zpl(grg) a4pl(§r§9)
p(0,3) = A1 a3+ 2GS THE S, -
p2(E3) = (6= 1)+ (8 1) + 1) sin() 53(BS +2 - 2p)
> & 1 V(S"'ﬁ( ) _ s & P02((,S) | *02(Z,9)
P3(€,\S)— N |: 52 N{(l ’-9)P2(€r )+2 aé——z + aé——4 }:|/ (36)
P88 = (0 -1+ (1) +<19f1>+1>sm<5>§% (63 +3-3p)
s < 203(7, 403(7,
ps63) = (01 + (0 1+ (9 17+ (9 1) + 1) sin({) o5 (B3 + 4 — 49) (37)
The NDM result for Example 1 is given by
p(2,3) = po(5,3) +p1(8, ) + 28, 3) +03(3, ) +04(L, ) -
p(§,3) = sin() + (8~ 1) + ) sin(©)(1~ -+ B3) + (8~ 1+ (8~ 1) + 1) sin() 53(3 +2 — 26)
FUO 14 (0 =12+ (8- 1) +1)sin(@)3 S (BS +3-36) + (0 - 1) + (8- 1)°
£ -1+ (8-1) + Dsin(0) 55 (B +4 - 4p) +
The exact solution to Equation (31) at B = 1 read
N
p(E,g)zwsm(é) dim ;)(1419 1™ (BS +n —np). (38)

Figure 1, demonstrates the close agreement between the exact and approximate so-
lutions, which is a fascinating amalgamation of Natural transform and Caputo-Fabrizio
fractional derivative for real parts only. Furthermore, Figure 2, depicts the fractional order
behaviour of the real part of p(, &) when fractional order B = 0.6 and 0.4, respectively.
Figure 3, indicates the three- and two-dimensional representations of various fractional-
order of B. In Table 1, exact solution, proposed technique solutions and AE for p((, ¥) of
Example 1.
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Table 1. Example 1 Exact solution, proposed technique solutions and AE for p (é_' , (\_‘s)
x = 0.001 Exact Solution NDTM AE of NDTM AE of NDTM AE of NDTM

0% p=1 p=1 p=1 B=109 p=038

0 0.000000000000 0.000000000000 0.0000000000x 10+ 0.0000000000x 107 0.0000000000x 107
0.1 0.100000900000 0.100001000000 1.0000000000x 107 2.2624000000x10~° 9.1005000000x 10~°
0.2 0.200001600000 0.200002000000 4.0000000000%10~7 4.7247000000x10~° 1.8401000000x 10~
0.3 0.300002100000 0.300003000000 9.0000000000x 107 7.3870000000x 10~° 2.7901500000 x 10>
04 0.400002400000 0.400004000000 1.6000000000x 106 1.0249300000x10~° 3.7602000000x 10>
0.5 0.500002500000 0.500005000000 2.5000000000x10~° 1.3311600000x 10~° 4.7502500000 x 10>
0.6 0.600002400000 0.600006000000 3.6000000000x10~° 1.6574000000 x 105 5.7603000000x10~°
0.7 0.700002100000 0.700007000000 4.9000000000 % 10~® 2.0036200000x 10> 6.7903500000x10~°
0.8 0.800001600000 0.800008000000 6.4000000000x 10~ 2.3698600000x 105 7.8404000000x 10>
0.9 0.900000900000 0.900009000000 8.1000000000x10~° 2.7561000000x 10> 8.9104500000x 107>
1.0 1.000000000000 1.000010000000 1.0000000000x 10> 3.1624000000x 10> 1.0000500000x 10~4

Figure 1. The first graph of analytical solution of B = 1 and second is 8 = 0.8 for Example 1.

Figure 2. The first graph of analytical solution of § = 0.6 and second is B = 0.4 for Example 1.
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Figure 3. The different fractional-order of B with respect to { and $ for Example 1.

Example 2. Consider the fractional-order linear Swift-Hohenberg equation:

op(C,S) - P00 S) | P S) .
= — = = = < 3
Sap T(1=0)p(E,S) +2 o T 0, 0<p<1, §>0, (39
with initial condition ) )
p(Z,0) = ¢t (40)

Now, by considering the Natural transformation to Equation (39), we have

aﬁp(g_,%) . e azp(g_r%) a3p(€‘,§)
NP = o 9y 2 4 SR

Applying the inverse Natural transformation

25(7, s s — . 0%0(2,3)  %0(Z, S
Nl[u pg 0) u +ﬁs(2 ”))N[(l—ﬁ)p(g,%)u pa(g2 ) pa(§3 )”

=
é@
Il

Applying the ADT procedure, we get

po(_, g) :N—l [VZPS(EIO)] :N—l [ﬁj] = eg_.

S

a2 FIE

u(s+ﬁ(s—u))N{(1 (2 9) + 2708 P9 H i—01,2,

(6 ®) = - MBI el 4 gy, 3 + 22 UED) L TOEIN] (9 gyl 1 - p+ ). a1

The subsequent terms read
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&) S+/3 — 1) - L 2 01(ES) | P 9)
3 = -t [HEEE =l 1 - o) 0,9 + 2725 1 SEIE S
= (9 —4)2 %%(,B\s+2 28),
&\ S+ V)) > 32P2(C_r§) 83p2(€r§) 42
) = - [ N{( Np2(2, ) +2 202 + o0 H (42)
= (0 —4) egl(‘z(ﬁ\s+3 3B),
The NDM result for Example 2 is
p(8,3) = p0(5, ) +01(8, ) +02(8,I) +03(8, ) +pa(8,S) -+ -
p(@,%):eg_{l—i—(19—4)(1—;8+,B§)+(19—4)2Q([S%#—Z—Zﬁ)+(§—4)3;§2(,B§+3—3,3)+---].
when B =1, then the NDM result is
p(@,%):65{14—(19—4)65(1—,3—!—,8%)4-(19—) %%(ﬁ +2-2B) + (9 — 4)%F 32 (BS +3 - 3p) + ] (43)

The exact result is )
p(0,3) = e Eg((9 - 4)SP).

Figure 4, demonstrates the close agreement between the exact and approximate solutions,
which is a fascinating amalgamation of Natural transform and Caputo—Fabrizio fractional
derivative for real parts only. Furthermore, Figure 5, depicts the fractional order behaviour of
the real part of p({, &) when fractional order 8 = 0.6 and 0.4, respectively. Figure 6, illustrates
the three- and two-dimensional representations of various fractional-order of 8. Table 2 shows
that the comparison with the caputo and Caputo-Fabrizo operators.

Table 2. Comparison at different fractional-order of 8 on the basis of error for Example 2

G

B =04

B =06

B=038

B=1(NDMc)

B =1 (NDMcr)

0.1

5.2120000000 x 107
1.0384330000 x 10~
1.5474640000 x 10~¢
2.0443500000 x 10~°
2.5253100000 x 10~°

3.6017600000 x 107
7.1776700000 x 10~
1.0698980000 x 106
1.4139470000 x 10~©
1.7473930000 x 106

2.0943200000 x 107
41757400000 x 10~7
6.2282300000 x 107
8.2379300000 x 107
1.0191440000 x 10~6

6.4513000000 x 10~8
1.2893800000 x 10~7
1.9293900000 x 10~7
2.5631800000 x 107
3.1886900000 x 10~°

6.4513000000 x 10~8
1.2893800000 x 10~7
1.9293900000 x 10~7
2.5631800000 x 107
3.1886900000 x 10~°

0.2

5.8984400000 x 10~7
1.1759660000 x 10~©
1.7533840000 x 10~®
2.3179040000 x 106
2.8655420000 x 10~°

4.2773700000 x 10~7
8.5314400000 x 107
1.2726080000 x 10~
1.6832640000 x 10~©
2.0823970000 x 10~¢

2.7455400000 x 10~
5.4809200000 x 10~7
8.1829600000 x 107
1.0835570000 x 10~©
1.3423590000 x 10~®

1.2876600000 x 10~
2.5761600000 x 107
3.8562800000 x 107
5.1239700000 x 107
6.3748800000 x 107

1.2876600000 x 10~
2.5761600000 x 107
3.8562800000 x 107
5.1239700000 x 107
6.3748800000 x 1077

0.3

6.5642700000 x 107
1.3096920000 x 10~¢
1.9537820000 x 10~°
2.5842940000 x 10~°
3.1969960000 x 10~°

4.9400400000 x 107
9.8624000000 x 10~
1.4720680000 x 106
1.9484160000 x 10~©
2.4123230000 x 10~°

3.3914500000 x 107
6.7785000000 x 107
1.0127840000 x 10~
1.3421460000 x 10~©
1.6641870000 x 106

1.9276800000 x 10~7
3.8605500000 x 107
5.7806700000 x 107
7.6821500000 x 10~7
9.5586800000 x 107

1.9276800000 x 10~7
3.8605500000 x 107
5.7806700000 x 107
7.6821500000 x 1077
9.5586800000 x 107

0.4

7.2188300000 x 107
1.4414910000 x 10~®
2.1514870000 x 1076
2.8472250000 x 10~°
3.5242520000 x 1076

5.5944200000 x 107
1.1180020000 x 10~¢
1.6697170000 x 10~©
2.2112730000 x 10~°
2.7394880000 x 1076

4.0328700000 x 107
8.0703200000 x 107
1.2065920000 x 106
1.5999330000 x 10~
1.9850950000 x 10~©

2.5652100000 x 107
5.1423300000 x 107
7.7025600000 x 107
1.0237930000 x 10~¢
1.2740070000 x 106

2.5652100000 x 107
5.1423300000 x 10~
7.7025600000 x 10~7
1.0237930000 x 10~
1.2740070000 x 106

0.5

7.8654200000 x 107
1.5720280000 x 10~
2.3474550000 x 1076
3.1079660000 x 106
3.8489010000 x 1076

6.2423400000 x 1077
1.2488040000 x 10~
1.8660800000 x 106
2.4725350000 x 10~°
3.0647790000 x 106

46702100000 x 10~7
9.3572800000 x 107
1.3998180000 x 10~
1.8570540000 x 10~°
2.3052760000 x 10~°

3.2001400000 x 107
64215100000 x 10~
9.6219500000 x 107
1.2791210000 x 10~
1.5918960000 x 10~6

3.2001400000 x 107
64215100000 x 10~
9.6219500000 x 10~7
1.2791210000 x 10~©
1.5918960000 x 10~6
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Figure 4. The first graph of analytical solution of B = 1 and second is = 0.8 for Example 2.

Figure 6. The different fractional-order of 8 with respect to { and $ for Example 2.
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Example 3. Consider the fractional-order linear Swift-Hohenberg equation:

?o(,S) -5y 420G S) () 5
Ssp o T (1=0)p%) + p T e~ 0<psL S>0 @
with initial condition
0(£,0) = cos({)- (45)

Using the Natural transformation to Equation (44), we have

N{aﬁgg—ﬂ\—s)} _ /\/[( 8)0(,5) + Pa(gég) +a4pa(§i§)]

Applying the inverse Natural transformation

(¢ - 2(0,5) | (LS
o(0.8) =N [E2E0 Mt Bt i f 1 gz ) 4222 G MEDY)

Applying the ADM procedure, we get

pold,®) = N[ LD el cos,

S S

_ o , ‘,c‘x 84 7 &
Pj+1:—~/\/’71 WN{( 9)p (g 3) + pg(gi‘s)+ Pg(gi\s)}], =012, (46)
The following two cases will be discussed.
Case 1: (¢ = 0). According to Equation (44), we get
forj=20
- — o aZ 7 84 7
Pl(C,C\}) :_N—l |:‘u(5+i(23 V))N{( )Po@ %)_'_2 Pg(gg/\f) + pg(g—i’\g) }:| —0. (47)

The subsequent terms read

o(6,9) = - [FETBE I i 10,5 270G PO

52 a2 Pl ’
— ~ 40 57 &
(6 = -n MBI el 1 gy, 9 2228 L TREIN ] )

The Equation (44) solution is given as at b = 0

(g,

CQ'

) =po(8, ) + 15, 3) +02(8,F) +03(5, ) +pa(8,S) -+

p(Z, ) = cos({).
Case 2: (0 # 0). According to Equation (44), we get

In Equation (46) put j = 0,1,2,3 - - -, is given as

Pl(g ) N1 ]’Ms_y))/\[{(l_lg)po(‘/g)_‘_ZaZPO(_/g)+34P0(§,§) }},
01(0,3) = ((8—1) +1)cos()(1 — B+ BS).

The subsequent terms read

CQI

(49)
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2 7 g 4 &
pa(6,9) = - KB il 10,5 42 701G | RG] o
p2(3) = (8 -1)° + (8 1) +1) cos(() ;S(BS +2 - 26),
_ _ 2 7 g 4 > %
i) = -n B 1 gy, 9 2228 T IY] o
05(83) = (817 + (8~ 1)+ (8 1) + 1) cos({) 3 32(63 +3 - 3p),
-~ - -~ — o 82 'Ic_\ 84 "(‘\
P4(§/%):_N 1|:V(S+,BS(25 ‘u)>./\/'{(1—l9)p3(€,%)+2 pi;(égz \9) + P%(é \9) }:l;
p@3) = (-1 + (8 =1+ (8~ 17+ (8~ 1) + 1) cos(() 55 (B +4 — 4p), (52)
The NDM result for Example 3 is given by
p(g/ g) = PO@_I %) +p1(€_l g) +P2(5/ g) +p3(€/ S) +p4(§r %) T
p(5,S) = cos(§) + ((9—1) + 1) cos(§) (1 = B+ BS) + (8 —1)* + (8 —1) + 1)cos(€)%§(ﬁ§+2 —2p)
+ (B -1+ -1)*+@B—-1) +1)cos(§_)%§2(/3§+3—3,8) +((O-1)*+(0-1)°
L1+ (B-1) +1)cos(§)§§3(ﬁ§+4—4ﬁ) T
The exact result for Equation (44) at p = 1 reads
N
p(5,3) = 3 cos(() lim Y (1= (01" ) (BS + 0 — ). 53)

Figure 7, demonstrates the close agreement between the exact and approximate so-
lutions, which is a fascinating amalgamation of Natural transform and Caputo-Fabrizio
fractional derivative for real parts only. Furthermore, Figure 8, depicts the fractional order
behaviour of the real part of p({, §) when fractional order g = 0.6 and 0.4, respectively.
Figure 9, depicts the two-dimensional representation of various fractional-order of § of
Example 3.

Figure 7. The first graph of analytical solution of § = 1 and second is 8 = 0.8 for Example 3.
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Figure 9. The different fractional-order of B with respect to { for Example 3.

Example 4. Consider the fractional-order linear Swift—Hohenberg equation:

’p(C, S o %(03) %0(03) 9%(CS )

g(éﬁ ) 4 (1-9)p(E %) +2 Pa(ég2 ) _ 4 Pa(ég3 ) pgé )0, 0<p<1, G50, -
with initial condition i )

p(5,0) = e (55)

Now, by applying the Natural transform to Equation (54), we get

Po((,9)] _ I () A L () B AL ()
NG| = - 000 9) 427 o TR TR

Applying the inverse Natural transformation
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-~ 1 [420(Z,0 _ o 20(2, PBo(Z,S)  0%(Z,S
p(é—’%) =N 1| H pig )_ .M(S‘F‘BS(ZS y))N{(l—ﬂ)P(C,%)+2 Pa(gz\f) —0 Pa(éd) + pa(§4\9) }:l

Using the ADT procedure, we get:

= < 25(7 2,C _
paa%)=N‘{“Pfﬁq:aMlliflze;

-1

_ - - 0°p;
pjy1 = —N MSJFﬁ(SV))/\/{(l —9)p;j(L,S) +2 - —r——F 3

52

forj=20

(6, 3) = —A-1 {WN{(l—ﬂ)Po@g)Jrza iz 7 (5)36_3 i
p1(63) = (0 =4+ 0)ef(1 =+ 3).

The subsequent terms read

F & [ p(s+B(s — > & 201(3, S 201(2,3)  9%01(3,9)) ]
02(0,3) = -N"1 _WN{O_&)PI@I\Y)‘FZ Pg(gg 3) g 918(553 3) i Pg(g_i \9)} /
p2(3,S) = (19—4+0)2e5%§([5§+2 —2B),
5 & o + — . 20,(C, S 30,(C, S 0%0,(2, 3T
e e e G A N RS e o I

p3(0,9) = (0 -4+ a)%%%z(ﬁ% +3-3p),

The NDM result for Example 4 is given by

Yo

§Z(ﬁ§+33ﬁ)+~-].

<

p(C_, g) = PO@_I g) +o1 (g_l g) + PZ(; g) +p3(€r g) +P4(C_r

Q=

o(Z,3) = e5{1+(04)(1 BB+ (1974)2%3(5&272[;) +(6—4)°
when B = 1, then the NDM result is
0(Z,3) :65{14—(0—4—1—0)(1—ﬁ+/3§)+(19—4—1—0)2%@(5%4-2—25)4—(19—4—1—0)3%%2([%@—1—3—3[%)+---}. (58)
The exact result reads
p(C,3) = exp* Eg((9 — 4+ 0)3P).

Figure 10, demonstrates the close agreement between the exact and approximate
solutions, which is a fascinating amalgamation of Natural transform and Caputo—Fabrizio
fractional derivative for real parts only. Furthermore, Figure 11, depicts the fractional order
behaviour of the real part of p(, S) when fractional order g = 0.6 and 0.4, respectively of

Example 4.
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Figure 10. The first graph of analytical solution of § = 1 and second is f = 0.8 for Example 3.

Figure 11. The first graph of analytical solution of 8 = 0.6 and second is f = 0.4 for Example 3.

Example 5. Consider the fractional-order non-linear Swift—Hohenberg equation:

207 & 4, (7 & 7 &)\ 2
FOES) (1 9)p(Z,3) +2° p;gf)Jrapa(gf)—p2(§,§)+<M> =0, 0<p<1, >0, (59

with initial condition )
p(Z,0) =" (60)

Using the Natural transformation to Equation (59), we get

a2 ac*

20(2,3) | %02, - 3\
(102, 3) +272ES) | Pl >_pz(,g)+<ap<aé ))]

Applying the inverse Natural transformation

20(¢ - e 2020(03) | 040(0,S
p(0.3) -1 [FRE0) o B f 1 gz ) 4222 9) 4 20ED



Fractal Fract. 2022, 6, 524 18 of 21

Using the ADT procedure, we get

po(8,3) = N1 [" L0 _ f‘zﬂ _

. D(E3) pES) e, &

The nonlinear term can be with the help of Adomian polynomials is expressed as,

Ao =p§, A1 = 20001,
By = (Pog‘)z/ B1 = 2pz017

forj=0
- < - — o 2 C_\ 7 (‘x o d _,(_\ 2
1T D) = (8- 4)et(1 - p+p3).
The subsequent terms read
p2(0,3) = (0 - 926 3 3(BS +2-26),
03(03) = (9 - 47 S (B3 +3 - 3p), (©2)

The NDM result for Example 6 is given by

(g,

Q’?'

) =00(0,3) +01(Z,S) + 02(3,3) +03(3,S) +04(,F) - - -

<f\!|

p(6,3) = e [14 (8 4)(1— p+B3) + (8- 473 S(6S +2-2p) + (9 4 3283 +3 —3p) +

The exact result reads .
0(,3) = FE4((6 — 4)3P).

Example 6. Consider the fractional-order non-linear Swift—-Hohenberg equation:

#o(Z,S) s 5y 4 200 S) (9
W_Q_(l—ﬂ)p(g,\s)—i-Z ar2 -0 a3 63)
o 5 & . ) g‘lf‘ 2 =
n Pa(€_4d) (0, 3) + (P(ag_\’)> =0, 0<p<1, >0,
with initial condition _
p(,0) = ¢, (64)

Now, by applying the Natural transformation to Equation (59), we get

ol S an L S0%0(0S) %0 S) %S - an L (9083
‘;(ﬁ )}Z_N[u_ﬂ)pmm pa%z ), pa% ), pa<§4 ) 209) (p(ag_ )”

G

1
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Applying the inverse Natural transformation

a2 A3

0(,3) =N #*(,0) _ p(s+B(s— M))N[(l _0)p(5,S) +232p(§‘, 3) Ua3p(€—, %)

Pj+1 = -N1

_ N (A B T (1 B (o B y
WN{a—ﬂ)p(g%‘)—Za pa(ggé ) 2 pa(gé >_apa(§; )+mZ=‘,OAm—EOBmH.

The nonlinear term can be defined with the help of Adomian polynomials as

Ao =p3, A1 = 2p0p1,
By = (0oz)*,  B1 = 200z01¢/

for j =
o _ o 82 ‘Ic‘\ 33 ‘,(‘\
Pl(g/%) =_ N1 .u(S-F‘BS(ZS V))N{(l —19)00(5,3) 42 Pg(gg \y) -0 P%(g_@g \9) .
+784p0(§,§) —03(2,3) + 9po(E,3) i = (8 —4+0)f(1—B+BS) ©
o 0 s |
The subsequent terms read
p2(0, ) = (19—4+a)2e5%§(5§+2 —2B),
03(,3) = (0 —4 +U)3e§%§2(ﬁ§ +3-38), (66)

The NDM result for Example 6 is given by

) =00(8,3) +01(Z,S) + 0208, 3) +03(0,S) + pa(,S) - - -

G

(g,
(0, 3) = |1+ —4+0)(1-B+pS) + (z9—4+a)2%§([5§+2—2ﬁ) + (0—4+a)3%%2([3§+3—3/&) +-- .
The exact result reads
p(C,3) = P Eg((9 — 4+ 0)SP).

6. Conclusions

In this investigation, a novel technique known as Natural decomposition has been
devoted to obtain the fractional-order analytical result to Swift-Hohenberg equation. By
applying the later technique, we studied a fractional-order (non)linear Swift-Hohenberg
equation involving and excluding dispersive terms. We compared the solutions using
figures for the various fractional-orders. After that, we studied the problem described
above under Caputo-Fabrizio fractional-order derivative. The obtained solutions can be
helpful for further analysis of the complicated nonlinear physical models. The calculations
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of this method are very simple and straightforward. Thus, we deduced that this method
can be applied to solve different systems of nonlinear fractional-order partial differential
equations. In addition, the suggested method can be used for solving many nonlinear
evolution equations that govern the propagation of unmodulated and modulated structures
in different plasma systems. For instance, this method can be employed for solving
the family of fractional Kawahara-type equations that govern the propagation of strong
nonlinear unmodulated structures in a plasma physics [32-34]. Finally, we can conclude
the regarded technique is better and highly effective, and it can be utilized to study the
various classes of nonlinear problems arisen in real life.
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