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1. Introduction

In modern mathematics, the fundamentals surrounding fractional computation and
the fractional differential equation have taken center stage. The idea of fractional com-
putation has now been put to the test in a wide variety of social, physical, signal, image
processing, biological, control theory, engineering, etc., challenges. However, it has been
demonstrated that fractional differential equations may be a valuable tool for describing
a variety of situations. For many different types of realistic applications, fractional-order
models are superior to integer-order models. The research articles [1–15] are concerned with
the theory of fractional differential systems, and readers will find a number of fascinating
findings about fractional dynamical systems. Please refer to [16–21] for more information.

Other fractional derivatives introduced by Hilfer [22] include the R-L derivative and
Caputo fractional derivative. Many scholars have recently shown tremendous interest in
this area, e.g., [23–25]; researchers have established their results with the help of Schauder’s
fixed point theorem. In [26–28], the authors worked on the existence and controllability
of differential inclusions via the fixed point theorem approach. In references [29–31], the
authors discussed the existence of a mild solution by using Martelli’s fixed point theorem.
As a result of these findings, we expand on the literature’s earlier findings to a class of Hilfer
fractional differential (HFD) systems in which the closed operator is almost sectorial.

In [32], M. Zhou, C. Li, and Y. Zhou studied the existence of mild solutions to Hilfer
fractional differential equations with the order λ ∈ (0, 1) and type ν ∈ [0, 1] in the abstract
sense, as follows:

H Dλ,ν
0+ y(t) = Ay(t) + g(t, y(t)), t ∈ (0, T],

I(1−λ)(1−ν)
0+ y(0) = y0,

here, A denotes the almost sectorial operator of the semigroup and the Schauder fixed
point theorem is used.
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In [33], Zhang and Zhou demonstrated the existence of fractional Cauchy problems
using almost sectorial operators of the type,

LDq
0+x(t) = Ax(t) + f (t, x(t)) t ∈ [0, a],

I(1−q)
0+ x(0) = x0,

where LDq
0+ is the R− L derivative of order q, 0 < q < 1, I(1−q)

0+ is the R− L integral of
order 1− q, A is an almost sectorial operator on a complex Banach space. We refer the
reader to [34–37] for information. These discoveries led us to extend past findings in the
literature to Hilfer fractional Volterra–Fredholm integro-differential inclusions.

We will examine the following subject in the article: The almost sectorial operators are
contained in the HF neutral integro-differential inclusion,

Dκ,ε
0+
[
y(z)−N (z, y(z))

]
∈ Ay(z) + G

(
z, y(z),

∫ z

0
e
(
z, s, y(s)

)
ds
)

, z ∈ J ′ = (0, d], (1)

I(1−κ)(1−ε)
0+ y(0) = y0, (2)

where Dκ,ε
0+ notates the HFD of order κ, 0 < κ < 1, type ε, 0 ≤ ε ≤ 1; and A is an almost

sectorial operator of the analytic semigroup
{
T(z), z ≥ 0

}
on Y. State y(·) takes the value in

a Banach space Y with norm ‖ · ‖. Let J = [0, d], N : J ×Y be the appropriate function,
G : J × Y × Y → 2Y\{∅} be a non-empty, bounded, closed convex multi-valued map,
N : J ×Y → Y and e : J ×J ×Y → Y are the appropriate functions.

This article is structured as follows: In Section 2, we present the fundamentals of
fractional differential systems, semigroup, and closed linear operators. In Section 3, we
present the existence of the required solution. In Section 4, we provide an application to
demonstrate our main arguments and some inferences are established in the end.

2. Preliminaries

Here, we introduce some basic definitions, theorems, and lemmas that are applied to
every part of the paper.

Let { be the collection of all continuous functions from J to Y, where J = [0, d] and
J ′ = (0, d] with d > 0. Take X = {y ∈ { : limz→0 z

1−ε+κε−κξy(z) exists and finite }, which
is the Banach space and its norm on ‖ · ‖X , defined as ‖y‖X = supz∈I ′{z1−ε+κε−κξ‖y(z)‖}.
Let y(z) = z−1+ε−κε+κξu(z), z ∈ (0, d] then, y ∈ X i f f y ∈ { and ‖y‖X = ‖y‖. Moreover,
define BP(J ) = {y ∈ { such that ‖y‖ ≤ P}.

Definition 1 ([19]). The left side of the R-L fractional integral of order κ with the lower limit d for
function G : [d, ∞)→ R is presented by

Iκ
d+G(z) =

1
Γ(κ)

∫ z

d

G(w)

(z− w)1−κ
dw, z > 0, κ > 0,

provided the right side is pointwise determined on [d,+∞), Γ(·) is the gamma function.

Definition 2 ([19]). The left-sided R-L fractional derivative of order κ > 0, m− 1 ≤ κ < m,
m ∈ N, for a function G : [d,+∞)→ R is presented by

LDκ
d+G(z) =

1
Γ(m− κ)

dm

dzm

∫ z

d

G(w)

(z− w)κ+1−m dw, z > d,

where Γ(·) is the gamma function.
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Definition 3 ([19]). The left-sided Caputo derivative of the type of order κ > 0, m− 1 ≤ κ <
m, m ∈ N for a function G : [d,+∞)→ R, is defined as

CDκ
d+G(z) =

1
Γ(m− κ)

∫ z

d

Gm(w)

(z− w)κ+1−m dw = Im−κ
d+ G

m(z), z > d,

where Γ(·) is the gamma function.

Definition 4 ([22]). The left-sided HFD of order 0 < κ < 1 and type ε ∈ [0, 1], of function
G : [d,+∞)→ R, is defined as

Dκ,ε
d+G(z) = [I(1−κ)ε

d+ D(I(1−κ)(1−ε)
d+ G)](z).

Remark 1 ([22]). 1. If ε = 0, 0 < κ < 1, and d = 0, then the HFD corresponds to the classical
R-L fractional derivative:

Dκ,0
0+G(z) =

d
dz

I1−κ
0+ G(z) =

L Dκ
0+G(z).

2. If ε = 1, 0 < κ < 1, and d = 0, then the HFD corresponds to the classical Caputo
fractional derivative:

Dκ,1
0+G(z) = I1−κ

0+
d
dz
G(z) =C Dκ

0+G(z).

Definition 5 ([38]). For 0 < ξ < 1, 0 < ω < π
2 , Θ−ξ

ω is the family of closed linear operators,
the sector Sω = {v ∈ C\{0} with |arg v| ≤ ω}, and A : D(A) ⊂ Y → Y, which satisfy

(i) σ(A) ⊆ Sω ;
(ii) For any ω < δ < π ∃ Λδ is a constant, such that,∥∥(vI − A)−1∥∥ ≤ Λδ|v|−ξ

then A ∈ Θ−ξ
ω is called an almost sectorial operator on Y.

Lemma 1 ([38]). Let 0 < ξ < 1 and 0 < ω < π
2 , A ∈ Θ−ξ

ω (Y). Then

1. T(z1 + z2) = T(z1) + T(z2), f or any z1, z2 ∈ S0
π
2 −ω

;

2. ∃ Λ0 > 0 is the constant, such that ‖T(z)‖{ ≤ Λ0z
ξ−1, for any z > 0;

3. The range R(T(z)) of T(z), z ∈ S0
π
2 −ω

is contained in D(A∞). Particularly, R(T(z)) ⊂
D(Aθ) for all θ ∈ C with Re(θ) > 0,

AθT(z)y =
1

2πi

∫
Γγ

zθe−zzR(z; A)ydz, f or all y ∈ Y,

and, hence, ∃ is a constant Λ′ = Λ′(β, θ) > 0, such that∥∥AθT(z)
∥∥

B(Y) ≤ Λ′z−β−Re(θ)−1, f or all z > 0;

4. If θ > 1− ξ, then D(Aθ) ⊂ ΣT = {y ∈ Y : limz→0+ T(z)y = y};
5. R(κ′, A) =

∫ ∞
0 e−κ′zT(z)dz, ∀ κ′ ∈ C with Re(κ′) > 0.
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Consider the operator families
{
Sκ(z)

}
z∈S π

2 −ω
,
{
Qκ(z)

}
z∈S π

2 −ω
is defined as follows:

Sκ(z) =
∫ ∞

0
Wκ(ν)T(zκν)dν,

Qκ(z) =
∫ ∞

0
κνWκ(ν)T(zκν)dν,

where Wκ(β) is the Wright-type function:

Wκ(β) = ∑
n∈N

(−β)n−1

Γ(1− κn)(n− 1)!
, β ∈ C. (3)

Let −1 < ι < ∞, p > 0, the succeeding properties are satisfied.

(a) Wκ(θ) ≥ 0, z > 0;

(b)
∫ ∞

0 θιWκ(θ)dθ = Γ(1+ι)
Γ(1+κι)

;

(c)
∫ ∞

0
κ

θ(κ+1) e−pθWκ(
1
θκ )dθ = e−pκ

.

Theorem 1 ([19]). Sκ(z) and Qκ(z) are continuous in the uniform operator topology, for z > 0,
for every c > 0, the continuity is uniform on [c, ∞).

Definition 6 ([16]). A multi-valued map G is called u.s.c. on Y if for each y0 ∈ Y the set G(y0) is
a non-empty, closed subset of Y, and if for each open set U of Y containing G(y0), there exists an
open neighborhood V of y0, such that G(V) ⊆ U .

Definition 7 ([16]). G is said to be completely continuous if G(C) is relatively compact for each
bounded subset C of Y. If a multi-valued map G is completely continuous with non-empty compact
values, then G is upper semi-continuous if and only if G has a closed graph i.e., ym → y0, zm → z0,
zm ∈ G(ym) imply z0 ∈ G(y0).

Definition 8 ([16]). A multi-valued mapping G : Y → 2Y is said to be condensing, if for any
bounded subset D ⊂ Y with β(D) 6= 0, we have β(F(D)) < β(D), where β(·) denotes the
Kuratowski measure of non-compactness, defined as follows:

β(D) = inf
{

d > 0 : D covered by a finite number of balls of radius d
}

.

Lemma 2. System (1)–(2) is equivalent to an integral inclusion given by

y(z) ∈ y0 −N (0, y(0))
Γ(ε(1− κ) + κ)

z(1−κ)(ε−1) +N (z, y(z)) +
1

Γ(κ)

∫ z

0
(z− w)κ−1AN (w, y(w))dw

+
1

Γ(κ)

∫ z

0
(z− w)κ−1

[
Ay(w) + G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
]

.

Definition 9. By a mild solution of the Cauchy problem (1)–(2), the function y(z) ∈ C(J ′, Y) satisfies

y(z) =Sκ,ε(z)
[
y0 −N (0, y(0))

]
+N (z, y(z)) +

∫ z

0
Kκ(z− w)AN (w, y(w))dw

+
∫ z

0
Kκ(z− w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw, z ∈ J ,

where Sκ,ε(z) = Iε(1−κ)
0 Kκ(z), Kκ(z) = zκ−1Qκ(z).
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Lemma 3 ([32]). For any fixed ν > 0, Qκ(ν), Kκ(ν) and Sκ,ε(ν) are linear operators, and for
any y ∈ Y,∥∥Qκ(z)

∥∥ ≤ L′z−κ+κξ ,
∥∥Kκ(z)y

∥∥ ≤ L′z−1+κξ‖y‖,
∥∥Sκ,ε(z)y

∥∥ ≤ L′′z−1+ε−κε+κξ‖y‖,

where

L′ = Λ0
Γ(ξ)

Γ(κξ)
, L′′ = Λ0

Γ(ξ)
Γ(ε(1− κ) + κξ)

.

Lemma 4 ([32]). Let
{

T(z)
}
z>0 be equicontinuous, then

{
Qκ(z)

}
z>0,

{
Kκ(z)

}
z>0, and{

Sκ,ε(z)
}
z>0 are strongly continuous, i.e., for any y ∈ Y and z2 > z1 > 0,∥∥Qκ(z2)y−Qκ(z1)y

∥∥→ 0,
∥∥Kκ(z2)y−Kκ(z1)y

∥∥→ 0∥∥Sκ,ε(z2)y− Sκ,ε(z1)y
∥∥→ 0, as z2 → z1.

Proposition 1 ([39]). Let κ ∈ (0, 1), µ ∈ (0, 1] and for all y ∈ D(A), there exists a Λµ > 0,
such that ∥∥AµQκ(z)y

∥∥ ≤ κΛµΓ(2− µ)

zκµΓ(1 + κ(1− µ))
‖y‖, 0 < z < d.

Lemma 5 ([40]). Let J be a compact real interval and Pbd,cv,cl(Y) be the set of all non-empty,
bounded, convex, and closed subsets of Y. Let G be the L1-Carathéodory multi-valued map, measur-
able to z for each y ∈ Y, u.s.c. to y for each z ∈ C(J , Y), the set

SG,y =

{
g ∈ L1(J , Y) : g(z) ∈ G

(
z, y(z),

∫ w

0
e
(
w, s, y(s)

)
ds
)

, z ∈ J
}

, (4)

is non-empty. Let Υbe the linear continuous function from L1(J , Y) to {, then

Υ ◦ SG : {→ Pbd,cv,cl({), y→ (Υ ◦ SG)(y) = Υ(SG,y), (5)

is a closed graph operator in {× {.

Lemma 6 (Martelli’s fixed point theorem [17]). Let Y be a Banach space and F : Y →
Pbd,cv,cl(Y) be an upper semi-continuous and condensing map. If the set

M = {y ∈ Y : λy ∈ F(y) for some λ > 1}

is bounded, then F has a fixed point.

3. Existence

We need the succeeding hypotheses:

(H1) The almost sectorial operator A produces an analytic semigroup T(z), where z ≥ 0 in
Y and ‖T(z)‖ ≤ M, for some M > 0.

(H2) (a) Let G : J × Y × Y → Pbd,cv,cl(Y) be measurable to z for each fixed y ∈ Y,
upper semi-continuous to y for each z ∈ J , and each y ∈ {, take

SG,y =

{
g ∈ L1(J , Y) : g(z) ∈ G

(
z, y(z),

∫ w

0
e
(
w, s, y(s)

)
ds
)

, z ∈ J
}

,

is non-empty.
(b) For z ∈ J , G(z, ·, ·) : Y × Y → Y, e(z, s, ·) : Y → Y are continuous functions

and for each y ∈ {, G
(
·, y,

∫
e) : J → I and e(·, ·, y) : I × J → Y are strongly

measurable.
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(c) There exists a function φ(z) ∈ C(J ′,R+) satisfying

lim
z→0+

z1−ε+κε−κξ Iκξ
0+φ(z) = 0

∥∥G(z, z1, z2)
∥∥ = sup

{
‖G‖ : G(z) ∈ G

(
z, y(z),

∫ z

0
e
(
z, s, y(s)

)
ds
)}

≤ φ(z)Φ
(
‖z1‖+ ‖z2‖

)
.

for a.e. z ∈ J and z1, z2 ∈ Y, where Φ : R+ → (0, ∞) is a continuous,
additive, and non-decreasing function, satisfying Φ(γ1(z)(y)) ≤ γ1(z)Φ(y),
where γ ∈ C(J ′,R+).

(d) There exists ψ ∈ C(J ′,R+), such that∥∥∥∥ ∫ z

0
e(z, s, y(s))

∥∥∥∥ ≤ ψ(z)‖y‖ for each z ∈ J , y ∈ Y.

(H3) For any z ∈ J , multi-valued map N : J × Y → Y is a continuous function and
there exists µ ∈ (0, 1), such that N ∈ D(Aµ) and all y ∈ Y, z ∈ J , AµN (z, ·) satisfy
the following:∥∥AµN (z, y(z))

∥∥ ≤ Mg
(
1 + z1−ε+κε−κξ‖y(z)‖

)
and

∥∥A−µ
∥∥ ≤ M0, (z, y) ∈ J ×Y.

(H4) N is completely continuous, and for any bounded set D ⊂ {, the set {z→ N (z, y(z)), y ∈
D} is equicontinuous in Y.

Theorem 2. Assume that (H1)− (H4) hold. Then the HF system (1)–(2) has a mild solution on
J , provided

L′
∫ z

0
(z− w)κξ−1φ(z)

(
1 + ψ(z)

)
dw <

∫ ∞

M∗1

du
Φ(u)

,

where

M∗1 = d1−ε+κε−κξ

[
L′′d−1+ε−κε+κξ

(
y0 −M0Mg

)
+ M0Mg(1 + P)

]
and y0 ∈ D(Aθ) with θ > 1− ξ.

Proof. We define the multi-valued operator Ψ : X → P(X ) by

Ψ(y(z)) =

{
z ∈ X : z(z) = z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)AN

(
w, y(w)

)
dw

+
∫ z

0
(z− w)κ−1Qκ(z− w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)]

dw, z ∈ (0, d]
}

.

To show that the fixed point of Ψ exists.
Step:1 Convexity of Ψ(y) ∀ y ∈ BP(J ).

Let z1, z2 ∈ {Ψy(z)} and h1, h2 ∈ SG,y such that z ∈ J . We know

zi =z1−ε+κε−κξ

[
Gκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)AN

(
w, y(w)

)
dw +

∫ z

0
(z− w)κ−1Qκ(z− w)hi(w)dw

]
, i = 1, 2.
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Let 0 ≤ λ ≤ 1; then for each of z ∈ J , we have

λz1 + (1− λ)z2(z) =z1−ε+κε−κξ

(
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)A

(
w, y(w)

)
dw
)

+ z1−ε+κε−κξ
∫ z

0
(z− w)κ−1Qκ(z− w)

[
λh1(w) + (1− λ)h2(w)

]
dw.

We know that N has a convex value, then SG,y is convex. So, λh1 + (1− λ)h2 ∈ SG,y.
Therefore,

λz1 + (1− λ)z2 ∈ Ψy(z),

hence Ψ is convex.
Step 2: Boundness of Ψ on BP(J ). Consider, ∀ y ∈ BP(J ), we have

∥∥z(z)
∥∥ ≤ sup z1−ε+κε−κξ

∥∥∥∥Sκ,ε(z)
[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)AN

(
w, y(w)

)
dw

+
∫ z

0
(z− w)κ−1Qκ(z− w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

≤ d1−ε+κε−κξ

(
sup

∥∥∥∥Sκ,ε(z)
[
y0 −N (0, y(0))

]∥∥∥∥+ ∥∥N (z, y(z))∥∥
+ sup

∫ z

0
(z− w)κ−1

∥∥∥∥A1−µQκ(z− w)

∥∥∥∥∥∥∥∥AµN
(
w, y(w)

)∥∥∥∥dw

+ sup
∫ z

0
(z− w)κ−1

∥∥∥∥Qκ(z− w)

∥∥∥∥∥∥∥∥G(w, y(w),
∫ w

0
e
(
w, s, y(w)

)
ds
)∥∥∥∥dw

)
≤ d1−ε+κε−κξ

[
L′′d−1+ε−κε+κξ

(
y0 −M0Mg

)
+ M0Mg(1 + P)

]
+ d1−ε+κε−κξ

[(
Λ1−µ

dκµΓ(1 + µ)

µΓ(1 + κµ)

(
Mg(1 + P)

))
+ L′φ(z)Φ(y)[1 + ψ(z)]

dκξ

κξ

]
≤M∗

1 + dε(1−κ)−κξ−1
[(

Λ1−µ
dκµΓ(1 + µ)

µΓ(1 + κµ)

(
Mg(1 + P)

))
+ L′φ(z)Φ(y)[1 + ψ(z)]

dκξ

κξ

]
.

From Lemma 2 and hypotheses (H3), we have the boundness of the operators. Hence, it
is bounded.
Step 3: Next, we show that the z(z) bounded maps are set to the equicontinuous set of
BP(J ).
Consider 0 < z1 < z2 ≤ d and ∃ G ∈ SG,y, we have
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∥∥∥∥z(z2)− z(z1)

∥∥∥∥
≤
∥∥∥∥z1−ε+κε−κξ

2

[
Sκ,ε(z2)

[
y0 −N (0, y(0))

]
+N

(
z2, y(z2)

)
+
∫ z2

0
(z2 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
dw

+
∫ z2

0
(z2 − w)κ−1Qκ(z2 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
]

− z
1−ε+κε−κξ
1

[
Sκ,ε(z1)

[
y0 −N (0, y(0))

]
+N

(
z1, y(z1)

)
+
∫ z1

0
(z1 − w)κ−1Qκ(z1 − w)AN

(
w, y(w)

)
dw

+
∫ z1

0
(z1 − w)κ−1Qκ(z1 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
]∥∥∥∥

≤
∥∥∥∥[z1−ε+κε−κξ

2 Sκ,ε(z2)− z
1−ε+κε−κξ
1 Sκ,ε(z1)

][
y0 −N (0, y(0))

]∥∥∥∥
+

∥∥∥∥z1−ε+κε−κξ
2 N (z2, y(z2))− z

1−ε+κε−κξ
1 N (z1, y(z1))

∥∥∥∥
+

∥∥∥∥z1−ε+κε−κξ
2

∫ z1

0
(z2 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
dw

+ z
1−ε+κε−κξ
2

∫ z2

z1

(z2 − w)κ−1Qκ(z2 − w)AN
(
w, y(w)

)
dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z1 − w)AN

(
w, y(w)

)
dw
∥∥∥∥

+

∥∥∥∥z1−ε+κε−κξ
2

∫ z1

0
(z2 − w)κ−1Qκ(z2 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw

+ z
1−ε+κε−κξ
2

∫ z2

z1

(z2 − w)κ−1Qκ(z2 − w)G
(

w, y(w),
∫ w

0
e
(
w, s, y(s)

)
ds
)

dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z1 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

≤
∥∥∥∥[z1−ε+κε−κξ

2 Sκ,ε(z2)− z
1−ε+κε−κξ
1 Sκ,ε(z1)

][
y0 −N (0, y(0))

]∥∥∥∥
+

∥∥∥∥z1−ε+κε−κξ
2 N (z2, y(z2))− z

1−ε+κε−κξ
1 N (z1, y(z1))

∥∥∥∥
+

∥∥∥∥z1−ε+κε−κξ
2

∫ z2

z1

(z2 − w)κ−1Qκ(z2 − w)N
(
w, y(w)

)
dw
∥∥∥∥

+

∥∥∥∥z1−ε+κε−κξ
2

∫ z1

0
(z2 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
dw
∥∥∥∥

+

∥∥∥∥z1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z1 − w)AN

(
w, y(w)

)
dw
∥∥∥∥

+

∥∥∥∥z1−ε+κε−κξ
2

∫ z2

z1

(z2 − w)κ−1Qκ(z2 − w)G
(

w, y(w),
∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

+

∥∥∥∥z1−ε+κε−κξ
2

∫ z1

0
(z2 − w)κ−1Qκ(z2 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z2 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

+

∥∥∥∥z1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z2 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z1 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

=
8

∑
i=1

Ii .
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Since Sκ,ε(z)(y0 −M0Mg) is strong-continuous, we have

I1 tends to 0 as z2 → z1.

The equicontinuity of N ensures that

I2 tends to 0, as z2 → z1.

I3 =

∥∥∥∥z1−ε+κε−κξ
2

∫ z2

z1

(z2 − w)κ−1Qκ(z2 − w)AN
(
w, y(w)

)
dw
∥∥∥∥

≤ z
1−ε+κε−κξ
2 Λ1−µ Mg(1 + P)

Γ(1 + µ)

µΓ(1 + κµ)
(z2 − z1)

κµ

Then, I3 tends 0 as z2 → z1.

I4 =

∥∥∥∥z1−ε+κε−κξ
2

∫ z1

0
(z2 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
dw
∥∥∥∥

≤ κΛ1−µ Mg(1 + P)
Γ(1 + µ)

µΓ(1 + κµ)

×
∥∥∥∥ ∫ z1

0

(
z

1−ε+κε−κξ
2 (z2 − w)κ−1 − z

1−ε+κε−κξ
1 (z1 − w)κ−1

)
(z2 − w)κ(µ−1)dw

∥∥∥∥.

We have, I4 tends 0 as z2 → z1. Also,

I5 =

∥∥∥∥z1−ε+κε−κξ
1

∫ z1

0

(
(z1 − w)κ−1Qκ(z2 − w)AN

(
w, y(w)

)
− (z1 − w)κ−1Qκ(z1 − w)AN

(
w, y(w)

))
dw
∥∥∥∥

≤ M′0Mg(1 + P)z1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1∥∥[Qκ(z2 − w)−Qκ(z1 − w)

]∥∥.

By Theorem 1 and strong continuity o f Qκ(z), I5 tends to 0, as z2 → z1.

I6 =

∥∥∥∥z1−ε+κε−κξ
2

∫ z2

z1

(z2 − w)κ−1Qκ(z2 − w)G
(

w, y(w),
∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

≤ L′
∣∣∣∣z1−ε+κε−κξ

2

∫ z2

z1

(z2 − w)κξ−1φ(w)Φ(y)
[
1 + ψ(z)

]
dw
∣∣∣∣

≤ L′
∫ z1

0

[
z

1−ε+κε−κξ
1 (z1 − w)κξ−1 − z

(1+κξ)(1−κ)
2 (z2 − w)κξ−1

]
× φ(w)Φ(y)

[
1 + ψ(z)

]
dw.

Then I6 tends to 0 as z2 → z1 by using (H2) and the Lebesgue-dominated convergent theorem.

I7 =

∥∥∥∥z1−ε+κε−κξ
2

∫ z1

0
(z2 − w)κ−1Qκ(z2 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw

− z
1−ε+κε−κξ
1

∫ z1

0
(z1 − w)κ−1Qκ(z2 − w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

≤ L′
∫ z1

0
(z2 − w)−κ+κξ

∣∣∣∣z1−ε+κε−κξ
2 (z2 − w)κ−1 − z

1−ε+κε−κξ
1 (z1 − w)κ−1

∣∣∣∣
× φ(w)Φ(y)[1 + ψ(z)]dw,
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and
∫ z1

0 2z(1+κξ)(1−κ)
1 (z1 − w)κξ−1φ(w)Φ(y)[1 + ψ(z)]dw exists (w ∈ (0, z1]), then from

Lebesgue’s dominated convergence theorem, we obtain

∫ z1

0
(z2 − w)−κ+κξ

∣∣∣∣z1−ε+κε−κξ
2 (z2 − w)κ−1 − z

1−ε+κε−κξ
1 (z1 − w)κ−1

∣∣∣∣φ(w)Φ(y)
[
1 + ψ(z)

]
dw

→ 0 as z2 → z1,

so we conclude limz2→z1 I7 = 0.
For any ε > 0, we have

I8 =

∥∥∥∥ ∫ z1

0
z

1−ε+κε−κξ
1

[
Qκ(z2 − w)−Qκ(z1 − w)

]
(z1 − w)κ−1G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
∥∥∥∥

≤ z
1−ε+κε−κξ+κ(1+ξ)
1

∫ z1

0
(z1 − w)κξ−1φ(w)Φ(y)

[
1 + ψ(z)

]
dw

× sup
w∈[0,z1−ε]

∥∥Qκ(z2 − w)−Qκ(z1 − w)
∥∥

+ 2L′
∫ z1

z1−ε
z

1−ε+κε+κξ
1 (z1 − w)κξ−1φ(w)Φ(y)

[
1 + ψ(z)

]
dw.

From Theorem (1) and limz2→z1 I6 = 0, we have I8 → 0 independently of y ∈ BP(J ) as
z2 → z1, ε → 0. Hence, ‖z(z2) − z(z1)‖ → 0 independently of y ∈ BP(J ) as z2 → z1.
Therefore, {Ψy(z) : y ∈ BP(J )} is equicontinuous on J .
Step 4: Show the relative compact of V(z) =

{
z(z) : z ∈ Ψ(BP(J ))

}
for z ∈ J .

Let 0 < α < z, and there is a positive value q, assume an operator z′(z) on BP(J ) by

z′α,q(z) = z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z−α

0
(z− w)κ−1Qκ(z− w)AN

(
w, y(w)

)
dw

+
∫ z−α

0
(z− w)κ−1Qκ(z− w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dw
]

= z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z−α

0

∫ ∞

q
κθMκ(θ)(z− w)κ−1T((z− w)κθ)AN

(
w, y(w)

)
dw

+
∫ z−α

0

∫ ∞

q
κθMκ(θ)(z− w)κ−1T((z− w)κθ)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)

dθdw
]

= z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)]
+ κz1−ε+κε−κξ T(ακq)

∫ z−q

0

∫ ∞

q
θMκ(θ)(z− w)κ−1

× T((z− w)κθ − ακq)
[
AN
(
w, y(w)

)
+ G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

))
dθdw.
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From the compactness of T(ακq), we note that Vα,ξ(z) = {(z′α,q(z))y(z) : y ∈ BP(J )} is
pre-compact in Y. ∀ y ∈ BP(J ), we have∥∥∥∥z(z)− z′α,q(z)

∥∥∥∥
≤
∥∥∥∥κz1−ε+κε−κξ

∫ z

0

∫ q

0
θMκ(θ)(z− w)κ−1T((z− w)κθ)[

AN
(
w, y(w)

)
+ G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)]

dθdw
∥∥∥∥

+

∥∥∥∥κz1−ε+κε−κξ
∫ z

z−α

∫ ∞

q
(z− w)κ−1θMκ(θ)T((z− w)κθ)[

AN
(
w, y(w)

)
+ G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)]

dθdw
∥∥∥∥

≤ κΛ0z
1−ε+κε−κξ

( ∫ z

0

∫ q

0
θMκ(θ)(z− w)κ−1(z− w)κξ−κθξ−1

×
[
M′0 Mg(1 + P) + φ(w)Φ(y)[1 + ψ(z)]

]
dθdw

+
∫ z

z−α

∫ ∞

q
(z− w)κ−1θMκ(θ)(z− w)κξ−κθξ−1[M′0 Mg(1 + P) + φ(w)Φ(y)[1 + ψ(z)]

]
dw
)

≤ κΛ0z
1−ε+κε−κξ

( ∫ z

0
(z− w)κξ−1[M′0 Mg(1 + P) + φ(w)Φ(y)[1 + ψ(z)]

]
dw

∫ q

0
θξ Mκ(θ)dθ

+
∫ z

z−α
(z− w)κξ−1[M′0 Mg(1 + P) + φ(w)Φ(y)[1 + ψ(z)]

]
dw

∫ ∞

0
θξ Mκ(θ)dθ

)
≤ κΛ0z

1−ε+κε−κξ

( ∫ z

0
(z− w)κξ−1[M′0 Mg(1 + P) + φ(w)Φ(y)[1 + ψ(z)]

]
dw

∫ q

0
θξ Mκ(θ)dθ

+
Γ(1− ξ)

Γ(1− κξ)

∫ z

z−α
(z− w)κξ−1[M′0 Mg(1 + P) + φ(w)Φ(y)[1 + ψ(z)]

]
dw
)

→ 0 as α tends to 0, q tends to 0.

So, Vα,q(z) =
{

zα,q(z) : z ∈ BP(J )
}

are arbitrary closed to V(z) =
{

z(z) : z ∈ BP(I)
}

.
Therefore, {z(z) : z ∈ BP(J )} is relatively compact by the Arzela–Ascoli theorem. Thus,
the continuity of z(z) and relative compactness of {z(z) : z ∈ BP(J )} imply that z(z) is a
completely continuous operator.
Step 5: Ψ has a closed graph.

Take yn → y∗ as n→ ∞, zn(z) ∈ Ψ(yn) and zn → z∗ as n→ ∞, we have to show that
z∗ ∈ Ψ(y∗). Since zn ∈ Ψ(yn) then ∃ a function Gn ∈ SG,yn , such that

zn(z) = z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, yn(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)AN

(
w, yn(w)

)
dw +

∫ z

0
(z− w)κ−1Qκ(z− w)Gn(w)dw

]
.

We need to show that ∃ G∗ ∈ SG,y∗ , such that

z∗(z) = z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y∗(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)AN

(
w, y∗(w)

)
dw +

∫ z

0
(z− w)κ−1Qκ(z− w)G∗(w)dw

]
.
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Clearly,∥∥∥∥[zn(z)− z1−ε+κε−κξ

(
Sκ,ε(z)

[
y0 +N

(
0, y(0)

)]
−N

(
z, yn(z)

)
−
∫ z

0
(z− w)z−1Qκ(z− w)AN

(
w, yn(w)

)
dw
)]

−
[

z∗(z)− z1−ε+κε−κξ

(
Sκ,ε(z)

[
y0 −N

(
0, y(0)

)]
−N

(
z, y∗(z)

)
−
∫ z

0
(z− w)z−1Qκ(z− w)AN

(
w, y∗(w)

)
dw
)]∥∥∥∥→ 0 as n→ ∞.

Next, we define the operator Υ : L′(J , Y)→ X ,

Υ(g)(z) =
∫ z

0
(z− w)κ−1Qκ(z− w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(w)

)
ds
)

dw.

We have (by (5)) that Υ ◦ SG,y is a closed graph operator. So, by referring to ypsilon, we know[
zn(z)− z1−ε+κε−κξ

(
Sκ,ε(z)

[
y0 +N

(
0, y(0)

)]
−N

(
z, yn(z)

)
−
∫ z

0
(z− w)z−1Qκ(z− w)AN

(
w, yn(w)

)
dw
)]
∈ Υ(SG,yn),

since Gn → G∗, we follow from (5) that[
z∗(z)− z1−ε+κε−κξ

(
Sκ,ε(z)

[
y0 −N

(
0, y(0)

)]
−N

(
z, y∗(z)

)
−
∫ z

0
(z− w)z−1Qκ(z− w)AN

(
w, y∗(w)

)
dw
)]
∈ Υ(SG,u∗).

Therefore, Ψ is a closed graph.
Step:6 Set Λ is bounded.

Λ = {y ∈ ∂BP(J ) : λy = Ψ(y) for some λ > 1}.

Let y ∈ Λ. Then λw ∈ Ψ(y) for some λ > 1. Thus, there exists G ∈ SG,y in ways that for
each z ∈ [0, d] and ‖A1−µ‖ ≤ M′0, we have

y(z) = λ−1z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)AN

(
w, y(w)

)
dw

+
∫ z

0
(z− w)κ−1Qκ(z− w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)]

dw.

By assumptions (H2)− (H4), we have
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‖y(z)‖ =
∥∥∥∥λ−1z1−ε+κε−κξ

[
Sκ,ε(z)

[
y0 −N (0, y(0))

]
+N

(
z, y(z)

)
+
∫ z

0
(z− w)κ−1Qκ(z− w)AN

(
w, y(w)

)
dw

+
∫ z

0
(z− w)κ−1Qκ(z− w)G

(
w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)]

dw
∥∥∥∥

≤ d1−ε+κε−κξ

[
sup

∥∥∥∥Sκ,ε(z)
[
y0 −N (0, y(0))

]∥∥∥∥+ ∥∥∥∥N (z, y(z))∥∥∥∥
+ sup

∫ z

0
(z− w)κ−1

∥∥∥∥Qκ(z− w)

∥∥∥∥(∥∥∥∥AN (w, y(w)
)∥∥∥∥+ ∥∥∥∥G(w, y(w),

∫ w

0
e
(
w, s, y(s)

)
ds
)∥∥∥∥)dw

]
≤ d1−ε+κε−κξ

[
L′′d−1+ε−κε+κξ

(
y0 −M0Mg

)
+ M0Mg(1 + P)

]
+ d1−ε+κε−κξ L′

∫ z

0
(z− w)κξ−1[M′0Mg(1 + P) + φ(w)Φ(‖y(w)‖)(1 + ψ(w))

]
dw

≤ M∗1 + L′M∗2 + d1−ε+κε−κξ L′
∫ z

0
(z− w)κξ−1φ(w)Φ(‖y(w)‖)(1 + ψ(w))dw,

where M∗1 = d1−ε+κε−κξ

[
L′′d−1+ε−κε+κξ

(
y0 −M0Mg

)
+ M0Mg(1 + P)

]
and M∗2 = d1−ε(1+κξ) M′0Mg(1 + P)

κξ
.

Consider the RHS of the above inequality as γ(z). Then, we have

γ(0) = M∗1 , ‖y(z)‖ ≤ γ(z), z ∈ [0, d],

γ′(z) = d1−ε+κε−κξ L′(w− z)κξ−1φ(z)Φ
(
‖y(z)‖

)(
1 + ψ(z)

)
.

By the non-decreasing character of Φ, we obtain

γ′(z) = d1−ε+κε−κξ L′(w− z)κξ−1φ(z)Φ
(
γ(z)

)(
1 + ψ(z)

)
.

Then the above inequality implies (for each z ∈ J ) that

∫ γ(z)

γ(0)

du
Φ(u)

≤ L′
∫ z

0
(z− w)κξ−1φ(z)

(
1 + ψ(z)

)
dw <

∫ ∞

M∗1

du
Φ(u)

.

This inequality implies that there exists a constant L, such that γ(z) ≤ L, z ∈ J , and, hence,
y(z) ≤ L. From this we notice that set Λ is bounded. Therefore, by [17], Martelli’s fixed
point theorem Ψ has a fixed point, which is the mild solution of the system (1)–(2).

4. Example

As an idea of how our findings may be used, think about the following Hilfer fractional
neutral integro-differential inclusion,

D
4
7 ,ε
0+
[
∆(z, v)−N (z, ∆(z, v))

]
∈ ∂2

∂z2 ∆(z, v) + Ḡ
(
z, ∆(z, v), (E∆)(z, v)

)
z ∈ (0, d], v ∈ [0, π],

∆(z, 0) = ∆(z, π) = 0z ∈ [0, d], (6)

I(1−
4
7 )(1−ε)y(w, 0) = y0(v), v ∈ [0, π],
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where D
4
7 ,ε
0+ is the HFD of order 4

7 , type ε, I(1−
4
7 )(1−ε) is the Riemann–Liouville integral

of order 3
7 (1 − ε), Ḡ

(
z, ∆(z, v), (E∆)(z, v)

)
, (E∆)(z, v), and N̄ (z, ∆(z, v)) are the required

functions.
To write the system (6) in the abstract form of (1)–(2), we chose the space Y = L2[0, π].

Define an almost sectorial operator A by A∆ = ∆zz with the domain

D(A) =

{
∆ ∈ Y :

∂∆
∂z

,
∂2∆
∂z2 ∈ Y : ∆(z, 0) = ∆(z, π) = 0

}
.

Then A produces a compact semigroup that is analytic and self-adjoint, T(z)z ≥ 0. Ad-
ditionally, the discrete spectrum of A contains eigenvalues of k2, k ∈ N and orthogonal

eigenvectors ζk(z) =
√

2
π sin(kz), then

Az =
∞

∑
k=0

k2〈z, ζk〉ζk.

Moreover, we have each v ∈ Y, T(z)v = ∑∞
k=1 ζ−k2z〈v, ζk〉ζk. In particular, T(·) is uniformly

stable semigroup and ‖T(z)‖ ≤ M, which satisfies (H1).
y(z)(v) = ∆(z, v), z ∈ J = [0, d], v ∈ [0, π]. Take y ∈ Y = L2[0, π], v ∈ [0, π], we

consider the multi-valued mapping G : J ×Y×Y → Y,

G
(
z, y(z), (Ey)(z)

)
= G

(
z, ∆(z, v), (E∆)(z, v)

)
=

e−z

1 + e−z
sin
(

w(z, v) +
∫ z

0
cos(zs)∆(s, v)ds

)
,

where

(Ey)(z)(v) =
∫ z

0
e(z, s, ∆(s, v))ds =

∫ z

0
cos(zs)∆(s, v)ds.

Since, mapping G is measurable, upper semi-continuous, and strongly measurable,

G
(
z, ∆(z, v), (E∆)(z, v)

)
≤M∗

1 .

So G is satisfied (H2). Additionally, N : J × Y → Y must have completely continuous
mapping, which is defined as N (z, u(z)) = N (z, ∆(z, v)), satisfying the necessary hypothe-
ses. Therefore, the required mapping satisfied all hypotheses. As a result, the nonlocal
Cauchy problem (1)–(2) may be used to rephrase the fractional system (6). It is clear that
the boundary of G

(
z, ∆(z, u), (E∆)(z, u)

)
is uniform. The problem has a mild solution on J ,

according to Theorem 2 .

5. Conclusions

In this study, Martelli’s fixed point theorem was used to examine the possibility of
a mild solution for an abstract Hilfer fractional differential system via almost sectorial
operators. Adequate criteria were applied to the present findings and were satisfied. The
controllability of the Hilfer fractional neutral derivative (via almost sectorial operators) will
be investigated in the future using a fixed point technique.
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