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Abstract: For the impulsive fractional-order system (IFrOS) of order € € (1,2), there have appeared
some conflicting equivalent integral equations in existing studies. However, we find two fractional-
order properties of piecewise function and use them to verify that these given equivalent integral
equations have some defects to not be the equivalent integral equation of the IFrOS. For the IFrOS,
its limit property shows the linear additivity of the impulsive effects. For the IFrOS, we use the
limit analysis and the linear additivity of the impulsive effects to find its correct equivalent integral
equation, which is a combination of some piecewise functions with two arbitrary constants; that is,
the solution of the IFrOS is a general solution. Finally, a numerical example is given to show the
equivalent integral equation and the non-uniqueness of the solution of the IFrOS.
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CDsx(t) = h(t, x(t)), telty, Tland t # t (k=1,2,...,N),
x(tF) —x(t) = L(x(t)), k=1,2,...,N, O
() -2 () = Jk(x(t)), k=12,...,N,

x(tg) = x0,x'(to) = x1,

here ng (e € (1,2)) denotes the left-sided Caputo fractional derivative of order €, h :
[to,T] XR—=R, —o<ty<t] <...<tn<iny1 =T <400, :R—-Rand [;: R—R
(k=1,2,...,N).

Next three conflicting equivalent integral equations of (1) in existing papers will be
given. The results in [1-6,35] show that the equivalent integral equation of (1) is

t t— e—1
Xo + x1 (t — to) + ihdS, te [to, tl],
x(t) = o T @)
- t t— e—1
x(t5) + X' (85 (E— 1) + t (r(se))hds, t € (e, tipa), k=1,2,...,N,
k
or equivalently,
t t— e—1
xo+ x1(t—tg) + t (r(se))hds, t € [to, t1],
0
k 3 k B ot (t _ S)e—l
o1 +ar(t—to) + ) Li(x(t7)) + ZL-(x(tl- Nt=t)+ | g hds o
x(t) = i=1 ' :
+Z/ hds+z /ti =9 2, b e (o tenn]
— b r<€ — 1) ’ krYk+1]s
k= 1,2,...,N.

Remark 1. For simplicity, let hds = h(s, x(s))ds of all integrals in the whole paper. However, by
Lemma 1, (2) (or (3)) is actually the equivalent integral equation of the following hybrid system

CDsx(t) = h(t,x(t)), te (t,tiza], i=0,1,...,N,
x(tf) —x(ty) = Lk(x(t)), k=1,2,...,N,
() = () = Je(x (;?)) k=12,...,N,

x(tg) = x0,x'(tg) = 11

4)

On the other hand, the results in [7-13] show that the equivalent integral equation

of (1) is
. _ \e—1
xo+ x1(t—tg) + tt Ul_,(i;))hds, t € [to, t1],
_ k k _ o\e—1
= Vom0 + L) + L))+ [ s, ©
i=1 i=1 to (€)

te (tk,tk+1],k =12,...,N.

Moreover, the author in [33] thought that the equivalent integral equation of (1) is an
integral equation with two arbitrary constants:
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xo + x1(t—to) + tﬂhds t € [to, t1]
0 1 0 fo F(e) 7 0-t1),
k B k B (t _ S)e—l
xo+x1(t—to) + ) Li(x(t7)) + Y Ti(x(t7)(t = t) + | ~——=——hds
i=1 i=1 o Te)
x(t) = o (6)

k
+ ) [CL(x (7)) + nli(x(t))] [/to t e)) hds+/ T e))

i=1 ti

(t—s)! (t; —s)€2
_/to thS‘F(t—ti) /to F(G—l)hds]l te (tk/thrl]/

k=1,2,...,N,here ¢ and y are two arbitrary constants.

We will illuminate that four equations ((2), (3), (5), and (6)) are not the equivalent
integral equation of (1) and find the correct equivalent integral equation of (1).

The rest of this paper is organized as follows. In Section 2, some preliminaries are
presented. In Section 3, two fractional-order properties of piecewise function are given.
In Section 4, we verify that four equations ((2), (3), (5), and (6)) are not the equivalent
integral equation of (1) and search the correct equivalent integral equation of (1) by using
the fractional order properties of piecewise function and some limit properties of (1).

2. Preliminaries

We can find the basic definitions and conclusions of fractional calculus in the
monographs [36-38], and we briefly review several definitions and properties of fractional
derivatives in this section.

Definition 1. Let x € LP(to, T) (p > 1). The left-sided Riemann—Liouville fractional integral
gLItﬁx (B > 0) is defined as

RLIﬁx(t) = tﬁx(s)ds t > to, where T'(-) is the gamma function
o o T(6) o i |

Definition 2. The left-sided Riemann—Liouville fractional derivative gLD?‘x (x € (n—1,n) and
n € NT) is defined as

qr t (t_s)n a—1
RLy« _ -
i, Dix(t) = I /t0 =) x(s)ds, t> to.

Definition 3. Let x € C"[ty, T|. The left-sided Caputo fractional derivative %Dﬁ‘x (x€ (n—1,n)
and n € N) is defined by

t(t—g n—a—1
CDx(1) :/to (r(n)_“)st)ds, t> to.

Lemma 1. Ifh € AC[ty, T] or h € Cl[to, T], then the initial value problem

%Df‘x(t) =h(t,x(t)), a € (n—1,n)andt € [t, T|, ”
xW(tg) = b, 1 =0,1,2,...,n—1,
is equivalent to the following nonlinear Volterra integral equation of the second kind,
n—1 b; t(t— a—1
x(t) =Y Lt —to) + ﬁh(s,x(s))ds fort € [ty, T]. 8)

I'(a)
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3. Two Fractional Order Properties of Piecewise Function

For the piecewise function

fo(t), t € to, ta],
fl(t), te (tl,tz],

f=4"
fn(8), te (tn, T], )
0, te [to, tl],
_ fo(t), t e [to, tl]/ 0, t e [to, tN]/
= {0, tem,m, T)HW 1€ (tl'tZ]'erJr{fN(t), Fe (b, T,

0/ t € (tZ/ T]/
its fractional derivative and fractional integral have respectively two expressions.

Property 1. Let € € (1,2) and fi(t) € C?[t;, tiy1] (i = 0,1,...,N), then the left-sided Caputo
fractional derivative of (9) can be expressed by

t 1—e g /!
Cpe _ [t E=s) S (s)
0] = ds fort € lto, ],

r2—e)
t _ N\l—egn
%fo(t)‘tG(tk tesa] - /to UFS()Z—g)(S)dS fort & (i (k=12 N) (10
_ (=)t ef "(s) f2 f—S - 6f ”( ) E(t—s)1 £ (s)
= b ( d+/ ds++ tkwds,
and
0, t e [to, tl],
CDE£(1), t e [to, 1,
—_— fo tltJ(‘(;()s)l_efON(s) [to, 1] N CDCA(E), o teE (t,to),
/to —T(Z—e) ds, t € (11, T], /ttz st’ te (t, T),
0, t e [i‘o, thl]r (1)
L A Difna(), te (tnoutnl, {o, € [to, tn],
i (f—g)lefy cDifn(t), te (tn, T).
/m : ‘ S%(z _fNef O, e ry,m, WO N

Property 2. Let € € (1,2) and f;(t) € C[t;, tir1] (i =0,1,...,N), then the left-sided Riemann—
Liouville fractional integral of (9) can be expressed by

BTSO] gy = [, A e i

fo T'(e)

RLzf (t)‘te(tk e /t: “_S’r)(:)lf(s)ds fort € (tg, treq) (k=1,2,...,N) (12)
(=) fols) 2 (t—s)1fi(s) t(t—5) fr(s)
= [ ) 4 +/ P RREE e

and
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FLItefO(t)/ te [to, t]], 0, te [tO/ tl]/
RLe ) RETEf (), t € (t,ta],
0 Itf(t) - /t] Mds t € (t,T) e tr (¢ e—1
fo I(e) ' v / st, te (T,
" (13)
0, £ € [to, tn_1),
+ot o ZEfa(t), t€ (tn-1,tn], {0, t € [to, tn],
/tN (t _ S)e 1fN71 (S) do t e (t T] fl\f‘IffN(t), te (tN, T].
IN-1 T'(e) ’ Nl

4. The Equivalent Integral Equation of (1)
To discuss the equivalent integral equation of (1), we give some limit properties of (1):
lim system (1
Je(x(t))—0 for all ke{1,2,..,.N} { Y ( )}
CDEx(t) = h(t, x(t)), tefto Tand t # t (k=1,2,...,N), (1)
= qx(t) —x(t; ) = L(x(t; ), k=1,2,...,N,
x(tO) = X0, X (tO) = X1,

lim system (1
I(x(t7)) =0 férall ke{l,...,N}{ y M}
CDsx(t) = h(t,x(t)), t€fto,Tand t # t (k=1,2,...,N), (15)

= X)) =X () = k(x(t)), k=12,...,N,
x(tg) = xo,x'(to) = x1,
li t 1
Ie(x(t))—=0 f(l)ﬂll ke{1,..,N} {sys em ( )}
J(x(t; ))—0 for all ke{1,..,N}

_ {EODfx(t) =h(t,x(t), tE€][t,T), (16)
x(to) = xo, %' (to) = x1,

t (f _ 5)571

w I(e)

{system (1)}

< x(t) =x0+x1(t—to) + hds, t € [ty, T],

lim
ty—t; for all k€{1,2,...,.N} (here je{12,..,N})
CDEx(t) =h(t,x(t)), t € [to, T]and t # t;,

N N
= (t+ 211 ; ) and x’ ( )—X/(f;) = Z:fi(x(tf))r

i=1 =

(17)

=

x(tg) = xo, X' (tp) = x1.
Moreover, the limit property (17) shows the linear additivity of the impulsive effects in (1).

4.1. Some Defects in These Equivalent Integral Equations ((2), (3), (5), and (6))

In this subsection, we will verify that four equations ((2), (3), (5), and (6)) are not the
equivalent integral equation of (1). We use (10) to compute the fractional derivative of (2):
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Cme _
tODtx(t)‘te[tO’tl] = h(t,x(t)) for t € [to, t],
t 1—€
C e _ (t—r) " _
tODtx(t)‘tE(tk/tkH] _/to e ¥ for € (i tiaa] (k=120 N)
to(f— )l oy o\e—1 "
= tl(r(zr_)e)[xo—l-m(r—to)—F t (rr(se))hds] dr+ ... )
0 0
F(r_ \1—€ F ol o\€—1 "
+ t (li(zr_)e)[x(tlj)+x’(t;)(r—tk)+ t (rr(se))hds} dr
k k
(=) (r—s)e] }” f(t—r)le[ r(r—s)! }”
- [ Tas [/to T | e | Ty /tk Ty s ar

£ h(t x(t)) fort € (b ] (k=1,2,...,N).

Therefore, (2) does not satisfy the condition of the fractional derivative of (1). Moreover,
with similarity to computation of (18), both of (3) and (6) do not satisfy the condition of the
fractional derivative of (1). Thus, none of (2), (3), and (6) is the equivalent integral equation
of (1).

Moreover, it is obvious that (5) satisfies the condition of the fractional derivative of (1)
and the fractional derivative of (5) is

Cme _
tODtx(t)‘te[tO/tl] = h(t,x(t)) for t € [to, t],
CDex(t)‘ —/th”(r)dr for t € (to tpa] (k=1,2,...,N)
fo ™t te(ttid]  Jtp T(2—¢€) ko Tkl e
_renteg rr=st 1"
_/to m _xo—l-xl(r fo) + s 1_,(6)]’1015:| dr+...

_},lfe k k r },_Sefl "
+/t:(1{(2_)€) _x0+x1(7—t0)+l;1i(x(tf>)+i;]i(x(ff))(r—ti)+ . <F(€))hds] dr (19)

B ROy i

— t: (1{(—27_)1; [/tor (r ;(Se))elhds] dr

= h(t,x(t)) fort € (t taa] (k=1,2,...,N).

Next, we will show that (5) is not the unique piecewise function to satisfy the condition
of the fractional derivative in (1) and illuminate that (5) is not the equivalent integral
solution of (1).

By using (2) and Properties 1 and 2, we can reconstruct a new piecewise function:
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t (t _ S)e—l
x(t) _ Xg + X1(f — to) + " 71,(6)

0, te (tl,T},
0/ te [tO/ tk],

hds, t € [to, tl],

N e Ft—s)!
+ Y x0T (=) + Thds, te (te teg),
k=1 t €)
0, te (tk+1,T], (20)

0, te [to, tN]/

+ f(t—s)e]

th ") (F—t /7hd,t tn, T1,
K1)+ () tw) o | s, £ (i, T]
N-1 0, tE[to,ti+1],
"

- L /ti | (t}(ue))1 /tffﬂ (;(;r)le)e { /t V;(Se);lhds} drdu, t € (t;,1,T).

In addition, we compute the fractional derivative of (20):

i

h(t, x(t), t € to,tl,

N R L ] e

0, t e [i’o, tk]/
L on(t x(t), t€ (b tigal,

— _ \1—e€ r(y—g)e1 g
1 bt (t 1’) {/ (1’ . 5) hds] dr, t e (tk+1r T}/
te

b I(2—e) (€) (21)
* {Zr(t,x p [tO/tt;I,]T],
N[0 € forfz+1]
_ 1
10{ A R G [/t (rr(i))e 1hds} dr, t € (ti1,T),
(), tO'tl]UUk 1(tk1tk+1])

Therefore, both (5) and (20) satisfy these conditions (including fractional derivative, im-
pulses, and initial value) in (1).
Thus, (5) is only a special case of the equivalent integral equation of (1) because it

does not contain the important part ft )) hds which can satisfy fDe (t) = h(t, x(t))
ast € (t, tgq] (k=1,2,...,N). Moreover (20) does not satisfy the limit property (16) to
be not the equivalent integral equation of (1).

By the above discussion, none of the four equations ((2), (3), (5), and (6)) is the equiva-
lent integral equation of (1).

4.2. The Correct Equivalent Integral Equation of (1)

In this subsection, we will use Properties 1 and 2 and (16) and (17) to search for the
correct equivalent integral equation of (1) and give the equivalent integral equations of
(14) and (15).
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Define the space of function
1C([to, TLR) := {x: [to, T] = R,x € C2([to, 1] UUN (#, t41] ) and

x(t) =limx"(t) = x"(t) < oo, x"(t)) = limx"(t) < oo}.
tTtk t\uk

Theorem 1. Let & and 1 be two arbitrary constants, and let function h(-, x(+)) satisfy
|h(t,y) — h(s,z)| < L|t —s| + M|y — z| for Vs, t € [ty, T| and Vy,z € R
where L and M are two positive constants.

Let x(¢) € IC([ty, T],R), then x(t) satisfies (1) iff x(t) satisfies

X0 + xl(t — to) + tt (t;(se))e_lhds, t e [to, tl],
k 3 k B t (t o S)efl
xo+x1(t—to) + Y L(x(t7)) 4+ Y i(x(t7))(t—t;) + ths
i=1 i=1 fo €

k i (t; — — )t
0= ¢+ Llent) et ) | [ S [

t _Sefl t _uefl ti u_rlfe r r_sefl
_/to s r(e)) hds_/t. : F(e)) /to (r(z) S) (/to ( F(e)) hds)

1

hds (22)

/

!
drdu

t; (ti_s)é‘*z
t—t; ~——————hd t ti, t k=1,2,...,N.
+< Z)/;O Iﬂ(efl) S:|/ € ( ks k+1}/ 74y ’

Remark 2. To verify that (22) satisfies the condition of the fractional derivative in (1), we transform

(22) into
o), t€lto,tal, N (0, t € [to, t),
T {fi’(f)f te (b el k=1,...,N, +k§{lk(x(tk‘)) + Je(x(t ) (t = ti), t € (4, T],

0, t €ty t1],

+ [Sh(x(17)) + ph(x())] <I>1(t)—<p(t)—/tt (t;(re);_l /ttl U —rs();:e;p)”(s)dsdr,

te (t,T], (23)

+...+
0, te [i‘o,i‘]\]],

4 [2In(x(t) + T (x(E0))] 4 D (E) — (E) — /t (b=t /t“v (r=)"759"(s) 4 o,

te (tn, T],
where e S)e_l
P(t) = xo +x1(t —to) + t ths, (24)
0
and t (tk _ 5)671 t (f _ S)efl
O(t) =xo+x1(t —to) + | ~——=—=—hds+ | ~———hds
T (te—s)2
—I—(t—tk)/ hds, wherek =1,2,...,N.

Jiy T(e—=1)
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Proof. ‘Sufficiency’. Because of
0, te [t()/ti]/
Cme
D E(f— =1 b (4 g)1—€g
ot <I>i(t)—4>(t)—/ (trr) / =) 7S gogr v e 1,7,
t to

j (e) Ir2—e)
0, t€ [t ti], (26)
- h(t,x(t))—/: (trs()zlff)”(s)ds—/t: (tr“’()zlff)ﬂ(s)ds, Fe (T,

=0, wherei =1,2,...,N,
the fractional derivative of (23) satisfies
CDEX(F) = h(t,x(t)), te€ ([to, ] UUN. | (k, tk+1]). (27)

Thus, (23) satisfies the condition of the fractional derivative in (1). Moreover, the first order
derivative of (23) is

x1 + twhds t € [to, t1]
x/(t) B 1 fo I—.(e_ 1) 7 0st1), n %{0, t e [t(), tk],
B E(t—s)2 t)), t € (t,T),
ar [ U be (bt k=1, N, =t VD) EE (B T]
tp T(e—1)

+ [ER(x(t) + )1 (x(4))]
0, te [to, t1],

f(t —s)° 2 E(t—s)e2 E(t—s)e2
/to oo Mt | oy hds—/to o)

t (t _ 1,)672 2] (7‘ _ S)liecpﬁ(s)
- /t1 T(e—1) /to fa—e dsdr te (T

.+ [SIN(x(ty)) + 1IN (x(Ey))]
0, t € [to, tn],

(28)

(t — t— t(ti )e—z
x /to Ne—sl hds+/ es_l j/to r(eis_l)hds
E(t—r)e 2 ity (rfs)l e¢//()
—/tN T(e—1) /to T(2—e) dsdr, t € (ty, T).

Therefore, it easily verify that (23) satisfies x(tg) = xo, x'(to) = x1, () — x(t; ) = L(x(t;))
and x'(t7) —x'(t; ) = Je(x(t;)) (k = 1,2,...,N) and these limit properties (14)-(17). Then
(23) satisfies all condltlons of (D).

"Necessity’. For Vi € {1,2,...,N}, consider the special case of (1):

lim {system (1)}
Le(x(t, ))—0and Ji(x(t, ))—0 for all ke{1,2,...,N}/i

CDfx(t) =h(t,x(t)), te€lto,T)andt #t;,
) x) = x(7) = L)), @)
x/(tj') /( i o) = Ji(x(t i 7))

x(tg) = xo, X' (to) = x1.
Next, we search the solution of (29). When t € [t, t;], the solution of (29) satisfies

t (t _ S)e—l

x(t) = ¢p(t) = xo + x1(t — to) + W T

hds, t e [i’o, ti], (30)
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with x(t;) = x4+ x1(; — to) —|—ft (t S) "hds and X(t) = x1+ft0 (t S) = *hds. Then,

we use Properties 1 and 2 to construct the approximate solution of (29):

0, te [fo,f'],

€— 1
— o), teE [t ti, (t*)—i—x £)( )+ s)
e {0' e =)t i (r /Lﬂ £;5’)()
_/ti () /to f2—e¢) dsdr, t € (1;,T), 1)

0, tE€ [t ti],
_ {¢(t), te [tO/ti]/+ @;(t) + L(x(t;)) + Ji(x(t;))(t = t)

CRLLN (R Gy O
v, T(e fo r2—e ’ vy

0, te [t(), },

x(t) —x(t), tet,T),

with the error e(t) = { here x(t) represents the exact solution

of (29).
Consider the special case of e(t):
li t)y= i H— 1 x(t

If(x(tl,-zl)q)ﬁo ) Ii(x(tlfr?)ﬁo t=(0) If(x(fl,g)l)ﬁo{X( )}

Ji(x(t;7))—0 Ji(x(t;))—0 Ji(x(t;7))—=0
0, t€ [t t, (32)

= ' t (t _ r)efl ti (r _ S)lfecp”(s) ‘

P(t) — Pi(t) +/tl_ T(e) /to (2 c) dsdr, t € (t;, T),

and assume

e(t) = g(Li(x(t7)), Ji(x(t7))) 1»<x<135‘}>ﬁ0 e(t)
it )0

0, te [t(), ti]/

= G DA ) ot0) - i) + [ LI [T OIS

(33)

te (ti/ T]/

where ¢(-,-) is an undetermined function with g(0,0) = 1. Thus, by (31) and (33), the
solution of (29) is

~Jo(t), teltoti], |0, t € [to til,
- ¢(t)r te (tirT}/ " I x(tz_)) +]i(x(ti_))(t - t,’), te (ti, T],
+ 1= g(L(x(t), Ji(x(4)))] (34)

t(+— V-1 rti (¢ — g\l—€p!
q>i(t)—¢(t)—/t_ (tr” /to (r FS()Z_Z’) ) dsdr, t e (1, 7).

Because (29) is the special case of (1), (34) is a part of the solution of (1). Moreover, the
limit property (17) shows the linear additivity of the impulsive effects in (1). Thus, we
combine (34) and the particular solution (5) to obtain the solution of (1):
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0, t € [to, tel,
N { [to, tk]

Le(x(80) + e (x(B)) (= ), £ € (8 T),

~~ =
m m
;:o?
- =
+ <
=
e
I
=
Z
™=

tn) In(x(ty)))]
0, tE tO tN
B =

On the other hand, (35) need satisfy (17) such that
[1— (D)) ()] + [1= g (Lx()), Ji(x()) )]
—1- g(L(( )+ (), Ji(x(5) + Ji(x(5))

where VIi(x(t;7)), VIi(x(t;)), V]i(x(t;)), V]j(x(t;])) € R. Thus

{¢1(t)¢(t) /tt (tr(re);_l M s, ve ) ()

(36)

1—g(Li(x(t7)), Ji(x(£7))) = ELi(x(t;7)) + nJi(x(t;)) here ¢ and 1 are two arbitrary reals, (37)
then (35) is (23). The proof is completed. [
Next, by (14), (15), and Theorem 1, we can draw the following conclusions.
Corollary 1. Let § be an arbitrary constant, and let function h(-, x(-)) satisfy
|h(t,y) —h(s,z)| < L|t —s| + M|y — z| for Vs, t € [ty, T| and Vy,z € R

where L and M are two positive constants.
Let x(t) € IC([to, T],R), then x(t) satisfies (14) iff x(t) satisfies

E(t— 5)5*1
t T(e)

k
xo+x1(t—to) + Y L(x(t7)) +
i

X0 + x1 (t — to) + hds, t € [to, tl],

E(t—s)e
to F(e)
i (t—s)e 1

_ koo 1 O P
x(t) = H(x( hd hds — hd (38)
(0 +<:i_211<x<tl>>[/to s [ [

0

_ /t‘t (t _r(ue))el /tot (?(;f_)l)e (/t: (r ;(Se))elhds> drdu

1

hds

i (ti—s)?
+(t—tl)/to I’(efl) hd5:|, t e (tk,tk+1],k—1,2,...,N.

Remark 3. (38) can be rewritten as
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_Jo(t), teltot], N [o, t € [to, til,
*(t) = {¢>(t), be (bl k=1,2,...,N, +k=21{1k(x(tk)), Fe (b, T],

0, te [i’o,i’l],

I (x(t= (=1 pty (4 g\1—€gp!
TEh(x(t) cm(t)—qb(f)—/t1 ‘ r(re)) /to . r?)z—f) s Fe Tl

(39)
+...
0, t € [to, tn],

B R A Mt = T

Corollary 2. Let i1 be an arbitrary constant, and let function h(-, x(-)) satisfy
|h(t,y) — h(s,z)| < L|t —s| + M|y — z| for Vs, t € [ty, T| and Vy,z € R

where L and M are two positive constants.
Let x(t) € IC([tp, T],R), then x(t) satisfies (15) iff x(t) satisfies

t (f _ S)e—l

X x1(t— ¢t -_
0+ x9( 0)+.t0 I(e)

hds, t e [i’o, i’l],

k B t (t o s)e—l

— i . — 1 ~————hd

xo + x1(t t0)+l;](x(tl N(t t)+/tO o) s

(t _ S)e—l ot (t - S)e—l

k i (. — g)e—1
w0 =3 e L) | [ s s [ s [

0

hds (40)

"

~ /t (t—r(u€>>“ / %rﬂe)e ( /t <r;(se>)“hds> drdu

1

t; (tl’—S)E*z
t—t; ~———hd t tr, t k=1,2,...,N.
+( 1) /fo F(e—l) S:|I S ( ks k+1]/ 74y /N

Remark 4. (40) can be rewritten as

o), teltotl, N[0, t € [to, tl,
A= { N, +k_21{1k<x<tk>><

(P(t), t e (tk,tk+1],k:1,2,..., i’—tk), t e (i’k,T],
0, t€ [ty t],

B R e A =

(41)
+ ...
0, t € [to, tn],

- _\e1 rty (¢ — g\l€p!
TN G(ty) q>N(t)4>(t),/t:, ‘ r(re)) /t: . ri)z—f) Slasir 1 11

5. Applications

In this section, we use Theorem 1 to consider the equivalent integral equation of an
IFrOS and draw three solution trajectories of the IFrOS by the numerical simulation to
show the non-uniqueness of the solution of the IFrOS.
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Example 1. Consider the following IFrOS

3
§D2x(t) =t, te0,2)andt #1,
x(11) —x(17) =1, (42)
(1) —A'(17) =1,
x(0) =1,x'(0) =1,
By Theorem 1, the equivalent integral equation of (42) is
1
1+t+ ——t2, t€[0,1],
r(3)
1 5 1 1 3 1 5 1 5
x(t) = d1+2t+ 2+ oo+ o (= 1)+ < (t—1)2 — t2 43
& r) NEE) r r@ 4
B PR S 11
it 51—/ (t 3’)2/ ) Zszdsdr], te (1,2,
IG) 1 TG) Jo TRIG)
where ¢ and 11 are two arbitrary reals. Moreover we can transform (43) into
Lt ——t, te 0,
r) ' T 0, te[o,1],
*(t) = 1 s * t, te(1,2]
14+t+ —t3, te(1,2], ’ sl
I'(z)
0, t€[0,1], (44)
1 1 3 1 5 1 s t—-1
(=12 - (t—1)2 = 12—~
+E+nd T TG3) (%) I3 I3
PR SRR G |
_/ (t 37)2/ =928 yer, te (1,2,
1 I(3) Jo T(3)I(3)
We compute the first order derivative and the fractional derivative of (44):
1 3
14+ —t2, t€|0,1),
, r g e,
)= 1 1, req,2
1+ 13, te (1,2, W €12,
I'(z)
0, te€]0,1], (45)
1 1 1 1 3 1 3
—+ —(t—-1)2 4+ —(t—-1)2 — t2
+E+n{ TR T3) r(3) r(3)
PR SRR B
Y Gl 2/ =928 per, te (1,2,
1 T(z) Jo TRIG)

and
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cd _Jt teo1], 0, te[0,1],
o Dix(t) = {t, te(l,2},+{o, te(1,2],
0, t€0,1],
t(tfs)*% 1 _ 1 1 1 1
—(s—1)"2 + —1)2 — 2 |d
cieend r() [P(%)“ T R e ] i
3 1(t—s)*%s% 16
/O SORED ds, te(1,2] (46)
, 0.1] 0, t€]0,1],
= { ' RSN E(t—s)"2s2 1(t—s)"2s2
t, t ,2], t—/l T ds—/o st, te(1,2].
|t te(o1],
|t te (1,2

By (45) and (46), (44) satisfies the condition of the fractional derivative, the impulsive
conditions, and the initial value in (42), that is, (44) is the general solution of (42). More-
over, three curves of solution of (42) in Figure 1 are drawn by using equation (43) with
¢ +1n =0, 10, —10, respectively, and the numerical algorithm is with the step size I = 0.01.

&n=0
&+n=10
&+n=-10

()

1 . . .
0.5 1 15

t

Figure 1. Three solution trajectories of (42).

6. Conclusions

We find that the fractional derivative and the fractional integral of the piecewise
function have two different expressions, respectively, and then we use the fractional order
properties of the piecewise function to verify that four equations ((2), (3), (5), and (6)) are
not the equivalent integral equation of (1). Next, we combine the fractional order properties
of piecewise function, some limit properties, the particular solution (5), and the linear
additivity of the impulsive effects in (1) to find that the correct equivalent integral equation
of (1) is a combination of two functions (¢(t) and @y (t)) with two arbitrary constants to
uncover the non-uniqueness of the solution of (1).
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