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Abstract: A new local fractional modified Benjamin-Bona—Mahony equation is proposed within the
local fractional derivative in this study for the first time. By defining some elementary functions
via the Mittag—Leffler function (MLF) on the Cantor sets (CSs), a set of nonlinear local fractional
ordinary differential equations (NLFODEs) is constructed. Then, a fast algorithm namely Yang's
special function method is employed to find the non-differentiable (ND) exact solutions. By this
method, we can extract abundant exact solutions in just one step. Finally, the obtained solutions on
the CS are outlined in the form of the 3-D plot. The whole calculation process clearly shows that
Yang'’s special function method is simple and effective, and can be applied to investigate the exact
ND solutions of the other local fractional PDEs.

Keywords: local fractional derivative; Mittag-Leffler function; Yang’s special function method;

cantor sets

1. Introduction

As is known to all, many complex phenomena occurring in nature involving in op-
tics [1-5], vibration [6,7], social and economic [8], thermal science [9,10], and others [11-13]
can be modeled by the partial differential equations (PDEs). In recent years, the fractional
derivative has been adopted to PDEs to describe many phenomena arising in scientific
and engineering fields, such as physics [14-18], biology [19-21], chemistry [22-24], me-
chanics [25-27], communication engineering [28-31], and so on [32,33]. Finding the ex-
act solution of the fractional partial differential equation is helpful to further understand
and analyze the dynamic behavior of the fractional partial differential equation. Com-
pared with the mathematical model with an integer derivative, the fractional derivative
mathematical model can more accurately describe the complex phenomena. Recently, the
local fractional derivative (LFD) has attracted wide attention in various fields and some
outstanding research results have emerged. In [34], the g-homotopy analysis transform
method is applied to study the local fractional Poisson equation. In [35], the local fractional
Fokker Planck equation is proposed and the reduced differential transform method and lo-
cal fractional series expansion method are considered. In [36], the factorization technique
is derived to investigate some local fractional PDEs. In [37], the Sumudu transform method,
alongside the Adomian decomposition method, is used to employ the local fractional PDEs.
In [38], the Mittag—Leffler function-based method is adopted to find the non-differentiable
exact solutions of the (2 + 1)-dimensional local fractional breaking soliton equation. In [39],
the local fractional variational iteration method is presented to investigate the local frac-
tional heat conduction equation. In [40], the extended rational fractal sine—cosine method
is used and six sets of the exact solutions are obtained. In [41], the Local fractional Fourier
series method is utilized to study the wave equations. Many other studies can be seen
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in [42-46]. On the inspiration of the latest research results about the LFD, we present a
new local fractional modified Benjamin-Bona-Mahony equation (LFMBBME) below:

'Ry 97Ny , %Ry 9% /9Ny
0 T ax? kNG ax® x219( ot? > =0 @

where $(0 < ¢ < 1) is the fractional order, a;% and aaﬂ% are the local fractional derivatives.
The definitions are presented in Section 2. In this work, we aim to investigate the exact ND
solutions of the LFMBBME via a fast algorithm known as Yang's special function method,
which can avoid the complicated calculation process and obtain abundant exact solutions
in one step. The ideas within work are expected to open up some new horizons in the
study of local fractional PDEs. The rest of this article is structured as follows. In Section 2,
the properties of the LFD and some special functions are presented. In Section 3, a set
of nonlinear local fractional ODEs is constructed. In Section 4, Yang’s special function
method is used to find the exact ND solutions, and the behaviors of the solutions on the
CS are presented. Finally, a conclusion is reached in Section 5.

2. Basic Theory

In this section, some basic theory that is used to study the problem is presented.

Definition 1. The LED of E(x)with orderdis defined as [47]:

d®E(x) .
Taxo = %o = lim

A’[E(x) — E(xo)]
(x—x)" @

where A°[2(x) — E(x0)] = T(1 + 8)[E(x) — E(xo)] with Euler’s gamma function.

Ir(1+9)=: /;ox‘?*1 exp(—x)dx.

For the LFD, there is the following rule chain [47]:

k  times
E(x) & 4

Definition 2. The local fractional integral (LFI) of E(x) with the fractional order 9 (0 < ¢ < 1)
is defined by [47]:

() = o e @’ = o im Y sean)! @
T TA ) ), T TT(A A 0) a0 T

Here, Axy = xpq —xpand xp =a < x1 < ... < xny_1 < xy = b.
Property 1. The properties of the LFD are listed as follows [47]:

d® d? d®

(1) 25 lp(1) £q(0)] = Z5p(0) £ 54(0), @
d® d® d®

(2) Z5lp(O9(0] = () S5p(0) + p(1) T5a(2), ©)
a° |90 &5p(t) = p(t) S50 (1)]

(3) w[l’(t)/q(t)] = q(t)Z ’ (6)
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SHy(p")

Definition 3. The MLLF on the CS with fractional order © is defined as [47]:

Rii

®
L r+30) ?

) pr—
JI=0

Ml ("

Definition 4. Based on the MLF, we can derive four special functions, namely the SE function, the
CH function, the SE function, and the CS function, as [47]:

SHy (o) = M () +2M119(—p‘9)' ®)
CHﬁ(pl9> ~ My (p?) —ZMIﬂ(—p”)’ ©)
SEﬂ(pﬂ) T M, (%09 +2M119(il9p19)' (10)
Csﬂ<pﬂ) T M (%09 EiﬁMIﬂ(—i%ﬂ)' an

The behaviors of the four special functions on the CSusing ¢ = In2/ In 3 are displayed
in Figure 1.
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Figure 1. The outline of the special functions on the CS: (a) for the SE function, (b) for the CH function,
(c) for the SE function, (d) and for the CS function.
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Property 2. The properties of the MLF are given as [47]:

(1) D®MI, (Agﬁ) — AMI, (gl’), (12)

(2) MIy (&*) M1y (£) = MIy (8 +2°), (13)
(3) My (2% )Ml (%) = M1y (g - ¢°) (14)
(4) My (2% ) M1 (1°2%) = M, (57 + i%¢7) (15)
(5) M, (iﬂgﬂ)MIg (iﬂgﬁ) — MI, (i”g:” n i"gﬂ) (16)

3. Construct of the NLFODEs
In the view of Equation (8), we define the following NLFODE [48]:

9o (") = x18Hs (x20"), (17)

Taking the LFD of Equation (17), we have:

9 AR 9 9\ — 9 2
D@ gy (p*) = D' [x18Hs (x29")] = D' )[Mlﬁ(mﬂ)f&xﬂ(mﬁ)

_ _2)(1?(2[Mla(XZKJg)*MI&(*Xwﬂ)] (18)
[MI, (X2@0)+M10(*X2@‘9)]2
which gives:
2
_ {_ 20120 Mg (120° ) ~MIg (—x2)] }2 _ 42,2 M Grae?) 1Mo (-2020%) -2
M1, (xo0? )+Mla(—m”)}22 122 M1 (rap? ) +MIs (—x26°)]*
4
— 42 2 [MIs (x20") +Mlg (—x26°)|" =4 _ 5 » 4 o 16 ) (19)
X2 [le (XZKJ )Jrl\/ﬂa(*)cw")]4 X2 MI&(XW”)-FMI&(—XW‘?)F [MI, (7(2@‘9)+1\/Hf>(*?(2&9‘9)]4
— B[St (6°) — SHA (") = Be3 () [ 1- e (0")]
= 1395 (9 ) "%(Piﬁ( ")
Based on Equation (9), we can construct the following NLFODE [48]:
Po (@”) = x1CH, (Xz p"), (20)
Taking the LFD of the above equation as:
2
D (%) = D) [x1CHy (x26")] = D' [Mlg(xzp‘?)?;ﬂo(xﬂ’&) o

_Zaxe [MIy (x20%) + Mg (—x26")]
[MIy (x20? ) ~Mi (—x26?)]”




Fractal Fract. 2023, 7,72

50f12

Then, we have:

[D(ﬁ)q,(pﬁ)r
_ {_2X1X2[M10(X2§>0)+ML9(XZKJD)] }2 120 M (2026°) M1 (—2226%) 42]
[MI; (x20) ~MIs (—x26°) ] 122 M (rap?) “Mlo(—x29 ]
— 442 2[Mlﬂ(Xzsoo)*Mlﬁ(*szg)]sz‘L — 2.2 [MIg (x20°) Mg (—x29 )]2
i {MlﬂocszMIo(wﬂ)F P Pt o T )
= X33 [CH (o) + CHb (o)]
= X395 (p ) X%fpfy( %)

We can also consider the following NLFODE [48]:
Po (pé‘) = X1SEy (szﬁ),
Similarly, its LED is given by

2x1
My (x21%9?) +Mlg (—x2i® o? )

]

D® gy (p®) = D® [x1SEg (x20°)] = D@
 2x0[i*MIp (i o) =My (—xai®0?
[Mllg(Xziﬂg)g)+MII9(_X21‘19§)19)]2

Such that
2
[D(ﬂ)%(@ﬂ)}
_ {_2xm[i0Mlg(m%f’)—z‘oMIﬂ(—xZiW)} }2 L gy 2,2 MU (2000%) My (201" ) 2]
[MI (x2i® 2 )+ MLy (—x2i®0® ) 142 [Mlﬂ(XziﬂgJﬂz-‘rMLg(—le'"pﬂ)r
MI (x2i? 0°) Mg (— xai®o?) ] —4 T MIy (x2i® )+ Mg (—xai® o? )]
~ gLt e Cfl | Gt )]
[ Xzzﬂg)§)+MIg( Xzi%)ﬂ)]

a3 [sB3 (o) + SEH(6")] = 336 1+ )

= —x395(9°) + "%40?9( %)

In the light of Equation (11), we construct another NLFODE as [48]:

Po (@ﬁ) = x1CSy (Xz@ﬁ),

Applying the LFD for Equation (26) as:

0 9\ _ (o N — 2x1i°
D®gy(p?) = D [x1CSp (x20") ] = D! )|:M119(Xzi‘%)”)—i\/ﬂg(—?(zi‘%”)
_ 2axe Ml (x2i®0) + Ml (120"
[Mlg (1216 ) ~Mly (—x2i% )]

(22)

(23)

(24)

(25)

(26)

(27)
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Thus, we have:

2
2 [MIy (2 0%) + Mg (—x2i 0°) }2 . 2 [MIg(2x2i° ) + My (—2x2i% % ) +2]
= *X1X2

_{ [MI, (x2i®0?) ~MIg (—x2i%?)]* [Mlo(?éziﬂ@ﬂ)*Mlﬂzl(*)(zio@ﬂ)r

2o [MIg (2?0 ) My (—xai®0? ) +4 _ 20 T ML (i) Mg (—x2i®?)] "
122 M1y (2t 9®) ~MIg (—1ai®)]* Xix2 16 (28)

[MI (X210 0?) *Mlo(*xﬂ%ﬂ)r

= 3-S5 (o) + €83 (6")] = o3 (o) |1 + (o)

From Equations (19), (22), (25), and (28), we can conclude the general NLFODE as the
following form by introducing two parameters p and g:

(D@ s ()] = p1303 () + qﬁfpi‘;(@ﬁ), (29)

Obviously, its exact ND solutions are given as:

X1SHy ((szl;)), forp=1,9=-1
9\ _ ) x1CHp(x20"), forp=1,9=1
%‘(p ) ") xiSEs(x20%), forp=-19=1 " (30)

x1CSs (x20°%), forp=—-1,9=1

4. Yang's Special Function Method

In this section, Yang's special function method will be adopted to search for the exact
ND solutions. For this goal, the following ND transformation is considered [49-51]:

Ny (xﬂ, tﬂ) = ng(pg), ¥ = p’x? — @7, (31)
Additionally, there is:
limp® = px — @t, (32)
9—1

Putting Equation (31) into Equation (1) gives:

RN 9d®R
— = 0", 33
ot? dp? (33)
My HdNy
= 0" ——, 34
axﬁ 10 dpﬂ ( )
R 20 94Ny
leﬁ‘( PTG ) 7T (39)
Taking them into Equation (1) yields:
d°R d°R d*'R
SR AN 0g2d N oy o _
(o" - )dp&—f—kp NS T =0, (36)
where p? — @? # 0.
Applying the LFI to Equation (36) and ignoring the integral constant yields:
1 d>'R
8 8 3 _ 20 6 _
(p —® )Ng—i—gkp N — P =0 (37)
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By multiplying both sides of above equation by %, we have:

FEANS AN d2ON, d9N
9 “ e B3 9 29 g9 N
—® k N @7 =0, 38
(p ) a0 3 Y dpt —F dp?® dp? (38)

Taking the LFI of the above equation leads to:

1 1 ¥Ry
(p - w") kp”Nf; L (z)?p‘g) = A, (39)

Here, A is the integral constant. Letting A to be zero, we have:

1 1 1 AR\ 2
5 (0" — @ )5 + koG — 2 p? (dpﬂﬁ) =0. (40)
Such that: )
ARy P’ -’ ke
( d@ﬂ > = ng(ﬂﬁ Nﬁ‘i‘ 6p19(D19N19' (41)

By comparing Equation (41) and Equation (29), we have:
Set1: For p =1, q = —1, there is:

0 0
pr—w o
ngwlg - XZI (42)
k X3
6pPa® 2 (43)

According to Equations (42) and (43), we have:

_ p 0? — @f
Y Cllelild it (44)

Thus, we can obtain the exact solution of Equation (1) as:

Ny (x, t) = Wsm( ppw - (px w%’)). (45)

For ¥ = 1, p% = 2, k = —1, we display the profile of the exact ND solution given by
Equation (45) on the CS in Figure 2. Here, the ¢ and x are both selected on the CS range
0 to 1, and the fractional order is used as ¢ = In2/In3. It can be found that the value
of the solution is between 1 and 1.8. In addition, the figure is the blocky structure which
conforms to the CS characteristics.

Set 2: For p =1, g = 1, there is:

= X2 (46)

=3 (47)
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0 1 t

Figure 2. The profile of Equation (45) on CS with @’ =1, p% =2, and k = —1 for 8 = In2/In3.

[6(p® — @?) p’ — @
X1 = T, X2 = W! (48)
)

Then, the second exact ND solution of Equation (1) is attained as:

We have:

6 4 __,(270 9 _ Ci)0
Nﬁ(x, t) = %CH& ( p10219—a)19 (pﬂxﬂ — (Dﬂtﬂ)> . (49)

For using 0¥ =1, p‘9 = 2,k =1, we display the solution Equation (49) on the CS for
¢ =1In2/1In3in Figure 3. The values of t and x are all selected on the CS from 0 to 1. It can
be found that the profile of Equation (49) is the blocky structure, and when the coordinate
(x, t) is close to (0, 0), the value of the solution increases rapidly.

120

100

P~
-~
& 60
A
R
A

Figure 3. The profile of Equation (49) on CS with @% =1, o =2,k = 1 for 8 = In2/In3.
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Set 3: For p = —1, g = 1, thereis:

9 9
[l
0280 = X2 (50)
kX
= =, (51)
e

There is:

l6(a)l9_pl9) wﬂ_pﬂ
= _— = _ 2
X1 kpﬂ s X2 pzﬁwﬁ s (5 )

Correspondingly, we can find the exact ND solutions of Equation (1) as:

@ @ —p% 5 o 8,0
Wsa,( W(px —cot) ) (53)

By choosing the parameters as @? = 2, o = 1, k = 1, we display the outline of
Equation (53) on CS for ¢ = In2/In 3 in Figure 4. Here, the outline of the solution is also
the blocky structure which corresponds to the characteristics of the CS. Additionally, the
value of the solution increases rapidly when (x, t) is close to (1, 0).

No(x, t) =

Figure 4. The profile of Equation (53) on CS with @® =2, p% =1,k =1for® = In2/In3.

Set4: For p = —1,9 =1, there is:

9 9
[
ngwg = —X2/ (54)
kX
= -, (55)
o'’ ]

There is:

6(c? — p?) @?® — p?
X1 = T/ X2 = W, (56)
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Correspondingly, we can find the exact ND solutions of Equation (1) as:

Nﬂ(x, t) = (kpﬂ)CSg ( pzﬁTg (pl9.9(fl9 — (Dﬁtﬁ>> . (57)
For using @’ = —1, p¥ = 1, k = —1, we display the profile of the Equation (57)

solution on the CS with ¢ = In2/1In3 in Figure 5. Similar to Equation (49), the blocky
structure increases rapidly when (x, t) is close to (0, 0).

Figure 5. The profile of Equation (57) on CS with @® = —1,p? =1,k = —1for # =In2/In3.

It should be noted that the correctness of the exact obtained ND solutions provided
by Equations (45), (49), (53), and (57) are verified by substituting them into Equation (41).

5. Conclusions

This paper proposes a new local fractional modified Benjamin-Bona—Mahony equa-
tion based on the local fractional derivative. A group of nonlinear local fractional ordinary
differential equations is constructed by defining some elementary functions via the Mittag—
Leffler function on the Cantor set. A simple and effective approach, called Yang's special
function method, is suggested for the first time to solve this problem. By using this method,
we can obtain four different exact solutions in just one step. Furthermore, the obtained so-
lutions on the Cantor set are outlined in the form of a 3-D plot. It is revealed that the
one-step method is effective and can be utilized to study the other local fractional PDEs.
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