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Abstract: In this article, we introduce three general double-series identities using Whipple transfor-
mations for terminating generalized hypergeometric 4F3 and 5F4 functions. Then, by employing the
left-sided Riemann–Liouville fractional integral on these identities, we show the ability to derive
additional identities of the same nature successively. These identities are used to derive transfor-
mation formulas between the Srivastava–Daoust double hypergeometric function (S–D function)
and Kampé de Fériet’s double hypergeometric function (KDF function) with equal arguments. We
also demonstrate reduction formulas from the S–D function or KDF function to the generalized
hypergeometric function pFq. Additionally, we provide general summation formulas for the pFq

and S–D function (or KDF function) with specific arguments. We further highlight the connections
between the results presented here and existing identities.
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1. Introduction and Preliminaries

The generalized hypergeometric series (or function) pFq (p, q ∈ Z>0), which is a natu-
ral generalization of the Gaussian hypergeometric series 2F1, is defined by (see, e.g., [1–6])

pFq

[ µ1, µ2, . . . , µp;
ν1, ν2, . . . , νq;

z
]
= pFq(µ1, . . . , µp; ν1, . . . , νq; z)

= pFq

[
(µp);
(νq);

z
]

:=
∞

∑
n=0

p
∏
j=1

(µj)n

q
∏
j=1

(νj)n

zn

n!

(1)

(
µk ∈ C (k = 1, . . . p), νj ∈ C \Z60 (j = 1, . . . , q)

)
,

where (ξ)η (ξ, η ∈ C) is the Pochhammer symbol defined in terms of gamma function Γ
(see, e.g., [5], pp. 2, 5), by

(ξ)η =
Γ(ξ + η)

Γ(ξ)
=

{
1 (η = 0, ξ ∈ C \Z60),
ξ(ξ + 1) · · · (ξ + n− 1) (η = n ∈ N, ξ ∈ C), (2)

it being understood that (0)0 = 1. Here and elsewhere, an empty product is interpreted
as 1, and let C, R, and Z denote the sets of complex numbers, real numbers, and integers,
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respectively. Additionally, let A>`, A>`, A6`, and A<` be the subsets of the set A (R or Z)
whose elements are greater than or equal to, greater than, less than or equal to, and less
than some ` ∈ R, respectively. In particular, let N := Z>1.

If µk ∈ Z60 for some k = 1, . . . p, then pFq series terminates, that is, becomes a
polynomial in z, and converges for all z ∈ C. In case of µk ∈ C \Z60 for some k = 1, . . . p,
the series pFq in (1) becomes a polynomial of finite order. For the detailed convergence
conditions for pFq in (1), one can consult, for example, [7], p. 20.

The popularity and usefulness of the hypergeometric function 2F1, as well as its gener-
alized versions in one variable pFq, have motivated researchers to explore hypergeometric
functions in multiple variables. Appell [8] initiated the study of hypergeometric functions
in two variables by introducing the Appell functions F1, F2, F3, and F4 as generalizations
of Gauss’s hypergeometric function 2F1. Subsequently, Humbert [9] investigated the con-
fluent forms of these functions. A comprehensive list of these functions is available in
standard literature, such as [10]. Kampé de Fériet [11] later expanded upon the work of
Appell, generalizing the four Appell functions and their confluent forms to more general
hypergeometric functions of two variables. Burchnall and Chaundy [12,13] introduced an
abbreviation for the notation created by Kampé de Fériet for his double hypergeometric
functions of superior order. In a slightly modified notation, Srivastava and Panda [14]
(p. 423, Equation (26)) presented the definition of a more comprehensive double hypergeo-
metric function than the one defined by Kampé de Fériet. This convenient generalization
of the Kampé de Fériet function is defined as follows (see, for example, [7], p. 27):

Fp:q;k
`:m;n

[
(ap) : (bq); (ck);
(α`) : (βm); (γn);

x, y
]

=
∞

∑
r,s=0

p

∏
j=1

(aj)r+s

q

∏
j=1

(bj)r

k

∏
j=1

(cj)s

`

∏
j=1

(αj)r+s

m

∏
j=1

(β j)r

n

∏
j=1

(γj)s

xr

r!
ys

s!
,

(3)

where, for convergence,

(i) p + q < `+ m + 1, p + k < `+ n + 1, |x| < ∞, |y| < ∞,
or

(ii) p + q = `+ m + 1, p + k = `+ n + 1, and{
|x|1/(p−`) + |y|1/(p−`) < 1, if p > `,

max{|x|, |y|} < 1, if p ≤ `.

To gain further insight into the convergence properties of the double series in Equation (3),
which encompasses conditional convergence as well, one can consult the research con-
ducted by Hái et al. [15].

Lemma 1. The following formula holds.

Fp:q;k
`:m;n

[
(ap) : (bq); (ck);
(α`) : (βm); (γn);

x, y
]
= Fp:k;q

`:n;m

[
(ap) : (ck); (bq);
(α`) : (γn); (βm);

y, x
]

. (4)

In particular,

Fp:q;k
`:m;n

[
(ap) : (bq); (ck);
(α`) : (βm); (γn);

x, x
]
= Fp:k;q

`:n;m

[
(ap) : (ck); (bq);
(α`) : (γn); (βm);

x, x
]

. (5)

Proof. Observing the following fact is sufficient: Interchanging the summation indices r
and s leaves the quantity on the right-hand side of Equation (3) unchanged.
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Srivastava and Daoust ([16], p. 199) introduced a generalization of the Kampé de
Fériet function ([8], p. 150) by means of the double hypergeometric series (see also [17,18]):

FA: B; B′
C: D; D′

(
[(aA) : ϑ, ϕ] : [(bB) : ψ]; [(b′B′) : ψ′];
[(cC) : δ, ε] : [(dD) : η]; [(d′D′) : η′];

x, y
)

=
∞

∑
m=0

∞

∑
n=0

A
∏
j=1

(aj)mϑj+nϕj

B
∏
j=1

(bj)mψj

B′

∏
j=1

(b′j)nψ′j

C
∏
j=1

(cj)mδj+nε j

D
∏
j=1

(dj)mηj

D′

∏
j=1

(d′j)nη′j

xm

m!
yn

n!
,

(6)

where the coefficients

ϑ1, . . . , ϑA; ϕ1, . . . , ϕA; ψ1, . . . , ψB; ψ′1, . . . , ψ′B′ ; δ1, . . . , δC;

ε1, . . . , εC; η1, . . . , ηD; η′1, . . . , η′D′
(7)

are real and positive. Let

∆1 := 1 +

(
C

∑
j=1

δj +
D

∑
j=1

ηj

)
−
(

A

∑
j=1

ϑj +
B

∑
j=1

ψj

)

and

∆2 := 1 +

(
C

∑
j=1

ε j +
D′

∑
j=1

η′j

)
−
(

A

∑
j=1

ϕj +
B′

∑
j=1

ψ′j

)
.

Then
(i) The double power series in (6) converges for all complex values of x and y when

∆1 > 0 and ∆2 > 0.
(ii) The double power series in (6) is convergent for suitably constrained values of |x|

and |y| when ∆1 = 0 and ∆2 = 0.
(iii) The double power series in (6) would diverge except when, trivially, x = y = 0

when ∆1 < 0 and ∆2 < 0.
The emergence of extensively generalized special functions, such as (3), has sparked

intriguing research into their reducibility. The Kampé de Fériet function, in particular,
has been studied extensively by many researchers for its reducibility and transformation
formulas. Many reduction and transformation formulas for the Kampé de Fériet function
can be found in the literature, as documented in various references, such as [19–42].

Buschman and Srivastava [19] provided insightful remarks on previous studies, specif-
ically [43,44]. They employed a double-series manipulation technique, utilizing Whipple’s
transformation (see [45], Equation (7.1); see also [10], p. 190, Equation (1), [4], p. 90,
Theorem 32):

3F2

[
α, β, γ;

1 + α− β, 1 + α− γ;
z

]

= (1− z)−α
3F2

[
α
2 , α+1

2 , 1 + α− β− γ;

1 + α− β, 1 + α− γ;
− 4z

(1−z)2

]
(

α− β, α− γ ∈ C \Z6−1; |z| < 1, 4|z|/{|1− z|2} < 1, | arg(1− z)| < π
)

.

(8)

Through this approach, they introduced three double-series identities, which incorporated
a bounded sequence of complex numbers. In addition, they [19] demonstrated that the ap-
plication of double-series identities enables the provision of numerous reduction formulas
for the Kampé de Fériet function, whether they are already known or newly discovered.
Subsequently and concurrently, a number of papers have utilized series manipulation
techniques along with, among several others, transformation formulas for 2F1 (13) and (19)
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in Chan et al. [21]; the reduction formula for 2F1 (15) in Karlsson [46]; a particular case of
Euler’s transformation formula for 2F1 (12) in Karlsson [47]; terminating summation for-
mulas for 4F3(1) (Equations (2.3), (2.4), (2.6), Tables 1 and 2, there) and the transformation
formula for 4F3(1) (10) in Karlsson [30]; transformation formulas for 2F1 (12) and (13) in
Liu and Wang [48]; transformation formulas for 2F1 ([22], Equations (2.8) and (2.9)) (cf. [10],
p. 112, Equations (17) and (16), respectively), Whipple’s transformation 3F2 (8) and sum-
mation formula for a terminating 3F2(1) [22], Equation (3.2) (see also [49]), and Dougall’s
summation theorem for a terminating well-poised 7F6(1) [22], Equation (3.7) (see also [10],
p. 189, Equation (4).4(8)), [50], p. 244, Equation (III. 14)) in Chen and Srivastava [22]; and
terminating 3F2(

4
3 ) [51], Equation (1.3) (see also Gessel–Stanton summation theorem [52],

Equation (5.21), and terminating 3F2(
3
4 ) [51], Equation (1.4) (see also [53], Equation (1.12))

in Qureshi et al. [51]. These papers have presented multiple or double-series identities,
which have been employed to derive a range of reduction formulas for the Kampé de Fériet
function and other intriguing identities for the pFq functions.

Inspired by the aforementioned papers, especially [19], and utilizing Whipple’s trans-
formation formulas (refer to [45], p. 266, Equation (6.6))

5F4

[
−m

2 , −m+1
2 , E, 1−m− B− C, 1−m− D ;

1−m− B, 1−m− C, 1+E−D−m
2 , 2+E−D−m

2 ;
1

]

=
(D)m

(D− E)m
4F3

[
−m, B, C, E ;

1−m− B, 1−m− C, D ;
1

]
(

m ∈ Z>0; B, C ∈ C \Z>1−m; D, 1+E−D−m
2 , 2+E−D−m

2 ∈ C \Z60

)
(9)

and (see [54], p. 537, Equation (10.11); see also [30], Equation (2.5))

4F3

[
−m, X, Y, Z ;

U, W, X + Y + Z + 1−U −W −m ;
1

]

=
(U − X)m(Y + Z + 1−U −W −m)m

(U)m(X + Y + Z + 1−U −W −m)m

× 4F3

[
−m, W −Y, W − Z, X ;

1−m + X−U, U + W −Y− Z, W ;
1

] (10)

(m ∈ Z>0; U, W, X + Y + Z + 1−U −W −m,

1−m + X−U, U + W −Y− Z, W ∈ C \Z60

)
,

our objective is to introduce three double-series identities. These identities incorporating
bounded sequences of complex numbers are derived using series rearrangement techniques
and Pochhammer symbol identities. These issues are further discussed in Section 2. In
Section 3, we employ these general double-series identities to establish three transforma-
tions of Srivastava–Daoust double hypergeometric functions. These transformations are
expressed using Kampé de Fériet functions. By utilizing the left-sided Riemann–Liouville
fractional integral on these identities in Sections 2 and 4, we demonstrate the capability to
iteratively derive further identities of a similar nature. Section 5 further presents various
new transformation formulae, such as Bailey’s quadratic transformation formula, Clausen
reduction formula, Gauss quadratic transformation formula, Karlsson reduction formula,
Orr reduction formula, and Whipple quadratic transformation formula. We achieve this by
using the following formulas.
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Required formulas

Binomial theorem (see, e.g., [6], p. 44, Equation (8)):

(1− z)−λ =
∞

∑
n=0

(λ)n
zn

n!
= 1F0(λ ; − ; z)

(|z| < 1, λ ∈ C, | arg(1− z)| < π);

(11)

Euler’s transformation formula (see, e.g., [3], p. 248, Equation (9.5.3), [1], p. 68,
Equation (2.2.7)):

2F1(α, β ; γ ; z) = (1− z)γ−α−β
2F1(γ− α, γ− β ; γ ; z)

(|z| < 1, γ ∈ C \Z60, | arg(1− z)| < π);
(12)

Pfaff–Kummer transformation formula (see, e.g., [3], p. 247, Equations (9.5.1) and
(9.5.2), [1], p. 68, Equation (2.2.6)):

2F1(α, β ; γ ; z) = (1− z)−α
2F1

(
α, γ− β ; γ ;

−z
1− z

)
(|z| < 1, |z|/|1− z| < 1, γ ∈ C \Z60, | arg(1− z)| < π)

(13)

and

2F1(α, β ; γ ; z) = (1− z)−β
2F1

(
β, γ− α ; γ ;

−z
1− z

)
(|z| < 1, |z|/|1− z| < 1, γ ∈ C \Z60, | arg(1− z)| < π);

(14)

A reduction formula (see, e.g., [4], p. 70, Equation (10)):

2F1

(
γ, γ− 1

2
; 2γ ; z

)
=

(
2

1 +
√

1− z

)2γ−1

(|z| < 1, 2γ ∈ C \Z60);
(15)

Bailey transformation formula (see, e.g., [55], p. 251, Equation (4.22)):

2F1(α, β ; 2β ; z) = (1− z)−
α
2 2F1

(
α
2 , β− α

2 ; β + 1
2 ; −z2

4(1−z)

)
(
|z| < 1, |z|2/{4|1− z|} < 1, 2β ∈ C \Z60,

β + 1
2 ∈ C \Z60, | arg(1− z)| < π

)
;

(16)

Gauss transformation formula (see, e.g., [10], p. 111, Equation (2), and p. 112, Equation (18)):

2F1

(
2α, 2β ; α + β + 1

2 ; z
)
= 2F1

(
α, β ; α + β + 1

2 ; 4z(1− z)
)

(
|z| < 1, 4|z(1− z)| < 1, α + β + 1

2 ∈ C \Z60

)
;

(17)

Bailey product formula (see, e.g., [56], p. 383, Equation (7.4)):

2F1(α, β ; γ ; z) 2F1(γ− β, 1− β ; α− β + 1 ; z)

= (1− z)β−α−γ
4F3

[
α, γ− β, α+γ−β

2 , α+γ−β+1
2 ;

γ, α + γ− β, α− β + 1 ;
−4z

(1−z)2

]
(18)

(
|z| < 1, 4|z|/|1− z|2; γ, α− β + 1, α + γ− β ∈ C \Z60; | arg(1− z)| < π

)
;
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Letting γ→ ∞ on both sides of (8) gives the following transformation formula ([10],
Equation 2.11 (34)) (see also [21], p. 425, Equation (34)):

2F1

[
α, β;

1 + α− β;
z

]
= (1 + z)−α

2F1

[
α
2 , α+1

2 ;

1 + α− β;
4z

(1+z)2

]
(19)

(
α− β ∈ C \Z6−1; |z| < 1, 4|z|/{|1 + z|2} < 1, | arg(1 + z)| < π

)
,

A number of reduction formulae for the Kampé de Fériet function, for example,

F0:p;r
0:q;s

[
: α1, . . . , αp; γ1, . . . , γr;
: β1, . . . , βq; δ1, . . . , δs;

x, y
]

= pFq

[
α1, . . . , αp;
β1, . . . , βq;

x
]

rFs

[
γ1, . . . , γr;
δ1, . . . , δs;

y
] (20)

(see, e.g., [7], p. 28, Equation (31));

Fp:1;1
q:0;0

[
α1, . . . , αp : ν; σ;
β1, . . . , βq : ; ;

z, z
]
= p+1Fq

[
α1, . . . , αp, ν + σ;

β1, . . . , βq;
z
]

(
β1, . . . , βq ∈ C \Z60; |z| < 1 (p = q)

) (21)

(see, e.g., [8], pp. 23, 155, Equation (25), [57], p. 33, Equation (1.5.1.7));

Fp:2;1
q:1;0

[
α1, . . . , αp : λ∗, µ∗; ν∗ − λ∗ − µ∗;
β1, . . . , βq : ν∗ ; ;

z, z
]

= p+2Fq+1

[
α1, . . . , αp, ν∗ − λ∗, ν∗ − µ∗;

β1, . . . , βq, ν∗;
z
]

(
β1, . . . , βq, ν∗ ∈ C \Z60; |z| < 1 (p = q); |z| < ∞ (p 6 q− 1)

)
(22)

(see, e.g., [7], p. 28, Equation (34));

Fp:2;2
q:1;1

[
α1, . . . , αp : g, h; g, h− 1;
β1, . . . , βq : g + h− 1

2 ; g + h− 1
2 ;

z, z
]

= p+3Fq+2

[
α1, . . . , αp, 2g, 2h− 1, g + h− 1;

β1, . . . , βq, g + h− 1
2 , 2g + 2h− 2;

z
]

(
β1, . . . , βq, g + h− 1

2 , 2g + 2h− 2 ∈ C \Z60; |z| < 1 (p = q)
) (23)

(see, e.g., [30], p. 34, Table 3(Ic), [7], p. 29, Equation (38));
A summation formula for 3F2 (see, e.g., [58], p. 540, Entry (114)):

3F2

 − m
2 , −m+1

2 , A;
1

B, 3
2 + A− B−m;

 = 4−m (2B− 2A− 1)m(2B + m− 1)m

(B)m(B− A− 1
2 )m

(24)

(
m ∈ Z>0; B, 3

2 + A− B−m, B− A− 1
2 ∈ C \Z60

)
;

The following generalized summation formulae for 2F1:
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Generalized Kummer first summation theorem (see [59], p. 828, Theorem 3):

2F1

[
C, D ;

1 + C− D + m ;
1

]
=

2m−2DΓ(D−m)Γ(1 + C− D + m)

Γ(D)Γ(C− 2D + m + 1)

×
m

∑
k=0

(−1)k
(

m
k

)Γ
(

C+k+m+1
2 − D

)
Γ
(

C+k−m+1
2

) (25)

(
m ∈ Z>0, D− C ∈ C \Z>m+1, <(D) < 1+m

2

)
;

Generalized Kummer first summation theorem (see [59], p. 828, Theorem 4):

2F1

[
C, D ;

1 + C− D−m ;
− 1

]
=

2−m−2DΓ(1 + C− D−m)

Γ(C− 2D−m + 1)

×
m

∑
k=0

(
m
k

)Γ
(

C+k−m+1
2 − D

)
Γ
(

C+k−m+1
2

) (26)

(
m ∈ Z>0, C− D ∈ C \Z6m−1, 1−m

2 6 <(D) < 1− m
2

)
;

Generalized Kummer second summation theorem (see [59], p. 827, Theorem 1):

2F1

[
C, D ;

1
2 (1 + C + D + m) ;

1
2

]
=

2D−1Γ
(

C+D+m+1
2

)
Γ
(

C−D−m+1
2

)
Γ(D)Γ

(
C−D+m+1

2

)
×

m

∑
k=0

(−1)k
(

m
k

) Γ
(

D+k
2

)
Γ
(

C+k−m+1
2

)
(27)

(
m ∈ Z>0, 1

2 (1 + C + D + m) ∈ C \Z60

)
;

Generalized Kummer second summation theorem (see, e.g., [58], p. 491, Entry 7.3.7.2):

2F1

[
C, D ;

1
2 (1 + C + D−m) ;

1
2

]
=

2D−1Γ
(

C+D−m+1
2

)
Γ(D)

×
m

∑
k=0

(
m
k

) Γ
(

D+k
2

)
Γ
(

C+k−m+1
2

) (28)

(
m ∈ Z>0, 1

2 (1 + C + D−m) ∈ C \Z60

)
;

Generalized Kummer third summation theorem (see [59], p. 828, Theorem 5):

2F1

[
C, 1− C + m ;

D ;
1
2

]
=

2m−CΓ(C−m)Γ(D)

Γ(C)Γ(D− C)

×
m

∑
k=0

(−1)k
(

m
k

) Γ
(

D−C+k
2

)
Γ
(

D+C+k
2 −m

) (29)

(m ∈ Z>0, D ∈ C \Z60);
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Generalized Kummer third summation theorem (see [60], Equation (20)):

2F1

[
C, 1− C−m ;

D ;
1
2

]
=

2−m−CΓ(D)

Γ(D− C)

m

∑
k=0

(
m
k

)Γ
(

D−C+k
2

)
Γ
(

D+C+k
2

) (30)

(m ∈ Z>0, D ∈ C \Z60),

which is the corrected version of [59], p. 828, Theorem 6.
Lastly, in Section 6, we derive a set of summation theorems with arguments of 1, −1,

1
2 , − 1

4 , − 1
8 , and − 1

16 .

Remark 1. It is intriguing to compare Entries 131 and 132 in ([61], p. 583) with the summation
Formulas (29) and (30).

One can find the specific instances of Equations (29) and (30) in [62] (Equation (6) along with
Table 3) for the values of m equal to 0, 1, 2, 3, 4, and 5.

The numerator parameters −m
2 and −m+1

2 of the 5F4 on the left side of Equation (9) both yield
negative integers if m is even and odd, respectively. The 5F4 and 4F3 on the left and right sides of
Equation (9) exhibit properties of being Saalschützian and nearly poised, respectively.

Wolfram’s MATHEMATICA has implemented the pFq function as hypergeometric PFQ, which
is appropriate for performing both symbolic and numerical computations.

2. Three General Double-Series Identities

This section demonstrates three general double-series identities that involve bounded
sequences by primarily utilizing Whipple transformations (9) and (10).

Theorem 1. Let {Ψ(µ)}∞
µ=0 be a bounded sequence of complex (or real) numbers such that

Ψ(0) 6= 0. Additionally, let α + β, γ, δ ∈ C \ Z60. Then the following general double-series
identity holds true:

∞

∑
m=0

∞

∑
n=0

Ψ(2m + n)
(α)m+n(β)m+n

(
γ+δ−1

2

)
m+n

(
γ+δ

2

)
m+n

(γ)m+n(α + β)m+n(δ)m+n

(−4z2)m(4z)n

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(γ + δ− 1)m+n(α)m(β)m (α)n(β)n

(α + β)m+n(γ)m(δ)n

zm+n

m! n!
,

(31)

provided that both sides of the double series are absolutely convergent.

Proof. Let Ξ1(z) be the left member of (31). By using a double-series manipulation,

∞

∑
m=0

∞

∑
n=0

Φ(m, n) =
∞

∑
n=0

[ n
2 ]

∑
m=0

Φ(m, n− 2m), (32)

where Φ : Z>0 × Z>0 → C is a bounded function, and provided that both sides of the
double series are absolutely convergent, we obtain

Ξ1(z) =
∞

∑
n=0

[ n
2 ]

∑
m=0

Ψ(n)
(α)n−m(β)n−m

(
γ+δ−1

2

)
n−m

(
γ+δ

2

)
n−m

(−1)m 4n−m zn

(γ)n−m(α + β)n−m(δ)n−m m! (n− 2m)!
. (33)

Recall the following Pochhammer symbol identities:

(λ)n−k =
(−1)k (λ)n

(1− λ− n)k
(k = 0, 1, . . . , n). (34)
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Setting λ = 1 in (34) gives

(n− k)! =
(−1)k n!
(−n)k

(k = 0, 1, . . . , n). (35)

Additionally,
(λ)2n = 22n

(
λ
2

)
n

(
λ+1

2

)
n

(n ∈ Z>0). (36)

Using (34)–(36) in (33), and expressing the inner sum in the resultant double series in terms
of pFq in (1), we have

Ξ1(z) =
∞

∑
n=0

Ψ(n)
(α)n(β)n(γ + δ− 1)2nzn

(γ)n(α + β)n(δ)n n!

× 5F4

[
− n

2 , −n+1
2 , 1− γ− n, 1− α− β− n, 1− δ− n;

1− α− n, 1− β− n, 3−δ−γ−2n
2 , 2−δ−γ−2n

2 ;
1

]
.

(37)

Applying Whipple transformation (9) to (37), with the aid of

(λ)m+n = (λ)m (λ + m)n (m, n ∈ Z>0) (38)

and (35), we obtain

Ξ1(z) =
∞

∑
n=0

Ψ(n)
(α)n(β)n(γ + δ− 1)n zn

(α + β)n(δ)n n! 4F3

[
−n, α, β, 1− δ− n;

1− α− n, 1− β− n, γ;
1
]

=
∞

∑
n=0

Ψ(n)
(α)n(β)n(γ + δ− 1)n zn

(α + β)n(δ)n

×
n

∑
m=0

(−1)m (α)m(β)m(1− δ− n)m

(1− α− n)m(1− β− n)m(γ)m m! (n−m)!
.

(39)

Finally, using the following double-series manipulation,

∞

∑
n=0

n

∑
m=0

Φ(m, n) =
∞

∑
n=0

∞

∑
m=0

Φ(m, n + m), (40)

where Φ : Z>0 × Z>0 → C is a bounded function, and provided that both sides of
the double series are absolutely convergent, and (34) on the right-hand side of (39), we
prove (31).

Theorem 2. Let {Ψ(µ)}∞
µ=0 be a bounded sequence of complex (or real) numbers such that

Ψ(0) 6= 0. Additionally, let β + δ, γ ∈ C \Z60. Then the following general double-series identity
holds true:

∞

∑
m=0

∞

∑
n=0

Ψ(2m + n)
(−1)m (α)m+n(β)m(δ)m(γ− α)m

22m (γ)m

(
β+δ

2

)
m

(
β+δ+1

2

)
m

z2m+n

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(γ)m+n(α)m(β)m (α)n(δ)n

(β + δ)m+n(γ)m(γ)n

zm+n

m! n!
,

(41)

provided that both sides of the double series are absolutely convergent.

Proof. Let Ξ2(z) be on the right-hand side of (41). A similar process of the proof of
Theorem 1 with the aid of the identities (32) and (34)–(36) gives

Ξ2(z) =
∞

∑
n=0

Ψ(n)
(α)n zn

n! 5F4

[ n
2 , −n+1

2 , β, δ, γ− α ;

γ, 1− α− n, β+δ
2 , β+δ+1

2 ;
1

]
. (42)
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Applying Whipple transformation (9) to the right-hand side of (42) with the aid of (34)
(k = n), we find

Ξ2(z) =
∞

∑
n=0

Ψ(n)
(α)n(δ)n zn

(δ + β)nn! 4F3

[
−n, α, β, 1− γ− n ;

γ, 1− α− n, 1− δ− n ;
1

]

=
∞

∑
n=0

Ψ(n)
(α)n(δ)n zn

(δ + β)n n!

n

∑
m=0

(−n)m(α)m(β)m(1− γ− n)m

(1− α− n)m(1− δ− n)m(γ)m m!
.

(43)

Employing the double-series manipulation (40) to the last member of (43) and using (34)
and (35) in the resultant expression, we obtain the desired identity (41).

Theorem 3. Let {Ψ(µ)}∞
µ=0 be a bounded sequence of complex (or real) numbers such that

Ψ(0) 6= 0. Additionally, let α + λ, α + σ, β + λ, γ ∈ C \ Z60. Then the following general
double-series identity holds true:

∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(−1)m (α + β + λ + σ− 1)2m+n(α)m(γ− β)m

(α + σ)m(α + λ)m(γ)m

zm+n

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(α + β + λ + σ− 1)m+n(λ + β)m+n(α + β− γ + σ)m

(γ)m+n(α + λ)m+n(α + σ)m(β + λ)n

× (α)m (γ− α)n (λ)n
zm+n

m! n!
,

(44)

provided that both sides of the double series are absolutely convergent.

Proof. Let Ξ3(z) be the left-hand side of (44). Using the following double-series manipulation,

∞

∑
m=0

∞

∑
n=0

Φ(m, n) =
∞

∑
n=0

n

∑
m=0

Φ(m, n−m), (45)

where Φ : Z>0 × Z>0 → C is a bounded function, and provided that both sides of the
double series are absolutely convergent, we obtain

Ξ3(z) =
∞

∑
n=0

n

∑
m=0

Ψ(n)
(−1)m (α + β + λ + σ− 1)m+n(α)m(γ− β)m zn

(α + σ)m(α + λ)m(γ)m m! (n−m)!
. (46)

Applying (35) and (36) to (46) and denoting the resultant expression in terms of pFq in (1),
we derive

Ξ3(z) =
∞

∑
n=0

Ψ(n)
(α + β + λ + σ− 1)n zn

n!

× 4F3

[
−n, α + β + λ + σ− 1 + n, α, γ− β;

γ, α + λ, α + σ;
1
]

.

(47)

Employing Whipple transformation (10) in (47), we find

Ξ3(z) =
∞

∑
n=0

Ψ(n)
(α + β + λ + σ− 1)n zn

n!
(γ− α)n(λ)n

(α + λ)n(γ)n

× 4F3

[
−n, α, 1− β− λ− n, α + β− γ + σ;

1 + α− γ− n, 1− λ− n, α + σ;
1
]

=
∞

∑
n=0

Ψ(n)
(λ)n(γ− α)n(α + β + λ + σ− 1)n zn

(α + λ)n(γ)n

×
n

∑
m=0

(−n)m(α)m(1− β− λ− n)m(α + β− γ + σ)m

(1 + α− γ− n)m(1− λ− n)m(α + σ)m m!
.

(48)
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Using (35) for (−n)m in the double series in (48) and employing the following double-series
manipulation,

∞

∑
n=0

n

∑
m=0

Φ(m, n) =
∞

∑
m=0

∞

∑
n=0

Φ(m, n + m), (49)

where Φ : Z>0 × Z>0 → C is a bounded function, and provided that both sides of the
double series are absolutely convergent, we prove the desired identity (44).

3. Transforming Srivastava-Daoust Functions to Kampé de Fériet Function

This section establishes three main transformations between the Srivastava–Daoust
function in (6) and Kampé de Fériet function in (3) by utilizing the results in Section 2.

Theorem 4. The following transformation formulas hold true:

FD+4:0;0
E+3:0;0

(
[(dD) : 2, 1], [α : 1, 1], [β : 1, 1], [ γ+δ−1

2 : 1, 1], [ γ+δ
2 : 1, 1] : ; ;

[(eE) : 2, 1], [γ : 1, 1], [α + β : 1, 1], [δ : 1, 1] : ; ;
− 4z2, 4z

)

= FD+1:2;2
E+1:1;1

[
(dD), γ + δ− 1 : α, β; α, β;

(eE), α + β : γ; δ;
z, z
]

; (50)

FD+1:3;0
E:3;0

(
[(dD) : 2, 1], [α : 1, 1] : [β : 1], [δ : 1], [γ− α : 1] ; ;

[(eE) : 2, 1] : [γ : 1], [ β+δ
2 : 1], [ β+δ+1

2 : 1] ; ;
− z2

4 , z
)

= FD+1:2;2
E+1:1;1

[
(dD), γ : α, β; α, δ;

(eE), δ + β : γ; γ;
z, z
]

; (51)

FD+1:2;0
E:3;0

(
[(dD) : 1, 1], [α + β + λ + σ− 1 : 2, 1] : [α : 1], [δ : 1], [γ− β : 1] ; ;

[(eE) : 1, 1] : [α + λ : 1], [α + σ : 1], [γ : 1] ; ;
− z, z

)

= FD+2:2;2
E+2:1;1

[
(dD), α + β + λ + σ− 1, λ + β : α + β− γ + σ, α; λ, γ− α;

(eE), γ, α + λ : α + σ; λ + β;
z, z
]

, (52)

where

z ∈ R>0, <(ξ) > 0; e1, e2, . . . , eE, δ, γ, α + β, α + λ, α + σ, β + δ, β + λ ∈ C \Z60,

provided that the other constraints for parameters and variable would follow from those in (3) and (6)
so that the identities here are meaningful.

Proof. Setting

Ψ(µ) =
(d1)µ(d2)µ . . . (dD)µ

(e1)µ(e2)µ . . . (eE)µ
=

D
∏
j=1

(dj)µ

E
∏
j=1

(ej)µ

(µ ∈ Z>0)
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on both sides of the general double-series identity (31), we obtain

∞

∑
m=0

∞

∑
n=0

D
∏
j=1

(dj)2m+n(α)m+n(β)m+n

(
γ+δ−1

2

)
m+n

(
γ+δ

2

)
m+n

(−4z2)m (4z)n

E
∏
j=1

(ej)2m+n(γ)m+n(α + β)m+n(δ)m+n m! n!

=
∞

∑
m=0

∞

∑
n=0

D
∏
j=1

(dj)m+n(γ + δ− 1)m+n(α)m(β)m (α)n(β)n zm+n

E
∏
j=1

(ej)m+n(α + β)m+n(γ)m(δ)n m! n!
,

which, upon expressing in terms of the Srivastava–Daoust function (6) for its left side and
Kampé de Fériet function (3) for its right side, leads to (50).

Likewise, identities (51) and (52) can be demonstrated, but specific details have been
omitted.

4. Application of Fractional Calculus

This section demonstrates that the identities presented in Sections 2 and 3 can be
converted into one another by employing the Riemann–Liouville fractional integrals. To do
this, recall the left-sided Riemann–Liouville fractional integral and its related formula (see,
e.g., [63], Equations (2.2.1) and (2.2.10), respectively):(

Iξ
0+ f

)
(z) :=

1
Γ(ξ)

∫ z

0

f (t)
(z− t)1−ξ

dt (z ∈ R>0; <(ξ) > 0), (53)

and (
Iξ
0+tη−1

)
(z) =

Γ(η)
Γ(η + ξ)

zη+ξ−1 (z ∈ R>0; <(ξ) > 0, <(η) > 0). (54)

Replacing z by t in the identities in Theorems 1–3, and applying the left-sided Riemann-
Liouville fractional integral (53) to both sides of the resultant identities, with the aid of (54),
we obtain the following identities, respectively. Here, we provide only a detailed proof of
Theorem 5.

Theorem 5. Let {Ψ(µ)}∞
µ=0 be a bounded sequence of complex (or real) numbers such that

Ψ(0) 6= 0. Additionally, let α + β, γ, δ ∈ C \ Z60; z ∈ R>0, <(ξ) > 0. Then the following
general double-series identity holds true:

∞

∑
m=0

∞

∑
n=0

Ψ(2m + n)
(1)2m+n (α)m+n(β)m+n

(
γ+δ−1

2

)
m+n

(
γ+δ

2

)
m+n

(ξ + 1)2m+n (γ)m+n(α + β)m+n(δ)m+n

(−4z2)m(4z)n

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(1)m+n (γ + δ− 1)m+n(α)m(β)m (α)n(β)n

(ξ + 1)m+n (α + β)m+n(γ)m(δ)n

zm+n

m! n!
,

(55)

provided that both sides of the double series are absolutely convergent.

Proof. Replacing z by t in (31), we obtain

∞

∑
m=0

∞

∑
n=0

Ψ(2m + n)
(α)m+n(β)m+n

(
γ+δ−1

2

)
m+n

(
γ+δ

2

)
m+n

(γ)m+n(α + β)m+n(δ)m+n

(−4)m4n t2m+n

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(γ + δ− 1)m+n(α)m(β)m (α)n(β)n

(α + β)m+n(γ)m(δ)n

tm+n

m! n!
.

(56)
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Applying the left-sided Riemann-Liouville fractional integral (53) to both sides of (56),
we find

∞

∑
m=0

∞

∑
n=0

Ψ(2m + n)
(α)m+n(β)m+n

(
γ+δ−1

2

)
m+n

(
γ+δ

2

)
m+n

(γ)m+n(α + β)m+n(δ)m+n

(−4)m4n
(

Iξ
0+t2m+n

)
(z)

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(γ + δ− 1)m+n(α)m(β)m (α)n(β)n

(α + β)m+n(γ)m(δ)n

(
Iξ
0+tm+n

)
(z)

m! n!
.

(57)

Using (54) in (57), we derive

∞

∑
m=0

∞

∑
n=0

Ψ(2m + n)
(α)m+n(β)m+n

(
γ+δ−1

2

)
m+n

(
γ+δ

2

)
m+n

(γ)m+n(α + β)m+n(δ)m+n

(−4)m4n z2m+n+ξ Γ(2m + n + 1)
m! n! Γ(2m + n + 1 + ξ)

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(γ + δ− 1)m+n(α)m(β)m (α)n(β)n

(α + β)m+n(γ)m(δ)n

Γ(m + n + 1) zm+n+ξ

Γ(m + n + 1 + ξ)m! n!
.

(58)

Dividing both sides of (58) by zξ and using (2) in the resultant identity, we obtain the
desired identity (55).

Theorem 6. Let {Ψ(µ)}∞
µ=0 be a bounded sequence of complex (or real) numbers such that

Ψ(0) 6= 0. Additionally, let β + δ, γ ∈ C \Z60; z ∈ R>0, <(ξ) > 0. Then the following general
double-series identity holds true:

∞

∑
m=0

∞

∑
n=0

Ψ(2m + n)
(−1)m (1)2m+n (α)m+n(β)m(δ)m(γ− α)m

22m (ξ + 1)2m+n (γ)m

(
β+δ

2

)
m

(
β+δ+1

2

)
m

z2m+n

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(1)m+n (γ)m+n(α)m(β)m (α)n(δ)n

(ξ + 1)m+n (β + δ)m+n(γ)m(γ)n

zm+n

m! n!
,

(59)

provided that both sides of the double series are absolutely convergent.

Theorem 7. Let {Ψ(µ)}∞
µ=0 be a bounded sequence of complex (or real) numbers such that

Ψ(0) 6= 0. Additionally, let α + λ, α + σ, β + λ, γ ∈ C \ Z60; z ∈ R>0, <(ξ) > 0. Then the
following general double-series identity holds true:

∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(−1)m (1)m+n (α + β + λ + σ− 1)2m+n(α)m(γ− β)m

(ξ + 1)m+n (α + σ)m(α + λ)m(γ)m

zm+n

m! n!

=
∞

∑
m=0

∞

∑
n=0

Ψ(m + n)
(1)m+n (α + β + λ + σ− 1)m+n(λ + β)m+n(α + β− γ + σ)m

(ξ + 1)m+n (γ)m+n(α + λ)m+n(α + σ)m(β + λ)n

× (α)m (γ− α)n (λ)n
zm+n

m! n!
,

(60)

provided that both sides of the double series are absolutely convergent.

By employing the identical procedure used to derive the identities in Theorem 4, we
extend our analysis to the outcomes presented in Theorems 5–7, leading to the subse-
quent theorem.

Theorem 8. The following transformation formulas hold true:

FD+5:0;0
E+4:0;0

(
[(dD) : 2, 1], [1 : 2, 1], [α : 1, 1], [β : 1, 1], [ γ+δ−1

2 : 1, 1], [ γ+δ
2 : 1, 1] : ; ;

[ξ + 1 : 2, 1], [(eE) : 2, 1], [γ : 1, 1], [α + β : 1, 1], [δ : 1, 1] : ; ;
− 4z2, 4z

)
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= FD+2:2;2
E+2:1;1

[
(dD), 1, γ + δ− 1 : α, β; α, β;
ξ + 1, (eE), α + β : γ; δ;

z, z
]

; (61)

FD+2:3;0
E+1:3;0

(
[(dD) : 2, 1], [1 : 2, 1], [α : 1, 1] : [β : 1], [δ : 1], [γ− α : 1] ; ;

[ξ + 1 : 2, 1], [(eE) : 2, 1] : [γ : 1], [ β+δ
2 : 1], [ β+δ+1

2 : 1] ; ;
− z2

4 , z
)

= FD+2:2;2
E+2:1;1

[
(dD), 1, γ : α, β; α, δ;

ξ + 1, (eE), δ + β : γ; γ;
z, z
]

; (62)

FD+2:3;0
E+1:3;0

(
[(dD) : 1, 1], [1 : 1, 1], [α + β + λ + σ− 1 : 2, 1] : [α : 1], [δ : 1], [γ− β : 1] ; ;

[ξ + 1 : 1, 1], [(eE) : 1, 1] : [α + λ : 1], [α + σ : 1], [γ : 1] ; ;
− z, z

)

= FD+3:2;2
E+3:1;1

[
(dD), 1, α + β + λ + σ− 1, λ + β : α + β− γ + σ, α; λ, γ− α;

ξ + 1, (eE), γ, α + λ : α + σ; λ + β;
z, z
]

, (63)

where

z ∈ R>0, <(ξ) > 0; e1, e2, . . . , eE, δ, γ, α + β, α + λ, α + σ, β + δ, β + λ ∈ C \Z60,

provided that the other constraints for parameters and variable would follow from those in (3) and (6)
so that the identities here are meaningful.

5. Certain Instances of Transformations (50)–(52)

This section demonstrates that certain special cases of transformations (50)–(52) result
in the Bailey quadratic transformation, Clausen reduction formula, Gauss quadratic trans-
formation, Karlsson reduction formula, Orr reduction formula, Whipple quadratic transfor-
mation, and several new transformations, which are given in the following examples.

Example 1. Putting D = E = 0 and δ = α + β− γ + 1 in (50) and using the double-series
manipulation (see, e.g., [64], p. 4, Equation (12))

∞

∑
m,n=0

Φ(m + n)
xmyn

m! n!
=

∞

∑
p=0

Φ(p)
(x + y)p

p!
, (64)

where Φ : Z>0 → C is a bounded function, and provided that both sides of the series are absolutely
convergent, we obtain a product formula for pFq:

4F3

[
α, β, α+β

2 , α+β+1
2 ;

γ, α + β, α + β− γ + 1;
4z(1− z)

]

= 2F1

[
α, β;

γ;
z
]

2F1

[
α, β;

α + β− γ + 1;
z
] (65)

(α + β, α + β− γ + 1, γ ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1).

Identity (65) is due to Bailey ([56], p. 382, Equation (6.1)) (see also ([4], p. 275, Prob. 8)).
Setting γ = α+β+1

2 in (65) and replacing α and β by 2α and 2β gives a formula for the square
of 2F1:

3F2

[
2α, 2β, α + β;

2α + 2β, α + β + 1
2 ;

4z(1− z)
]
=

{
2F1

[
2α, 2β;

α + β + 1
2 ;

z
]}2

, (66)

which, upon using Gauss transformation Formula (17), yields

3F2

[
2α, 2β, α + β;

2α + 2β, α + β + 1
2 ;

4z(1− z)
]
=

{
2F1

[
α, β;

α + β + 1
2 ;

4z(1− z)
]}2

. (67)
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Replacing 4z(1− z) by z in (67) yields the well-known Clausen formula in [65] (see, e.g., [2], p. 86,
Equation (4), [50], p. 75, Equation (2.5.7)).

Putting α = a, β = δ = b, and γ = a + b + 1
2 in (88), and using the procedure illustrated in

Example 13, we also acquire the Clausen formula.

Example 2. Putting D = E = 0 and γ = δ = α in (50) and using (64), we obtain

F1:1;1
1:0;0

[
2α− 1 : β ; β ;
α + β : ; ;

z, z
]
= 2F1

[
α− 1

2 , β;
α + β;

4z(1− z)
]

(68)

(α + β ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1).

Applying the reduction Formula (21) to the left-hand side of (68), we obtain

2F1

[
2α− 1, 2β ;

α + β;
z
]
= 2F1

[
α− 1

2 , β;
α + β;

4z(1− z)
]

(69)

(α + β ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1),

which, upon replacing α by α + 1
2 , corresponds to Gauss transformation Formula (17).

Example 3. Putting D = E = 0 and γ = α δ = β in (50) and using (64) gives the first equality
of the identity

F1:1;1
1:0;0

[
α + β− 1 : β ; α ;

α + β : ; ;
z, z
]
= 2F1

[
α+β−1

2 , α+β
2 ;

α + β;
4z(1− z)

]
= (1− z)1−α−β

(70)

(α + β ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1).

Applying the reduction Formula (21) to the leftmost member of (70) yields the second equality
of (70). Interestingly, the identity where β = α + 1 in [48] (Equation (2.10)) is equivalent to the
second equality of (70).

Example 4. Putting D = E = 0 and δ = 2α + 2β− γ + 1 in (50) and using (64), we acquire a
reduction formula for the Kampé de Fériet function in (3):

F1:2;2
1:1;1

[
2α + 2β : α, β; α, β;

α + β : γ; 2α + 2β− γ + 1;
z, z
]

= 3F2

[
α, β, α + β + 1

2 ;
γ, 2α + 2β− γ + 1;

4z(1− z)
] (71)

(α + β, γ, 2α + 2β− γ + 1 ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1).

Example 5. Putting D = E = 0 and γ = β in (50) and using (64), we attain a reduction formula
for the Kampé de Fériet function in (3):

F1:1;2
1:0;1

[
β + δ− 1 : α; α, β;

α + β : ; δ;
z, z
]
= 3F2

[
α, β+δ

2 , β+δ−1
2 ;

α + β, δ;
4z(1− z)

]
(72)

(α + β, δ ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1).

Setting δ = α in (72) leads to identity (70).
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Example 6. Putting D = E = 0 and δ = γ + 1 in (50) and using (64), we gain a reduction
formula for the Kampé de Fériet function in (3):

F1:2;2
1:1;1

[ 2γ : α, β; α, β;
α + β : γ; γ + 1;

z, z
]
= 3F2

[ α, β, γ + 1
2 ;

α + β, γ + 1;
4z(1− z)

]
(73)

(α + β, γ ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1).

Setting γ = α + β − 1
2 in (73) and using a particular case (Table 3, 1a) of the known

general reduction formula Fp:2;2
q:1;1 [z, z] = p+3Fq+2[z] in [30], Equation (3.2), we derive the following

transformation formula:

3F2

[ 2α, 2β, 2α + β− 1;
α + β + 1

2 , 2α + 2β− 1;
z
]
= 2F1

[ α, β;
α + β + 1

2 ;
4z(1− z)

]
(74)

(
α + β + 1

2 , 2α + 2β− 1 ∈ C \Z60; |z| < 1, 4|z(1− z)| < 1
)

.

Example 7. Putting D = E = 0 and δ = γ− β and using the binomial theorem (11), we obtain a
product formula of 2F1’s:

(1− z)−α
4F3

[ α, β, γ− α, γ− β;
γ, γ

2 , γ+1
2 ;

−z2

4(1−z)

]
= 2F1

[ α, β;
γ;

z
]

2F1

[ α, γ− β;
γ;

z
] (75)

(
γ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1

)
,

which is a known formula due to Bailey [56], p. 382, Equation (6.3).
Applying Pfaff–Kummer transformation Formula (13) to the second 2F1 on the right-hand side

of (75), we obtain a product formula of 2F1’s:

4F3

[ α, β, γ− α, γ− β;
γ, γ

2 , γ+1
2 ;

−z2

4(1−z)

]
= 2F1

[ α, β;
γ;

z
]

2F1

[ α, β;
γ;

−z
1−z

] (76)

(
γ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, |z|/|1− z| < 1

)
,

which is another known formula due to Bailey [56], p. 383, Equation (7.2).

Example 8. Putting D = E = 0 and γ = β in (51) and using the binomial theorem (11), we
deduce a reduction formula for the Kampé de Fériet function in (3):

F1:1;2
1:0;1

[
β : α; α, δ;

β + δ : ; β;
z, z
]
= (1− z)−α

3F2

[
α, β− α, δ;

β+δ
2 , β+δ+1

2 ;
−z2

4(1−z)

]
(77)

(
β, β + δ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π

)
.

Setting δ = β− 2α in (77) and, via (5), using (22) in the resultant identity, we obtain a transfor-
mation formula for 2F1:

2F1

[ 2α, β− α;
2β− 2α;

z
]
= (1− z)−α

2F1

[ α, β− 2α;
β− α + 1

2 ;
−z2

4(1−z)

]
(78)

(
2β− 2α, β− α + 1

2 ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

,
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which is a particular case of Bailey transformation Formula (16).
In view of (4), the reduction Formula (77) equals

F1:2;1
1:1;0

[
β : α, δ; α;

β + δ : β; ;
z, z
]
= (1− z)−α

3F2

[
α, β− α, δ;

β+δ
2 , β+δ+1

2 ;
−z2

4(1−z)

]
(79)

(
β, β + δ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π

)
,

which is interesting to compare with the following known formula (see [27], Equation (2.2)):

F1:2;1
1:1;0

[
α : β− ε, γ; ε;
β : δ; ;

z, z
]
= (1− z)−α

3F2

[
α, β− ε, δ− ε;

β, δ;
−z

1−z

]
(80)

(β, δ ∈ C \Z60; |z| < 1, |z|/|1− z| < 1, | arg(1− z)| < π).

Example 9. Putting D = E = 0 and δ = β in (51) and using the binomial theorem (11), we
obtain a reduction formula for the Kampé de Fériet function in (3):

F1:2;2
1:1;1

[
γ : α, β; α, β;

2β : γ; γ;
z, z
]
= (1− z)−α

3F2

[
α, γ− α, β;

γ, β + 1
2 ;

−z2

4(1−z)

]
(81)

(
2β, β + 1

2 , γ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

.

Setting γ = β in (81) and the reduction formula of the Kampé de Fériet function (21) to the
right-hand side of transformation (81) gives Bailey transformation Formula (16).

Additionally, as in obtaining (74), setting γ = α + β + 1
2 in (81), and using a particular case

(Table 3, 1e) of the known general reduction formula ([30], Equation (3.2)), we obtain the following
transformation formula:

2F1

[ 2α, α + β;
2α + 2β;

z
]
= (1− z)−α

2F1

[ α, β;
α + β + 1

2 ;
−z2

4(1−z)

]
(82)

(
α + β + 1

2 , 2α + 2β ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

.

Example 10. Putting D = E = 0 and δ = 2γ− 2α− β and using the binomial theorem (11), we
attain a reduction formula for the Kampé de Fériet function in (3):

F1:2;2
1:1;1

[
γ : α, β; α, 2γ− 2α− β;

2γ− 2α : γ; γ;
z, z
]

= (1− z)−α
3F2

[
α, β, 2γ− 2α− β;

γ, γ− α + 1
2 ;

−z2

4(1−z)

] (83)

(
2γ− 2α, γ− α + 1

2 , γ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

.

Example 11. Putting D = E = 0 and δ = β− 1 in (51) and using the binomial theorem (11), we
acquire a reduction formula for the Kampé de Fériet function in (3):

F1:2;2
1:1;1

[
γ : α, β; α, β− 1;

2β− 1 : γ; γ;
z, z
]

= (1− z)−α
3F2

[
α, β− 1, γ− α;

γ, β− 1
2 ;

−z2

4(1−z)

] (84)

(
β− 1

2 , γ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

.
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Setting γ = 2β− 1 in (84) and using the reduction Formula (20), we obtain a product formula
for 2F1’s:

(1− z)−α
3F2

[ α, β− 1, 2β− α− 1;
2β− 1, β− 1

2 ;
−z2

4(1−z)

]
= 2F1

[ α, β;
2β− 1;

z
]

2F1

[ α, β− 1;
2β− 1;

z
] (85)

(
β− 1

2 ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

.

Example 12. Putting D = E = 0 and δ = 2γ − 2α − β − 1 in (51) and using the binomial
theorem (11), we gain a reduction formula for the Kampé de Fériet function in (3):

F1:2;2
1:1;1

[
γ : α, β; α, 2γ− 2α− β− 1;

2γ− 2α− 1 : γ; γ;
z, z
]

= (1− z)−α
3F2

[
α, β, 2γ− 2α− β− 1;

γ, γ− α− 1
2 ;

−z2

4(1−z)

] (86)

(
γ, γ− α− 1

2 ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

.

Setting γ = 2α + 1 in (86) and using the reduction Formula (20), we deduce a product
formula for 2F1’s:

(1− z)−α
3F2

[ α, β, 2α− β + 1;
2α + 1, α + 1

2 ;
−z2

4(1−z)

]
= 2F1

[ α, β;
2α + 1;

z
]

2F1

[ α, 2α− β + 1;
2α + 1;

z
] (87)

(
α + 1

2 ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)

.

Example 13. Putting D = E = 1, d1 = δ + β, and e1 = γ in (51) and using the reduction
Formula (20), we obtain a reduction formula for the Srivastava–Daoust function in (6):

F2:3;0
1:3;0

(
[δ + β : 2, 1], [α : 1, 1] : [β : 1], [δ : 1], [γ− α : 1]; ;

[γ : 2, 1] : [γ : 1], [ β+δ
2 : 1], [ β+δ+1

2 : 1]; ;
− z2

4 , z

)

= 2F1

[ α, β;
γ;

z
]

2F1

[ α, δ;
γ;

z
]
.

(88)

Setting α = a, β = b, δ = b− 1, and γ = a + b− 1
2 in (88) gives

∞

∑
n=0

∞

∑
m=0

(2b− 1)2m+n(a)m+n(b− 1)m(−1)m(z)2m+n(
a + b− 1

2

)
2m+n

(
a + b− 1

2

)
m
(4)mm!n!

= 2F1

[ a, b;
a + b− 1

2 ;
z
]

2F1

[ a, b− 1;
a + b− 1

2 ;
z
]
,

which, upon utilizing the double-series manipulation (32) and then the Pochhammer symbol
identity (34), yields

∞

∑
n=0

(2b− 1)n(a)n(z)n(
a + b− 1

2

)
n
n!

3F2

[
− n

2 , −n+1
2 , b− 1;

a + b− 1
2 , 1− a− n;

1
]

= 2F1

[ a, b;
a + b− 1

2 ;
z
]

2F1

[ a, b− 1;
a + b− 1

2 ;
z
]
.

(89)
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Applying the summation theorem for 3F2(1) (24) to the 3F2(1) in (89), we attain a product formula
for 2F1’s:

3F2

[
2a, 2b− 1, a + b− 1;

2a + 2b− 2, a + b− 1
2 ;

z
]
= 2F1

[ a, b;
a + b− 1

2 ;
z
]

2F1

[ a, b− 1;
a + b− 1

2 ;
z
]

(90)

(
2a + 2b− 2, a + b− 1

2 ∈ C \Z60; |z| < 1
)

,

which is due to Orr [66] (see also [50], p. 77, Equation (2.5.13)).

Example 14. Putting α = a + 1
2 , β = b − 1

2 , δ = b + 1
2 , and γ = a + b + 1

2 in (88) and
performing the identical procedure as demonstrated in Example 13, we arrive at a known formula
(see [30], p. 34, Table 3(Id)):

3F2

[
2a, 2b + 1, a + b;

2a + 2b, a + b + 1
2 ;

z
]
= 2F1

[ a + 1
2 , b− 1

2 ;
a + b + 1

2 ;
z
]

2F1

[ a + 1
2 , b + 1

2 ;
a + b + 1

2 ;
z
]

(91)

(
2a + 2b, a + b + 1

2 ∈ C \Z60; |z| < 1
)

.

Example 15. Putting α = b, β = a + 1, δ = a, and γ = a + b + 1
2 in (88) and following the

same procedure shown in Example 13, we obtain a known formula (see [30], p. 34, Table 3(Ic)):

3F2

[
2b, 2a + 1, a + b;

2a + 2b, a + b + 1
2 ;

z
]
= 2F1

[ a + 1, b;
a + b + 1

2 ;
z
]

2F1

[ a, b;
a + b + 1

2 ;
z
]

(92)

(
2a + 2b, a + b + 1

2 ∈ C \Z60; |z| < 1
)

.

Example 16. Putting D = E = 0, β = α, and γ = 2α + λ + σ − 1 in (52) and using the
binomial theorem (11), we attain a product formula for 2F1’s:

(1− z)1−2α−λ−σ
4F3

[
α, α + λ + σ− 1, 2α+λ+σ−1

2 , 2α+λ+σ
2 ;

α + σ, α + λ, 2α + λ + σ− 1;
−4z

(1−z)2

]
= 2F1

[ 1− λ, α;
α + σ;

z
]

2F1

[ λ, α + λ + σ− 1;
α + λ;

z
] (93)

(
α + σ, α + λ, 2α + λ + σ− 1 ∈ C \Z60;

|z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)
.

Example 17. Putting D = E = 0, γ = λ + β, and σ = 1 − β and using the binomial
theorem (11), we obtain a product formula for 2F1’s:

(1− z)−α−λ
4F3

[
α, λ, α+λ

2 , α+λ+1
2 ;

α− β + 1, α + λ, β + λ;
−4z

(1−z)2

]
= 2F1

[ α, α− λ− β + 1;
α− β + 1;

z
]

2F1

[ λ, β− α + λ;
β + λ;

z
] (94)

(
α− β + 1, α + λ, β + λ ∈ C \Z60;

|z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)
.
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Setting λ = γ− β in (94) and utilizing Euler transformation (12) in the 2F1 on the resultant
identity, we obtain a product formula for 2F1’s due to Bailey [56], p. 383, Equation (7.4):

(1− z)β−α−γ
4F3

[
α, γ− β, α+γ−β

2 , α+γ−β+1
2 ;

α− β + 1, α + γ− β, γ;
−4z

(1−z)2

]

= 2F1

[ α, β;
γ;

z
]

2F1

[ 1− β, γ− β;
α− β + 1;

z
] (95)

(
γ, α− β + 1, α + γ− β ∈ C \Z60;

|z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)
.

Example 18. Putting D = E = 0 and β = α in (52) and using the binomial theorem (11), we
acquire a reduction formula:

F1:2;2
1:1;1

[
2α + λ + σ− 1 : α, 2α− γ + σ; λ, γ− α;

γ : α + σ; α + λ;
z, z
]

= (1− z)1−2α−λ−σ
4F3

[
α, γ− α, 2α+λ+σ−1

2 , 2α+λ+σ
2 ;

α + λ, α + σ, γ;
−4z

(1−z)2

] (96)

(
γ, α + σ, α + λ ∈ C \Z60; |z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π

)
.

Example 19. Putting D = E = 0 and γ = α+ β+ λ in (52) and using the binomial theorem (11),
we gain a reduction formula:

F2:2;1
2:1;0

[
α + β + λ + σ− 1, λ + β : α, σ− λ; λ;

α + β + λ , α + λ : α + σ; ;
z, z
]

= (1− z)1−α−β−λ−σ
3F2

[
α, α+β+λ+σ−1

2 , α+β+λ+σ
2 ;

α + β + λ, α + σ;
−4z

(1−z)2

] (97)

(
α + β + λ, α + λ, α + σ ∈ C \Z60;

|z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)
.

Applying the reduction Formula (22) to the left-hand side of (97), we obtain a transformation
formula for 3F2:

(1− z)1−α−β−λ−σ
3F2

[
α, α+β+λ+σ−1

2 , α+β+λ+σ
2 ;

α + β + λ, α + σ;
−4z

(1−z)2

]

= 3F2

[
λ + β, α + β + λ + σ− 1, σ;

α + β + λ, α + σ;
z
] (98)

(
α + β + λ, α + σ ∈ C \Z60;

|z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)
,

which is a transformation formula of the type in (8) due to Whipple.

Example 20. Putting D = E = 0 and σ = γ− α− β− λ + 1 in (52) and using the binomial
theorem (11), we deduce a reduction formula:

F1:2;2
1:1;1

[
β + λ : α, 1− λ; λ, γ− α;
α + λ : γ− β− λ + 1; β + λ;

z, z
]

= (1− z)−γ
4F3

[
α, γ

2 , γ+1
2 , γ− β;

α + λ, γ− β− λ + 1, γ;
−4z

(1−z)2

] (99)
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(
α + λ, γ− β− λ + 1, γ, β + λ ∈ C \Z60;

|z| < 1, |z|2/{4|1− z|} < 1, | arg(1− z)| < π
)
.

Example 21. Additionally, we can derive numerous reduction and transformation formulas by
specializing the parameters in (52). For instance,

(i) Putting (D = E = 0, λ = γ− β) or (D = E = 0, σ = 1− β) in (52) and using the binomial
theorem (11), we can derive reduction formulas for F1:2;2

1:1;1 of the similar type in (99).
(ii) Putting (D = E = 0, σ = 0) or (D = E = 0, β = 0) or (D = E = 0, λ = 0) or (D = E = 0,

γ = α) in (52) and using the binomial theorem (11) and the reduction Formula (22), we can
attain certain transformation formulas of the type (8) due to Whipple.

Example 22. (i) It is interesting to recall a transformation formula for the Kampé de Fériet
function (see [67], Equation (3.3)):

F1:2;2
1:1;1

[ b : a, c; a′, c′;
c + c′ : b; b;

x, y
]

= (1− x)−a (1− y)−a′F1:2;2
1:1;1

[ b : a, c; a′, c′;
c + c′ : b; b;

x
1−x , y

1−y

]
,

(100)

which can be used to provide some suitably altered formulas of (71), (73), (81), (83), (84), (86),
(96), and (99). Additionally, Karlsson [46] (see also [30,47], [68], Equation (15)) presented a
reduction formula from Fp:2;...;2

q:1;...;1 with equal variables and two more parameters per variable
having certain relations to a single variable p+2Fq+1.

(ii) Liu and Wang provided a number of reduction formulas for F1:1;2
1:0;1 [z, z] in [48] (Equations (2.4),

(2.11), (2.12), (2.13)), which are found to be distinct from (72) and (77).

6. Summation Formulas for Kampé de Fériet and p+1Fp

This section demonstrates specific general summation formulas for the Kampé de
Fériet and p+1Fp with specified parameters and arguments 1, −1, 1

2 , − 1
4 , − 1

8 , and − 1
16 ,

among many others.
Instance 1. Putting α = a, β = b, γ = a+b+j+1

2 , and z = 1
2 in (65) and using (27)

and (28), we obtain the following general summation formula for 4F3(1):

4F3

[
a, b, a+b

2 , a+b+1
2 ;

a + b, a+b+j+1
2 , a+b−j+1

2 ;
1

]
=

2b−1Γ
(

a+b+j+1
2

)
Γ
(

a−b−j+1
2

)
Γ(b)Γ

(
a−b+j+1

2

)
×

j

∑
r=0

(−1)r
(

j
r

) Γ
(

b+r
2

)
Γ
(

a+r−j+1
2

)

2b−1Γ

(
a+b−j+1

2

)
Γ(b)

j

∑
r=0

(
j
r

) Γ
(

b+r
2

)
Γ
(

a+r−j+1
2

)
,

(101)

where j ∈ Z>0.
Instance 2. Putting α = a, β = 1− a + j, γ = b, and z = 1

2 in (65) and using (29), we gain

4F3

[
a, 1− a + j, 1+j

2 , 2+j
2 ;

b, 1 + j, 2 + j− b;
1

]

=

2j−aΓ(a− j)Γ(b)
Γ(a)Γ(b− a)

j

∑
r=0

(−1)r
(

j
r

) Γ
(

b−a+r
2

)
Γ
(

b+a+r
2 − j

)


×

2j−aΓ(a− j)Γ(2 + j− b)
Γ(a)Γ(2 + j− b− a)

j

∑
r=0

(−1)r
(

j
r

) Γ
(

2+j−b−a+r
2

)
Γ
(

2+j−b+a+r
2 − i

)
,

(102)

where j ∈ Z>0.
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Instance 3. Putting α = a, β = 1− a + j, γ = 2a − j + k, and z = −1 in (76) and
using (25) and (29), we attain

4F3

[
a, 1− a + j, a− j + k, 3a− 2j + k− 1;

2a− j + k, 2a−j+k
2 , 1+2a−j+k

2 ;
− 1

8

]
=

{
2k−2+2a−2j

Γ(1− a + j)

× Γ(1− a + j− k)Γ(2a− j + k)
Γ(3a− 2j + k− 1)

k

∑
r=0

(−1)r
(

k
r

)Γ
(

a+r+k+1
2 − 1 + a− j

)
Γ
(

a+r−k+1
2

) }

×
{

2j−aΓ(a− j)Γ(2a− j + k)
Γ(a)Γ(a− j + k)

j

∑
r=0

(−1)r
(

j
r

) Γ
(

a−j+r+k
2

)
Γ
(

3a−j+r+k
2 − j

)},

(103)

where j, k ∈ Z>0.
Instance 4. Putting α = a, β = 1 − a − j, γ = 2a + j + i, and z = −1 in (76) and

using (25) and (30), we acquire

4F3

[
a, 1− a− j, a + j + k, 3a + 2j + k− 1;

2a + j + k, 2a+j+k
2 , 1+2a+j+k

2 ;
− 1

8

]
=

{
2k−2+2a+2j

Γ(1− a− j)

× Γ(1− a− j− k)Γ(2a + j + k)
Γ(3a + 2j + k− 1)

k

∑
r=0

(−1)r
(

k
r

)Γ
(

a+r+k+1
2 − 1 + a + j

)
Γ
(

a+r−k+1
2

) }

×
{

2−j−a Γ(2a + j + k)
Γ(a + j + k)

j

∑
r=0

(
j
r

) Γ
(

a+j+r+k
2

)
Γ
(

3a+j+r+k
2

)},

(104)

where j, k ∈ Z>0.
Instance 5. Putting α = a, β = 1− a + j, γ = 2a − j − k, and z = −1 in (76) and

using (26) and (29), we derive

4F3

[
a, 1− a + j, a− j− k, 3a− 2j− k− 1;

2a− j− k, 2a−j−k
2 , 1+2a−j−k

2 ;
− 1

8

]

=

{
2−k−2+2a−2j Γ(2a− j− k)

Γ(3a− 2j− k− 1)

k

∑
r=0

(
k
r

)Γ
(

a+r−k+1
2 − 1 + a− j

)
Γ
(

a+r−k+1
2

) }

×
{

2j−aΓ(a− j) Γ(2a− j− k)
Γ(a− j− k) Γ(a)

j

∑
r=0

(−1)r
(

j
r

) Γ
(

a−j+r−k
2

)
Γ
(

3a−j+r−k
2 − j

)},

(105)

where j, k ∈ Z>0.
Instance 6. Putting α = a, β = 1− a − j, γ = 2a + j − k, and z = −1 in (76) and

using (26) and (30), we obtain

4F3

[
a, 1− a− j, a + j− k, 3a + 2j− k− 1;

2a + j− k, 2a+j−k
2 , 1+2a+j−k

2 ;
− 1

8

]

=

{
2−k−2+2a+2jΓ(2a + j− k)

Γ(−1 + 3a + 2j− k)

k

∑
r=0

(
k
r

)Γ
(

a+r−k+1
2 − 1 + a + j

)
Γ
(

a+r−k+1
2

) }

×
{

2−j−a Γ(2a + j− k)
Γ(a + j− k)

j

∑
r=0

(
j
r

) Γ
(

a+j+r−k
2

)
Γ
(

3a+j+r−k
2

)},

(106)
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where j, k ∈ Z>0.
Instance 7. Putting α = a, δ = β = b, γ = 1 + a − b + j, and z = −1 in (88) and

using (25), we obtain

F2:2;0
1:2;0

(
[2b : 2, 1], [a : 1, 1] : [b : 1], [1− b + j : 1]; ;

[1 + a− b + j : 2, 1] : [1 + a− b + j : 1], [ 2b+1
2 : 1]; ;

− 1
4 ,−1

)

=

2j−2bΓ(b− j)Γ(1 + a− b + j)
Γ(b)Γ(a− 2b + j + 1)

j

∑
r=0

(−1)r
(

j
r

)Γ
(

a+r+j+1
2 − b

)
Γ
(

a+r−j+1
2

)


2

,

(107)

where j ∈ Z>0.
Instance 8. Putting α = a, δ = β = b, γ = 1 + a − b − j, and z = −1 in (88) and

using (26), we obtain

F2:2;0
1:2;0

(
[2b : 2, 1], [a : 1, 1] : [b : 1], [1− b− j : 1]; ;

[1 + a− b− j : 2, 1] : [1 + a− b− j : 1], [ 2b+1
2 : 1]; ;

− 1
4 ,−1

)

=

2−j−2bΓ(1 + a− b− j)
Γ(a− 2b− j + 1)

j

∑
r=0

(
j
r

)Γ
(

a+r−j+1
2 − b

)
Γ
(

a+r−j+1
2

)


2

,

(108)

where j ∈ Z>0.
Instance 9. Putting α = a, δ = β = b, γ = 1+a+b+j

2 , and z = 1
2 in (88) and using (27),

we gain

F2:2;0
1:2;0

(
[2b : 2, 1], [a : 1, 1] : [b : 1], [ 1−a+b+j

2 : 1]; ;
[ 1+a+b+j

2 : 2, 1] : [ 1+a+b+j
2 : 1], [ 2b+1

2 : 1]; ;
− 1

16 , 1
2

)

=

2b−1Γ( 1+a+b+j
2 )Γ( 1+a−b−j

2 )

Γ(b)Γ( 1+a−b+j
2 )

j

∑
r=0

(−1)r
(

j
r

) Γ
(

b+r
2

)
Γ
(

a+r−j+1
2

)


2

,

(109)

where j ∈ Z>0.
Instance 10. Putting α = a, δ = β = b, γ = 1+a+b−j

2 , and z = 1
2 in (88) and using (28),

we attain

F2:2;0
1:2;0

(
[2b : 2, 1], [a : 1, 1] : [b : 1], [ 1−a+b−j

2 : 1]; ;
[ 1+a+b−j

2 : 2, 1] : [ 1+a+b−j
2 : 1], [ 2b+1

2 : 1]; ;
− 1

16 , 1
2

)

=

2b−1Γ( 1+a+b−j
2 )

Γ(b)

j

∑
r=0

(
j
r

) Γ
(

b+r
2

)
Γ
(

a+r−j+1
2

)


2

,

(110)

where j ∈ Z>0.
Instance 11. Putting α = a, δ = β = 1− a + j, γ = b, and z = 1

2 in (88) and using (29),
we acquire

F2:2;0
1:2;0

(
[2− 2a + 2j : 2, 1], [a : 1, 1] : [1− a + j : 1], [b− a : 1]; ;

[b : 2, 1] : [b : 1], [ 3−2a+2j
2 : 1]; ;

− 1
16 , 1

2

)

=

2j−aΓ(a− j)Γ(b)
Γ(a)Γ(b− a)

j

∑
r=0

(−1)r
(

j
r

) Γ
(

b−a+r
2

)
Γ
(

b+a+r
2 − j

)


2

,

(111)

where j ∈ Z>0.



Fractal Fract. 2023, 7, 700 24 of 26

Instance 12. Putting α = a, δ = β = 1− a− j, γ = b, and z = 1
2 in (88) and using (30),

we derive

F2:2;0
1:2;0

(
[2− 2a− 2j : 2, 1], [a : 1, 1] : [1− a− j : 1], [b− a : 1]; ;

[b : 2, 1] : [b : 1], [ 3−2a−2j
2 : 1]; ;

− 1
16 , 1

2

)

=

2−j−aΓ(b)
Γ(b− a)

j

∑
r=0

(
j
r

)Γ
(

b−a+r
2

)
Γ
(

b+a+r
2

)


2

,

(112)

where j ∈ Z>0.
Instance 13. Putting α = a

2 , β = b
2 , and z = 1

2 in (66) and using the classical Kummer
second summation theorem (the case m = 0 of (28)), with the aid of a duplication formula for the
gamma function (see, e.g., [5], p. 6),

Γ
(

1
2

)
Γ(2z) = 22z−1 Γ(z) Γ

(
z + 1

2

)
, (113)

we obtain

3F2

[
a, b, a+b

2 ;
a + b, a+b+1

2 ;
1
]
=

Γ
(

1
2

)
Γ
(

a+b+1
2

)
Γ
(

a+1
2

)
Γ
(

b+1
2

)


2

. (114)

7. Concluding Remarks

In this article, we introduced three general double-series identities using Whipple
transformations for 4F3 and 5F4 functions. By employing the left-sided Riemann–Liouville
fractional integral on those results in Section 2, in Section 4, we showcased the potential
to systematically derive additional identities of a similar nature through iterative pro-
cesses. These identities were then utilized to derive transformation formulas between
the Srivastava–Daoust double hypergeometric function (S–D function) and Kampé de
Fériet’s double hypergeometric function (KDF function) with equal arguments. We also
demonstrated reduction formulas from the S–D function or KDF function to the pFq func-
tion. Furthermore, we provided various general summation formulas for the pFq and S–D
function (or KDF function) with specific arguments. By following the steps presented in this
article, additional reduction and summation formulas of similar types can be derived. We
anticipate that these transformation and summation formulas, as well as those deducible
from the same steps, will have applications in diverse fields, such as mathematical physics,
statistics, and engineering sciences.
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