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Abstract: In this paper, we derive the coincidence fixed-point and common fixed-point results for
J-type mappings satisfying certain contractive conditions and containing fewer conditions imposed
on function & with regard to generalized metric spaces (in terms of Jleli Samet). Finally, a fractional
boundary value problem is reduced to an equivalent Volterra integral equation, and the existence
results of common solutions are obtained with the use of proved fixed-point results.
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1. Introduction

One of the most significant basic fixed-point results is the well-known Banach’s fixed-
point theorem (abbreviated BFPT) [1]. Due to the numerous uses of this principle in
other disciplines of mathematics, numerous writers have expanded, generalized, and
enhanced it in numerous ways by taking into account alternative mappings or space
types. Wardowski [2] provided a striking and significant generalization of this nature. He
provided this to introduce the idea of J-contraction as

Definition 1. Let (V,d) be a metric space. A mapping Q) : V. — V is said to be an -contraction,
if there exist & € A() and A > 0 such that for all y, € V

A+ 3(d(Op, Q@) < S(d(u, @), 1)

where A(3) is the family of all mappings Y : (0, +00) — (—o0, co) meeting the criteria listed below.
(31) S(p) < (@) forall u < @;

() For all sequences {¢p} C (0,400), limp_ 100 6p = 0, if and only if limy_s o F(gp) = —00;
(33) Thereis 0 < o < 1 such that lim€_>0+ ¢¥S(g) =0.

Wardowski’s result is given as follows:
Theorem 1 ([2]). Let (V,d) be a complete metric space and Q) : V- — V be an I-contraction.
Then, u* € V is a unique fixed point of ) and for every py € V, a sequence {QP o} pen is

convergent to p*.

Secelean demonstrated in [3] that condition (37) can be substituted with a similar
but simpler one (noted (3%): inf & = —o0). Then, instead of utilizing (37) and (S3), Piri
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and Kumam [4] proved Wardowski’s theorem using (32) and the continuity. Later, War-
dowski [5], using A as a function, demonstrated a fixed-point theorem for S-contractions.
Recently, some authors demonstrated the Wardowski original conclusions without the
criteria (¥7) and (S33) in various ways (see, [6,7]). For more in this direction, see [8-15]. Very
recently, Derouiche and Ramoul [16] introduced the notions of extended 3-contractions of
the Suzuki-Hardy—Rogers type, extended 3-contractions of the Hardy—Rogers type, and
generalized 3-weak contractions of the Hardy—Rogers type as well as establishing some
new fixed-point results for such kinds of mappings in the setting of complete b-metric
spaces. They also dropped condition (33) and used a relaxed version of (7).

However, the concept of standard metric space is generalized in a number of ways
(see [17-24]). Jleli and Samet provided one of the most common generalizations of metric
spaces in [25], which recapitulates a broad class of topological spaces, including b-metric
spaces, standard metric spaces, dislocated metric spaces, and modular spaces. They ex-
panded BFPT, Ciri¢’s fixed-point theorem and a fixed-point result attributed to Ran and
Reurings, among other fixed-point theorems. Additionally, Altun et al. obtained a fixed-
point theorem of the Feng-Liu type with regard to generalized metric spaces in [26],
while Karapinar et al. gained fixed-point theorems within fairly broad contractive condi-
tions in generalized metric spaces in [27]. In the framework of generalized metric spaces,
Saleem et al. [28] recently demonstrated a few novel fixed-point theorems, coincidence
point theorems, and a common fixed-point theorem for multivalued $-contraction involv-
ing a binary relation that is not always a partial order.

Henceforth, let V be a non-empty setand £ : V x V' — [0, +0] be a given mapping.
Following Jleli and Samet [25], for every u € V, define the set

C(t, Vo) = { () € V' tim Llpp) =0}, ®

Definition 2 ([25]). Let V be a non-empty set and . : V x V. — [0, +o0| be a function which
fulfils the following criteria for all y, € V:

(t1) L(p, @) = 0 implies y = @;

(t2) L(p, @) =L(w@, u);

(L3) Thereis k > 0 such that (u,@) € V. x V, {up} € C(L, V, u) implies

< .
L(V/w) — KPETOOSUPL(M,‘D)- (3)

Then L is called a generalized metric and the pair (V, L) is called a generalized metric space.
We renamed it as x-generalized metric space (abbreviated, a k-GMS).

Remark 1 ([25]). If the set C(L, V, i) is empty for every p € V, then (V, L) is a k-GMS if and
only if (L1) and (L) are satisfied.

Refs. [25,27,28] all contain numerous examples of GMS(JS).

Example 1 ([25]).

(1) A metric space is a 1-GMS.
(2) A modular metric space (V,p) is a p-GMS.
(3) A 2-metric space is a 2-GMS.

In the sequel, N = {1,2,3,...}, Ny = NU {0} and R indicate the set of all positive
integers, the set of all non-negative integers and the set of all real numbers, respectively, and
R indicates the set of all real numbers. Let { be self-mapping on a non-empty set V, P(V) be
the collection of all non-empty subsets of V, C(V') be the collection of all non-empty closed
subsets of V,and Q) : V. — P(V) be a set-valued mapping. We denoted by Coi(V,, Q) the
set of all coincidence points of { & Q) in V and by Com(V, {, (}) the set of all common fixed



Fractal Fract. 2023, 7, 747

30f22

points of { & () in V. A non-empty subset ~ of the Cartesian product V x V is a binary
relation on V. For simplicity, we denote i ~ @ if (4, @) €~. Ref. [29] contains the concepts
of preorder, partial order, transitivity, reflexivity, and antisymmetry.

Definition 3 ([27]). Let a binary relation on the k-GMS (V, L) be defined as ~. If a sequence
Hp CV pp ~ ppy1 forall p € N, then the sequence is ~-non-decreasing.

Definition 4 ([27]). If each ~-non-decreasing and L-Cauchy sequence is L-convergent in V, then
a k-GMS (VL) is ~-non-decreasing complete.

Remark 2. Keep in mind that every xk-GMS that is complete also happens to be ~-non-decreasing
complete, while the opposite is false, as evidenced by the case below.

Example 2 ([28]). Let V = (0, 1] be furnished with the metric d(y, @) = |u — @| forally,@ € V.
Define a binary relation ~ on V by

p~woif 0<pu<w<l
As aresult, (V,d) is a ~-non-decreasing complete k-GMS, but it is not complete.

Definition 5 ([28]). Let Q) : V — P(V) be a multivalued mapping and (V, L) be a x-GMS with
a preorder ~. A mapping () is known as ~-non-decreasing if for all y,c0 € V

u~w@ implies s~t forall s€Qu, te€Qm.

Definition 6 ([28]). Let (V,L) be a k-GMS furnished with a preorder ~, { : V. — V and
Q : V — P(V) be a multivalued mapping. A Mapping Q) is called ({, ~)-non-decreasing if for all
uoeVv

Cu~Cw implies s~t forall se€ Qu, te Q.

By obtaining inspiration from the work of Derouiche and Ramoul [16] and by following
the direction of Saleem et al. [28], in this paper, we prove the coincidence point theorem
and common fixed-point theorem in generalized metric spaces for mappings satisfying
certain contractive conditions and containing fewer conditions imposed on function .

The paper is organized as follows: We renamed the generalized metric space (in the
sense of Jleli and Samet) as x-generalized metric space and consider the x-generalized metric
space for x € (0,1]. Then, we derive the common fixed-point and coincidence fixed-point
results in the setting of this space. Lastly, by using these results, we proved the existence
results of common solutions of fractional boundary value problems.

2. Fundamental Results

We start this section by stating the following:

Lemma 1 ([16]). Let® > 1bea given real number. Let { (), } be a sequenceand let o, B : (0,00) — R
be two functions meeting the aforementioned requirements:

(i) a(Vpp) < B(pp-1) forallp € N;
(i)  w is non-decreasing;

(iii) B(p) < a(p) forall p > 0;
(iv) limsup, . B(p) < a(p™) forall p > 0.

Then, limy ;0 g0 = 0.
Consistent with [16], we set

fie = {¥:(0,00) = R|S as a continuous non-decreasing function}.
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Let ¢ > 1 be a given real number. We designate as No the family of all functions
A (0,00) — (0,00) that meet the criterion:

lim inf A(p) >0, where s € [y",7T¢], forall 7> 0. 4)

P—S

Obviously, if ¢ = 1, condition (4) becomes as follows:

lim infA(p) >0, forall ¢ > 0. (5)
p=rt

Henceforth, we denote by A; the set AQ when ¢ = 1. Clearly, we have AQ C Aq. Also,
observe that in the case of standard metric space, it suffices to use the condition of that
A € Aq instead of the condition A € A,.

For every y € V, define

6(E, g, ) = sup{L({'u, )« i,j € N}.

Lemma 2. Let (V,L) be a k-GMS and let x be a given real number such that x > 1. Let
0:V—=V,Q:V = C(V)and {Zup : Tpp € Qup_1} be the sequence based on arbitrary point
po € V such that sup{L(Cp;, Tpj) : T € Qpi_q, Tpj € Quj_1} < +oo. Assume that there
exist a non-decreasing function S and A € Aq such that for all £,§ € V with (% # (7,

0 <E£(a,7) < +oo implies A(L((%, (7)) + I(xE(a,7)) < S(E((%, (7)), ©6)
where & € Q% and 0 € OF. Then, limy oo £.(Tpp, Cppi1) = 0.

Proof. Putt, = L.(Cpp, Cppi1)- I Cpp = Cppy1 for some p € Ny, then the proof is complete.

So, assume that {up, # (ppiq for all p € No. Since sup{E(Zpy, pj) = {1 € Qpyq, Gpj €
Qpj_1} < 400,50 we have

E(Cup, Cpps1) < +oo. 7)

We also assume that L.(Jpp, (ppr1) > 0, otherwise {up = (ppi1. Applying the
inequality (6) with £ = pj,_1 and § = pp, we have forall p € N

/\(Lpfl) + %(XLP) < %(Lpfl)r ®)
which further implies that
S(xky) <S(kpo1) —A(kp-q), forall peN. )

Taking a(t) = () an
written as

(t) = S(t) — A(t) for all t € (0, 0), inequality (9) can be

Q.
=

a(xtp) < B(kp-1), forall peN. (10)

As S is non-decreasing, then in view of the inequality (10) and using the fact that
A € Ay, itis clear that all the conditions of Lemma 1 with (¢ = x > 1) are satisfied. Thus,

3. Coincidence Point Theorems

In this section, we prove the coincidence point theorems.

Theorem 2. Let (V,L) be a k-GMS for k € (0,1] furnished with a preorder ~, ¢ : V — V
and Q) : V. — C(V). Assume that there exist o, u1 € V such that Juy € Qug, Cpo ~ G,
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Qis an ({, ~)-non-decreasing set-valued mapping and sup{E.(p;, {p;) : G € Opy_q, Jpj €
Quj_1} < +oo. If there exist S € hic and A € A, satisfying

0 < L(p,@) < +oo implies A(E(Ze,lf)) + S(h(p, @)) < S(R(Ze,Cf)) (11)

foralle, f € Vwithe ~ fand y € Q¢, @ € Qf. Then there exists a sequence {pp : (pp €
Qpp_1}pen such that

Hm E(Cpup, Lpipe1) = 0.

Moreover, if for each p € N, {up} € (V), we have {u,} — u implies p, ~ pand {(V)
is ~-non-decreasing-complete, then there exists T € V such that {T € Qt.

Proof. Let us put ¢; = (y;. By hypothesis, there exists yg, u1 € V such that {y1 € Quyg

and (o ~ p1. Construct a sequence {{pp : {pp € Qpp_1}. Since sup{L(Jpy, {p;) < Gy €
Qpi_1, (i € Opj_1} < +oo, we have

L(Cp, Cpj) < oo, (12)

for all {py, {pj € {Cpp}- There are two cases here:
Case 1:

If sup{E(Cpy, Cpj) = € Qui—1, Gpj € Qujq} = 0, then for all Jpy, Tpj € {Tup},
we obtain

0 < E(Cp1, Cpj) < sup{b(Qps, Cpj) : G € Opy_1, Tpj € Quj 1} =0,

which further gives
L(Cp, Cy) = 0.

In particular,
0 < £(Cpo, Qpo) < £(Gpo, 1) = 0-

This implies that £.({uo, Qpuo) = 0. Since Qg is closed, therefore we obtain (1o € Qpip,
thatis, yg € Coi(V, 7, Q).
Case 2:

Let sup{L(Cps, Cpy) : Cpr € Qpia, Eptj € Oppjq} > 0. Assume that £(Gp, Gpa) > 0,
where {1, (pz € {Cpp} otherwise if £.({py, (o) = 0, then

0 < E(Cp1, Qu1) < E(Cp1, Tpz) = 0.

This gives £({p1, Quq) = 0, since Quy is closed, so, p1 € Quy. Since Q) is ({, ~)-non-
decreasing set-valued mapping, therefore (11 ~ (pz. Hence, from (11), we obtain

AE(Tpo, Tur)) + S(E(Cp1, Cp2)) < S(E(Cpo, Cp1))-

By induction, we have {lu,}, € N satisfying Cup € Qu, 1, {pp ~ Cppit,
L(Cup, Cppi1) > 0 and

/\(L(gﬂpA/Glip» + S(L(gﬂp/ C.“pﬂ)) < %(L(gﬂpflrgﬂp))r (13)

forall p € N\ {0}. Putting ,_1 = £ and pp = § in (13) and using the fact that

a=_Cpp # Chpr1 =7,



Fractal Fract. 2023, 7, 747 6 of 22

the inequality (13) turns into (6). Therefore, by virtue of A, C A1 and Lemma 2 with x =1,

we have
Jim £(Cpp, Spp1) = 0. (14)
Next, we prove that
Iim B , =0. 15
pHm L(Cpp, Cpg) (15)

If (15) is not true, then there exists # > 0 such that for all » > 0, there exist g > py > r
L(Cup, Cpg) = - (16)
Also, there exists ry € N such that
Mry = B(Cpp—1,Cpp) <1 forall p > rq. (17)
Consider two subsequences {{pp, } and {Cpg, } of {Cpp} satisfying
ro<p;<qe+1 and L({pg,Clpp,) >n forall £>0. (18)
Observe that

E(Cpg,—1,Cpp,) < forall £, (19)

where gy is chosen as minimal index for which (19) is satisfied. Also, note that because
of (18) and (19), the case p; + 1 < py is impossible. Thus, p; + 1 < g, for all £. It implies

pr+1<qy<qe+1 (20)
From (14), we have
}EEOL(@VW—L gl’lW) =0. (21)

By using (18)-(21), (L3) and using the fact that ¥ € (0, 1], we have

n< gim E(Cuq, Cup,) < klimsupE(Cpg, 1, Cpip,)
—® {—00

<Kk <.
The above inequality leads to
Jlim E(Cpig,, Cpp) = 1. (22)

Next, by using (14) and (22), we have

E(Cpg,r Chp,+1) < xlimsup B(Cpg, 11, Cpp,41) (23)

{—00

and

L(qu[/ g]’lpz) S Khr;l sup}—‘(gl’lt][/ €FP1+1)' (24)
—00
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Combining (23) and (24) with (18), we obtain
77 S L(g]/lq(,, g}’[p[) S Kz 111’;’[ Sup L(éﬂq/+lr éﬂp/+1)
— 00
S lim sup L(qu[+1/ g.z’lpwrl)
{—00
S Kz hm Sup L(é]’l(ﬁ/ g#ﬁ[)
{—00
<y
<1,
which further implies that
}L%L(é;leLl/ éﬂppq) =1 (25)

For convenience, we set

ap = L(gﬂq[, glupg)/ and bé = L(€VW+1/ CVW-H)-

We claim that, b, > 0. If not, then p, 11 = pp, 1. This gives (py, 11 € Qpup,, which
is contradiction to the fact that {y; ¢ Qp; for each i > j. Further, since ~ is pre-order, by
transitivity, we have (pig, 1 ~ Cpp, 41 foreach g, p € N, g > p. Then, by using (11) and the
monotonicity of &, we obtain

lim A(t) + () < lim A(ap) + (1)

t—=n {—0c0

<liminfA(a;) + S(liminfby)
{—00 (—o0

(
=liminfA(ay) + liminf S (by)
{—r00 {—0c0
=liminf(A(a;) + %(b/))
{—o0
< lim [A(ay) + S(by)]
{—ro0

)
< lim %(ag)
{—00

= ( lim ag>
{—00
=3()-
The preceding inequality implies that

lim infA(t) <0, where t € [et,eTg], forall e>0, (26)
-1

which is a contradiction with (4). Hence, our assumption that (15) is not true is wrong.
Thus, {{up} is E-Cauchy sequence. Since {(V) is ~-non-decreasing complete, there is a

point {T € {(V) such that {{p,} L {t. Also, by hypothesis, {u, ~ {7, then there exists

{1y € Qt such that £.(pp, (1) > 0, otherwise {pp = {1y and {{7;} LN {t. Consequently,
¢t € Qt. Therefore, from (11), we have {1, € Q7 satisfying

AE(CHp-1,87)) + S(E(Cpp, C1p)) < S(R(Cpp-1,0T))- (27)

By using (27) and monotonicity of 3, we obtain

0< L(g.”p/ ng) < L(CMP_LCT). (28)
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Since {{up} L7, by letting p — +o0 in (27), we obtain
Jim_ E(Cpy, {7y) = 0. (29)
By using (L3), we obtain
0<E(07,{7) <% lim supL(Cpp, {T) =0, (30)
p (9]

which implies
lim E({Tp,{T) = 0.

p—+too

From the closeness of ()1, we have {7 € Q1. Hence, T € Coi(V,,Q). O

Example 3. Let V = {0,1} be endowed witht. : V x V — [0, o] given by
£(0,0)=0, E(1,1)=1 and L(1,0) =L£(0,1) = co,

Then V is a k-GMS for k = 1. Indeed, properties (L1) and (L,) are apparent. To prove (L3),
lete, f € Vand{e,} € C(L,V,e). Since

lim E(¢y,€) =0,

p—o0

there exists po € N such that &, = & forall p > py. Ifé = f, then e, = & = f forall p > py, so
(£3) holds for x = 1. Similarly, if € # f, then &, # f for all p > py, so

L(e,f) =oc0o=L(ey, f) forall p > po.

In any case, (L3) holds with x = 1.
Let {: V — Vand Q) : V. — C(V) be mappings given by

20)=1, ¢(1)=0 and Q0)=0Q(1) = {0,1}.

Define a relation ~ on V by
e~f if e=Ff
then ~ is a preorder, Q) is an ({, ~)-non-decreasing set-valued mapping, and {(V') is ~-non-
decreasing complete.
Observe that 0 < L(u,@) < +oo for y € Qe and @ € Qf with é ~ f only when
¢ = f € {0,1}. So, there arise two cases:
Case: I When ¢ = f = 0, then

L(Ce, 0f) (E(n, @) +1) =L£(1,1)(E(1,1) +1)
=2
=£(1,1)+1
= L(gé/ gf_) +1

Hence, in this case (11) holds true for $(t) = In(t + 1) and A(t) = In(t) for all t € (0,00).

Case: Il When é = f = 1, then

L(Ze, Cf)(E(n, @) +1) =£(0,0)(£(1,1) +1)
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So, in this case, inequality (11) holds true for S(¢) = In(t + 1) and A(t) = In(t) for all
t € (0,00).

Hence, all the conditions of Theorem 2 are fulfilled and {0,1} is the set of coincidence
points of { and Q).

Remark 3. Note that in Example 3, the function S : (0, 4+00) — R defined by (t) = In(t + 1)
belongs to h.. But § does not satisfy (32). Indeed, for any sequence 1, € (0,+o0) such that
limy ;o 71 = 0, we have

o o

plgrolo S(mp) = plgrc}oln(l + 71p)
=In(1+ plgi(}o TTp)
=0 # —o0.

Next, from Theorem 2 we obtain the following by using the fact that a partial order <
is a preorder ~.

Corollary 1. Let (V, L) be a k-GMS for « € (0, 1] furnished with a partial order <, :V — V
and Q : V. — C(V). Assume that there exist po, 1 € V such that Jyuq € Quo, o < i1,
Qis an ({, <)-non-decreasing set-valued mapping and sup{t.(Tpy, Cpj) 2 Ty € Qui_y, Cpj €
Opj_1} < +oo. If there exist S € he and A € A, satisfying (11) for all e, f € V with e < f and
u € Qe, @ € Of, then there exists a sequence {{pp : Cptp € Qpp_1}pen such that
m B (Cup, Cpper) =0.

Moreover, if for all {p} C {(V) we have {p,} — p implies p, ~ p forall p € N and

¢(V) is <-non-decreasing-complete, then there exists T € V such that {T € Qt.

In the light of Remark 2, Theorem 2 gives the following corollary:

Corollary 2. Let (V,L) be a k-GMS forx € (0,1],{:V — Vand Q : V — C(V). Assume
that there exist po, p1 € V such that {uy € Qo and sup{E.(Tu;, Cpj) = Cp € Qui_y, Tpj €
Quj_1} < +oo. If there exist I € hic and A € A, satisfying

0 < k(p,@) < +oo implies A(E(Ze,lf)) + S(h(p, @)) < S(R(Ze,Cf)) (31)

foralle,f € Vand p € Q¢, @ € Qf. Then there exists a sequence {Cip : {ip € Opip_1}pen
such that

im E(Cpp, Cpp+1) = 0.

p—+0o
Moreover, if (V) is complete, then there exists T € V such that {T € Q.
By defining ¢ = I (identity mapping) in Theorem 2, we obtain the following:

Corollary 3. Let (V,L) bea x-GMS for k € (0, 1] furnished with a preorder ~and Q) : V. — C(V).
Assume that there exist yo, 1 € V such that yy € Quo, po ~ p1, Q is an ~-non-decreasing
set-valued mapping and sup{L.(p;, pj) : 1 € Qp_q, pj € Quj_1} < +oo. If there exist € hc
and A € N, satisfying

0 <E(p,@) < +oo implies A(L(¢, f)) + S(E(p, @) < S(L(e, f)) (32)

foralle, f € Vwithe ~ fand y € Qe, @ € Qf. Then, there exists a sequence {yp, : iy €
Qpp_1}pen such that
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lim E(pp, ppi1) = 0.

p——+oo

Moreover, if for all p € N, {up} C V we have {up} — p implies p, ~ pand V is
~-non-decreasing-complete, then there exists T € V such that T € Q.

Since a standard metric space is a k-GMS for « = 1, by the virtue of Theorem 2 we
obtain the following;:

Corollary 4. Let (V,d) beametric space furnished with a preorder ~, : V. — Vand Q : V. — C(V).
Assume that there exist po, 1 € V such that Jpq € Quo, (o ~ Cp1, Q is an (g, ~)-non-
decreasing set-valued mapping. If there exist § € hic and A € A\ satisfying

d(p, @) > 0 implies A(d(¢,(f)) +S(d(u, @) < 3(d(Ze,Zf)) (33)

foralle,f € V withe ~ fand p € Q, @ € QOf. Then, there exists a sequence {{pp : {pp €
Qpp_1}pen such that

m d(Gpp, Cpp+a) = 0.

Moreover, if for each p € N, {pp} C T(V') we have {pp} — p implies pp ~ pand {(V) is
~-non-decreasing-complete, then there exists T € V such that {T € Q.

4. Common Fixed-Point Theorems

Theorem 3. Let (V, L) be a complete k-GMS for k € (0,1] and Oq,Qp : V — C(V). Assume
that there exist po, p1, po € V such that py € Qupo, 2 € Qopy and sup{E(poki1, poji2)
Hok+1 € Qupox, Hojra € Oopigjy1} < +oo. If there exist S € hic and A € A, satisfying

0 < E(p, @) < +oo implies A(L(¢, f)) + S(L(p,@)) < S(L(Z, f)) (34)
foralle, f € Vwithy € Oqeand @ € Qpf. Then

1. There exists a sequence {p : pap11 € Qupap, Papr2 € Qopopi1}pen such that

im L(pp, ppi1) =0;

p—+oo

2. {up} is L-Cauchy;
3. O and Q) owns a common fixed point in V.

Proof. By hypothesis, there exist g, 1, 42 € V such that y; € Qo and pup € Qopy.
Construct a sequence {pp : piapt1 € Qipap, Hapr2 € Qopopy1}pen- Firstly, note that

L(.”Zk-i-l/ V2]'+2) < +OO, (35)
for all poy; € Qupog, Hajr2 € Qopinji1 because sup{E(poxi1, Hajr2) © Hokr1 € Qupiok, Hojr2
€ Mopgj1} < +oo.

Now if u; € Qqu; N ppq, then p is a common fixed point of (31 and (2, so let
11 & Qqpq. Consequently, we assert that £.(p1, u2) > 0. Hence, from (34), we obtain

ME(po, 1)) + S(E(p1, 12)) < S(E(po, p1))-

Next, if pp € Qqpup N Oy, then yy is a common fixed point of ()1 and (), so let
o & Oqpn. Consequently, we assert that £(p, u3) > 0. Hence, from (34), we obtain

A (p1, p2)) + S(E(p2, 1)) < S(R(p1, p2))-
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By induction, we have {yp}, € N such that ppp1 € Qqpop and pzpi2 € Qopopia
with oy 1 & Qupopy1, pop € Qoplap and L(Cpup, Tpipy1) > 0 satisfying

AE(p2p—1, H2p)) + S(R(p2p, Hopr1)) < S(R(p2p-1, 2p)), (36)
forall p € N\ {0}. Putting yip, 1 = £ and pp, = 7 in (36) and using the fact that
4= Cpap # Cpapr1 =17,

the inequality (36) turns into (6). Therefore, by virtue of A, C A; and Lemma 2 with xy =1
and { = Z(identity mapping), we have

JBim E(2p, papa) = 0. (37)
Next, we prove that
P,lqigooL(VZqH/ ,MZp) =0. (38)

If (38) is not true, then there exists # > 0 such that for all > 0, there exist g, > py > r
E(pogr1, H2p) > 17 (39)
Also, there exists ry € N such that
Mro = L(Cp2p—1,Cp2p) <1 forall 2p > rg. (40)
Consider two subsequences {2, } and {fi2g, } of {yt,} satisfying
ro <2pr <2q,+2 and E(Cp2g,41,Cpap,) > 1 forall £>0. (41)
Observe that
E(Cp2g,, Cpi2p,) <1 forall £, (42)

where 24 is chosen as minimal index for which (42) is satisfied. Also, note that because
of (41) and (42), the case 2p, + 1 < 2p, is impossible. Thus, 2p, +1 < 2q, for all £. It implies

2pp+1<2q, <2q,+1. (43)
From (37), we have
Jim E(p2g,41, p2g,) = 0. (44)

By using (41)—(44), we obtain
1 < E(p2q,11, p2p,) < wlimsupE(pizg,, pi2p,)

{—s00

< k9.

By using the fact that « € (0, 1], above inequality leads to
B E(pag 41, Hop,) = 1. (45)
Next, by using (37), we have

E(pog,+1, pap,+1) < xlimsup E(pog, 12, pop,+1) (46)
{—00
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and

L(Vqu-l-l/ ]’12}7/@) < xlim sup L(.“Zq[—s-l/ ]’lng-l-l)’

f—s00

Combining (46) and (47) with (45), we obtain

2.
n< L(VZLM—',-]/ ,MZW) <x hl?sup L(.”Zqﬁ»Z/ ]/l2pé+1)
—00

< limsup £ (p2g, 42, H2p,+1)
{—ro0

< «*limsup E(pag,41, pop, )
f—00

<«
<1,

which further implies that
< lim Lt 49, <.
< m (H2g,+2, H2p,+1) <17
Thus, we have
lim L 49, =1.
B E(pag, 2, Hop,1) =1
For convenience, we set

wp = E(pog, 11, 12p,),  Be = E(pag12, Hop,+1)-

(47)

(48)

(49)

We claim that B, > 0. If not then pog, 12 = pop, 1. This gives pog, 12 € pap,, which is

contradiction. Then, by using (34) and the monotonicity of &, we obtain
HmA(t) + () < lim Aay) + S(7)
t—n {— o0
<liminfA(ay) + S(liminf By)
{—o00 {—o0
=liminfA(a,) + liminf $(By)
{—o0 {—o0

=lim inf(A(«g) + 3(B¢))
< Jim [Ma) + S(B)]

< lim (ay)
{—o0

=3 ( lim & g)
{—00
=3(1).
The preceding inequality implies that

liminfA(f) <0, where t € [eT,et0], forall e >0,
=1

(50)

which is a contradiction with (4). This contradiction shows that {3, } is £E-Cauchy sequence.

Since V is complete, there exists a point T € V such that {3} L 1. From (34), for

p € Nand pop 11 € Oy, there exists 1, € (7 satisfying

AE(p2p, 7)) + S(E(p2p+1, 72p)) < S(E(p2p, T))-

(51)



Fractal Fract. 2023, 7, 747 13 of 22
By using (51) and monotonicity of 3, we obtain
0 < E(pop+1, 12p) < E(p2p, 7). (52)
Since {up} 5150 by letting p — +o0 in (55), we obtain
pl_iglwi(#zwl/ Tp) = 0. (53)
By using (L3), we obtain
0<L(mp, 7)<k pETw supE(p2p11,7) =0, (54)

which implies

lim E(12,,7) = 0.
Hm £ (2, T)

Since (), T is closed, we have T € (), T.
Similarly, from (34), for p € Nand pap € Oppinp-1, there exists 151 € (7T satisfying

ME(T, pop-1)) + S(E(2p 11, H2p)) < S(E(T, p2p-1))- (55)

By using (55) and monotonicity of 3, we obtain
0 < E(T2p41, p2p) < E(T, H2p—1). (56)

Since {u,} 51,50 by letting p — +o0 in (56), we obtain

pETmL(T2p+1, “l/lzp) =0. (57)
By using (L3), we obtain
<t <k li b =
0 <E(mps1,7) < Kp—1>r—|r-loo supE(p2p, T) =0, (58)

which implies
pl_l)I_T‘l’_loo L(T2p+1, T) =0.

Since ()17 is closed, we have T € ()17. Hence, 7 € 17N OQpt. O

Example 4. Let V = {0,1,2} be endowed witht. : V x V — [0, 00| given by

saole¢ if e=f
wed={L ¥ izt

Then, V is a k-GMS for ¥ = 1. Indeed, properties (L1) and (Lp) are apparent. To prove (L3),
lete,f € Vand{e,} € C(L,V,e). Since

lim E(¢y,e) =0,

p—)OO

there exists po € N such that e, = e forall p > py. Ifé = f, then e, = & = f forall p > py, so
(L) holds for x = 1. Similarly, if € # f, then e, # f for all p > py, so

L(e,f) =oc0o=L(ep, f) forall p > po.

In any case, (L3) holds with x = 1.
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Let O, Q) : V — C(V) be mappings given by
~ [ {01} if ee{0,1}
Ql(e)‘{ {2y i e=2

and

Suppose that 0 < L(y, @) < 400 for p € e and @ € Oy f. Then, we have the following
cases:
Case: 1 Whene =0, f =2, then
there exist 1 € Oqeand 1 € O f such that 0 < £(1,1) = 1 < +o0. So, for any 6 > 0, we have

L(p,@) =E(1,1) =1 < co = £(0,2)e .

Hence, in this case (34) holds true for 3(t) = In(t) and A(t) = O forall t € (0,00) and
6 > 0.
Case: Il Whene =1, f =2, then
there exist 1 € Oqeand 1 € Oy f such that 0 < £(1,1) = 1 < +o0. So, for any 6 > 0, we have

Ly, @) =E(1,1) =1 < c0o = £(1,2)e .

Hence, in this case (34) holds true for 3(t) = In(t) and A(t) = 0 for all t € (0,00) and
6 > 0.
Case: IIl Whene =2, f =0, then
there exist 2 € e and 2 € Oy f such that 0 < £(2,2) =2 < +o0. So, for any 6 > 0, we have

L(p, @) =L(2,2) =2 < co = £(2,0)e .
Hence, in this case (34) holds true for 3(t) = In(t) and A(t) = O forall t € (0,00) and
6 > 0.

Case: IV Whene =2, f=1,then
there exist 2 € Oéand 2 € sz such that 0 < 1(2,2) = 2 < 4o00. So, for any 6 > 0, we have

L(p,@) =E(2,2) =2 < 0o =E(2,1)e’.
Hence, in this case (34) holds true for S(t) = In(t) and A(t) = S forallt € (0,00) and 6 > 0.

Hence, all the conditions of Theorem 3 are fulfilled and O is the common fixed point of Oy and
0.

By defining C(V') = V in Theorem 3, we obtain the following:

Corollary 5. Let (V, L) be a complete k-GMS for x € (0,1] and (1, : V — V. Assume that

there exist po, p1, pio € V such that py = Qqpo, o = Qo and sup{E(poky1, Poji2) * Hoks1 =
M pink, pojra = Mopojr1} < +oo. If there exists a function S € he and A € A, satisfying

0 < L(u, @) < +oo implies A(L(e, f)) + S(E(1e, Q2 f)) < S(E(e, f)) (59)

foralle, f € V. Then,
1. There exists a sequence {}p : popr1 = Qupop, Hop+2 = Qopopy1}pen such that

Um E(up, ppi1) = 0;

p—+o

2. {up} is L-Cauchy;
3. O and Oy owns a common fixed-point in V.



Fractal Fract. 2023, 7, 747

15 of 22

By considering ()1 = () in Theorem 3, we obtain the following;:

Corollary 6. Let (V, L) be a complete k-GMS for k € (0,1] and O : V — C(V). Assume that

there exist po, p, o € V such that py € Qqpio, po € Oy and sup{E(poks1, poji2) * Poks1 €
O piok, Hojr2 € Qupigji1} < +oo. If there exists a function S € he and A € A, satisfying

0 <E(p, @) < +oo implies A(L(¢, f)) + I(E(n, @)) < S(L(e, f)) (60)
foralle, f € V withy € O1éand @ € QO f. Then,

1. There exists a sequence {pp : pops1 € Qupop, Pop+2 € Q1pop i1} pen such that

im E(pp, ypH) 0;

p—+oo

2. {up} is L-Cauchy;
3. O owns a fixed-point in V.

Since a standard metric space is a k-GMS for ¥ = 1, so form Theorem 3 we obtain
the following:

Corollary 7. Let (V,d) be a complete metric space and Qq,Qy : V. — C(V). Assume that there
exist po, pt1, o € V such that yy € Qo and pp € Oppy. If there exists a function S € he and
A € Aq satisfying

d(u,@) > 0 implies A(d(e, f)) + S(d(u,@)) < S(d(e, f)) (61)

foralle, f € V withy € Qyeand @ € Oy f. Then,
1. There exists a sequence {pp : popi1 € Qupop, Hapr2 € Qopop i1} pen such that

lim d(yp,ypH) 0;

p—+co

2. {pp} is Cauchy;
3. QO and Q) owns a common fixed-point in V.

5. Existence of Common Solution of Nonlinear Fractional Differential Equations with
Nonlocal Boundary Conditions

In this section, we present the application of our results to prove the existence of
the common solutions for the following boundary value problems involving Caputo frac-
tional derivative.

u(0) = u'(0) o= u(H)(O) =0 (62)

7f0

where /,7 € [0,1],n —1<a <mand f:[0,1] xR = R.

{ (‘D) (€) = (ﬁ)g(ﬁ v())

{ (‘D u)(£) = h(€) f(€,u(l))
u(s)d

0(0) =2/ (0) =--- =02 (0) =0 (63)
= J v(s)d

where ¢/, € [0,1],n—1<a<mandg:[0,1] xR — R.
Firstly, we recall the definition of Caputo fractional derivative and related concepts [30-32].
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Definition 7. For a continuous function u : [0,00) — R, the Caputo derivative of fractional order
« is defined as

1

D) =

l
/ (C—s)"* Ty (s)ds, n—1<a<n n=I[a]+1, (64)
0

where [«] denotes the integer part of the real number w.

Definition 8. The Riemann—Liouville fractional integral of order « is defined as

*u(f) = '/O'é v ) 4o aso, (65)

provided the integral exists.

Lemma 3 ([31]). Fora > 0, the general solution of the fractional differential equation “D*x(£) = 0
is given by

x(0) =cotcrl+ el + - +cur "7, (66)
wherec; € R,i=0,1,2,--- ,n—1(n=[a] +1).
In view of Lemma 3, it follows that
I*D*x(£) = x(€) +co+ c1l + o> + - -4 ¢, 07}, (67)
forsomec; € R,i=0,1,2,--- ,n—1(n=[a] +1).

In the following, we obtain the Volterra integral equation of the fractional differential
equation boundary value problem.

Lemma 4. Given y € [0,1]. The problem

Dp(¢) = o(¢)
p(0) =p'(0) =+ = p"=2(0) =0 (68)

=7 foﬂ @(S)dsz

where {,n € [0,1],n—1<a <nando:[0,1] x R — R, is equivalent to the

n—1
pl) = nt / / (T)dtds
(n—n)
(69)
”51/ (1— )" o(s)ds + —— /({(z — 5) - lg(s)ds
(n =T (®) Jo SETTW Jo e
Proof. From Lemma 3, the general solution for the problem (69) is
1
0(0) = bo+ b1l +byfP 4 4By 1 F(la) [ a=so@)s, (70)
0
where b; € R. By using the boundary conditions p(0) = ©/(0) = - - - = ("=2(0) = 0, we
have by = bl =b,_ 2 = 0. Now to possess the coefficient b,,_1, we use the boundary

condition p(1) = 7 [ ¢ (s)ds to obtain

1 1 o
_W-/O (1—s)""To(s)ds — p(1),
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where
= 7/;7 p(s)ds
= 'y/(:? <Ion_1s”_1 + I“(lzx) /Os(s - T)”‘_lg(r)dr) ds
= F(loc) I [ =0 tomras.
Hence,

by_1= / / T)dtds
(n—n")

n

(n T (@) /o (=) g(s)ds.

Substituting the value of by, by, - - - , b,_1 in (70), we obtain

p(l) = n_n’f;’ 1 // T)dtds

né" 1 - 1 Y, N
m/o (19 To(0s + gy | (6 =9 oo

O

Let V = C(I,R) be the space of all continuous real valued functions on I, where I = [0, 1].
Then, V is a complete metric space with respect to metric £(x,y) = sup,; [x(£) — y(£)|.
Since every metric space is k-GMS for k¥ = 1; henceforth, we assume that (V, L) is complete
is k-GMS. Define the operators A, L : V — V as follows:

nen—1
Ap(t) =gz [ s =0 D) o) e
nen—1

L (71)
m/o (1=5)*"h(s)f (s, @(S)MS"‘W/O (€ —3)*h(s)f(s, p(s))ds.

and

n—1
Ap(l) = n_fﬂ // 0 h(1)g(t, p(7))dds

gnl

, (72)
e A9 (s o+ s [ g5, ()

Note that a common fixed point of operators (71) and (72) is the common solutions
of (62) and (63). We consider the following set of assumptions in the following:
Hypothesis 1. 1 : [0,1] — [0, 00) is continuous with 0 < fol h(0)dl < co.

Hypothesis 2. |f(¢,u(¢)) —g(£,v(¢))| < |u(¢) —v(¢)|+ 1 forall £ € [0,1].
Hypothesis 3. |||l < &, where

n s _ 1 _
Y= e SWPre(0) (fo'i Jo (s =) drds + [ (1 —s)* ds
_i_i(”*;ﬂ]”) f(f(ﬁ - s)“’lds).
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Theorem 4. Suppose that hypothesis (H1)—(H3) hold. Then, the boundary value problems (62)
and (63) have a common solution in V.

Proof. Observe that for all u,v € V and ¢ € [0,1], we have

nfn— 1
Au(0) = Lo0)] =| ey b 6= @) £ () —g(r,0(0)ldds

(n—yn")

nf" 1
m—fnw) [ =9 15 () — g5,

r(loc) / (€= h(s) [F (s, 1(s)) — g(5,0(s)) s

+

nfn— 1
E Gt o 6= D @I u() - g, 0(x)) s

=(n—m")
(_,f,”lr() [ @1, 1(5) s 205l
s [ =G (s, 6)) — g5, 0(6) s
< = O e (o) — o(0) 1)
(_,f,”l() [ =9 et~ o))+ 1)
o [ = s uts) —o06) + s
Which implies that
AU(6) =~ Lo(6)] < Yol ol 1), o)

From (H3) and (73), we have

|Au(f) — Lo(£)]

IN

(lu =l +1)
[~ vlleo +1
T4 [Ju = vfeo (T + [ — 0l[eo)

IN

Hence, (59) is satisfied for (x) = _x%rl and A(¢) = t. Thus, all hypotheses of

Corollary 5 are satisfied, and therefore boundary value problems (62) and (63) have a
common solutionin I. O

Remark 4. Note that in Theorem 4, S € h. but S does not satisfy (32) (see Example 3.2 in [16]).

Example 5. Consider the following fractional differential equations:

Du(t) = 0 0 14), 0<e<
u(0) = u’(OZ) =u"(0)=0 (74)
u(1) =3 [ u(s)ds,
and
Div)(l) = M(v(@ +1), 0<(<1
v(0) = v’(Oz) =0"(0) = (75)
o(1) =3 [ v(s)ds
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1 1
Observe thata = 5,y =32,y =2, n=4,h(¢) = %,f(ﬂ,u(f)) = 1(3u(t) +4) and
gL, 0(0)) = (v(€) +1).
So (H1) holds; indeed, h is continuous with 0 < fol h(£)dl < oo. Also,

[llo = [R(s)] =

4 5 s 5 1 5
= ———— sup / / (s—r)uirds—i—/ (1—s)2ds
3.87T(%) ve(o1) \Jo Jo 0

. ¢ 5
+T/O (8— s)fds ,
and so (H3) holds. Lastly,

[f(&u(f)) —g(f,0(0))] = %(3”(5) +4) = (v(0) +1)|
= 2[3u(t) +4 - 30(0) 3|

1
= §\3u(€) —3v(¢) + 1|

< Ju(t) — o(0) + 3
< |u(l) —v(f)+1,

and hence, (H3) holds. Consequently, it follows from Theorem 4 that boundary value problems (74)
and (75) have common solutions.

6. Common Solution to Integral Inclusions

In this section, we present the existence of common solutions to the integral inclusions. For
this, let V. = C(J, R) be the space of all continuous real valued functions on |, where | = [a, b].
Then, V is a complete metric space with respect to metric £(x,y) = sup,¢; |x(t) — y(t)|.
Since every metric space is GMS(JS), throughout this section we assume that (V,L) is
complete and is GMS(JS). Consider the following integral inclusions:

n(t) € q(t) + f:) k(t,s)L(s, t(s))ds (76)

and

B(t)

S0 €qt) [ KESME,E()ds 77)
fort € J,wherewa,f:] =], q:] = V,k:1x] — Rarecontinuousand L, M: [ x V —
P(R), P(R) denotes the collection of all nonempty, compact, and convex subsets of R. For
each x € V, the operators L(., x) and M(.,y) are lower semi-continuous.

Define the multivalued operators (), Q) : V. — C(V) as follows:

Qn(t) = {u eV :ueqg(t)+ /f:) k(t,s)L(s, 7t(s))ds, t € ]} (78)
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and

M) = {v eV :veq(t) —|—/aﬁ(t)k(t,s)M(s,é(s))ds,t € ]} (79)

Note that a common fixed point of multivalued operators (78) and (79) is the common
solution of integral inclusions (76) and (77). We consider the following set of assumptions
in the following.

Hypothesis 4. The function k(t,s) is continuous and nonnegative on | x | with k|| =
sup{k(t,s): t,s € J}.

Hypothesis 5. |I, —m,| < |x(s) —y(s)| forall (s) € L(s, x(s)) and my(s) € M(s,y(s)).
Hypothesis 6. ||k||c < e~ for some 8 > 0.

Theorem 5. Assume that hypothesis (H4)—(H6) hold. Then, integral inclusions (76) and (77)
have a common solution in V.

Proof. Let x,y € V. Denote Ly = Ly(s,x(s)) and M, = My(s,y(s)). Now for Ly :
J] = P(R) and My : ] — P(R), by Micheal’s selection theorem, there exists continuous
operators [y, my : ] x | = R with I,(s) € Ly(s) and m,(s) € My(s) fors € J. So, we have
u= ff((tt)) k(t,s)l(s)ds +q(t) € Qé(t) and v = ff((tt)) k(t,s)my(s)ds +q(t) € Qqf(t). Thus,
the operators ()¢ and (); f is nonempty and closed (see [33]). By hypothesis (H4)-(H6) and
by using Cauchy-Schwartz inequality, we obtain

L(u,v) = sup [u(t) —v(t)]
te]

B(t)
= stlelljg /a(t) k(t,s)(Le(s) —my(s))ds

1 1

B(t) 2/ Bt 2

< K2 (t,s)d - 2d>
<sp(f #e) ([ <0 sfe

< [lklleo sup [x(8) =y (#)]
te]

< e Psup |x(t) —y(1)]
te]

= e L(x,y).

Hence, (34) is satisfied for S(p) = In(p) and A(p) =0 > 0forall p € (0,00). Thus, all
hypotheses of Theorem 3 are satisfied, and therefore () and () have a common fixed point.
It further implies that integral inclusions (76) and (77) have a common solutionin I. [

Lastly, we present an open problem for future work as follows:
Open Problem
Let (V,L) be a k-GMS for any « > 0l then, can Theorems 2 and 3 still be proved?

7. Conclusions

We have proved the coincidence fixed-point and common fixed-point theorems in the
setting of generalized metric spaces (in the terms of Jleli and Samet) for 3-type mappings
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satisfying certain contractive conditions. To prove these results, we have used fewer
conditions imposed on function 3. We have also provided the supportive examples of
obtained results to illustrate the usability. Moreover, the existence results of common
solutions for fractional boundary value problems and integral inclusions are obtained by
the use of proved common fixed-point results. Finally, we have also presented two open
problems for future work in this direction.
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