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Abstract: This paper investigates the distributed optimization problem (DOP) for fractional high-
order nonstrict-feedback multiagent systems (MASs) where each agent is multiple-input-multiple-
output (MIMO) dynamic and contains uncertain dynamics. Based on the penalty-function method,
the consensus constraint is eliminated and the global objective function is reconstructed. Different
from the existing literatures, where the DOPs are addressed for linear MASs, this paper deals
with the DOP through using radial basis function neural networks (RBFNNs) to approximate the
unknown nonlinear functions for high-order MASs. To reduce transmitting and computational costs,
event-triggered scheme and quantized control technology are combined to propose an adaptive
backstepping neural network (NN) control protocol. By applying the Lyapunov stability theory,
the optimal consensus error is proved to be bounded and all signals remain semi-global uniformly
ultimately bounded. Simulation shows that all agents reach consensus and errors between agents’
outputs and the optimal solution is close to zero with low computational costs.

Keywords: distributed optimization problem; adaptive control; event-triggered mechanism; input
quantization; fractional order multiagent systems

1. Introduction

Recently, distributed optimization problem (DOP) of MASs has attracted much interest
since its wide range applications including robotic systems [1,2], sensor networks [3],
marine surface vehicles [4], smart grids [5,6], fractional order MASs [7] and multiple
one-link manipulators system [8]. Given a DOP, each agent acquires a local objective
function and the MASs have a global objective function obtained by making the sum of
local objective functions. Through minimizing the global objective function, agents in
MASs follow an optimal trajectory while reaching consensus.

A key objective for the DOP is to provide appropriate distributed control algorithms
which ensure that all agents in MASs collaborate in seeking the optimal solution of the
global objective function. Ref. [9] designs a discrete algorithm for multi-robot system to
deal with the cooperative transportation by minimizing the total energy consumption.
In [10], a class of online DOP considering coupled inequality constraints is investigated
and an online primal-dual algorithm is developed. Noting that the above papers focus on
the development of discrete-time algorithm for DOP, which means these algorithms are
not suitable for the continuous-time dynamics. Recently, a growing number of researchers
are developing continuous-time algorithms for DOP due to its potential applications in
MASs [11-15]. In [16], a distributed algorithm is developed to deal with the resource
allocation problem by designing a dynamic event-triggered mechanism. On the basis of
proportional integral technique, Ref. [17] proposes an adaptive neurodynamic algorithm
to address the DOP and the proposed algorithm ensures that agents in MASs achieve
consensus first in a finite-time and then converge to the optimal trajectory in a fixed-time.
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To avoid solving high-dimensional subproblems, Ref. [18] proposes a novel projection-free
dynamics for solving constrained DOP using the Frank-Wolfe method. An adaptive fault-
tolerant controller is designed in [19] to deal with the DOP for nonlinear MASs through
building exosystem state observers. In these research works, algorithms are developed for
DQOPs in first-order MASs, which means that in second-order MASs, these methods are
hardly to work well. With this reason in mind, many methods are constructed for second-
order MASs due to the widely use in practice [20-23]. In [24], a decentralized optimization
control protocol with fixed-time flocking is developed for second-order MASs where
the networks are time-varying. Ref. [25] develops a dynamic event-trigger based control
protocol for the optimal consensus problem in second-order MASs where communication
edges are affected by both cyber attacks and disturbances simultaneously. The generic
optimal formation control problems with various formation constraints is investigated
in [26] for second-order MASs. In many engineering practices, such as generators, robots,
and satellites, the dynamics of physical systems can be depicted by high-order systems.
Thus, investigating the DOP in high-order MASs is meaningful and important. However,
due to the inaccuracy of modeling, many MASs contains nonlinear uncertainties objectively
and the aforementioned algorithms may be ineffective.

To address this issue, many adaptive methods, such as RBFNNs and fuzzy logic
systems (FLSs), are adopted to compensate for the unknown nonlinear function and design
an adaptive control protocol to achieve the control goal. Through ultilizing RBFNNs or
FLSs, a wide range of adaptive control protocols are developed [27-30]. In [31], an adaptive
control protocol is proposed based on FLSs technique to address the switched nonlinear
functions in the MIMO system and the unknown gain direction of the controller is solved
by the Nussbaum gain function. To reduce computation, a RBFNNs-based prescribed- time
controller is developed in [32] via event-trigger mechanism for robotic manipulators with
nonlinear uncertainties and state constraints. In [33], based on the projection operator-based
compensation mechanism, a FLSs-based adaptive controller is proposed to deal with the
consensus problem in nonlinear MASs under deception attacks. Upon reviewing the above
literature, it should be noted that there is currently no study on developing the adaptive
intelligent control protocol for the high-order uncertain nonstrict-feedback MASs with
MIMO agents. Besides, as a special case of consensus problems, DOP needs all agents to
achieve both consensus and the optimal solution, which means that the aforementioned
algorithms may not work to realize the control objective.

Furthermore, the above studies are restricted to integer-order MASs only. In reality,
fractional-order MASs (FOMASs) have multiple potential applications due to its ability
to accurately model the system [34,35]. Recently, the consensus problem for FOMASs
has attracted considerable attention and has emerged as another research priority [36-39].
Ref. [40] introduces an adaptive algorithm using an event-triggered strategy for FOMASs
with partial state constraints and input saturation. Ref. [41] develop a novel distributed
algorithm with fixed time delay to address containment control problem for nonlinear
FOMASs. However, to the best of our knowledge, the DOP for uncertain nonlinear FOMASs
where each agent is described by MIMO dynamics has not been studied in the existing
works. This motivates us to undertake the research in this paper.

Motivated by the above discussion, this paper proposes an event-trigger based adap-
tive backstepping algorithm to address the DOP using input quantization technique for the
nonstrict-feedback MIMO MASs. The main contributions in this paper are as follow.

(1)  Unlike [27,33], where algorithms are developed for the consensus problem in MASs,
this paper introduces an adaptive control protocol for the DOP. Agents in the MASs
not only reach consensus, but also achieve the optimal solution of the global objective
function. Besides, each agent in the FOMASs is described by nonstrict-feedback
MIMO dynamics, which is more general and complex to design the control protocol.

(2)  Different from [16-26], where the DOPs are investigated for first-order or second-
order MASs, this paper dedicates to solve the fractional high-order DOP, which means
that MASs and the DOP in this paper are close to the engineering systems. Besides,
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the MASs in this paper includes nonlinear uncertain terms in each order. Thus,
RBFNNSs technique is adopted to approximate and compensate for the unknown
dynamics. In addition, to reduce the transmitting and computational costs, this paper
combines the event-trigger mechanism and input quantization technique together to
deal with the high-order DOP for the first time.

(3) In contrast to the algorithms in aforementioned works which are only effective
in integer order MASs, this paper investigates the high-order DOP in uncertain
nonlinear FOMASs with MIMO agents and an adaptive NNs based algorithm is
developed. To avoid the ‘computation complexity’, this paper utilizes the fractional
order DSC (FODSC) method and the fractional derivatives for virtual controllers are
obtained in the meantime.

2. Preliminaries

Define the Caputo fractional derivative [42] as

Wy 1 b )
th f(t)_l“(é—w)/o (t_T)lewfédT

whered € Aand 6 —1 < w < 6,T(z) = [ t*~'e~"dt is the Gamma function. In this paper,
we set { D¢ f(t) = DY f(t) to simplify the notation. For a two-parameter function of the
Mittag-Leffler type

Borl6) = ¥ pomrys (@ 0),(7 >0

we have the following lemmas.

Lemma 1 ([43]). For real numbers vy, w and ¢ satisfying w € (0,1), T > 0, one has

TWw

and for integers n > 1, one obtains
n -] 1
4
Euqy(c) = — ~ +0 (2)
w’Y( ) /; r(,y_w]) <|g|n+l)

when |g| — o0, ¢ < |arg(g)| < T.

Lemma 2 ([43]). If ¢ satisfies the condition of Lemma 1, one holds

H
E <
| wr’Y(g)| — 1+|Q|

where w € (0,2) and vy is an arbitrary real number, uy > 0, ¢ < |arg(c)| < 7.

Lemma 3 ([44]). For x € Rand { > 0, the following inequality holds

2
0< k|- ——— <¢
/12 + €2
Lemma 4 ([42]). Suppose that the Lyapunov function V (t, x) satisfies DYV (t,x) < —OV (¢, x) +
A Let0<w <10 >0and A >0, the following inequality holds

V(t,x) < V(0)Eu(—Ot) + B, t>0
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Then, V (t, x) is bounded on [0, t| and fractional order systems are stable, where y is
defined in Lemma 2.

Notations: In this paper, 0,, = [0, . .,0T € R™,1,, = [1,...,1]T € R™. Denote V£()
as the gradient of function f(-) and ® as Kronecker product.

Remark 1. In this paper, the fractional order is considered within the interval [0, 1].

3. Problem Formulation
3.1. Hysteresis Quantizer

This paper uses the hysteresis quantizer to reduce chattering. According to [45], the
quantizer v;(@;(t)) is

@jsign(@;), 1 <@ < {kadd
0, 0 < |@i] < @min
where @ = nl—kwmin(k =1,2,...) with parameters @,,;, > 0and0 < ¢ < 1,d = %'

Meanwhile, v;(@;(t)) is in the set U = [0, =@, £@i (1 +d)],k =1,2,.... @min determines
the magnitude of the dead-zone for v;(@;(t)).

Lemma 5 ([46]). The system inputs v;(@;(t)) can be described as

vi(@;(t))=E(w;)@;(t) + ¥;i(t) 4)

3.2. Graph Theory

Denote an undirected graph Q = (U, J,A), whered = {1,..., N} is a node set. De-
fine J C U x U as the edge set with no self-loop and A = {a;;} € RV*N as the adjacency
matrix. Anedge (i,j) € J,if and only if a;; = 1. Denote N; = {j|(i,j) € J } as the neighbor

set of node i and the matrix D = diag{ZjN:l atj, .-, }\]:1 aNj} as the degree matrix. Define

the Laplacian matrix as L = D — A. If there is an undirected path between each node pair,
graph Q is a connected graph.

Lemma 6 ([47]). For a connected undirected graph Q, it has a positive semi-definite Laplacian
matrix which has a simple eigenvalue 0 and the associated eigenvector 1y.

3.3. Multi-Agent Systems

Consider the FOMASs with N agents and each agent is described by the MIMO system
with m subsystems. The dynamic for agent i is:
D%y (t) = i1 + hig(Xip)

Daxi,n(t) = ui(t) + hi,n(Xz’n) &)

Yi=Xi1

wherei=1,...,N,I=1,...,n—1a € (0,1),x1,...,%;; € R™ are system states, u;(t) € R"™
is the control input, y; = [y;1,...,Yim]! € R™ is the system output, X;,, = [xgl,. e x{n}T
€ R™ is the state vector, h;;(X; ) = [hij1(Xin), - higm(Xin)]T € R™ is the vector of
unknown nonlinear functions. Specifically, the kth subsystem is described as
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D1 i(t) = xipp1 6+ hig,(Xin)
D i (£) = i (t) 4 hy i (Xin) (6)
Yik = Xilk

where x; |  is the system state, y; ; is the system output, u; i () is the control input, /1; ;  (X; ,)
is an unknown nonlinear function.

3.4. Distributed Optimization Problem

This paper investigates the quadratic DOP for the FOMASs. For agent 7, define the
local objective function f;(-) : R™ — R as

filyi) =yl ai(t)yi + b} (H)y;i +ci(t) 7)

where a;(t) € R™ ™, b;(t) € R™, ¢;(t) € R™, ||a;(t)|| < ao, [|bi(t)]] < bo, ||ci(t)]| < co and
ao, by, co are known constants. The global objective function f(-) : R"N — R is defined as

N
fly) = ;fi(yi)

st(L® Im)_l/ = 0N

®)

where y = [y],...,yL]T. According to Lemma 6, given a bounded continuous function
a(t),if y = a(t) - 1,,n, one has (L ® I, )y = 0. Thus, based on the penalty-function method,
design the penalty term % uyT (L ® Ly)y where u is a positive designed parameter. The
global objective function can be rewritten as

N
1
F(y) =Y fily) + 5my" (L® Lu)y ©)
i=1
Define the optimal solution of F(y) as v« = [yl,,...,yL]T € R"™N and
v« = argminF(y), where yi. = [Vi14,---, Yim«] . From (9), we know that when the

(Y1,--¥N)
FOMASs achieve the optimal solution y., all agents reach consensus and converge to the

optimal trajectory simultaneously.

Control objectives: This paper aims at developing an adaptive NNs-based control
protocol using FODSC technology, event-trigger mechanism and input quantization, so that
all agents’ signals remain bounded and converge to the optimal trajectory while keeping
consensus with sufficiently small errors.

4. Main Results
4.1. Neural Networks Approximation

As an effective tool for approximating continuous functions, RBFNNSs in this paper
are utilized to compensate for the nonlinear functions 1(X; , ) : R* — R. The RBFNNSs are
described as follow

h(Xi) = 9" 9(Xin) (10)
where X; , € R™ is the input vector, 8 € R is the weight vector and ¢(X; ,) = [¢(Xi4), - -,

@7 (X;,)]T € RP is the radial basis function vector and p represents the NN nodes where
¢7(Xi ) is a typical basis Gaussian function as
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—(Xj,—c )T(X —¢p)
¢1(Xin) =exp i qbz MU g=1,...,p (11)
q

with ¢; € R" being the centers and b; € R being the width of Gaussian functions.

Lemma 7 ([36]). Given a continuous unknown function h(x) defined on the compact set Qy, there
exist the NN ¢*T ¢ (x) and the arbitrary accuracy €(x) such that

hix) =8 To(x) + e(x) (12)

where ©* is the ideal weight vector defined by ¢* = argmingecq,[sup,cq, |h(x) — T p(x)]
defined by & and e(x) denotes the minimum approximation error.
Define the parameter estimation error O and the optimal approximation error € as

d=0"-98,1=12,...,n. (13)

€= h(Xi,n) - h(Xi,n

") (14)
where h(X; ,|9%) is the arrpoximation value of RBFNNs with the optimal parameter.

Assumption 1. The optimal approximation errors remain bounded and the arbitrary accuracy
satisfies €(x) < €y, g > 0.

4.2. Controller Design

Theorem 1. For the nonlinear FOMASs under Assumption 1, we construct an event-trigger
adaptive NN-based dynamic surface quantized controller (70), virtual controllers (29), (41) and (55),
adaptive laws (30), (42), (56) and (67) such that all signals in the closed-loop system remain semi-
global uniformly ultimately bounded and errors between outputs and the optimal trajectory are
sufficiently small.

Proof. Define the errors for agent i, subsystem k as follow

*
ZiLk = Xilk — VYik
Zilk = Xilk —Tilk (15)
*

Wilk = Tilk = X1k

1=2,--,n k=1, ,m

where z; 1 is the tracking error, 7;  is the output of the FODSC, and w; ; y is the FODSC
error between r; . and x7, ;.
Step 1. According to (7) and (9), the gradient of newly constructed global objective
function F(y) is
AYN, filyi(t
VE(y) =22 lill) g;/(yl( ), WL & In)y. (16)

Since the global objective function F(y) is convex, the optimal solution y, satisfies
VF(y«) = 0. Thus, for agent i, we obtain

2a;(t)yi, +bi(t) + 1 Y aij(Vis — Yju) = O, (17)
JEN;
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Define the vector z;1 = [z;11,..,Z2i1,m,] - From (13) and (15), one has

OF(y) _9fi(vi(t) +u2al,

a]/,‘ ayl jEN;

=2a;(t)y; +b;(t) +u Z a;; (i

JEN; (18)
=2a;(t)y; + bi(t) + p Z au —2a;(t)yix — bi(t) — p Z aij (Vi — y]*

JEN; JEN;
=2a;()zig +p Y aii(zip — zj1)-

JEN;
Letz; = [ZlT,l"' le] Through (16) and (18), one obtains
IF(y) _

T (19)
where H = A+ u(L® I;) and A = 2diag{a;(t)}. Construct the Lyapunov function for
FOMASs as:

oF (y) _1(9F(y) N
n= 2( dy ) " ay +1-; k; 2%i1k Oin O
o (20)
N m
Z1HZ1 22 zlkﬂllk
1 —

where ;1 i is a positive designed parameter. From the definition of z; and H, we have

D*V; —21 H(D*y; — D%y.) 11kD ﬁzlk
i=1k=
N T N m 1 ~
=Y \u Y aij(zin —zj1) +2a;(t)zin | (D*x;n — D) — Y Y ——0], D", 1%
i=1] jen; im1k=1 ViLlk
N T
=Y |n Y ai(yi —yj) +2a;(H)y; +bi(t) | (D*xi1 — DY)
i=1] jeN;
N T
- Z M Z aij (Vi — .‘/]* ) +2a;(t)yis + bi(t) | (D"xi1 — D"yis)
i=1| jEN;
N m 21
-2 ). ,yllkﬁzlkD“ﬂi,l,k (21)
i=1k=1
N T
= [V Y aii(yi —yj) +2a;(t)y; + bi(t) | (D*x;1 — D*y;y)
i=1 JEN;
N m 1
-X ) %,lkﬁzlkD Bi1k
i—1k=1 Vi1,
N m
=Y )9 | Y @i (xink — xj00) + 2[ai()yi + bi(B)]i | (D*xi1 6 — D*Yige)
i=1k=1 JEN;
m

1
i—1k=1 Tilk

T o
011 kD" 01k
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where [a;(t)y; + b;(t)] is the kth element of vector a;(t)y; + b;(t). According to (6), we have

D1 = Xjop + Wink + hiok(Xin) + ziok (22)

Substituting D*x; 1 . into (21), one has

wY o ai(xi g — xja) + 20ai(t)y; + bi(t)]k] (X T Wink +Ziok
JEN;

N m
+ hipp(Xin) — Dayi,k*)} Y )

i=1k=1

(23)

a7 ®
01 D"k

Using the RBFNNSs to approximate the unknown nonlinear function h;, (X ,) —
D*Y; ks, from (12), it results in

N m
D'vi =) )" { [# Y aii(xiage — xjk) + 2[ai (i + bi(t)]k] (X[ ok + Wiok + Ziok

i=1k=1 JEN;

(24)
+ 00 i1k (Xiw) + 001 k@i e (Xin) + €11 } Z 2 P 01, (D"0; 1
i=1k=1 lilk
According to Young’s inequality, one obtains
Y (i — X1 ) + 2[ai(t)y; + bi(t)}k] Wik
JEN;
) (25)
1 1
<3 [# Y aij(xia g — xj1 k) + 2[a; (£)yi + bi()] +§w12,2,k
JEN;
[ 2 (X — X1 +2[“i(t)yi+bi(t)]k] Zipk
eN;
2 (26)
1 1
<5 l# Yo ai(xiag — xjh) +2[ai(Hyi + bi(B)]e | + 2Z122k
jEN;
[P‘ Y aij(xia g — xj1 k) + 2[ai(H)yi + bi(t”k] €i1k
JEeN;
5 (27)
1 1
<5 Y aii(xiae — xjax) +20ai()yi + bi(H)]e| + 2€121k
JEN;

Combining (23) with (25)—(27), one obtains

N m
<y ) { [V Y aii(xin e — xj1 k) + 2[ai(t)y; + bi(t)]k] (xf,z,k + 00 @ik (Xin)

= L jen,
3 2 1
+‘9iT,1,k(Pi,1,k(Xi,n)) +om Y aij(xia e — xj1 k) + 2[ai (i + b ()] | + Ewiz,z,k
jEN;
1 m
+ -z, + 6 D01k
212k 2 i1k kZl%” i1k 1,

(28)
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Design the virtual controller x:'iz,k and the adaptive law 9; 1 as

Xiop = —C1 l}i Y aij(xia e — xjk) + 2[ai(Hyi + bz‘(t”k] — 00 ik (Xin)  (29)
JEN;

D01 = Vi1 @ik (Xin)

Y (i — Xja ) + 2[ai(t)y; + bi(t)]kl —0i1k%1k (30)
JEN;

where c1, p; 1 i are positive designed parameters and c¢; > % According to (20), zf HHz; =

T
(M) (M) can be obtained. Thus, substituting xl’flz  and 9; 1 , into (28), it results in

9y 9y
N m 3 2 1 ”
D'Vi <Y ) S —(cr—5) (1 Y aij(xinp — i) +2ai(t)yi + bi(t)]i| + >Wink
i=1k=1 ]eN

1 1 Pilk 5
+* + =€ + 19 9; k
e 2} ?31,?371,k

< - (01—5 ZlHHZl+Z;; o zlkﬂzlk-%i‘;ikzl 12k+212k+€11k) (31)
1 % 1= =

2¢; -3 (aF(y)> H—l(agg/ >+

= 2Au(H )\ oy
o 2 >
Y (Wiop + 200k + €011
1k=1

m

Zpl zlk llk

1k=1 Yi1

M™M=

!
2

] Mz

where Ayqx (H ’1) is the maximum eigenvalue of the matrix H~1.
Based on FODSC technique, as the solution of the fractal differential equation, the
state variable 7, ,  is as follows

Ni2kD riok +riok = Xk Tigk(0) = x754(0). (32)

From (15) and (32), one has

w
——2 4 Miox (33)

D*w;pk =
" i2k

where 7; 5 & is the positive designed parameter, M, ; i is a continuous function depanding on
variables Xi1kr Xj,1kr Zi2,kr Zj,2,kr Wi2 ks Wi ks Y1 ks 19]'/1,]{, b;(t), D*b;(t). According to [48,49],
there exist constants I'j 5, > 0,i =1,..., N, such that |[M; ;x| < T, holds.

Step 2. Define the error variable z;, y = x; 2k — 7,2 k- Taking the fractional derivative
of z; 5 x, one has

D*zinx =D"xjnx — D"rink 34)

" w w ~ 34
T T
=Xi3k + 021 Piok(Xin) + 0,0, Piok(Xin) + €inx — Dripg.

From (15), one obtains

it _ * T QT
D%zipr = zigg + X3 + Wizk + 050k Piop(Xin) + 02, Pink(Xin) + €26 — D*riok. (35)
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— 1vN vm (2 1 3T 3 2 : s
Let Vo, = Vi + 330 Y0, (Zi,2,k + mﬁi,z,kﬂi,lk + wi/z,k), where 7;,k is a positive
designed parameter. Then we have

N m

1 - _

D*V, = D*V; + Z Z {Zu,kDaZ,"zrk + mﬁEZ,kDaﬁi,Z,k + wilzrkD“wi,Z,k}. (36)
i=1k=1 1,2,

Substituting (35) into (36), we have

N m _
D*Vo =D*Vi+)_ )| |:Zi,2,k (Zi,S,k xS+ Wigk + 00 k@i (Xin) + O k@i 2k (Xim)
i=1k=1

.
+ €k — D* 7i,2,k> + 8,0 D inx + wi,z,kDawi,z,k} :

l/l

(37)
According to Young's inequality, one has
1
Zipk(Zigk +Wizg) < Zhop + 2( 12,3,k+w12,3.k) (38)
1,
Zipk€ik < 2 12k+2€12k (39)

Substituting (38) and (39) into (37), it results in

N
D'V, <D*Vi+)_ ) [Zi,z,k (x?g,k + 00 1 @i (Xin) + 01k @ik (Xi) — D“ﬂ',z,k)
i=1k=1 (40)
3, 1 1, 1 1
+ 2Zzzk T3 l3k + 221 3k T 2€z 2k~ 77‘“3?,12*13“191‘,2,1( + wi,z,kD“wi,z,k] .
l! /!

Design the virtual controller x7, , and the update law 9, ,  as follow

*
Xiok —Ti2k

41
i2 k 4n

T

Xigk = —CipkZiok — 2Zigk — Uin; Piok(Xin) +
e

D85k = YiokPi2k(Xin)ziok — 0i2 ik (42)

where c;, ;. and p; 7 x are positive designed parameters.
Substituting Equations (31), (33), (41) and (42) into (40), it results in

N 2¢1 —3 aF(y)
=
bV s 2Amax(H1) ( dy

m o~
)+ Y .'k 05101k
i= k:l 1k
)3

k=1

1 N
EZZ zzk+zzzk+€zlk +
_1 :

= i

[\12<

Zi2k\ —Ci2kZi2k — 221 2,k

/_\

I
—

X, —r; -
2.k i2,k
8k pink(Xip) + —=—= ik + 805 192k (Xin) + 815, @ink(Xin) — D*r i,2,k) (43)
1,2,

3 1 1 1 ~
T3 Zzz,z,k T3 w12,3,k + szzﬁ,k + Qez‘z,z,k T Yiax 1952,;( (’Yi,z,k(Pi,z,k(Xi,n)zi,z,k - Pi,z,k@',z,k)
1,2,

Wik
+ wiok (— + Mi,z,k)
Mi2k

Using Young’s inequality, we have w;,;M;, < %wlzz et %F?z ¢ Combining the
inequality with (43), one obtains
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_ T N m
Dtxvzgz)\ZC](H?)l) (ap(y)) H- (() chﬂk 12k+22p11k zlk zlk

max a]/ ]/ i=1k=1 i=1k=1 Yilk
N m piZ N m 1 1 N m
Y OB — ZZ( 1)w2k+222( 11k+€12k) (44)
i—1k=1 Vi2k i—1k=1 \"i2k i—1k=1
1 N 5 1 N m
+*erzz+*22( 13k+w13k)
254 25&a

By using the FODSC technique, one has

NigkD iz +rizk = X35 1i3k(0) = x73,(0). (45)

From (15) and (45), we obtain

Wi,3k
Dwizy = — — + Mk (46)
where 773  is the positive designed parameter, M3 = —D"x};  and there exists a positive

constant I3, [Mizx| < iz
Step p. The p-th error variable is defined as z; ,x = x;,x — 7, and combined
with (15), we have
DaZi,p,k :D"‘xi,p,k — D"‘ri,p,k

- (47)
=Zipt1k T X py1p T Wiptik + ﬂz'j:p,kq)i,p,k(xi,n) + ﬁgp,kq’i,p,k(xi,n) + €ipx — Drip k-
Through the FODSC technique, the next fractal differential equation is obtained as

Tipk D ik + Tipk = Xiprr - Tipk(0) = 27,1 (0). (48)

According to Equations (15) and (48), we have

" Wi,pk
D*wjpp = ——— + Mk (49)
Mipk
where 77; , i is the positive designed parameter, M, = —D"x} ik and there exists a positive

constant I'; , x, M x| < Ty

1N . (e
LetVy =V, 1+5 55 Yl (2 ( ikt 7T % o ﬁz,p,kﬂz,p,k + wZ b, k) where 7; , i is a positive
designed parameter. Then we have

N m
D"V, =D"V,_1+) ), (zlka Zipk +
i=1k=1

Substituting (49) into (50), it results in

- kl9T kD 19lpk+wlka wlpk> (50)
ip,

N m
DYV, =D*V, 1+ ) ), {Zi,p,k (Zi,p+1,k + X pi ke T Wipr1k T o ok Pip e (Xin)
iS1k=1
(51)

~ 1 _
+ 00k @ipk(Xin) +€ip) — D“Vi,p,k) + P 0, kD" + wi,p,kDawi,p,k} :

Lp,

According to Young’s inequality, one has

1
2 2 2
Zipk (Zi,p+1,k + wi,p+1,k> S Zipkt g (Zi,p+1,k + wi,p+1,k> (52)
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1 2 1 2
Zipk€ipk < 5Zipk+ 5€0pk (53)

Substituting (52) and (53) into (51), we obtain

N m -
D“Vp =D* V 1+ Z 2 |:Zi,p,k (x:-‘,pﬂ,k + ﬂgjp,kq)i,p,k(xl’,n) —+ ﬁgp,k¢i,p,k(xi,n) — D”‘ri/p/k>
5 i=1k=1 (54)
2 — D" ;i -+ Wi D w,,}

1 1
+2‘Zzpk+2( ,p+1k+2€zpk+w1p+lk)

'Yi,p,k

Design the virtual controller x} 1k and the update law 6; ,  as follow

X
- T ipk Py
Xip1k = CipkZipk = 2Zipk = Ok Pipk + ———— (55)
Mi,p.k
D8y = VipkPipk(Xin)Zipk — 0ipkBipk (56)

where p; ,  is the positive designed parameter. Substituting Equations (49), (55) and (56)
into (54), then we have

a ® AN T x?pk ~Tipk
D"V, <D*V,_1+)_ ) Zz‘,p,k<_ci,p,kzi,p,k = 2Zjpk = O k@i pk(Xin) + ————
i=1k=1 Mi,p.k
~ 3 1
T T 2 2 2
0k Pipk(Xin) + 0 1 Pip e (Xign) — D“’z)pk) T 2%k T (2 p a1 T Wip st (57)

+ (—:Z-z,p,k) —

T i,pk
o Ok (Vipk@ipk (Xin)Zipk = 0ipkBipk) + Wipk ( Toor + M, k)]

Through (31) and (44), one obtains

T
2(31 31 (aF(y)) Hl( ) chlkzllk"_zpzlkﬁllkﬁllk
2/\mux 1= ’

<LE|-

ay il

1k iLk

l 1 ”1‘ —( 1 1R 1 R 9
1 ERRPERNNE P R 2 |

T3 1; €k~ 1; <77i,l,k )wt,l,k T3 1; kT3 (Zz,p,k + wz,p,k)

Using Young's inequality, one has w; , x M; ,, x < 2wl ok T 2 Z ok Combined with (57)
and (58), we have

- 20 -3 (IFW)\' - Pilk 3
DWAZZ[ZW(HU( ) t 1( ay ) ZCZ”"”‘*Z s Ok

ay il
=1k=1 1=2 =1 Vil
Z (59)
: 2 185, 18 1/, 2
- z; . Dwie+ 5 l; €Lkt 5 l;ri,l,k 5 (Zi,p+1,k + wi,p+l,k> :
Step n. Define the n-th error variable as z; , y = x; ,,x — i k- Then, one has
D%z =D"x; px — D*ripx ©0)

T ST
=ik + 0, Pink(Xin) + 05 @i g (Xin) + €k — Dy ke

Through the FODSC technique, the following fractal differential equation can be obtained

Hipk D" ik + Tingk = Xinpr Tink(0) = X7, (0). (61)
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By Equation (61), we have

Wi nk

Mink

D*w;,x = — + M i (62)

where 7; , 1 is the positive designed parameter, M; , , = _Daxi*,n,k and there exists a positive

< Tipg Let Vi = Vi + 5 L T (Ziz,n,k 500 Bk + wzz,n,k)

Yink Lk

constant I'; , 1, [M; ,, &
where v; ,,  is the positive designed parameter. Then we obtain

N m
1 ~
DV, =D"V,_1+ Y Y (zi,n,kD"‘zz-,n,k +o— o D0, i + wi,n,kD“wi,n,k). (63)
i=1k=1

M,
Ln,

Substituting (62) into (63), it results in

N m -
D"V, =D"V,.1+ Y ). {Zi,n,k (ui,k + 0] @ik (Xi) + Ok Pinge(Xin) + € — D“h‘,n,k)
i—1 k=1 (64)
1 _
+ p— 0L, (DB, + wi,n,kDawi,n,k} .

By employing Young’s inequality, one has z; ,, x€; ,x < %z?n P %e‘%n - Combined
with (64), we obtain

N
~ 1
D"V, =D"V,_1+ Y Y. {Zi,n,k (ui,k + 00 @ik (Xi) + Ok Pinge(Xin) — D'Xri,n,k) + Ezﬁn,k
i=1k=1 (65)
1 2 1 nyl Ny ®
t €kt 8; kD" 0k + Wi kD Wi | -
Yink

Design the actual controller @; ;(t) and the adaptive law 9; ,,  as

*
Xink ~ Tink

_ 3 T
Tinje = CinkZink + 5Zink + Vi Pink(Xin) — — (66)
in,
Da&i,n,k = 'Yi,n,k(Pi,n,k(Xi,n)Zi,n,k - Pi,n,kﬁi,n,k (67)
—% 2 2
1 _ Zi,nk <7Ti,1,kxi,n,k) Zim kL1 1
(D,-,k(t) =14 b — a (68)

—4| tinmk— > \/ 2 2
(Zimiming® i) + 72y V Enddlink)+ Ty

where ¢; , k, Oink i1k Tiok and I1; 1 ; are positive designed parameters. Based on the
hysteresis quantizer technique and Lemma 5, one obtains

2
Zi,n,k(ﬂi,l,kf* k) 2Zj n i 112
E(wi,k)wi,k(t) < —xf L — LR Lk (69)

ink . 2 > \/(Z kH'lk)2+7T'2
(Zi,n,kni,l,kxj,n,k> =+ 7'[1.’2’,( inkt4,1, i2k

The event-triggered controller u; ;(t) is designed as

Ui () =0k (@i (t)),V € [t tit1) (70)
and the trigger condition for the sampling instants are designed as

tp=inf{t € R||Ajx(t)| > 71 |uip(£)] + Vi) (71)
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where A (£)=v; x(@; x(t,)) — u; k() is the event sampling error, 0 < 71;1, < 1 and Y1
are positive designed parameters, t,,1 € z" is the update time for the controller.
According to (71), one has

Aik()=vix(@; k(1)) — uip (1) =T 1k (£) 7Tk (F) + T2k (£) Yik (72)
where 7,1 (1), Tjp k() are time-varying parameters satisfying |71 ¢ (t)| < KB <1
Thus, we have

V(@i (1)) — Tox()Y;
”zk(t) zk( zk( )) z,2,k( ) i1,k (73)
1T+ 716 () 71k
Combining (73), (62) and (67) with (65), it results in
N m
Vik(@ix(t)) — Tiox(t)Yirk
D"V, =D*V,_1 + 2 <,, : 2K Yitk 4o
! " 1; k:Z] [ ok 1+ 71,k (8) 701,k ik
x;ﬂ,n,k + ﬁgn,k(Pi,n,k(Xi,n) + gz‘]:n,kqoi,n,k(xi,n) - Da”i,n,k)
1 1 1 (74)
+ zzzzn kT Zelzn e 19Zn,k (Vi e ®ipk (Xije)Zipk

Wi nk
- Pi,n,kﬁi,n,k) + Wi nk (_ + Mi,n,k) .
Mink

Through Young’s inequality, we have w; , kM, ,, i < %wlz axt %1"12 ke Then, from (66),
one has

N m
Vi (@i (t) — Tiok(H)Yiak
D*V, =D"V,_ : l = 4]
g n1+22[zz,n,k( el sy,

i=1k=1
2
3 l 1, Pink =T Wik
2 M,
~CinkZink 2 zn kT 5 2 n kT 261 nk + ')’lz,,:z,k 19z n, kﬂi,n,k - il,:,k (75)
15 1
+ 2w1nk+ 2rznk]
According to Lemma 3, (68) and (69), one has
N m
3 1 1 kT
DDCV” DV” 1+ZZ[ Clnkzznk 2 tnk+2212nk+2€znk+:/llz 19171kl9l?l,k
i=1k=1 1,
(76)
2 2
W 1, 1, 1, @ 200 k
_Ln, - T min .
o 20k ik o I T T
From (44) and (59), one obtains
N m T
2c1 — 3 oF Pilk %
<Y Y| 1 ) H chlkzllk"_z T i1k
i k=1 2/\mﬂx(H ) ay — =1 r}/l, Lk 77
n—1 ) n—1 1 1 n—1 ) 1 ) ) ( )
2 _ -1 b N T : .
> €ik 1222 - Wi+ 5 l; ik T3 (Zz,n,k + wz,n,k)

Thus, combining (76) and (77), it results in
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N m T
200 -3 (9F(y)\ ;1 PiLk 7
DKVHSZZ[_ZA (H‘1)< 0 H chlkzllk+2 T ik
i—1k=1 max Y — -1 Yilk (78)
41 i €2, — i 1 +2 Z I Din n 270k
P e R AT Wik WET 21— m1p)2 1= Mgk
From Young’s inequality, one has
19zllcl9zlk<—*19111<19zlk+ ﬂzlkﬂzlk (79)
Therefore, rewrite (78) as
N m T n
2c1 -3 <9F(y)> 1<3F(y)> 2 Pilk 3T 3
D"V, < - H — | — Ci ] kZ; 1k
" 2;[ 2Amax(H1) \ 0y %y 1222 v Z 271k st
1& > 1 1 (,02 27Ti2k
+ =) € — — +=-Y'1? + i (80)
2=k _Zé(nf,z,k ) itk E H 1—7T11k) 1= Tk
Pilk oxT g%
+
lgl 2')/1‘ I ilk 1,l,k‘|
Denote
1y & oy 277, ) Pilk
= r? + min + LR 4 LA 9T +=-) € (81)
25]&(2 ilk 1_7Tz,l,k)2 1*7Ti,1,k ;2%” ilk llk Z ilk
Accordingly, the Equation (80) can be rewritten as follows
N m T
2c1—3 <8F(y)> 1( ) Pilk 5T 3
D*V, < - H Cil kZ Lk
n l_zlkzl[ ZAmgx(Hil) ay ay IZ 1, llk 22,),1 ’ llk l (82)
& 1
— Z —1 wl 1k + ¢
1= \ i, Lk ’
where %‘}\1 2> 0,¢0 >0, 26;;11/1’; > 0, (,I:I,k —1) > 0. Define © = mm{ZZA ,2Ci 1 ks
Pilk 1
er,z( TiE 1)}. Then, (82) becomes
D*V,(t,x) < —OV,(t,x) +&. (83)
From (83) and Lemma 4, it results in
. ep
lim |V, (t)]| < =. 4
lim |V, ()] < & &)

According to the Lyapunov function V;, we obtain that 3z Hz; < &. Thus, one has

Iz1]] < 4/ %‘. Since z1 = y1 — Y, |ly1 — vl < %l holds. Then, it can be summarized
that the error between agents’ outputs and the optimal trajectory is bounded. From the
definition of ®, one concludes that with designed parameters cy, ¢; x increasing, the value

of 4/ %’ will be decreasing, which means that sufficiently large parameters c; and c;

brings the error small enough. This complete the proof of Theorem 1. O

Next, the proof of avoiding Zeno phenomenon is as follows.
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From A; i (t)vik (@ (t)) — uix(t), one has D*|A;x(t)] = sign(Aix(t))D*(Aix(t)) <
|D*(v; k(@i k(1)) < (14 d)|D*(@;x(t))|. From the actual controller @; i (t), it is known
that D* (a)l k( )) is bounede in a closed interval [0, t]. Thus, given a positive constant / such
that |D*(@;x(t))| < h. From A(t,) = 0 and lim;;_, A(t) = Y;1 . Hence, there exists +*
such that t* > Y, /h. Therefore, there exists t* > 0 such that Vi € z*, {t,,1 — ,} > t¥,
the Zeno phenomenon will not occur.

Remark 2. In contrast to[7,8,50], where the high-order DOP is investigated for single-input—single-
output agent, agents in this paper are described by MIMO dynamics, which means the developed
control protocol are fitted in many practical engineering applications, like marine surface vehicles,
unmanned aerial vehicles and wheeled multimobile robots.

5. Simulation

In this section, we propose a simulation exmaple to verify the abovementioned theo-
retical results. Construct a connected undirected graph with five agents (see Figure 1). The
dynamic of each MIMO agent is described as

D1 () = xipp + higp(Xip)

Dx;in () = uip(t) + hipx(Xi2) (85)
Yik = Xiok
where i = 1,...,5,k = 1,2, X;5 = [x[},xL,]", hj11(X12) = —0.02x17,; — 0.05x1:,

h1,2,1(X1,2) 0. 02x1,1,1 +0.01x1 01 — 0.04x1 55, 11.12(X1,0) = 0.0521,1 5 + 0.02x1,1,1,
hp2(X12) = 0.02x1,12 — 0.04x1 22 + 0.01x1,1,1, h2,1,1(X2,2) = 0.08x2,1,1 +0.01x 1,
hp21(X22) = 0.01xp,1,1 + 0.03x21, h212(X22) = —0.08xp15 — 0.01x222, h222(X22) =
—0.01x2,12 — 0.08x222, 131,1(X32) = 0.05x311 + 0.05sin(x321), h321(X32) = x311 +
0.08)(3,2’1 — xélll Sil’l(X3l2,1) — 0.059(3’1’2, h3,1’2(X3/2) = —0.059(3,1’2 —0.05 Sin(xglz,z),
h322(X32) = —x31,2 — 0.08x322 — X3 1 5 8in(x322) — 0.05x3,11, h41,1(Xa2) = —0.06x41,1 —
0.01x41,1%42,1, Map1(Xap) = X411 — 0.01x401 +0.02x5 1 | — 0.01x411%42,1, a12(Xs2) =
0.02)&1[1]2 + 0.01X4,1,2X4,2,2, h4’2,2(X4,2) = X4,1,1 + 0.01X4,2,2 — 0.O2xi1,2 + 0.01x4,1,2x4,2,2,
hs11(Xs2) = 0.02(x51,1 — X512) +0.02x512, h521(X52) = 0.1x511 +0.02%3, | +
sin(0.01x3 ; | +0.04x, 1) +sin(—0.01x3 , , — 0.04x2,,), h15,1,2(X52) = 0.02(x51, — X5,1,1) +
0.02x5,1,1 and h525(Xs52) = —0.1x515 — 0.02x3 , , + sin(0.01x3 ; ; +0.04xZ, 1) +
sin(—0.01x3 , , — 0.04x2,,).

Figure 1. Communication topology.
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Construct the local objective function for each agent as
filyi) = (y;1 — (0.9 4 0.051) sin(t))* + (y;2 + (0.9 4 0.051) cos(t) ) (86)
and the global objective function is

5
fly) = ;fi(]/i)- (87)

Accodring to the Theorem 1, design the virtual controller, the controller and adaptive
laws as

Xjpp = —C1 l# Y aij(xiap — xjk) + 2[ai(Hyi + bi(t)]k] — 00 piak(Xi2)  (88)

JEN;

= 3 T xs'iz,k —Ti2k

Kok = CipkZipk + 5Zi2k + 00k Pigx(Xi2) — 1777 (89)
1,2,

1 Zi2k (ﬂi,ka ‘,2,k) Zi9 il 15

@ () = 14 — Xk~ Z > - l 1’;’]( - (90)
\/(Zi,2,k77i,1,kf;ﬁ2 k) —|— 7'[122 k \/(Zirz,kni,l,k) + ni,z,k

ui (1) =0 (@i (t)), ¥ € [t, tii1) 91)

D01k = Vi1 ki1 x(Xi2)

wY o ai(xige — xj1) + 2[ai(H)y; + bi<t)]k‘| — itk (92)
JEN;

D02k = YipkPiok(Xi2)Zipk — Pip ik (93)

where the designed parameter a;; = 1, ¢y = 1.6, ¢j o x = 50, 17;2x = 40, Yiox = 1.5, pi1x =5,
Pizk =03, i1k =05 Mo =2,1li1k =2,Y1x =2, @®min = 1 and d = 0.4. Select the
initial conditions of FOMASs as x17 = [—1.1,0.9]7, xp; = [-1.05,0.95]7, x3; = [-1,1]7,
x41 = [—0.95,1.05]T and x5; = [-0.9,1.1]T.

Figures 2-16 show the simulation results. The trajectory of FOMASs’ outputs are
seen in Figures 2 and 3, which show that all signals in FOMASs remain bounded and all
agents reach consensus and follow the optimal trajectory. Figures 4-13 release interval
and display the trajectories of u;, 4(@;x) and (1 —d)w@;; withi =1,...,5,k = 1,2, which
illustrate the boundness of u; ;. Figure 14 shows the value of global objective function f(y),
from which we can summarize that the proposed control protocol minimizes the global
objective function f(y) and deals with the DOP for FOMASs with small errors. Figure 15
shows errors between agents’ outputs and the optimal solution of global objective function,
from which we can conlude that the optimal consensus errors are bounded and close to
zero. Figure 16 shows trajectories of RBFNN and h1 11(X1,2) — D*¥1 1.. It can be seen that
RBENN can track the unknown nonlinear function with small errors. From the simulation
results, it can be concluded that the proposed algorithm can ensure all MIMO agents reach
the optimal trajectory with lower computation in the uncertain FOMASs.
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Figure 2. Outputs of subsystem 1.
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6. Conclusions

This paper deals with a class of nonlinear FOMASs where each agent is described
by MIMO dynamics. To make all agents not only reach consensus, but also achieve the
optimal solution of DOP, the penalty term is constructed by using the property of connected
undirected communication graph and the global objected function is reconstructed. Frac-
tional derivatives of virtual controllers are acquired by FODSC technique while avoiding
“explosion of complexity”. Compared to existing literatures which only investigate DOPs
for the first-order or second-order linear MASs, the DOP for high-order uncertain nonlinear
MIMO MASs is solved by constructing a novel event-trigger based quantized adaptive
backstepping control protocol using RBFNNs technique, which reduces the utilization of
communication resources. Simulation results demonstrate that the developed algorithm
makes all agents reach the optimal trajectory with bounded errors and the smaller sam-
pling frequency of the control input. It should be noted that the algorithm in this paper is
developed based on Lyapunov asymptotically stability theorem and the state trajectories
converge to stability in a sufficiently long time. In future work, we plan to investigate
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the finite-time DOP for high-order nonlinear MASs and apply this control scheme to real
physical systems.
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