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Abstract: We introduce hyperbolic oscillation spaces and mixed fractional lifting oscillation spaces
expressed in terms of hyperbolic wavelet leaders of multivariate signals on RY, with d > 2. Contrary
to Besov spaces and fractional Sobolev spaces with dominating mixed smoothness, the new spaces
take into account the geometric disposition of the hyperbolic wavelet coefficients at each scale
(j1,- - ,j4), and are therefore suitable for a multifractal analysis of rectangular regularity. We prove
that hyperbolic oscillation spaces are closely related to hyperbolic variation spaces, and consequently
do not almost depend on the chosen hyperbolic wavelet basis. Therefore, the so-called rectangular
multifractal analysis, related to hyperbolic oscillation spaces, is somehow ‘robust’, i.e., does not
change if the analyzing wavelets were changed. We also study optimal relationships between
hyperbolic and mixed fractional lifting oscillation spaces and Besov spaces with dominating mixed
smoothness. In particular, we show that, for some indices, hyperbolic and mixed fractional lifting
oscillation spaces are not always sharply imbedded between Besov spaces or fractional Sobolev
spaces with dominating mixed smoothness, and thus are new spaces of a really different nature.

Keywords: hyperbolic oscillation spaces; mixed fractional lifting oscillation spaces; Besov spaces and
fractional Sobolev spaces with dominating mixed smoothness; hyperbolic wavelet basis; multifractal
analysis of rectangular regularity

1. Introduction

A classical way of describing regularity is to use pointwise Holder classes C*(x) at
an arbitrary fixed point x € R? (with & > 0), Holder-Zygmund C*(R?) spaces, classical
and fractional Sobolev spaces (sometimes denoted as Bessel potential spaces), Besov spaces
and Triebel-Lizorkin spaces. These spaces attracted a lot of attention theoretically and
have been treated systematically with numerous applications given in many areas such
as numerics, signal processing and fractal analysis, to mention only a few of them (for
examples, see [1,2] and references therein).

Unfortunately, these spaces have the disadvantage of not fully capturing changes in
the regularity of multivariate functions f, i.e., d > 2, that have anisotropic structures. In
fact, these spaces only resolve a certain minimal smoothness for functions or signals which
are rather smooth in a Cartesian axis-direction but rough in another axis-direction (such as
layers in the earth, stripes on a shirt, etc.). Anisotropy naturally appears whenever physics
does not act the same in different directions, e.g., geophysics, oceanography, hydrology,
fluid mechanics, or medical image processing (see [3-7], among others).

Great effort has been devoted by many researchers to remedy this by generalizing
the spaces in various ways. New spaces with different anisotropic or mixed degrees of
smoothness along direction axes have been introduced and studied locally and globally.
The function decompositions of these spaces have been investigated. Fourier analytical
approaches were given. Approximations by certain sums of either anisotropic or hyperbolic
tensor product blocks, wavelets or splines have been used. Many fundamental results such
as imbeddings, traces theorem, etc, were obtained.
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In various domains, Besov spaces constitute a natural mathematical setting to study
signals, as they have a convenient wavelet characterization and fit naturally to approxima-
tion problems. They also have the advantage of being sharply imbedded with fractional
Sobolev spaces.

Anisotropic Besov spaces were introduced for the study of semi-elliptic pseudo-
differential operators whose symbols have different degrees of smoothness along different
directions, cf., e.g., [2]; see also [8-11], and references therein, for a recent use of such
spaces for optimal regularity results of the heat equation.

Let D = {1,---,d}. Fori € D, let ¢; be the i-th unit vector in R?. For f : RY — R,

= (x1,---,x;) € R?and h € R, the iterated difference of f of order n € Ny = NU {0} is

defined as .
2 1+“<> (x + lhe;) .

Then, the anisotropic Besov space Ap’q(Rd ),where1 < p,g<occands = (s1,---,5;)
with 0 < s; < 00, is defined as

AFT(RY) = {f e LP(RY) = [IfIA}T(RY)

,where M = (M, - -- , M) € N? with M; > s; and

1/
IF1457 Rl = I1£1L7 (RY) ||+Z(/ e @)

(with a standard appropriate modification to use the sup norm in the case of g = c0).

As in the isotropic case, anisotropic Besov spaces encompass a large class of classical
anisotropic functional spaces (see [2,12-14] for details). For example, if 1 < p < o0, s € N
and W;(Rd) is the classical anisotropic Sobolev space given by

W5(RY) := {f € LP(RY) : [|f|W5(RT)]| < oo}

where
aS
IFIWS(RY) || = [|If|LP(RY)] |+ZH flL”(Rd)H
i=1 axl
then
AP (RY) = W3(RY)
and

A;,min(lo,z) (Rd) N W; (Rd) s A;,max(P,Z) (Rd) ]

The latest equality and embeddings remain true if the classical anisotropic Sobolev
space is replaced by the fractional anisotropic Sobolev space H;(Rd) fors ¢ N?. Actually,
fractional anisotropic Sobolev spaces are special cases of anisotropic Lizorkin-Triebel
spaces, and are therefore sharply imbedded between anisotropic Besov spaces (see [2]).

In order to describe new types of dominating mixed smoothness, mixed differences
and mixed derivatives conditions have been added (see [15-17]). Letn = (ny,--- ,ny) € Ng.
Forh = (hy,---,hy) € R?, define the mixed differences of order n as

Rf(x) =LAy oo A f(x).
For A = {iy, -+ ,iy} C D, set

n; n;
ﬂ,Af = Ah:,ll (oI A Ik f

hlk lk
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Besov (or Nikol’skii) spaces with dominating mixed smoothness are defined as

1A (RD)|am

by sz}cp</[ (s (ORI ||) H|tll|>w-

=2 A={iy,

+

The standard appropriate modification to use the sup norm in the case of g = cc leads
to the so-called Holder spaces in LP with dominating mixed smoothness.

Note that the above norm does not depend on the size of M (equivalent norms).

Write x < x’ (resp. x < x (with respect to x > x')) if x; < x/ (with respect to x; < x/
(with respect to x; > x/)) forall i € D, etc.... Put1=(1,---,1)and 0 = (0, --,0) € R%.

Mixed differences HA |LP(R)|| can also be replaced by mixed moduli of continuity
(or smoothness) sup ||A L FILP(RY) | (for example, see [15,18,19]).

—t<h<t
Sobolev spaces with dominating mixed derivatives W (R%) were also given. They are

subsets of anisotropic Sobolev spaces W (R%) with additional mixed derivative conditions:
Wy (R?) := {f € LP(RY) : | fIW(RT)] < oo}
where

i i asil-&-w-&-s,'kf p
IFIWp (RO = [l FIW, R + Z Y I IR

k=2 A={iy, it }CD ax axfklk

Fractional Sobolev spaces with dominating mixed derivatives were also given and
are sharply imbedded with Besov spaces with dominating mixed derivatives (for example,
see [15,20]).

Many authors have performed a detailed study of the above spaces with dominating
mixed derivatives, for example, see [20] and references therein. These spaces have been
also studied from the viewpoint of function dyadic decomposition [21].

As in the theory of classical Sobolev spaces, alternative definitions in terms of Fourier
transform may be given. They have lead to the representation theorems by Littlewood-Paley
blocks [2,15,17,22]. This allows for a natural extension to parameters p and g which are less
than 1 [2].

Function spaces with dominating mixed smoothness represent a suitable framework
for multivariate appoximation; see [23-25]. For example, it was proved that it suffices to
use entire functions whose spectrals lie in hyperbolic crosses.

The above spaces for the full range of the parameters p, g have been characterized
by more or less elementary building dyadic blocks such as atoms, molecules, quarks,
splines [18] and wavelet bases [15,20] (see also [17,26]). Actually, the standard isotropic
dyadic blocks yield a bad decay for the coefficients and consequently do not contain the
anisotropic smoothness information. Anisotropic or hyperbolic dyadic blocks are better
suited in this scenario [27-29].

These developments together with the interrelations with hyperbolic crosses have
numerous applications in computational mathematics, the numerical solution of partial
differential equations, data analysis and signal processing [17,23,24,30-34]. In particular,
ref. [35] has recently generalized the boundary crossing theorem and the zero exclusion
principle for fractional systems.

Let us recall the wavelet characterization of Besov spaces with dominating mixed
smoothness. Let ¢y = ¢ be the univariate smooth enough and compactly supported
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Daubechies mother wavelet (see [36]). Let _1 = ¢ be the corresponding father wavelet.
PutN_; =NoU{—1}. Forj € N_j,k € Zand x € R, write

. [ j ifjeNg ‘ [ p(2Px—k) if jeNp,
m_{o ifj=-1 w]’k(x)_{gbl(x—k) if j=—1.

Then (2[1] /2¢j,k)j€N_1’k€Z is an orthonormal basis of L?(R).

d
Forj = (ji,---,ja) € Ny, put [jl = ([ja], -, [ja]) and |j| = ;]}-

Fork = (ky,--- ,k;) € Z%and x = (x1,...,x4) € Rd,put
d
¥jk(x) = Hlpji,ki(xi) :
1=

Then, the collection {2/ll/2 Yijx +j€ N?,,k € Z%} is an orthonormal basis of
LZ(Rd), a called hyperbolic wavelet basis [23,25,37,38]. Thus, any function f & Lz(Rd) can

be written as
f=YX X Gu¥jx
jeN? | kezd

with )
Cj,k = 2‘[]” /Rdf(x)‘I’]-,k(x) dx

called a hyperbolic wavelet coefficient.
Foranyj € Nd_l, and k € 74, let

d ) 4
A =A%, k) = ]—[[kiZ*[ﬂ, (k; + 1)27[11-]) ‘
i=1
Set
Ch=Cix, ¥a=VYjx and Aj={A(j, k) : ke 74y .

We have the following proposition.

Proposition 1 ([15,20,26]). Let0 < p,q < coands = (s1,--- ,54) € R4, A function f belongs
to the Besov (or Nikol'skii) space B;’q with dominating mixed smoothness if

1F1BY RN = 165l ae ) < o

with

1/p
by == 2(51*%)[il]Jr“'Jr(Sd*%)Ud] ( Z |CA|P) )
AeN

From now on, we will call it a hyperbolic Besov space. Clearly, hyperbolic Besov spaces
involve simultaneous axes directions behaviors; nevertheless, they are only defined for
positive p’s and are invariant with respect to permutations of the locations k’s of wavelet
coefficients Cy with A € A;j at each scale j. In [39,40], it is proved that such locations
affect the fractal geometry of rectangular pointwise singularities of f. Such positions are
important for the computation of the local suprema of a specific family of coefficients of
smaller scales and located at the same place. These suprema are called hyperbolic wavelet
leaders and are given by

dy = sup |Cy/,
AcA
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printA ={6=(6y,---,05) >0 : su

where A’ C A means that there exists j > j such that A’ € Ay, and A’ is a subset of
A. In general, the computation of the hyperbolic wavelet leaders is hard. Nevertheless,
in [39,40], it is shown that the decay of hyperbolic wavelet leaders around each given point
x = (x1,---,x4) € R? characterizes the rectangular regularity £(*1-" ) (x) of the function
at x. The latest is defined through local oscillations over rectangles around x. For € > 0, we
denote by B(x, €) the rectangle

d
B(x/ €) = H{xi — €, X + ei] .
i=1

Forn € Nd and E C R, the hyperbolic n-oscillation of f in E is defined by

w'(f,E)=sup [ARf(y)| €))
ly,y+nh]CE
where .
nh = (n1hy,--- ,nzh;) and [y, y + nh| = H[yi,yi + n;hy] . )

i=1

Definition 1. Let &« = (a1,---,04) > 0and x = (x1,---,x4) € R We say that f is a
rectangular pointwise regular a at point x, and we write f € £*(x), if

- 1

d
Vn>a 3C>0Ve>0, w"(f,B(x,€)) <CJ €.
i

Contrary to the classical pointwise Holder regularity C*(x) with « > 0, Definition 1
involves simultaneous axes direction behaviors in a neighborhood of x. In [40] (with
respect to [39]), it is shown that rectangular regularity fluctuates widely from point to
point for a large class of self-affine cascade Schauder (with respect to wavelet) series.
These rectangular multifractal series are written as the superposition of similar anisotropic
structures at different scales of j, reminiscent of some possible modelization of turbulent
flows or cascade models. The anisotropy corresponds to self-affine transformations of a
Sierpinski carpet K (see Section 3.1). Note that fractional Brownian sheets are rectangular
monofractal [18,40,41]. Note also that there has been a growing interest in the multifractal
analysis of self-affine functions and measures from a different point of view (see for
example [42-44]).

In [45], itis proved that the knowledge of the p-domain of f allows one to extract some
relevant information concerning the fractal print dimensions of sets of level rectangular
pointwise behaviors. Fractal print dimensions printA distinguish between sets A that are
easily covered by long thin rectangles R, (with edge-lengths I1(R;), - - - ,1;(R,)) and sets
which are not. Recall that

d
{y H(lan))Ji}) >0} . ®)

) inf
e>0 \ACUyRu;li(Ru) <<l (Ru)<e TN =1

Forj € N?, and p > 0, put the following quantity based on the wavelet leaders

S, =2~ (2 d’”) @)
AEA;

The p-domain of f is defined as

Dy={s=(s1,-,5) : 3C>0 Vj VA€ A; Sp,;<C2plalilt—tsalia)y
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The results were applied for d = 2 for the self-affine cascade wavelet series. In partic-
ular, it was proved that the p-hyperbolic domain depends on the selected generic boxes
of the Sierpinski carpet. Note that this is not the case if the d) s in (4) are replaced by the
|Cals. Thus, hyperbolic Besov and fractional Sobolev spaces are not convenient for the
multifractal analysis of rectangular regularity (see Section 3.1).

The p-domain of f has a functional interpretation.

Definition 2. Let s = (s1,- - ,s4) and p > 0. A function f belongs to the hyperbolic oscillation
space O if

LF105 RO = llojl g e ) < 00
with
1/p
0 = 0i(s, p) := 201 Pl )l ( > di) (5)
AGA]'
Clearly

Dy={s: f€O}(RI)}. ©)

Note that
O5(R?) — BS*(RY). @)

Contrary to Jaffard’s isotropic oscillation spaces [1,46], hyperbolic oscillation spaces
capture axes direction behaviors. Moreover, the p-domain can be extended for p < 0; in this

case, we require that f € B0 and Dy, is the set of all s such that for all ¢ > 0 there exists

P
C > 0, such that 21P=1=)[1]++(sap—1~¢)[jal E ( sup ICy ) <
ASA) \ N CTTL [(ki—1)27 i, (k;+2)27 i)

C for j large enough. Hyperbolic oscillation spaces yield good interaction with rectangular
multifractal analysis.

Furthermore, hyperbolic oscillation spaces can be extended via mixed fractional deriva-
tives or primitives. Lets’ = (s,---,s)) € R?. In [20] Definition 1.8, the mixed fractional
lifting operator Iy of derivatives or primitives is defined by the Fourier transform property

d
@OTT0+ &R

i=1

o~
| |

Remark 1. In [20], it is shown that Iy maps B;’q isomorphically onto B;fs 1

Definition 3. Letp > 0,s € R and s’ € R9. We say that f belongs to the mixed fractional
lifting oscillation space O;'S, iflgf € O;*S',

Hyperbolic and mixed fractional lifting oscillation spaces are defined through wavelet
leaders. The independence from the chosen hyperbolic wavelet basis is a natural re-
quirement. This will be demonstrated in the next section; we will prove that hyperbolic
oscillation spaces are closely related to hyperbolic variation spaces. Therefore, the rectan-
gular multifractal analysis, related to hyperbolic oscillation spaces, is somehow ‘robust’,
i.e., does not change if the analyzing wavelets were changed.

In the third section, we study optimal relationships between hyperbolic and mixed
fractional lifting oscillation spaces and hyperbolic Besov spaces. In particular, we will
prove that, for some indices, hyperbolic and mixed fractional lifting oscillation spaces are
not always sharply imbedded between hyperbolic Besov spaces, and thus are new spaces
of a really different nature.

The results and proofs are full hyperbolic counterparts of isotropic techniques con-
ducted in [1] Theorem 3 and [46] Proposition 2. This requires many technical efforts to
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overcome a lot of troubles caused by the different dilation factors ZUl], cee, 2lial in coordinate
axes and will be demonstrated in detail.

2. Independence from the Chosen Hyperbolic Wavelet Basis

We will prove that hyperbolic and mixed fractional lifting oscillation spaces are almost
independent from the chosen hyperbolic wavelet basis. For that purpose, it suffices to show
that hyperbolic oscillation spaces are closely related to the following hyperbolic variation
spaces.

Definition 4. We say that f belongs to the hyperbolic variation space VSV if f € L* and Vn > s

1/p
sup 2(517%)["1“”'*(5'17%)“ ]< 2 (wn(f,ZA)>p> < 0,
jeNt, kezd

where

cA = li[[(kl- — )27V, (k; + ¢)27 ).
i=1
and w™(f,2X) is as in (1) and (2).
Theorem 1. The following imbeddings hold
Ve>0,¥p >0 By(0;" — V¥ — 05.

Proof. It suffices to consider f compactly supported. In fact, if f has no compact support,
then using a partition of unity, we canwrite f = Y f(.)O(. — k), and © is a C* compactly
kezd
supported function such that Z O(. — k) = 1. Moreover, we use the fact that
kezd

1/p

1/p
I fllog ~ (gjllf(')®(~—k)|é;> and || fllysr ~ (;IIf(~)®(-—k)llf/s,p>

Without any loss of generality, we consider d = 2. Let A > 0 be large enough so
that the support of f is included in [ A, A]? and the supports of i and ¢ are included in
[—A, Al
*  We will show the first imbedding.

Let f € B&™ N O;W. Write
with

Clearly
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Wo"(f,AL) <) w“(fj/,AX)

: d
j’eNt,

< an(f]/,AX)
i'<j
=+ 2 (Un(fj/,A/\)
J<i'<(.3)
+ Y W"(f, AN+ Y O (fj, AN

]1 >]1 ]2 >]2
P<H<i3 h<j <

+ )Y w w™(fy LAN) 4+ Y w "(fy 1, AX)
1< 1<h
2<hHh<i3 h>7

+ ), W"(fi, AN+ Y W (fy, AA)
]2<]2 ]2<]2
<< izt
—+ Z n(f]-/, AX) .
/>(]1 ]2)
We have B
w“(f]-/,AA) <C| fj’ ”Lw(AX) .

Using the localization of the wavelets

sup Y [Fu(x)| <oo. 8)
X /\/EAi/

Since the support of ¥, is included in AN, it follows that

w“(fj/,AX) <C sup [Cyl. )
AM N AA£D

In particular, since f € B&™, then
W"(fy, AX) < c2—elitl—eli] (10)

It follows that . 5 o
Z n(fj’/ A/\) < Coei—¢ej;, (11)
i">(3.73)
Let
AR AA£D
Ifj > j then by (9) B

Therefore

Yo w(fy, AR) < Cj2j3d,. (14)

i<i'<(2.73)
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Properties (10) and (13) imply that forall 0 <« <1

Y whfy,AX) < Cdy Y 2-@liltel)i-w )
A j=h
P<hsh RS AN

< C2- (1—“)811%]'%({”)“ )

Similarly
Y WM(fy, AX) < C2-(mwnB 2 (16)
h27
A<
On the other hand
/\IGA i i=1

Letj’ <j. Letyandy+ nh be in AA. We apply the Taylor’s formula to each AZflpjg/k4
and we use the localization of wavelets (similar to (8) for the derivatives). We obtain

2 ) ,
[Aafy ()] < C(I—[Z”"L’illhiI"’> _sup |Gy
i=1 AN N AA£D
Clearly, |h;| < A2~ Ui for all i, and consequently
— 2 . .
w“(f]-r,AA) < C(Hz”:([h][]zb) sup |C/\,|'
i=1 AM N AA£D

Therefore, if Al denotes the dyadic rectangle of scale j’ which includes A, then

w™(fy, AX) < <]’[2" (i1l )

Thus

Y w(fy, AX) < Zﬁ mi(l7i)= : (17)
j'<ji=1

/<]

If i < jiand j, > j», we apply the Taylor’s formula to only AZ} bk, and we use the
localization of wavelets. We obtain

|Anfi(y)] < C2"1Ui]|h1|”1 sup |Cy/| < com (=1 sup  |Cy/|.

AN N AA£D AL N AA£D
Therefore
w"(fy, AX) < com(liil=lD) g —eli]—e2lfs)] (18)
(thanks to (10)) and B o
w“(f]-/,AA) < Cznl([]l]_bl])JA(ji,jz) (19)

with AU172) being the dyadic rectangle of scale (j}, j»), which includes A.
Thus B o
Y @ Ad) < iy 2"1<[111—U1J>4A</i,j2) : (20)
fi<h i<
S
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Properties (18) and (19) imply that forall 0 <« <1

Y, W"(fyp,AA) < C Yy 2m (l1)= [h]) )2—(s1[jg]+szug])(1_a)

,]2

n<h ]1<]1
h2j h2P
< (2~ (-wej Y 2m (lhl- [h])dlx p—(1=wer[fi]
]1<]1
Similarly
Y W (fir, AX) < Cj2 y. 2"2([]2]*[72])51)\(1]2)
1<i 1<h
<SR

and

Y w(fy, AA) < Co—(L=a)erf; Y. Czﬂz([fﬁ]*[iz)]jﬂf(l L, 2~ (=ajealy]

A K A1)
H<j2 H<j2
izt

where AU172) denotes the dyadic rectangle of scale (j1, j3) which includes A.
Inequality

N PN

N7 (Z |ﬂz‘|> <Y lail?,
i=1 i=1

together with (8), (11), (14)-(17), (20)—(23) imply that

\P
(] + 1) (i) + 1)) (wI‘(f,AA))

p
< Z(nznz liil— ]z])d >

’<] 1
+(i3d0)"
(2 (et 2y 4 (- (-weafs 2 yp
. ni([i]—[h]) 7 P
+i3 Y (2 1 (] Ul])d)\o;,fz))
A<h
. n([j5]—=1j2]) § y
+7 ¥ (2mU-hd )
J2<i2
—epj2(1—a n ([/4]=11])n—e1[j;](1—a) ju P
2 aB0-0p ¥ (nI-ig-alila-og
i<h
e 2(1—a n2([i3) = [2]) p—e2ljp) (1—a) Ju g
4o—ai(1-a)p ',; (2 2([o] -2l g —el2) (1 mwa@)
232

+o(-aff—ei)p

(21)

(22)

(23)

When we sum on A € Aj eachd, ; is repeated C HZUI il times in Y. So that

i=1 i'<j
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\P
() + 1)) +1) " ¥ (w“(f,AM)

AEA]'

<Z(H2 nip=1)([j Zd’ﬁ)

i'<j MeAy
2p 2
1p]2p Z "Tp
AEA;
+(2*P(1*'X)€1ﬁ]‘§”+2*P(1*Dé)€2]’§]‘f”) y 4y

/\EAi

+20 Y0 [ 2tmp-D (0=l Yy, 4,

i ‘ o /\(]] er)
A<h AGR)en
(7142)

2 nop— it1—1j
+7 Y [ 2trap 1) ()=l Y dﬁ(m&)

i< il
=h ARIEA;
: 2 o/ . -/
—&2j2" (1=a)p (mp=1)([]-[1]) 9o —per (i3] (1—a) P
4022 2 olm 1=l o—peln 2 d 7

h<h Aiep

4ot (1-a)p Yy 2 (n2p=1)([jp) = [12]) ) dr
]'ég]‘z A(h']Q)EA(]v ) /

4ol +lRlp— (et +ei3)p
Note that 201112 in the last term follows from the fact that f is compactly supported.

From (12), d, is a supremum of d, on at most cA? rectangles, then we can replace dy

by d in the previous
A-€EA .

Since f € O;+'7, then

Z dij\’ < 2+l = (s1+m)pli] = (s2+12)plj3) Vi .
/\/EAj/

Since f € O;W and f is compactly supported, then, using the third result in Proposition 3,
f € 05," forall a € [0,1]. It follows that

2 di’,’ < Clitl+ il =(s1+m)aplit] = (sa+n2)apljs) vj' .
A'EA]-/

Thus
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NP
G+ D[ +1)> ¥ (w“(f,AA))

A€EA;
< Z2(”1P—1)([fi]—Ul])+("zP—1)(Uz] [i2D) 71+ (2] = (s1+m1) Pl ] = (s2+12) p 1) (24)
i'<j
4oli]+li2]=(s1+m)plin] = (s2+172) L]
+ (Z—P(l—“)f«lﬁ + 2—P(1—1¥)€2J§)2[]‘1]+U2}—(51+'71)“PUl]—(Sz+’72)0<P[fz] (25)
+ Z 2 (mp=1)([j1]=[1]) o ljt )+ 2l = (s1+70) pl1] = (s2+12) p 2] (26)
i<h
+y 2 (n2p=1)([fp]=[i2]) o lja ]+ 5] — (s1+m) plja] = (s2+12) P[] (27)
2572
4p—eh(l-a)p Z o (mp=1)([f1]=[1]) o —pe1 [l (1=a) o [fi]+[j2] = (s1+n1)aplit] = (s2+172)ap 2] (28)
<h
4o—ej(1-a)p y 9 (mp=1)([j3]=[2]) 9 —pealiz) (1—a) o [j1]+[j3] = (s1+m1)apljn]— (s2+772)ap 3] (29)
Hh<h
tolil+lRlp— (et +eaid)p | (30)

The coefficient of [/f] in (24) is p(n; — (s; + ;) > 0 if n; > s
thus (24)~ 201+ l2l=(s1+m)pli] = (s2412)plia]
The coefficient of [fj] in (26) is p(n; — (s1 +m1)) > 0 if ng > s,
50 (26) ~ 2liil+ 2l =(s1+m)pli] = (s2+n2)pli2]
Similarly (27) ~ 2Uil+l2l=(itm)plil=(s2412)pl2 if 5y > s,
The coefficient of [f;] in (28) is p(n1 — e1(1 —a) — a(s1 +11)) > 0if ny > s9; thus, (28)
~ 2—€lip]*(1=a)pp—e1[j1] (1=a)polja] +[ja] = (s1+m)ap[ir] — (s2+m2)aplia]
Similarly, (29) ~ 2¢1 (*(1—a) pp—ealia] (1=a) poja]+[ja] = (s1+71)aplja] = (sa+2)aplia]
If siiiﬂi <« < 1thens;p < (s; + n;)ap; thus, (25), together with (28) and (29) are
< c2ll+lzl=s1plir]=s2plia],
Finally, it is clear that (30) < C2lil+ ] —siplit]—s2plia] |
We conclude that f € V7.

*  Let us now show the second imbedding. Let f € V7.
Assume first that j > 0. By a change of variable

Cr =G k—zhﬂz/f(x Ya(x dX*/fA )¢(y2)dy

with fy(y) = f(ylzxkl, yZZJ/;kz) If p € C"(R) and r > n > 1, then thanks to the scaling
properties of a multiresolution analysis, there exists a compactly supported function

8, such that p = A'10, (see Lemma 2 in [1]), so that
2

5 2 , 5 2
G = [ A TTA ety = (1= [ a0 i TTon )iy

where 1 = (1,---,1). We can assume that the supports of the ;s are included in
[—A, A]. Then

ICal < ( sup |A" 11f)\ >/|H9n, vi)|dy.
ye<

[—A,AJ2
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Ify € [-A A?and h = —31 = (—3,—3), theny + nh := (y; — %, 52 — }) and
l:";\(y+nh) = F<y121+k1 y222+kz>‘ Since —A < y; < A, then

2/ 4 202
.

Vi 5K i i as Ny as N
> ck27li+2 (A+2),(A+2)

with N = max{ny,n,}. Thus

Gl < con (£ (a+ 507)

If A’ C A, then
N —
Cul < Cwn(f, (A + )

So that N
V/\EA] dy §Cw“<f,(A+2)/\).

And

) ) o ) ) o \\7
op(s1j1+s2/2) 9 —=j1—J2 Y dﬁ < Corlsiitsaj2)p—ji—p2 Yy (w“ (f, (A+ I;’)A)) :
AEA]' /\EA]

If j; = —1and j, > 0, then

Cr =22 [ FO)¥r00dx= [ fu(¥)eln)p(v2)dy

with fy(y) = f<y1 + k1, y2+k2). If the support of ¢ is included in [—A, A], then

2/2
p(y1) = (1) AN @(y1), so that

(0" [ 2L ) A0 (r)dy = (<" [ A2 A (3)e0n)on (1),

where 0, is as above
Therefore

Cal < (YES“P |A;‘_A,_;)ﬁ<y>> [ 1908 w2)ldy.

[-A,A]?

Ify € [-A,A]*and h = (—=A, —3), then f3(y + nh) = f(yl —Ani+ky, yz_z?22+kz)'

Since the support of f is included in [ A, A]?, then

Cal < Ceom (f, (A+ Z;])A> .
IfA" =A((—1,j}5),k") C A then
n N, =
Cul < (£, (A + D))
So that

VAe A dy < Cw“<f,(A+I;])/\).
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And

S o A\ \7
o s g (olns )]
AEA]' /\GA]

Analogously, if j; > 0 and j, = —1, then

VA € Aj dA < Cw™ <f, (A+ I;I)/\)

And .
o o N —
psijin—h P < Ccobsiiin—it n
2P5112 E dy <212 E <w (f,(A—i—z)A)) .

AEA]' /\EA]
Finally, if j = —1, then using the fact that ¢(y;) = (—1)" A% ¢ (y;), fori = 1,2, we
also obtain
P n N =\
Y di<C) (w f,(A—i—?)A .
/\GAj /\GA]

In all cases

. siTi o [T [ ]— [ A N.-\\?
Viz -1 of(s,p) < CorGuliralily il AGZA (w <f,(A+2)A>> . 631
i

Now, let j > —1. Let [ be such that 21 < A4 g < 2! then

AEA AMeNj_n

because each A € A; is contained in a rectangle Aoe Aj_11, and each A e Aj-n

contains at most C2% rectangles A € A
Since f € V5P, then

Z wn(f,ZA,)>p < 2~ Gl=l4salp=ppl 1+~

/\’GA]-,“
Then »
> (wn( £(A+ I;J)A)> < Co- Gl +salipolil +lia) | (32)
AGAi
Both (31) and (32) yield f € 05.
O

3. Optimal Relationships with Hyperbolic Besov Spaces
3.1. The Advantage of the Hyperbolic Oscillation Approach Self-Affine Cascade Functions

We will first explain the advantage of the hyperbolic oscillation approach for self-
affine cascade functions. Let N; and N, be two integers with N; < N,. We divide the
unit square ;% = [0,1]? into a uniform grid of 2NN rectangles of sides 2~ M and 27 M2,
Choose A C {0,1,...,2M —1} x {0,1,...,2M2 —1}. For w = (a,b) € A, the contraction

Sw(x1,x2) = (Z*Nl (x1 +a),27 N2 (xp + b)) maps the unit square R into the rectangle
Reo = 27Ma,27M (1 4+ a)] x [27N2p,27N2(1 4+ b)]. (33)

If G is a subset of R?, we define the mapping S by
S(G) = | Sw(G).

weEA
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The Sierpinski carpet K (see, for example, [43,44]) is given by

K= []S"(R). (34)

neN

Let (Yw)wea be scalars with 0 < |y,| < 1. The self-affine cascade function F adapted
to the subdivision A satisfies the self-affine equation

F=Y + Y ~oFoS,', (35)
weA
where ¥ = ¥ .
The unique solution in L!(R) is given by the hyperbolic wavelet series
FO=Y0+Y ¥ Yo v ¥(Sor - Sal (). (36)
n=1(wy,...,wy)EA"
Define log ||
0
Thmax = max| 7| and  Hpin = —=CER.

If ||max > 272 then F is uniformly Lipschitz. For p > 0, set

_ _log(zweA [Ywl|?)
w(p) = Njlog?2 '

N
N
subdivision A belongs to the hyperbolic Besov space B

Let o = —. Itis easy to show that the self-affine cascade function F adapted to the

](751,52),‘7 iff

1+0(1+1(p)) '
p

0s1 +383 < (37)

The following result (which can be proved as in [45]) shows that, on the contrary, the p-
domain D), of F defined in (6) depends on the geometric disposition of the elements of A.
We consider the following two geometric choices:

Each row and column of the grid contains at most one chosen R, (38)

and
Only one column contains all boxes (Ry)wea- (39)

Proposition 2. 1.  Assume that (38) is satisfied. Then, (s1,s,) belongs to Dy, if (37) together

with .
51 < 1+7(p) (40)
p
and .
5 < 1HoTp) (41)
p
hold.
2. Assume that (39) is satisfied. Then, (s1,52) belongs to Dy if (37) together with (41) and
5 < o 4 Fmin 42)
p o

hold.
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Thus, as mentioned in the introduction, contrary to hyperbolic Besov and fractional
Sobolev spaces, the new hyperbolic oscillation spaces are convenient for the multifractal
analysis of rectangular regularity.

3.2. Optimal General Relationships

We will now study general optimal relationships between hyperbolic and mixed
fractional lifting oscillation spaces and hyperbolic Besov spaces. In particular, we will
prove that, for 0 < s < %1 (with respect to s — %1 < s’ < s), hyperbolic (with respect
to mixed fractional lifting) oscillation spaces are not always sharply imbedded between
hyperbolic Besov spaces, and thus are new spaces of a really different nature.

Proposition 3. Let p > 0. The following embeddings between hyperbolic oscillation spaces hold.
1.  Ifs <s*then O;‘,* = O;.

_1q4414
2. Ifq=p Then05—0; " 1.

3. If f is compactly supported and f € O, then f € Of forall g < p.

Proposition 4. Let p > 0. The following sharp relationships between hyperbolic oscillation spaces
and hyperbolic Besov spaces hold.

1 Ifs> J1,then O = By,
11p 1q 1700
2. B <=0 —B, .
Ifs < 11, then B]"" < 03
Ifs < 51, then By = — O},
Ifs > 0 then O}, — BY™ and BS® — (O3)10c, where (O3) 1o denotes the spaces of functions
that locally belong to O;,.
5. Ifs <0, then BE™ < (O5) -

It follows that, for 0 < s < %1, hyperbolic oscillation spaces are not sharply imbedded
between hyperbolic Besov spaces, and thus are new spaces of a really different nature.

Remark 2. If f = Z Z Cjx ¥ then we can replace Iy f by the mixed fractional lifting
jeN? | kezd
fractional hyperbolic wavelet series

fo=Y Y Coin¥ix

jeN? | kezd

with

Cojn = 2[]'1]Si+'“+[jd1521cjk )
Using Remark 1, we therefore deduce the following results.

Corollary 1. Let p > 0. The following embeddings between mixed fractional lifting hyperbolic
oscillation spaces hold.

* ol /
1. Ifs<s*ands <s" then O, — O}°, wheres™ = (s{*,s5").

/ 141y
2. Ifq>pthenOy® <0, 77

Corollary 2. Let p > 0. The following sharp relationships between mixed fractional lifting
hyperbolic oscillation spaces and hyperbolic Besov spaces hold.

1. Ifs'<s-— %1, then O;'S/ = By~.

2. Ifs'=s— 1 Then B,” — Oy — By™.
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1 / s+ 1p s,s'
3. Ifs—31<s" ThenB, "~ — Op°.
!/ / /
4. Ifs>s'. Then Op° — By and BEX™ — (O3 )joc-
5. Ifs’ >s, then BS® < (O;'S/)loc.
It follows that, for s — 11 < s’ < s, mixed fractional lifting hyperbolic oscillation

P
oj (s, p)

IN

IN

IN

spaces are not always sharply imbedded between hyperbolic Besov spaces, and thus are
new spaces of a really different nature.

Proof of Proposition 3. 1.  The first imbedding follows from the fact that cj(s, p) <
oj(s*, p), where 0j(s, p) was given in (5).
2. Let f € 05. Clearly

1 1 ~ IV e (s — 1)
‘Ti(s_;1+§1"7):2(51 )]+ (sa }’)Ud]HdA”Eq(A])

Since g > p then £, — £,. Thus, the second imbedding holds.
3. Let f be compactly supported. Assume that f € Oj. Since the wavelets are compactly

supported, then the sum in 0j(s, p) bears on at most C2lil+ -+l dyadic rectangles at
scale j. Let g < p. Applying the Holder inequality

qa/p
Y d] < (Calil++idyl=7 ( Y d’”) .

AeA AEA;

T}Eerefore, cj(s,q) < C(0j(s, p))?/P. Hence, f € Oj forallg < p.

Proof of Proposition 4. 1.  We have already observed (7). Now, we will show that
By — O ifs > 1.

op(s1ljil++saljal) o= ([a]+++lial) Z Z Z |Cyr P
kezZdj'>j A CA

Z 2 |CA/|”2(”51 DIyl +(psa—Dliglo—(ps1=D([A1=[1]) . . . o= (psa—1)(lizl—lial)

i’>jk ez

Y bl (s, p)2- (DUl ==l (43)
/>]

If f € By, it follows that

Ujp(S,P) < Hf”Bsw Z o= (ps1=1)([j]=[]) ... o= (psa—1) (73] —lial)
i'>j
< C (because s > %1) .

Thus, f € O5.

2. We have already observed (7). In order to prove the optimality of the embedding

= 19 00
O) < Bj ,itis easy to show that if
21201 g

YooY )Y 2 ¥k (44)

jeNEl k1:0 k2:0

13 19,
then f € O} butf ¢ B} qforallq < 0.
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Let us now thtB%Lp O%1 If B%Lp hen by (43
provethat B, = — O, .If f € B, ~, then by (43)

1/p
1
‘Tj(?LP) < (Z b,-”/(s,p)) < IIfHZ%W -

j'2j P

1y
SofeOy .

11’ 14
In order to prove the optimality of the embedding B), Py O} ,wetakeaq > p and
1

14, 1q
construct a function F in Br'j q, such that F ¢ O,’,’ .
Letj; =2and j,41 = 2in for all n € N. Consider

F= ;C(jn+171rjr1+171)/0‘F(]'n+171/]4n+171)10 :
n=

where
1

C(jn+1 _1fjn+1 _1)/0

Qhﬂ—axbgnﬂ—wnﬁq

1 s . .
Clearly b; = 5 ifj = (jus1 —Ljur1 —1),and b =0

Quﬁ—nxbgnﬂ—4nﬁq

elsewhere. Since the series —_—
n§2 n(logn)?
On the other hand, if j = j,, then

converges, then F € B;’q.

22j11
0‘.

i =

=k

(G2 = D0g(in - 1)2)
It follows that

lim O'j =00,
n—00

1q
therefore F ¢ O;; )

1p

1
Let us now show that B,f — O; ifs < %1. Clearly, from above

B%Lp

1q
p o —0p =0
ll,
The embedding B Py O}, is optimal since it improves the Sobolev type embedding
obtained by the combination of a sharp result from Proposition 5.6 p. 188 in [17] with
Theorem 1.9 in [20].
Lets > 0and f € Oj. For [j| = 0, since

aj(s,p) = lldalle,(a;) < C

then
VA |Cyl < C.

Therefore f € B%™. The embedding 05 — BY%™ is optimal since it improves the
Sobolev type embedding, see [17] Proposition 5.6 p. 188, which is sharp.
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Let us now show that B%® < (OZ) loc if 8 > 0. Without any loss of generality, we

focus only on functions f supported on the unit square of R?.
Let A > 0 be such that ¢ and ¢ are supported in [—A, A]. Then

JENZ [ky|< A2l
lka|<A+2072]

Assume that f € B%”. We will prove that

op(siljl+salia]) o= ([l +12]) Z dﬁ <C. (46)

lky |<A-+201)
lka|<A+2072]

Forj' > j, set

A]/(A) = {/\, S A]-/ e /\} .

Write
di <sup sup |Cyl|P.
i'2j MeAy (A)
Then o
Yy dh < 2l sup sup [CyF.
[y | < A-+201] j'Zj Aeny(A)
|ko| < A+202]

Since f € B, then

dK < C2linl+l sup sup o—p(slfil+s2[]) < C2ll+liplp=pGili]+sal2]) | (47)

[y | < A+201] i'>j AIEAj/(/\)
|ka| < A-2072]

Hence (46) holds.
The optimality is a consequence of the optimality of B~ < By™.
5. Let us now show that B%™ — (O3)10c if s < 0. Without any loss of generality, we
focus only on functions f supported on the unit square.
Let A > 0 be such that ¢ and ¢ are supported in [—A, A]. As in (47)

dﬁ < C2lnl+lal

[y |[<A-+201]
k| < A202]

Since s < 0, then (46) holds.

O

4. Conclusions

Besov spaces and fractional Sobolev spaces with dominating mixed smoothness are
invariant under permutations of the wavelet coefficients at the same scale. Such permuta-
tions allow one to modify the rectangular singularities and therefore affect the multifractal
analysis of rectangular regularity. This leads us to new functional spaces that we studied
and related to Besov spaces with dominating mixed smoothness. We proved that hyper-
bolic oscillation spaces are closely related to hyperbolic variation spaces, and consequently
do not almost depend on the chosen hyperbolic wavelet basis. Therefore, the so-called
rectangular multifractal analysis, related to hyperbolic oscillation spaces is somehow ‘ro-
bust’, i.e., does not change if the analyzing wavelets were changed. We also showed that,
for0 <s < %1 (with respect to s — %1 < s’ < s), hyperbolic oscillation spaces (with respect
to mixed fractional lifting oscillation spaces) are not sharply imbedded between fractional
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Sobolev spaces with dominating mixed smoothness, and thus are new spaces of a really
different nature.
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