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Abstract: In this research, we focus on the symmetry of an ancient solution for a fractional parabolic
equation involving logarithmic Laplacian in an entire space. In the process of studying the property
of a fractional parabolic equation, we obtained some maximum principles, such as the maximum
principle of anti-symmetric function, narrow region principle, and so on. We will demonstrate how
to apply these tools to obtain radial symmetry of an ancient solution.
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1. Introduction

Reaction—diffusion equations have been widely studied in a number of domains such
as general shadow [1], activator—inhibitor systems [2,3], nerve propagation [4], etc. In
fact, a nonlocal operator can be better used to describe some intersecting phenomena
such as population ecology and diffusion. In recent years, the number of studies on the
fractional parabolic equation has increased, and numerous interesting results have also
been published. Wu and Yuan [5] studied the well-posedness of a solution in a semilinear
fractional dissipative equation [6], such as

% +(=8)%u(x,t) = F(u). =
where 0 < & < 1and
(—A)u(xt) = cpy [ M ulyh) @

Rt |x —y|ree

When F(u) = uP(x,t) — u(x,t), (1) becomes a fractional Schrédinger equation. Chen
and Wu [7] proved a Liouville’s type theorem of fractional equation

ou(x,t)

—5 + (=A)*u(x,t) = f(t,u), (x,t) € R"xR. 3)

As we all know, Liouville’s theorems play an important role in partial differential equations.

The ancient solution is the one where ¢ € (—oo, T|. It was first introduced by Richard
Hamilton in [8]. It was widely studied in geometric flows [9]. What is more, the ancient
solution is associated with the solution in Ricci flow; for specific details, refer to [10,11]. In
2022, Wu and Chen [12] studied the ancient solution of

WD) (Al t) = fbu), (x8) € R x (—eo,T) ®

They proved the radial symmetry and monotonicity of a solution for (4).
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In 2019, Chen and Weth [13] gave a new concept of logarithmic Laplacian, and they
proved a series of generalized functional analyses in the bounded region. Zhang and Nie
proved the symmetry and monotonicity of

(=A)Fu(x) +u(x) = uP(x), x€R" ()

in [14]. The Schrodinger equation [15,16] is crucial for the knowledge of quantum mechan-
ics. For the system of equations, Liu [17] investigated the radial symmetry of a solution for
the semi-linear Logarithmic Laplacian systems in a ball.

In this paper, we consider the following nonlocal parabolic equation such that

ou(x,t)

5 + (=M Eu(x, t) = f(t,u(x,t), (x,t) € R" x (—oo,T]. (6)

Assume u(x, t) and f(t, u) satisfy following conditions:
e (a) f(tu)isofclass C! in u uniformly with respect to t.
e (b) f(t0)=0and there exists a constant ¢ > 0 such that

fu(t,0) < —0, VE<T. @)
* (9
sup u(x,t) -0, x— oo, (8)
te(—oo,T]

The expression for logarithmic Laplacian is as follows:

Proposition 1 ([13]). If u is Dini continuous at some point x € R", Q) € R" is an open subset
and x € Q, then we have the following integral representation

g =, [ MO o H) g, .
8y = [ =iy, [Ty ) e ©)
where , ,
hx:C/ 4 —c/ — (10)
R R A PR e
Ch = m 2 T(%) and p = 2log2 + k(%) — B, where T is the Gamma function, k = 1% is
Digamma function, B = —I'(1) is the Euler-Mascheroni constant, and By (x) is a sphere with x as

its center and 1 as its radius.

We say u(x,t) is a classical ancient solution of (6) if
u(x,t) € LY(R") x Ct(—o0, T]. (11)

It is easy to check that (—A)lu(x,t) is well defined. Before the proof, we give some
basic notations.
If we select an arbitrary direction in R" as x1, we have x = (x1, x! ) € R". This is denote as

Ty ={x € R"|x1 = A, A € R}. (12)
Let x* = (21 — x1, x') be the reflection point of x with respect to T.
Set
Yy ={x e R"x <A} (13)
and
5 ={xeR"x; > A} (14)

Suppose that u(x, t) is a solution of (6), we denote

uy(x,t) = u(xA,t) (15)
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and
wy(x,t) =uy(x, t) —u(x,t). (16)

Next, we show our main conclusions and necessary maximum principles.
2. Basic Theorem

Theorem 1. Assume f (x, t) satisfies conditions (a) and (b). Suppose u(x, t) € L§(R") x C!(—oo, T]
is a positive bounded solution and a Dini continuous function of (6) satisfies (c). Then, u(x,t) is
radial symmetry and decreases in some points in R".

It is well known that the study of the symmetry and monotonicity of a solution is of
great importance in partial differential equations. Many methods have been produced,
such as the direct method of moving plane [18], the extension method [19], the sliding
method [20,21], and so on. For a fractional elliptic equation, there are many results [22-25].
However, results in fractional parabolic equations are relatively scarce. Chen-Wang-Niu-
Hu [26] proved the asymptotic symmetric of a solution for the parabolic Equation (4).

In 2023, Luo and Zhang [27] proved the asymptotic symmetry of solution of a nonlocal
weighted fractional parobolic equation:

ou(x,t)
ot

+ Apsu(x, t) = f(t,u(x, t), Vu(x,t)) + g(x,t), (x,t) € R" xR. (17)

However, for a fractional parabolic equation involving logarithmic Laplacian, there are
few articles. Therefore, it is important to study the properties of the solution of (6). In this
paper, we study the radial symmetry of the bounded solution of a fractional parabolic
equation involving logarithmic Laplacian.

Theorem 2. We consider equation

ou(x,t)
ot

+ (=) u(x, t) + wu(x, t) = uP (x,t), (x,t) € R" x (—oo,T]. (18)

where 1 < p < oo and w > o is a constant. Suppose u(x,t) € L§(R™) x C!(—oo, T] is a positive
Dini continuous solution of (18), which satisfies (c). Then, u(x,t) is the radial symmetry of some
point in R".

In order to complete the proof of Theorem 1, we need the following maximum principles.
Theorem 3. This is the maximum principle for the anti-symmetric function. Let ) be a bounded

Lipschitz region in ¥.. Assume that wy(x,t) € LY(R™) x CY((—oo, T)) is a uniformly bounded
continuous function on (3, a Dini continuous function in ), and it satisfies

a% + (=B (3, 6) = c(x, Hwy (x,8),  (x,£) € Ty x (—co, T]. )

wy (21 1) = —wy(x,1), (x,1) € Ty x (=00, T]

where c(x, t) is bounded from above, there exists t1 < T such that
wy(x,t) >0, (x,f) €Xyx(k,T] (20)

and h(x) +pu > 0.
Then, there exists a constant m such that

wp(x,t) > e ™) min{o, inf wy(x,01)}, (%) € Ty x b, T). 1)
xe
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Furthermore, if

wy(x,t1) >0, xe€Q. (22)
we have
w/\(x, i’) >0, (x, t) €X) X [tl/ T] (23)
Proof. Set
v(x,t) = e™w, (x,t). (24)
Placing it into (19), we have
v(x, t) L
o + (=A)"v(x, t) = (c(x,t) + m)v(x, t), (x,t) € Qx (—o0,T]. (25)
We want to prove
v(x,t) > min{0, in(f)v(x, t1)},  (x,t) € Qx [tg, T]. (26)
xe

If (26) is invalid, there exists a point (x%, ty) € Q x (t1, T] such that

0 . . :
o) = b 0, inf ,t)} <0, 27
v(x”, ko) (x,t)é?)lil[tl,ﬂv(x ) < min{ xlgnv(x 1)} (27)

Using a simple deduction, we have

9v(x9,tg)

<
s <0 (28)

and

(—A) o (x0, t) = Cn/ v0(x%to) —o(y, tO)dy—l— Mdy 4 [h(x) + 1]o(x°, to)

%) |20 —y| 5 |20 —y| 29)
<o f ”("0|’;§) A|f’t0 ay+ [ Oy'“’A'ndw[h(x)+y]v(x0,t0) <0,
We choose proper m such that
m+c(x,t) <O. (30)

Combining (28) and (29), we obtain a contradiction in (25). So, (26) is valid. Thus,
wy (x,t) > e~ "1) min{o, insf2 wy(x, 1)} (31)
xe
With this, we have finished the proof of Theorem 3. [

Remark 1. The maximum principle for an anti-symmetric function is an important tool in the
process of constructing a sub-solution.

Theorem 4. This is the narrow region principle. Let Q) be a Lipschitz region in ¥, contained in
{x[A =1 < xy < A} with small I and h(x) + p > 0. Suppose wy (x,t) € L{(R") x Cl(—o0, T]
is uniformly bounded continuous function on ), a Dini continuous function in Q) and satisfies

ot
wy (¥ 1) = —wy(x,t), (x,t) € ) x (=00, T].

{aw/‘(x’t) + (=) wa(x,t) = c(x, Hwa(x,1),  (x,£) € Qx (=00, T], (32)
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where c(x, t) is bounded from above, and there exists t; < T such that
wy(x,t) >0, (x,t) € (Zy\Q)x (t, T]. (33)

Then, for sufficiently small 1, there exists a constant m > 0 such that

wy(x,t) > e ") min{0, infw, (x, 1) }. (34)
Furthermore, if
wy(x,t) >0, (xt)€ (Zx\Q) x (—oo,T]. (35)
Then, we have
wy(x,t) >0, (x,t) €Xy x (—oo,T]. (36)
Proof. Set
o(x,t) = e™wy(x,t) (37)

Take it into (32), we have

v(x, )
ot

+ (=M Fo(x, t) = (m+c(x,t)o(x,t), (x,t) € Qx (—oo,T]. (38)
We want to show

v(x,t) > min{0, ig(f)v(x, t1)},  (x,t) € Qx [t, T]. (39)

If (39) is invalid, there exists a point (x%,ty) € Q x (t;, T] such that

0 . . .
to) = St 0, inf v(x,t1)}. 40
v(x’, to) (xrt)ergrxl(tmv(x ) <min{0, inf v(x, 1)} (40)
We can quickly obtain
90 (X, tg)

AT V)~

oo <0 (41)
and

(_A)Lv(x(]/ to) = Cy /Z)\ U(xol to) — U(]// tO)d]/-i- C, /ZC Md}/—i— [h(x0> +‘11]U(x0, tO)

[0 —yl" § X0 =yl @)
o(x, 1)
<c, [ L),
=~ H ‘xO_y/\|n y
where H C X is the region
H={yeZyl<|p-x|<1Lly -« <1} (43)
and , ,
= Ay > - )
/ZA |x07y|ndy_/H|x07y|ndy%oo, as 10 (44)
If we take (42) into the first equality in (32), we have
9v(x%, 1) 1 0 0
Xy = . 4
5 > ( /H oy +c(x”, tg) + m)o(x’, to) (45)

Combining (44) and (45), we obtain a contradiction in (38). So, (34) is valid. Be-
cause w) (x,t) is uniformly bounded, we have
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wy(x,t) > Ce ™M) (x,t) € Q x (4, T). (46)
We verified (36) by setting t; — —oo. [

Theorem 5. This is the maximum principle at infinity. Let () be an unbounded Lipschitz region in
L. Suppose that wy(x,t) € L§(R") x Cl(—oo, T] is a uniformly bounded continuous function
on ), a Dini continuous function in X, and it satisfies

ow, (x, t)
ot
w,\(x)‘,t) = —wy(x,t), (x,1t)€X)x(—00,T] (47)

im wy(x,t) =0, wuniformly te& (—oo,T].

|x|—o00

+ (=AM Ewy (x, 1) = c(x, wy(x, 1), (x,t) € Q x (—o0, T].

Assume that there exists a constant o > 0 such that
c(x,t) < —c (48)
at points where wy (x,t) < 0in Q x (—oo, T], for some t; < T,
wa(x,t) 20, (x,1) € (Ep\ Q) x (t1,T] (49)
and h(x) + u > 0 on Q. Then, there exists a constant m > 0 such that
wp(x,t) > e ") min{0,infw, (x, 1)}, (x,t) € Q x [t1,T]. (50)
Furthermore, if
wy(x,£) >0, (xt) € (Zy\Q) x (—oo,T]. (51)

We have
wy(x,t) >0, (x,t)€Xyx (—o0o,T]. (52)

Proof. We need an auxiliary function

o(x,t) = e™w, (x, 1) (53)
where m > 0 is a fixed constant that will be chosen later. If we take it into the first equality
of (47), we have

dv(x, ) L
5 (=A) o(x,t) = (c(x,t) + m)v(x,t), (x,t) € Qx (—oo,T]. (54)

Next, we will show

v(x,t) > min{0, ig(f)v(x, t1)},  (x,t) € Qx [tg, T]. (55)

If (55) is invalid, there exists a point (x%, ty) € Q x (t;, T] such that

o(x0, ty) = (xlt)ergjrxl(tllﬂ v(x,t) < min{0, i?)fv(x, t1)}. (56)
We can quickly obtain

ov (xo, to)
— T L
o5 0 (57)
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and
(=)ol ) = € [ POty v, [y 1)+ ot )
Z) X0 =y (58)
<c [ 200 t0) )+ )v(xot)<0
= =y e =
We choose a proper m such that
m < 0. (59)

Combining (58) and (59), we obtain a contradiction in (54). It has been verified in (55). So,
wy(x,t) > e ") min{0, infw, (x, 1) }. (60)
Furthermore, by the uniform boundness of w, (x, t) and setting t; — —oo, we have
wy(x,t) > Ce ™1 >0, (x,t) € Ty x (=00, T). (61)
O
Theorem 6. This is the maximum principle in a narrow region and the neighborhood of infinity. Let
Q={xeX)dxTy) <l or |x|]>R}. (62)

Here, I > 0 is small and R > 0 is sufficiently large. Assume that w(x,t) € L{(R™) x
CY((—oo, T)) is a uniformly bounded continuous function on Q), a Dini continuous function in Q)
and satisfies (8). Suppose c(x, t) is bounded from above in {x € £,|d(x, T)) < 1}, and

c(x,t) < —o, x€Xy,|x| >R (63)
There exists t1 < T such that
wa(x, ) 20, (x1) € (Za\Q) x (1, T] (64)

and h(x) 4+ p > 0on Q.
Then, there exists m > 0 such that

wy(x,t) > e ") min{0,infw, (x, )}, (x,£) € Ty x [t1, T] (65)
Furthermore, if
wy(x,t) >0,(x,t) € (£ \ Q) X (=00, T], (66)
we have
wy(x,t) >0, (x,t) €Xy x (—oo,T]. (67)

Proof. The specific proof is omitted, and it is similar to Theorems 4 and 5.

If the minimum arrives at infinity, we obtain a contradiction using an example similar
to Theorem 5. Similarly, if the minimum arrives in a narrow area, we are able to obtain a
contradiction using a similar step as in Theorem 4. [

3. Symmetry of Solution in R” X (—oo, T|
Using a simple derivation, we know that w, (x, t) satisfies the following equation

ow, (x,1t)

2D b (=) () = el (x,) (68)
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where c)(x,t) = fu,(C,t) and &(x,t) between u(x,t) and u,(x,t). We first give a brief
framework for the proof of Theorem 1.
1. Weprove inf wy(x,t)>0,x € X) when A is sufficiently negative.

te(—eo,T]
2. Holding inf w,(x,t) > 0,x € X, move the plane T, to the limiting position .
te(—co,T]
We denote
Ay = sup{A| (inf . wy(x,t) > 0,Vx € Xy, u < A} (69)
te(—oo,

Similarly, we have
Ag =inf{A| inf wy(x,t) >0,Vx € 5, p > A} (70)
te(—

(—oo,T]

3. Finally, we will show that A; = AJ".
Next, we begin the proof of Theorem 1.

Proof of Theorem 1. First, when A sufficiently negative, we will show that

inf w,(x,t) >0, x€X, (71)
te(—oo,T]

using three steps.
In Step 1, we need to prove

wy(x, 1) >0, (x,t)€Xyx (—o0o,T]. (72)
Combining f,(t,0) < —c and the continuity of f(t,u), there exists € > 0 such that
fu(t,u) < —o, (t,u) € (—oo,T) x (0,€]. (73)
Since ‘xlligho u(x,t) = 0, there exists a sufficiently large R such that
cr(x,t) = fu(t,&) < —o, (x,t) € Bx x (—oo, T. (74)
Using Theorem 5, we obtain
wy(x,t) >0, (x,t) €Xyx (=00, T|,A < —R. (75)
In Step 2, we will show that
wy(x,t) >0, (x,t)€Xyx (=00, T|,A < —R. (76)
If (76) is not valid, there exists point (x°,ty) € £, x (—oo, T] such that
w) (2%, t9) = 0. (77)

On the one hand, we obtain

(=) e (x2, 0) = — 22 (0, tg) + F(ko, (2%, o) — flko, (22, o))

ot
(78)

Jw

= _aTA(xO' tg) > 0.
On the other hand, we have
w xO,t —wjy(y,t wy (Y, t
(~8) wp (0, t0) = G [ A Aol g, [ Ay ) 4 eyl )

%, [x0 —y] 5 [x =yl (79)

1 _ 1
=y P

~C, /Z w) (y, to)( )dy < 0.
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Combining (78) and (79), we have
wy(x,tg) =0, x€X, (80)
However, when x = 0, we have
wy (0%, t0) = u(0,tp) — u(0,t9) >0, (81)
where A is sufficiently negative. It contradicts (80).
Thus, we have verified that
wy(x,t) > 0. (82)
In Step 3, we will show that
te(i_nofo’T] wy(x,t) >0, x€XyA< —R. (83)
If (83) is invalid, there exists x such that
inofo wy (2%, 1) = 0. (84)

te(—oo,T]

Due to the infinity of interval of ¢, the minimum of w, (x, t) may not be attained. There

exists sequence {t;} and {e;} such that
wy (2 t) =€ =0, as k— co.

We need to use the perturbation technique.
Consider an auxiliary function

oK (x, 1) = wa (x, 1) — exps (X)), (x,t) € Ty x (—eo, T

where
1, [t—f|< 1
’ k 2

ne(t) =
0, |t—t >1

1)
1, - 0 oy
|x —x°| <

ps(x) :{
0, |x—2x%>0.

Therefore, we can obtain

oK (x,t) = wp(x,t) >0, (x,8) € (Zy x (=00, T]) \ (Bs(x®) x [ty — 1, min{t +1,T}])

and

and
ok (x 1) = 0.

(85)

(86)

(87)

(88)

(89)

(90)

From (89) and (90), the minimum point can be obtained in Bs(x%) x [ty — 1, min{t; +

1, T}]. (denote it by (xp, t)).
Then
k . k
) = f L) <0
o (e t) () ETn X (—corT] vr(x: 1)
and
0 < wp(xXm, tm) < exPs(Xm )k (tm) < €.

1)

(92)
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Furthermore, we have

wy (X, t ook d
% = ait/\(xm/tm) +€k¢5(xm)%(tm)
0 93
< euion) 2 (1) .
< Cex
and
(_A)Lvl/(\(xm/tm) = (_A)Lw)\(xm/ tm) - eknk(tm)(_A)Llpé(xm)
dw) (xy, t
= T ) s s b ) — €1 (—8) ) g
> —Cex + cp(xm, tm)war (X, tm) — ekﬂk(tm)(_A)LtljJ(xM)
> —Cey — equ(tm)(—A)L¢5(xm) — 0,k — oo.
What is more,
K (om, t) = 0K (, tm) —ok (y, tm)
— Aok (g, t :C/UA(X’””” ALY tm) g C/Ai’md h(2)]) 0k (o, £
( ) v/\(xm m) n T, |xm_y|n Y+ G e |xm_]/|n y+[?‘+ (x)]v/\(xm m)
oK (X, tm) 1 (95)
:C/Ai’d C/k,t—k,t - d
n 5, |xm_y)\|n Y+ G Z/\(U/\(xm m) U)\(y m))(lxm—y\” |xm—]/)\|n) Y
+ [h(x) _V]U]j\(xm/tm)-
Since vﬁ(xm,tm) <0, v’f\(xm,tm) —0r(y, tm) <0,and Ixml—yI” — ‘xm_ly”n > 0, we have
(—=A)Lok (i, 1) < 0. (96)
Because
0> v’i(xm,tm) = W (Xm, tm) — € (tm)Ws(Xm) > —€x — 0,as k — oo, 97)

if we combine (94) and (96), we have
wi (Y, tm) — 0, uniformly for yeX, as k— oco. (98)

What is more, we have
wy (01, ty) > 0. (99)

It contradicts (98). Thus, (83) is valid. Therefore, we have verified (71).
Next, we move the plane T to a limiting position where (71) still holds. We can set

Ay = sup{A| (inf . wy(x,t) >0,Vx € Xy, u < A} (100)
te(—oo,

Using a similar derivation of (71), we have

inf wy(x,t) >0 (xt)€Xix(—o0o,T] (101)
te (o0, T]
where A > R.
We set
Ag = inf{A| (inf . wu(x,t) >0,Vx € Xy, u > A} (102)
te(—oo,

We will show there exists a sequence {t; } such that

W) (x,tx) =0, as k— oo, (103)
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uniformly for all x € %, -, and there exists a sequence {tx} such that

W (x,fr) = 0, as k — oo. (104)

uniformly for all x € Z;g.

In order to obtain (103), from the definition of A~ there exists a sequence {A;} \ Ay
such that
inf wy, (x, 1) <O0. 105
(xt)ET), X (—0o,T] n(x8) < (105)
We consider two conditions:
1. There exists a subsequence of {A;} (still denoted by {Ax}) such that

inf ,1) < 0. 106
(x,t)eziknx(foo,T]wM(x ) (106)

2. There exists a subsequence of {A;} such that

inf ,t) = 0. 107
(x,t)eziknx(foo,T]wM(x ) (107)

In the first case, we assume that

inf L) =1 —my < 0. 108
(x,t)e):;lfx(foo,T]W/\k(x ) " (108)

There exists sequence {t;} € (—oco, T| and {ex} \, 0 (6 = o(my)) such that

wy, (x(te), t) = xé%fA wa, (x, 1) = —my + €, < 0. (109)
k

We assume x(t) to be the point where the given function can attain its minimum for
every t, and we set

o (1) = Wy, (x, 1) — exe(t) (110)
where
1, [t—H|< L
7 — g "
ni(t) = 2 (111)
0, |t—tl>1
Furthermore,
oy (x(tk), te) = —my + € — e = —my <0 (112)
and
vy (%, t) = wy(x,t) > —my, t€ (—oo, T|\ [t — 1, min{t; +1,T}]. (113)

It is easy to see that v, (x,t) can attain a minimum in X x [t — 1, min{t; +1, T}],
(denoted as (1(%), )

mk(t(?k),?k)zZ Xil(nf ﬂmk<x,t)s—mk. (114)
)‘k —0o,

Using a simple derivation, we have

),k
UAk(l(af) %) <0 (115)

and
—my < w)xk(l(/t\k)r/t\k) < U/\(l(?k),?k) +€k77k(?k) < —myp+ € <0. (116)
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It follows that

dwy, (1(te), t) < o (ti)

< .
o < s < Cey (117)

On the one hand, we have

(=A) oy, (1(B), t) = (—A) wy, ((E), B)

— _%&tk)’tk) + o, (u(E), B, (1B, Bo) (118)

> —Cey + cp, (1(Ee), ) wa (1(B), B
> —C(ex +my).

On the other hand, we have

(=8) op, ((t), t)

=C, /ZAk(v)\k(t(?k),?k) - UAk(yr?k))( |l</t\k)1_ Y[ - |L(?k)1—]/)‘|")dy+ (119)
Cu o dey + (h(e(te)) + p)oa, ((Fe), B).
T @ oA <0, ez, (120
and o, (), 1) <0, (121)
e obmin ~Cle-+me) < (=810, (R, ) <0 12)

So, the integral of f):'A ﬁdy is bounded, and it follows that x(%) is bounded

(t)—y

away from T), .
What is more, we have

(—A)Lv/\k(t(?k),?k) —0, as k— oo (123)
and
v}\k(l<tk)/tk) —U) (y, tk) — 0. (124)
So
w;\k(y,?k) — 0, uniformly yeZX, as k— oo (125)

We have therefore verified (103).
In the second condition, we have

inf wy, (x,t) = 0. 126
(x,t)EZ;?x(—oo,T] n(x8) (126)

Using a similar derivation of (71), we can obtain

inf wy, (x,t) >0, x€X,. 127
S A (1) Ak (127)

This contradicts the definition of A . Thus, the case will not happen. Using a similar
derivation of (103), we can obtain (104).
Finally, we will show
Ay =Ag- (128)
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if (128) is invalid. Suppose A € (Ay,A§ ), and we investigate the property of wj (x, t) for x

in X. For x € X¢, x* can be the reflection point of x with respect to Ty, and (x/\))‘ar can be
the reflection point of x* with respect to TAg'

For x = (x1,x") € X, we have
u
= 0y (NN ) =y 2 ()9 F) (129)
/\0 ads A +X17)\ s

where € — 0 as k — co. Using a similar derivation, for fixed x € X,

wy (x, ) > 0. (130)

where k is sufficiently large. Hence, for arbitrary subset G CC X, there exists a constant
co > 0, for sufficiently large k,

wy(x, ) < —co, x€G (131)

and B
wy(x, t) >co, x€G. (132)

We assume #; < tr. Based on the above conclusions, there exists 0y € ( ti,ﬂ) such that
wy(x,t) >0,x € G, t € [, 0%) (133)

and w) (-, 0} ) vanishes somewhere on G.
Next, we give two estimates of w) (x, t).

1. A global lower bound estimate in a parabolic cylinder X x [t, 0] such that

wy(x,t) > e 0t min{0, inf w,(x,t;)} (134)
x€Xq -
along with
inf wy(x,t) > —€—0, as k— oo (135)
xeXg -

where 6 is a constant and A is close to A .
2. A positive lower bound estimate on compact subset of G. There exists a subset
Gy CC G and a constant M > 0 such that

wy(x,£) > Me 1) >0, (x,t) € Gy x [ty 73] (136)

Now, we show estimate 1. Combining (130) and (8), we have (135). Because of (132),
we just need to prove

wy (x, t) > e U5 min{o, inf wy(x, b)), (4,1) € (Z5\G) x [t oil- (137)
t o t ti

We consider the following problem:

W + (—A)LwA(x, t)=cpy(x, Hhwy(x,t), (xt) € (2G\G) x [Lk,gk]_

wy(x,t) >0, (x,t) € G x [k, 0]

(138)
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Using (130) and the continuity of w) (x, t), we have verified the second equality of
(138). We set Rq be the radius such that

f(t,E(x,t)) :==cr(x,t) < —0, |x| > Ry, t € (—o0, T]. (139)

where R; > R.

We choose G = X | ;N Bg,(0), and denote Gy := {x| A <x; <pu+J,|x| <R} and
Gy :={x € Z{\ G| |x| > Ry} where ji, § are the undetermined constants and R, > R;
because c) (x,t) is bounded in G and ¢, (x,t) < —0 in G,. We arrive at (137) by Theorem 6,
which proves estimate 1.

Next, we will prove estimate 2 by constructing a sub-solution of w) (x, t).

Denote
o (x,t)

Ly&(x,t) := o + (=A)EE(x, 1) — ca(x, £)E(x, 8). (140)

We have
Lyw,(x,t) =0. (141)

In order to facilitate the derivation, we assume A = 0 and T, = Ty. We set

p(x,t) = Copolx,£) = Coe ™1 (0, (x, 1) — g (x)) (142)

where 0 < 0 < 0, Cy = M%, > /\8r , T is an undetermined constant, and g(x)

g(x) = { —honso (143)

and vy (x,t) are as follows:

1, X1 2 0.

and
wy(x,t), x1>pt> b

vﬂ(x,t) =0, —p<x;<put>t (144)
wy(xq +2p,X',8), X1 < —p,t >k
Using the definition of v, (x,t), for x € X, we have
(=) 0u(x, 1) — (~) w0y (x, 1

— CTZ/ v”‘(x’t) _U}l(ylt)dy7Cn\/ Uﬂ(y’t)d 7Cn w”‘('x’t) _wﬂ(y’t)d
N =[x -yl % x =yl

+ Cy /2 w}l(yr t) dy + (h(x, t) + ]/[)(z)y(x, t) _ wy(x, t))

Jeg |x =yl
-, wy(y,t) — Uﬁ:(% t)d
R [x -yl
— C / / w;l ]// n + / / vﬂ(y, t) _ dy (145)
Rn—1 y| Rn—1 |X1 yl|2+|x,_yl‘2)7

rowy(y,t) —H w +2u,y/,t
:Cn/ 7]</ Hﬁ ndy1—/ /\(]/12 14/]/ ?2 _dy1)dy/
R |x yl —o (lx =y + X = y'2)2

p w wy (Y,
/ / ”l n _ ”‘(]2/ ) - /2 ﬂ)dy]dy,
Rr-1 ?/| (Jx1 =y +2u2 + |x' —y'|?)2

1
_ —)wy, (y, t)dy < 0.
/Zy(x_mn (|X’*]/ ‘2+|x1*y1+2ﬂ|2)7) H(]/ ) Y

where
1 1

=yl (¥ =y P+ v — 1 +2uP)t

dy >0 (146)
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and
wy(x,t) <0, (x,t) € Xy x (—oo,T]. (147)

We choose u < d — 6y where d is sufficiently small, y is close to A, and d > Ois a
constant with d > Ag". We denote Gy = (X5, ;N Bg,(0)) CC G, and there exists a constant
Cp such that

w]/l(x/ t) > CO/ (X, t) € GO X [t;kI O'k}' (148)

Let 7 be a sufficiently small constant such that
Lywy(x,t) — Lap(x,t) >0, (x,t) € G x [t 0% (149)

holds due to a similar derivation to Lemma 4.3 in [26].
For t = t;, using (132), we have

Copo(x,tk) _
xXt)= —F———<¢y xe€0G. 150
P = L m il = (150)

It has been verified that
wy (%, t) —ou(x, t) > 0. (151)

Next, we consider (x,t) € X5 \ G = G U G,.
For x € G1, we have

vu(x,t) =0, —pu<x<
{ u(xt) p<x<p (152)
Ou(x,t) = wy(x,t),p <xg <p+9o
where J is a small constant. It follows that
ou(x,t) <wy(x,t) (153)
Furthermore, if x € Gy, there exists a sufficiently large Ry, such that
T
vu(x,t) < Eg(x). (154)
Thus, we obtain
p(x, t) < —eo(tfik)C%, xeXi\G. (155)
What is more, we have
wy(x,t) > —tt)e, (156)
Ask — oo,
wy(x,t) —p(x,t) >0, (xt) € (ZG\G) x [t 0x]. (157)
Thus, we have
wy(x,t) > p(x,t), (x,t) € G x [k, or] (158)
due to Theorem 3.
Because
p(x,t) > Ce %=1, (x,1) € Gy x [t O%)- (159)
using (148).
So,
wy (x,t) > Ce ), (x,t) € Gy x [t 0% (160)

we have thus verified estimate 2.
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<_A)LXG3UGo(x)w)‘(x’t) =Cy

Next, we will show (133). Because w, (-, 0;) vanishes somewhere on G, using the
maximum principle, we assume ¥ € 90G such that

wA(Y,ak) =0. (161)

where ¢ is a sufficiently small constant to satisfy

Bs(X)NGy =9 (162)
and c
wy (x, t) > ?O x € By(%). (163)
We set
SA(%, 1) = Xy (1) + (xp(x) = b(x))ege 010 (164)
where
1, X1 2 A.
b(x) = (165)
-1, x1 <A

G} is the reflection region of Gy (for simplicity of derivation, we assume A = 0)
1, x€G}UG 166
XGrugy =
C % o, x¢GUG.

and

B 1, x € Bs(¥),
IP(X)_{O, x ¢ By(). (167)

with 0 < |¢(x)| < 1. We can quickly obtain |(—A)X(x19(x))| < C. Obviously, Sy (x,t) isa
symmetric function. We will show that

Lywy = LySa(x,t),  (x,t) € B5(X) x [tg, 0k]
wa(x,t) > Sx(xt),  (x,t) € (T3 \ Bs(X)) % [tx, 0%] (168)
w) (X, t) > Sa(x, t)

When t = f;, we have
SA(x,Lk) = (x1¢(x) — b(x))ex < €, x € Bs(X). (169)

Thus, we have verified the third equality of (168).
Next, we consider x ¢ Bs(¥). For x € Gy, we have

S/\(x/ t) = ZU)\(X, t) - ekeie(titfk) < w)\(x/ t) (170)
For x € X \ Gp and x ¢ B;(X), we have
S/\(X, t) = _eke_e(t_t*k) <w,y (xr t)/ te [ti/ O'k]. (171)

Thus, we have verified the second equality of (168). Furthermore, for x € Bs(X), we have

*Xcguco(y)w?\ (Y1) / XGrucy (y)wa(y, t)
Y—=LCn
b3

d
T \x—y|" S ‘x_y|n Y
+ (h(x) + W)X guucy (wa(x, 1) (172)
1 1
< —ceft) | - d
- S T

< —Ce 0t
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Thus, for (x,t) € Bs(X) x [t, 0], we have
LASa (%, 1) < (=8)"xgyu6p (V)wa (2, 1) — 0(x19p(x) - 1)ege k)
+exe B (A (g p(x) — 1) + e (x, ) (1 (x) — Dee ¢ (173)
< (—A)L(XGOUcé)(x)wA(x, t) 4 Cepe Ot
Combining (172) and (173), we have
Lywy(x,t) = LySy(x,t) >0, (x,t) € Bs(x) x [tg, 0%]. (174)

We obtain
w/\<xr t) > SA(X, t) >0, (xr t) € B(S(Y) X [lrgk]' (175)

using Theorem 3. This contradicts w) (X, 0x) = 0. So, we have verified
Ay =A§- (176)
Therefore, we have completed Theorem 1. [
4. Application of Theorem 1

Proof. In this section, we will complete the proof of Theorem 2. Using a simple derivation,

we have
ow,) (x,1)

ot
where c(x,t) = &~1 — w and ¢ is between ) (x, t) and u(x, t). We define u? (x,t) — wu(x, t)
to be r(u, t). We can quickly check that

+ (=) Ew) (x, 1) = c(x, Hwy (x, 1) (177)

r(0,t) =0, x€X, (178)
What is more, there exists a constant v such that
7(0,t) < —v < —0. (179)

Thus, r(u, t) satisfies (a) and (b). Through the application of Theorem 1, we can obtain
that the solution of (18) is radial symmetry of some point in R*. O

5. Conclusions

We prove the symmetry of an ancient solution of a fractional parabolic equation
involving logarithmic Laplacian using moving plane methods. At same time, we give some
maximum principles involving logarithmic Laplacian. We believe that these theorems are
useful for some other equations. In future, we will investigate the blow-up theory of the
logarithmic Laplacian by means of the symmetry of an ancient solution, the maximum
principle, and the perturbation method.
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