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Abstract: In this study, the extended G’ /G method is used to investigate the space-time fractional
Burger-like equation and the space-time-coupled Boussinesq equation with M-truncated derivative,
which have an important place in fluid dynamics. This method is efficient and produces soliton
solutions. A symbolic computation program called Maple was used to implement the method in a
dependable and effective way. There are also a few graphs provided for the solutions. Using the
suggested method to solve these equations, we have provided many new exact solutions that are
distinct from those previously found. By offering insightful explanations of many nonlinear systems,
the study’s findings add to the body of literature. The results revealed that the suggested method
is a valuable mathematical tool and that using a symbolic computation program makes these tasks
simpler, more dependable, and quicker. It is worth noting that it may be used for a wide range of
nonlinear evolution problems in mathematical physics. The study’s findings may have an influence
on how different physical problems are interpreted.

Keywords: the extended G'/G method; Burger-like equation; coupled Boussinesq equation;
M-truncated derivative

1. Introduction

The use of nonlinear partial differential equations (NPDEs) is crucial in many disci-
plines, including physics, mathematics, fluid dynamics, and engineering sciences. Owing
to NPDEs, numerous real-world problems have been modeled. To find exact solutions to
NPDEs, a wide variety of effective mathematical techniques have been used [1-14]. Another
new area that has gained interest during the past several decades is fractional calculus.
Fractional differential equations (FDEs) have made many scientific phenomena, including
viscoelasticity, plasma, solid mechanics, optical fibers, signal processing, electromagnetic
waves, fluid dynamics, biomedical sciences, and diffusion processes, easily solvable. By
employing a variety of methods to get exact solutions of FDE, researchers have improved
the attractiveness of these equations. The G’/ Gz—expansion method [15,16], ansatz and
Kudryashov method [17], the improved extended tanh-coth method [18], the first integral
method [19], the exp-function method [20], the F-expansion method [21], the improved
subequation method [22,23], and the functional variable method [24] are a few of these
methods of note.

Burger’s equation has acoustic applications and has been implemented to model tur-
bulence and some steady-state viscous flows. Moreover, it is also used in the mathematical
modeling of fluid dynamics, nonlinear acoustic gas dynamics, traffic flow, shock wave
theory, and turbulence problems. In the literature, Burger’s equation is presented in a
number of different ways, including coupled Boussinesq Burger equations, Burger-like
equations, viscous Burger equations, and inviscid Burger equations. The fractional cou-
pled viscous Burgers equations have recently been the subject of a number of intriguing
studies [25,26]. The tanh method was employed by Bulut et al. [27] to produce several
solutions to this equation. Gencoglu [28] acquired complicated answers for it via a direct
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algebraic method. Eskandari and Taghizadeh discussed the exact solutions of the nonlinear
space-time fractional Burger-like equation using the expfunction method [29].

The first model for nonlinear, dispersive wave propagation may be thought to be the
Boussinesq type equations, which describe surface water waves with a horizontal scale
significantly bigger than the water depth [30]. In mathematical physics, they might be
considered a crucial class of fractional differential equations. To solve Boussinesq equations
analytically and numerically, many methods have recently been employed. These include
the exp-function method [31], the invariant subspace method [32], and the expansion
method, a recently developed technique [33]. Equations of this type are also a crucial
nonlinear model that may be found in physics, hydromechanics, and optics. Additionally, it
is understood that it may be utilized to characterize the actual direction of wave propagation
in plasma and nonlinear waves [34-38]. In shallow water waves for bilayer fluid flow,
coupled Boussinesq equations appear. This occurs when a ship unintentionally spills oil,
causing an oil slick to float above the water slide [39].

In this study, exact solutions of the space-time fractional Burger-like equation and the
space-time coupled Boussinesq equation were investigated using the extended G’ /G method,
which has never been discussed before. For this purpose, the recently studied M-truncated
derivative in fractional derivative studies, which is different from other fractional derivatives,
was used. In addition, the method mentioned has not been previously used in the solution of
these equations. Therefore, we emphasize that these are novel results.

This work is broken into five sections. Section 1 outlines fractional calculations and
includes a brief discussion of nonlinear partial and fractional differential equations. The
Burger’s equation and the Boussinesq type equations, which form the basis of this work, are
also discussed. Section 2 discusses the extended G’ /G method, which is an essential way
for solving the problem, as well as M-truncated derivative theory. Section 3 analyzes the use
of this method to obtain exact solutions to the space-time fractional Burger-Like equation
and the space-time coupled Boussinesq equation. The explanations of the graphics of
the solutions and the effect of the method on the results are given in Section 4. Section 5
provides an explanation of the results.

2. The Fundamental Concepts of the M-truncated Derivative and Algorithm of the
Extended G'/G Method
2.1. The Basic Concepts of the M-Truncated Derivative

Some fundamental fractional calculus principles that have been employed in this
study are presented in this section. These are M-truncated derivative and its features.

Definition 1. Assume h : (0,00) — R. For 0 < w < 1, the truncated M-fractional derivative
of h(8) of order w has been defined by [40] as follows:

Z98 (h(0)) = lim (o jE5(€9:’)} - h(9), 650, 1)

where jEs(.) is a truncated Mittag-Leffler function of one parameter, defined as follows:

Jj o

Theorem 1. Functions f1(0) and f,(6), which are w-derivable with 0 < w < land 6 > 0 ata
point 8 > 0, satisfy the following properties [40,41]:

o TN f1(0) + a2 fo(0)} = a1 j T {f1(0)} + 4z 175 {f2(0)}, Vay,ap €R,

o JTHAOLO)) = £2(0); 7 L)} + f1(0); i {2(0)},
. gwiphloy _ £0); 75 L1(0)}=F1(0);:Tn {f2(0)}

1M L f(0) (£2(0))? !
o TW0)" =n(0)""Y, neER,
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o If fy is differentiable, then jyﬁ"s(fl)(e) = %%,

o T (fro f)(0) = f(f2(0)); 730 L f2(0)}.

2.2. Description of the Extended G'/G Method

In this section, the extended G’ /G method, which is applied in [42], is briefly defined.
Assume that we have the nonlinear fractional differential equation as follows:

F(u, '71\%'5”/ ﬂA‘Z’fu, ) =0, 3)

where 91\(/}’ f and 9]\‘4";: show M-truncated derivative, u = u(x, t) is an unknown function,
and F is a polynomial in u(x, t).

1. Itis first required to transform (3) into an ordinary differential equation using the
traveling wave transformation given as follows: [43,44]

u(x,t) = U(e),

o r((5+1)( )
w

mx® + kt“’),

where § > 0, m # 0 and k # 0 are arbitrary constants. A nonlinear ordinary
differential equation (ODE) as below is obtained, substituting (4) into (3) as follows:

au d*u

N(U/ %/ p/ ..

) =0. ©)

2. Itis presumed that the formal solution to (5) is the following:

N / i
G'(e)
U(e) = ai| = |, (6)
L ( cle) )
where g, is the real constant to be determined, and N is a positive integer that needs

to be calculated. The following auxiliary linear ordinary differential equation has a
similar solution as the G(€) function:

G"(e) + AG'(e) + uG(e) =0, )

where A and y are the real constants to be calculated.

3. The system of algebraic equations is obtained by using (7) to substitute (6) into (5)
and setting all of the coefficients for powers of % to zero. Using Maple and similar
software, this algebraic system can be solved in order to determine the values of the
unknown constants a;. Using (5), the value of N may be calculated in the following

way, where deg(U(e)) = N is the degree of U(e):

deg[ur (dsq)s} = Nr+s(q+N).

4. The necessary exact solutions can be obtained in the following three cases using the
general solution of (7).

Case 1. If A2 — 4y > 0, then

G'(¢e) A VA2 —4u (Al sinh( A2274y€) + Ajp cosh( A2274 e)) ®)
Gle) 2 2 Aq cosh( \/Azzqe) + Ap sinh( s €)

;

=

NT
IS
=
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Case 2. If A2 — 4y < 0, then

G'le) A, Vau—-A? <—A1 sin (Y 4Z7A26) + Ay cos(Wc)) ©)
Gle) 2 2 Ay cos(7V4};#€) + Az sin(@e)

Case 3. If A> — 4y = 0, then
G/(G) A A2
Gle) 2 + Aj+ Aye’ (19

The exact solutions to (5) are obtained, where A; and A; are arbitrary constants.

3. Mathematical Analysis

In this section, we employ the extended G’ /G- expansion method to obtain exact
solutions to some nonlinear partial fractional differential equations, including the space—
time fractional Burger-like equation and the space-time coupled Boussinesq equation. In
fluid dynamics, such equations continue to garner a significant amount of interest.

3.1. The Space-Time Fractional Burger-Like Equation
We investigated the Burger-like equation in [29,45], which is a space-time fractional
given below.
5 5 1
T+ Tygu+ w5 T T =0, (11)

where w € (0,1], 0 < J. By applying the transformation Equation (4) to this equation, the
following ordinary differential equation is gained:

du(e) m du(e) m?d*Ul(e)

etm) ey + 245 + 7 a0

= 0. (12)

By integrating Equation (12) once and taking constants of integration as zero, the
following equation is found:

m? dU (e)
2 d(e)

(k+m)U(e) + Z-U(e)* + =0. (13)

By balancing the terms of U? and dige) in Equation (13), we find N = 1. For N =1,

the solution arises through us of (6) as follows:

/ !

Ule) :a,l(%)il—i—aoﬁ-al(%), (14)

where a_1, a9 and a1 are unknown constants.
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By substituting (14) using (7) into (13) and setting the coefficients of all powers of
(%) to be zero, nonlinear algebraic equations can be obtained. The occuring algebraic
system is solved with Maple to find the values of unknown constants.

(%)_1 (k+m)a_q +ma_yag + m;?\ a1 =0,
(%)0 (k+m)ao+%a%+ma7101+ %201—1 - %ZV am =0,
(%/)1 (k +m)ay + maga; — %2/\ 1 =0,

Solving this system of equations through Maple, we obtain the following results:

— /A2 — _ /A2 —
Result1: k = _"212/\ — mz( AT ZA 4”) —m,ag = (W)m,al =0,a_1 = —mpy,
2_ 2_
Result 2: k = A — mz(L M) —m, ag (L M)m,al =m,a_q =0.

The exact solutions to the space-time fractional Burger-Like equation can be obiatained
by substituting these results into (14) and taking into account (8)—-(10) as follows:

Solution 1:
If A2 — 4p > 0, the hyperbolic solution is achieved

—A AQ —_4
u(x,t) = Uny (e) = (@)m
—my ( 2 o (Al sinh(Y25 % ¢) 4 A cosh(V5He) ) ) R
2 .

2__ —
2 Ay cosh(Y2 " ) 1 Ay sinh( Y2

;

;

N?
'S
=
o

~—

If A2 — 4u = 0, then, the rational solution is found

A A A
uz(x,t):U13(€):—§m—my<—E+Al+72Aze). (16)
In (15) and (16), ¢ = J¢+D [mxw n (—";“ —m? ( —AF VZAZ“*”) . m) tu’}.

Solution 2:
If A2 — 4y > 0, the hyperbolic solution is obtained

2 _
3 (x, ) = Uy (€) = (Hzﬂ)m

;
;

T2t N4 A
Aj cosh(¥25Fe) + Ay sinh( Y, Fe)

;
;

If A2 — 4u = 0, then, the rational solution is found

ug(x, t) = Ups(e) = m(ﬁ) (18)

In (17) and (18), € = @ [mx“’ + (’”TZ)‘ — mz(LW) — m) t“’]

Figure 1 illustrates the exact solutions of u(x, t) with some particular parameters.
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Figure 1. Graphical representation of Equation (17).

3.2. The Space-Time Fractional Coupled Boussinesq Equation
We examine the space—time fractional coupled Boussinesq equation in [31], which is

shown below.

w,0 W,
ﬂM,t u-+ ﬂM,xv =0,

(19)
Tt v+ 1T (8%) = BTG TA T = 0,

where w € (0,1], 0 < 4. The following ordinary differential equation system is obtained
by applying the transformation Equation (4) to above equation for both u(x,t) and v(x, t):

dUu(e) dv(e)

“ae) T =
dv(e) d , 5 S d3U(e) 20)
kd(e) +fymd(€)(u)—ﬁm FIOE =0.

The following system is produced by once-integrating Equation (20) and setting the
integration constants to zero:

kU+mV =0,
P2Ue) (21)

2 _p.3 _
kV +ymU* — Bm d(e)? 0.

From the first equation of Equation (20), we can obtain the following;:

k
V=——U. (22)

Substituting Equation (22) into the second equation of Equation (21), we obtain the
following differential equation to find the solution of the system:

sd?U(e)

k2 5
- EU((—:) +ymU(e)” — pm
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Balancing the terms of U? and % in Equation (21), we obtain N = 2. For N = 2,

the solution arise with use of (6) as follows:
!/ /

0 =0s(S) w0 ) rmen($) () e

where a_5,a_1,ay,a;, and a; are unknown constants.
Substituting (24) using (7) into (23), we produce nonlinear algebraic equations by

setting the coefficients of all powers of (%) to zero. The Maple program is used to solve
the arising algebraic system and determine the values of the unidentified constants.

I\ —4
E) cym?a? , — 6BpPmta_y =0,

/N

/N N N /N
olQolQolQolQao

~— — ~— ~—
|
N

|
w

s 2ym*a_na_q —10BAum*a_y —2Bum*a_y =0,

: —KPma_y + ’ymzaz_l + 2ym?a_pay — ,6(4)\2 + 8y)m4a_2 - 3,82\;4111411,1 =0,

|
_

© —KPma_q + Z'sza,za_l + 2’ym2a_1a0 - 6ﬁ/\m4a,2 — ﬁ(/\2 + 2;4)711411_1 =0,

(e}

D= kzmuo + 'ymza% + 2fym2u,2a2 + 2’7m2a,1a1 - 2[3111411,2 - [%Am‘lu,l

— BAum*ay — 2puPm*a; =0,

s

: — KPmay + 2ymPagay + 2ym*a_jay — 6BAum*ay — B(A* + 2u)mta; =0,

: — KPmay + 7m2a% + 2ym?agay — ,3(4)\2 + 8y)m4a2 — 3[%)\7;14111 =0,

@

: Z'ymzalaz - 10/3/\m4a2 - 2,Bm4a1 =0,

N N
QlQolQolQ ol
S

N N N N~
N

: ’ymzu% — 6pm*ay = 0.

The results of solving this system of equations using Maple are as follows:
Result 1: k = Fmy/Bm(— A2+ 4p), g = P g = BN o) — 87 4 =g 5 =0,
Result 2: k = :Fm\/m,ao = Wriz”)mz,al = %,uz = 6‘6,;”2,51,1 =a_,=0,
Result 3: k = Fm\/Bm(—A2 +4p),a_» = W,a_l = 6/3)‘;”"2,510 = 6%’"2,011 =a,=0,

2.2 2 2 2
Result4: k = Fm+/Bm(A2 —4p),a_o = w%,a_l = 6’5/\%,% = M,al =a,=0

By entering these results into (24) and taking into consideration (8)—(10), we can obtain
the space-time fractional coupled Boussinesq equation’s exact solutions as follows:

Solution 1:
If A2 — 4y < 0, the trigonometric solution is acquired
6Bum?
uy(x,t) = Upp(e) = —
—)\2 —)\2
6BAm? ( A N VA — A2 (—Al sin( \/4;;7)\6) + A cos( \/4;;7)\6) ))
7 2 2 Aq cos(@e) + Ay sin(7We) (25)

v . 2
6Bm? ( A n 4y — A2 (—A1 sin(#e) + Ay cos(Me)))
v 2 2 Aq cos(iﬂg_/\ze) + Ap sin(iwe)

2

+

+
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From Equation (22),
v (xt‘)——E _6,8ymz
151 = m P

+ 6pAm: [ A + VA= A2 (=4 Sin(—4g_A2€) + Az cos(—@e)
? (26)

~/ 41— —A2
2 Aq cos(#e) + Ay sin(#e)

. %( \/4;4 A2 ( Aq sin( 3@6) +A2cos(—”‘1§_)@€)>>2]
U 27 2 Alcos(—w )+ Ay sm(—v4’§_/\ze)

If A2 — 4y = 0, then the rational solution is found

6Bum>  6pAm> ;A Ay
up(x,t) = Upz(e) = + -t
2( ) 13( ) ¥ ¥ ( 2 A1+A2€) (27)
+6ﬁm2(_&+L)2
0% 2 A+ A/
From Equation (22),
_ k|6pum*  6pAM* A Ay
UZ(x't)__E[ 0% + 0% (_§+A1+Aze)
(28)
L 6 (- A L)z
v 2 Ap+ Aze

In (25)-(28), € = L1 [mx —l—(:Fm«/,Bm(—)\z—i-ély))t“’

Figures 2 and 3 show the exact solutions of u(x,t) and v(x,t) with some particular
parameters.

u(x 1) wx.1)

Figure 2. Graphical illustrations of Equations (25) and (26).
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300000—

200000—

100000—

—

08 oy 08

u(x ,t) v(x,1)
Figure 3. Graphical representations of Equations (27) and (28).

Solution 2:
If A2 — 4p > 0, the hyperbolic solution is found

BOZ + 2)m?

Y
+6,3)L7712<_/\+\/A27(Alsmh(\/7 €) + Ay cosh( Y= )))

i 2 2 Ay cosh( \/76) + Ay sinh( VA4 e) (29)

/i - 2
6pm* <_/\+ A2 — 4y <A1 sinh(Y*5—"€) + A cosh( Azz 4”6)))
l 2 2 Aq cosh(iv)lzz%”e) + Apsinh(Y A2274V€)

uz(x,t) = Uy (€) =

A2—4p

+

From Equation (22),

v3(x,t) = _% {W

ﬁ
I\)IN
IS
=

€) + Ay cosh( AZZ e )>>
2 30
€) + Apsinh(Y2 ) G0

6pm’ (_)‘+ A2 — 4y (Alsmh(\/ie)JrAzcosh( AZ 4’%)))7
R Ve S T e

6B Am2 A A2 — 4y ( Aqsinh
n pAm (_2+ . H( 1 sinh(
7 Aj cosh(

i
|N
=
=

+

If A2 — 4y = 0, then the rational solution is found

ug(x,t) = Ups(e) = PO+ 20y + op A ( - % + L)

Y 0% Aq + Age (31)
Y A1+ Aze
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From Equation (22),

(32)

In (29)~(32), e = L0+ [mxw n (zF m\/m) tw].

Solution 3:
If A — 4y < 0, the trigonometric solution is acquired

6Bum?
us(x, t) = Uz (e) = ‘B%
4p—A?

oy -1
6BAum? (_ A N VA — A2 (Al sin( 4}; Aze) + A COS(2€)>>
Y Aq cos(Y 4};_A2e) + Ay sin(Y 4’;_)‘26)

2 2
[A—)\2 /41— )2 -2
n 6Bu>m? < A . VA — A2 (—A1 sin( 4’; A €) +A2cos(4’;)l€)>>
v 2 2 Ay cos(7We) + Ay sin(iﬂg_/\ze)

+ (33)

From Equation (22),

s, 1) = _k{w

m v

+6[5/\ym2(/\+ \/m(—Alsin(\/‘W.g)+A2COS(\/4}£7/\2€)>)—1 o

2 /41— \2 / — )2
v 2 2 Aq cos(#e) + A sin(#e)

— _ -2
oputn? (A AT (—Aysin(VE ) 4 apcos(Vi )
R e Jip A2 ’
Y Aq Cos(%é) + Ay Sin(yf@‘)

If A2 — 4y = 0, then the rational solution is found

6Bum?  6BAum> A A -1
Z/l(,(x,t) = u33(€) = ﬁ;; + IB ,;/l (_5_._Al+72142€)
6Bu>m? ( A Ar )*2

0% _§+A1+Aze

(35)

+

From Equation (22),

k | 6Bum?  6BAum? A A -1

mio g
(36)

6pum2 ;A Ay -2
Ty (§+A1+A2e) '

In (33)-(36), € = L0+1) [mxw + ( ¥ m\/m) tW]
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Solution 4:
If A2 — 4y > 0, the hyperbolic solution is achieved

2 2
uz(x,t) = Uy (€) = BA” +2p)m”

v
n 6B um? (_ A N VA2 —4u <A1 sinh( /\22_4”6) + Ay cosh( AZZ_4V6) ) ) -
v 2 2 Aj cosh( /\2274}16) + Ay sinh(Y A2274” €) 37)
2_ 2_ -2
| 6BPni® (_ AL VR <A1 sinh( Y25 ¢) + A, cosh(Y2 4”e)>)
2 2 Aj cosh(Y A2274’4 €) + Ap sinh(~ /\2274;4‘3)
From Equation (22),
2 2
st [ 530
| 6pAm? < A, VA <A1 sinh(Y2 ¢) + A, cosh( YA He) ) > !
9 v 2 i (38)
v 2 2 A1 cosh( Az A €) + Ap sinh( Az 4”6)
n 6B8u>m? (_ A N VAZ —4u <A1 sinh (Y A2274V€) + Ap cosh(Y A2274’4€) ) ) _2}
i 2 2 A1 cosh(Y /\22_4” €) + Ay sinh(~ A22—4y€)
If A> — 4y = 0, then the rational solution is found
B _ BAZ+2u)ym? | 6BAum? A Ay -1
ualxt) = Usle) = T (~3+ A+ Aze) (39)
| OpuPm? (-2+ 22 ) E
0% 2 A1+ Agze '
From Equation (22),
k| BA2+2u)ym?>  6BAum? ;A Ay N1
) =—— Ly 2
vs (/1) ml v * % ( 2 +A1+Aze>
(40)
| 6BuPm? (- A Ay )—2
0% 2 A+ Aze '

In (37)-(40), € = % {mx“’ + ( ¥ m\/m) t“’} .

4. Results and Discussions

In this section, from a physical point of view, we discuss the obtained solutions to the
space—time fractional Burger-like equation and the space-time coupled Boussinesq equation
with the M-truncated time derivative, which are gained using the above-mentioned method.
In order to verify the physical meaning of the mathematical models, we implemented
several 3D plots and illustrations of the obtained solutions. Moreover, the effect of the
fractional derivatives and the method on the solution of equations are mentioned.

Firstly, we plotted Equation (17), and as shown in Figure 1, we demonstrate the
appropriate hyperbolic behavior of the obtained analytical solutions. In Figure 1a, the
hyperbolic solution of (17) is plotted when A = 2,4 =0.5,A1 =2,Ay =m=1,w = 0.5. In
Figure 1b, the real solutions of (17) are plotted when A =2,y = A; = Ao =m=1,w = 0.5.

The plots for Equations (25) and (26) are presented in Figure 2. The trigonometric solution
of (25) and (26) are plotted withA =1,y =6,A1 = Ay =m=B =1,y =w =05
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Finally, the plots for Equations (27) and (28) are presented in Figure 3. The real solution
of (27) and (28) are plotted withA =1,y =6,A1 = Ay =m=B=1,u=w =0.5.

It has been proven that the extended G’/ G-method is very useful and efficient and can
be used in a wide variety of solutions. Hyperbolic, trigonometric, and rational solutions
have clearly emerged with the distinctiveness and restrictive feature of the method. As a
result, much newer and clearer solutions have been obtained. Fractional calculus is a new
research field that has attracted many researchers, and although many studies have attempted
to explain the physical meaning of fractional derivatives, it is still an open problem.

5. Conclusions

In this work, two nonlinear partial fractional differential equations were solved with
M-truncated derivative using the extended G’/ G-method. Many novel exact solutions to the
space—time fractional coupled Boussinesq equation and the space-time fractional coupled
Burger-like equation were successfully found as applications. The extended G’ /G-method
analysis of the aforementioned models was revealed using a thorough list of various solutions,
including trigonometric, hyperbolic, and rational ones. It is important to note that the found
solutions are novel since a new fractional derivative was used to explore the model’s new
form. The fact that the solutions to the Equations (11) and (19) were obtained utilizing various
derivatives and methods makes it clear that our results are original and have not previously
been explored in the literature. The fact that the solutions to the equations in [29,31,45] were
obtained using various derivatives methods demonstrates additionally attests to the novelty
of our results.

The results of this study add to the corpus of literature by offering insightful explanations
of several nonlinear systems. The solution described here, to our knowledge, have not
been previously attempted. The outcomes also showed that Maple, a symbolic program
computing system, simplifies, strengthens, and accelerates the suggested method as a helpful
mathematical tool. It is worth considering that the recommended method may be used to
solve a variety of nonlinear evolution issues in mathematical physics. The findings of the
study may have an impact on how various physical issues are understood.
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