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Abstract: This article is devoted to showing the existence and uniqueness (EU) of a solution with
non-Lipschitz coefficients (NLC) of fractional It6-Doob stochastic differential equations driven by
countably many Brownian motions (FIDSDECBMs) of order 3« € (0,1) by using the Picard iteration
technique (PIT) and the semimartingale local time (SLT).
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1. Introduction

The concept of the fractional derivative of order a, where a € (0,1), has been intro-
duced by many scientists including Joseph Liouville and Bernhard Riemann in the 19th
century. Recently, fractional calculus is a useful mathematical tool for applied sciences.
Fractional calculus is a natural generalization of differential calculus. Later, Fourier, Abel,
Liouville, Riemann, Riesz, and Caputo, among others, contributed to its development.
They defined derivatives and integrals of noninteger order.

The importance of fractional calculus is an essential tool in the modeling of real
phenomena. One might think that this area for fractional calculus is a question of “pure”
mathematics without interest for the applications. However, a simple example from fluid
mechanics shows how the derivative of order n = } appears quite naturally when one
wants to explain a flow of heat coming out laterally from a fluid flow according to the
temporal evolution of the internal source (see [1-7]).

One of the most famous class of the fractional equations are the fractional It6-Doob
stochastic differential equations (FIDSDEs). In the literature, there are a few papers on
the FIDSDE (see [8-11]). In [9], the authors discuss the averaging principle of FIDSDE
with NLC. In [8], the authors examine the EU and mean square stability of solutions to the
non-Lipschitz FIDSDE.

Motivated by several works in the literature, we extend, the results from the ordinary
stochastic differential equations in [12,13] to the fractional It6—Doob sense. The main
contributions of this article are as follows:

. To investigate the EU of solutions to FIDSDECBM with NLC;
e  To use the PIT and the SLT in our results.

The contents of the article are as follows: Section 2 is devoted to presenting the
principal notions. Section 3 outlines the EU of the solution of FIDSDECBM using the PIT
and the SLT.

2. Preliminaries and Definitions

Let M = {X, 3F= (§l)120,‘f3} be a complete probability space and (W7(1))gen+ an
infinite sequence of independent standard Brownian motions defined on the space M.
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Let X,Z =12 (X,3., ‘i%) be the space of all [F;,-measurable and mean square integrable func-
tions 6 : X — R with ,
2
lell = (Ef6) "
For more details about the basic notions of stochastic calculus, see [14].

Definition 1 ([15]). Let s € (0,1) and let e(x) be a continuous function; then, the integral of
e(x) with respect to (di)* is given by

/Ole(s)(ds)” = %/Ol(t —5)" Le(s)ds. 1)
Consider the following FIDSDE:
dmt, = b(m,)dt+ i By (71,) AW (1) + 17 (71,) (d1)*, )
q=1

where 0 < sc < 1, 7(0) = ¢ € R is the initial condition, b, (¢;)gen:, 77 : [0,0] x R — R are
two given functions, and ¢ € [0, ©].

Let 9(7r) = (¢ (), 82(7),...) and [O(7 (Z 192 ) where ¢(7r) € L2 for

all t e R, and
L= { = (¢g)gen- : R = R: Z 7 (x) < oo,Vx € R}
The associated integral equation of (2) is given by the following:

o= §+/ 75 )ds + 2/ (715 ) AW (s —i—%/ ) 117(7rs)ds. 3)

3. Existence and Uniqueness Results

Theorem 1. Let A, a. and ¢ be nondecreasing continuous concave functions on [0, +00), satisfying
A(0) = &(0) = ¢(0) = 0.
Forall 7, T € R,

|8(7) — 0(7)
() —n(7)

If there is a number p > 2 satisfying the following:

<¢g(|r —T7).

Pl dr —
/0+ AP(71) + aP (1) + ¢P () T

then, for any ¢ € X2, Equation (2) has a unique solution.

To show our main result, we design an approximation sequence using a PIT. Let
¥ = & and 71" be a sequence defined by 71 = &, Vn > 1,

dn) = b(m)~ 1 Vdi+ Zﬂq n- 1)qu()+17(7rf71)(d1)”, (1>0),
q=1
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andVn >1,Vi >0
" —§+/ ”1d5+2/19q (=) AW (s +%/ (i V)ds, (4

where 71 = ¢.

Let leo . be the space of all adapted (3,) processes { satisfying

/ol]Elé(S)\zds < oo,
where |Z(s) qu

Lemma 1. 7" is well defined in (4),is continuous, |9(7")| € H2 , and is a (3,) semimartingale
foralln > 1.

Proof. Using (4), Lemma 2.1 and Corollary 3.4 in [13], we can derive that there exists
Ky > 0suchthatVn > 1,and 0 <1 <A,

E(n})?

IN

422 1 4R </01 b(ngl)ds)z +4E<i /Ol ﬂq(ngl)dwq(s)>2
q=1

+ 47E (/O[(t - S)”lv(ﬂ?l)dS)2

422 4 4A /O’E(bZ(ngfl))ds +4/0‘1E|19(n§*1)|2ds

IN

AZ}tfl

m/olEO?z(ﬂgfl))ds

48% + 4K, (A +14 %Z(Azml)) /0(1 +E(m ) )ds

+ 452

IN

< 4C2+4K2A(A+1+%2AZ%_> <1+ sup E(ﬂ?‘1)2>f ©®)

( - 1) 0<i<A
Thus, we can derive the following:

2x—1
sup E(rcf)Z §4§2+4K2A(A+1+%2(2A%_1)) <1+ sup E(n[’_l)z).

0<i<A

2
Using the fact that sup E(n?) = &2 < oo, thus,
0<i<A

sup E(r)? < oo, Vn > 1.
0<i<A

According to Corollary 3.4 in [13], we can obtain

[ Blo () s < K2A<1 + sup E(nrf) <o,
0

0<i<A

which implies that |¢(7")| € H3,..



Fractal Fract. 2023, 7, 331

40f8

E sup ||

0<v<y

sup E sup ||

0<k<z

0<v<t

IN

IN

IN

IN

Then, 7t" is well defined by Lemma 2.1 in [13], and it is a continuous (§,) semimartin-
gale,Vn >1. O

Lemma 2. Suppose that all the assumptions of Theorem 1 hold. Then, for any fixed A > 0, there
are some positive numbers K, 5 satisfying

E sup |my|" < Kpa, (6)
0<v<y
E sup |y — m5|" < Kia, @)
0<v<t

Vn,z>1,r>20<1<A.

Proof. For any fixed z > 1, when1 <#n <z, 0 <: < A, by using the Burkholder-Davis—
Gundy Inequality and Corollary 3.4 in [13], one can derive

v r 00 v r
47 NE" + 47 sup / b(nl~')ds| +4'E sup Z/ B (7~ 1)dW (s)
0<o<ul/0 0<0<t|g=1"0
v r
4710E sup /(U—S)”iln(ngfl)ds
0<v<u!/0

2 r L
47*1|g|f+4’*1/*1/ E’b(ngfl)]rdsH’*llrlM/ E[9 ()| ds

0 0

-1
r—=1_r r=1Y rzfl/l ’ n—1 ‘r
4 %<r%—1> L OEU(TL'S )| ds
r—1x|r r—1 r—1 r—1 r—1 r—l rAtz—1 ! n—1|"
YN 4K (A A IM A /(1+E\ns ds)
rxe—1 0

r—1 r—1
4r—1|C|r+4r—1K7 <Ar +A2M+ ( ) %rAr%>

x—1

. -1 r—1 f
41K, <Arl +AT M+ ( 4 ) %7A7”1> / E sup |7 !|"ds
0

raxe—1 0<v<s

-1 r—1
e+ 4K (A’ +AITM + ( — 1) %’A”‘)

-1 r—1 !
K (AN ATTIM 4 < > P / sup E sup |rk|'ds, (8)

-1 0 0<k<z 0<v<s

where M > 0. We know that E sup |7)|" = |¢|; then, we obtain
0<v<s
< 4r71‘§|r+4rflKr (Ar +A2M+ ( > rAr%>
r -1 L
+ 47K, A’l—l—Ale—i-( > P / sup E sup |75|'ds.
-1 0 0<k<z 0<v<s
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Using Gronwall-Bellman’s inequality, we derive that forallz > 1,
r r—1 r=1
sup E sup |75 < (47YE +4TIK [ AT+ ATM + ( ) P
0<k<z 0<v< rx—1
r r—1 r=1

X exp{4r1Kr (Arl +A27 M+ < > %’A”‘l> L}
rx—1

S KV,A/

where K, 4 is a positive number such that

. 1 r—1
K,pn = <4’_1|§|r+4r_1Kr<N+AzM+(r ) %W%>>
’ re—1
A

r _1 r—1
X eXp{4r_1Kr<Ar_1+A2_lM+(r:{—l) %rAr%—l> }

Since z is arbitrary, then, for all # > 1, we have

E sup |7)|" < KA.
0<v<y

In the same manner, we can prove Inequality (7). O

Lemma 3. Suppose that all the assumptions of Theorem 1 hold. Then, for any fixed A > 0, there
are some positive numbers K, a satisfying

- !
E sup |7 — Z|" < K, A / o(E sup |71 — 721" |ds, )
0<v< 0 0<v<
n__ _z|r 1% N n=1_ _z=1|r
E|7Tl T, | < Ky 0 ¢ E‘T[S TTs | ds, (10)
Vn,z>1,r>2,0 <1 <A with¢(p) = /\r(p%) —b—ocr(p%) —|—g’(p%), Vp > 0.

Proof. Foralln,z> 1,0 <v <1 <A,
" 0 "L
Tl - = / (b(n?‘l) — b(ﬂsz_l))ds+ Z/ (195,(712_1) — ﬁq(nﬁ_l))dwq(s)
Jo 170
! »—1 n—1 z—1
+ %/0 (1—s) (17(715 ) —n (7 ))ds.
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Using the Burkholder-Davis-Gundy Inequality, we have

E sup |7 — 2" < 3!E sup |/Ov<b(n§_1) —b(n§_1)>ds|r

0<v< 0<v<t
+ 3-1g sup | Z /v (19,7(7[;1_1) — l9q(7'[§_1))dW‘7(s)|r
0<v<t g=1 0

+ 37LJE sup | Z](v—s)”f1 (17(71;“_1) —iy(rrsz_l))dsV

0<ov<t

3r711771/lE
0
, !

+ 3’_117_1M/0 E[o(ni) — o(72 1) ds

B r—1 r—1 L " B N
+ 3 1%(”{_1) I 1/()E‘17(7r§ Y —y(nz 1)’ ds

r—=1ar—1 ! r n-1_ _z—1
< 37°A /OE(A(NS Ttz D)ds

r—1A5-1 ! r n—-1_ _z—1
+ 37°A2 M/()E(a(ns T D)ds

-1
r—1_r r—1 ' r%fl/l r
3 %<r%—1) A OE(Q(

where M > 0. Using lemma 3.5 in [13] and the Jensen inequality, we can derive the
following:

IN

b2 1Y) — b(i )| ds

- n§*1’)>ds, (11)

" 1
E sup |7 — ) < 3HAH/AV (Bl =) )as
0<v<y JO
r L %
+ 3r_1AT1M/ ar<(IE Tt -t r) )ds
0

n—1 z—1
TTs — Tt

1 1
r—1_r T — 1 ! rx—1 /[ r A
+ 3 %(7”%71) A Og (]E ) ds

- L r
< Kr’A/o cp(IE ng"l —715’1‘ >ds
~ L r
= K / ¢ E sup ﬂ?il—ﬂ?ﬁl‘ ds, (12)
J0 0<v<s
~ y },71 r—1
s = (1700 ) (a0 () ),

We know that 1,z are arbitrary; then, (9) is proven. Using the same procedure, we can
prove (10). O

Proof of Theorem 1. Let A be a fixed positive constant.
Existence: Using lemma 3, one derive

. ' p
E sup |t — i |P SKP,A/ ¢><E sup ng_l—nf,_l‘ )ds,
0

0<v<t 0<v<s

1
r

foralln,z > 1,0 <: <A, where ¢(p) = /\’(p%) +a'(p7) +g’(p%), Vp > 0. Let

X, = lim supE sup | — 75|,
n,z—r0o 0<v<i
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Thus, X is a continuous and nonnegative function on [0, A]. Consequently, using Lemma 2
and Fatou’s lemma, one can obviously deduce the following:

_ !
X, < K,,,A/O (X, )ds.

According to Corollary 3.6 and Lemma 3.7 in [13], one finds that X = 0, which implies that,
forall0 <1 <A,

lim E sup |7} — m|F =0.
n,z—ro0 0<v<1

P
Therefore, 7" is a Cauchy sequence under the norm (E sup (- )p> for any fixed A > 0.
0<i<A

Let 77 be the limit; it is a continuous (,) semimartingale by continuity of 77", Let n — co
in (4); proceeding as the proof of Lemma 3, one can obtain

_ A
E sup |Z(v)|F < Kp,A/ ¢<E sup |t — p) ds — 0,
0<v< 0 0<v<s
where
I(v) = /v(b(ﬂg’l) —b(nifl))dw Z/v(ﬁq(ng’l) —ﬁq(n§*1)>dwq(s)
0 0

q=1
+ %/Ov(v — ) ! (17(71?;1*1) — ry(nﬁfl))ds.

Then, 7, verifies Equation (3) for all 0 < : < A, which proves the existence result.
Uniqueness: Let 7t! and 712 be two solutions of Equation (3); thus. proceeding as the proof
of Lemma 3, we derive, forall 0 < < A,

]E’rc} — p)ds.

p — L
<Ky | ¢(E[nl -2

. p
Noting that : — E‘n} —

is a nonnegative continuous function on [0, ), applying

: =0, forall 0 <: < A, which

implies that 77} = 72 for a.s. 1 > 0 since A is arbitrary. Consequently, using 7! and 7 as
continuous stochastic processes on [0, o), we obtain

Lemma 3.7 in [13], we can deduce the following: ]E‘ nl — 2

P(n} =%, Vi > O) =1
Therefore, the uniqueness of the solution is proven, as desired. [

4. Conclusions

This paper examines the EU of the solution with NLC of FIDSDECBM of order s €
(0,1) according to the Picard iteration technique (PIT) and the semimartingale local time
(SLT). Combining our results in this paper with those of [16], we can discuss the EU of the
solution with NLC of FIDSDE driven by countably many G-Brownian motions.
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