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Abstract: In this paper, we studied the Holder regularities of solutions to an abstract fractional
differential equation, which is regarded as an abstract version of fractional Rayleigh-Stokes problems,
rising up to describing a non-Newtonian fluid with a Riemann-Liouville fractional derivative. The
purpose of this article was to establish the Holder regularities of mild solutions, classical solutions,
and strict solutions. We introduced an interpolation space in terms of an analytic resolvent to lower
the spatial regularity of initial value data. By virtue of the properties of analytic resolvent and the
interpolation space, the Holder regularities were obtained. As applications, the main conclusions
were applied to the regularities of fractional Rayleigh—Stokes problems.
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1. Introduction

Abstract fractional differential equations have been applied to many fields in science
and engineering, such as in viscoelastic mechanics, anomalous diffusion phenomena,
materials science, electrochemistry etc.; for more details we refer to the books and the
papers [1-7]. Itis known that the abstract fractional differential equations can be used to
study some partial differential equations with fractional derivatives in an appropriate work
space using an operator-theoretic approach. When considering a nonlinear constitutive
relationship between shear stress and shear strain rate in fluids, non-Newtonian fluids
appear in human blood, oil, and mud-rock flow etc. that cannot be described in a single
model, contrasted to the Newtonian fluids. As mentioned in [8], fractional calculus has
proved an effective tool for describing viscoelastic fluids; a fractional Rayleigh-Stokes
problem in non-Newtonian fluids is more suitable for describing its qualitative properties
and behaviors. It is reasonable to analyze the properties and structures of solutions using
the operator -theoretic approach.

The exact solutions of fractional Rayleigh-Stokes equations in second grade
fluid [4,9,10], Maxwell fluid [3,11], and Oldroyed fluid [12] were obtained by virtue of
the Fourier sine transform and fractional Laplace transform. Under the conditions of
a non-local integral term, Luc et al. [13] obtained the existence and uniqueness of solu-
tions for nonlinear equations; by using the Fourier truncation method, they constructed a
regularization solution to tackle the ill-posedness of solutions. Wang et al. [14] obtained
the well-posedness for nonlinear Rayleigh-Stokes equations in view of the fixed point
arguments and they also showed the blow-up results. Nguyen et al. [15] obtained some
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regularity properties of the solutions to the backward problem of determining initial con-
ditions. Lan [16] analyzed some sufficient conditions to ensure the global regularity of
solutions and, if the nonlinearity is Lipschizian, then the mild solution of the given problem
becomes a classical one. Wang et al. [17] obtained the existence, uniqueness, and regularity
of a weak solution in L* (0, b; L>(Q2)) N L%(0, b; H}(Q)) by using the Galerkin method and
they also proved an improved regularity result of a weak solution in the case of non-
homogeneous term f € L?(0,b; L2(Q))) and initial value h € H?(Q). Bao et al. [18] studied
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an inverse problem with a nonlinear source and obtained some results on the existence and
regularity of mild solutions. By using an operator-theoretic approach, Bazhlekova et al. [19]
obtained the well-posedness and Sobolev regularity of the homogenous Rayleigh—Stokes
problem and Bazhlekova [20] showed a well-posed result associated with the bounded Cy
a-semigroup by means of the subordination principle. Pham et al. [21] studied a final-value
problem involving weak-valued nonlinearities and obtained the existence and Holder regu-
larity by using the regularity of the resolvent operators. Tran and Nguyen [22] obtained the
solvability and Holder regularity on the embeddings of fractional Sobolev spaces.
In this paper, we considered the following abstract fractional differential equations:

u'(t) = Au(t) + yDf Au(t) + f(t), t>0; u(0)=up, (1)

where Df is the Riemann-Liouville fractional derivative of order u € (0,1), 7y is a positive
parameter, and operator A generates a bounded analytic semigroup on a Banach X within
some sectors X(0,9) and ¢ € (0,7t/2], in which %(w,9) = {A € C: |arg(A —w)| < 8},
U is an initial value and f is a continuous function. A prototype example is given by the
Rayleigh-Stokes problem on RN

o — (1+)Au=f(t), t>0;, u(0,x)=up(x), xRN,

for a;‘ , a Riemann-Liouville fractional partial derivative. Replacing f(t) with a semilinear
function f(u), the global well-posed result with a small initial value and a local well-posed
result on C([0, T); LP(RN)) for some positive parameters p > 1,N > 1,T € (0, o] were
considered by He et al. [23].

We list several highlights in the following. Firstly, we note that there are few works
concerned with the classical solutions of abstract evolution problem (1), even with the
fractional Rayleigh-Stokes problem on RN or bounded domain Q) with smooth boundary
0Q). The Holder regularity of solutions is also still a considerable problem because the
Holder regularity of solutions plays an important role in the structure of solutions. Li [24]
studied the Holder regularities of mild solutions for a class of fractional evolution equations
with an order of & € (1,2) and the author showed that a mild solution is the classical one
for f € CP([0,T]; X) (p € (0,1)) especially. In [25], Li and Li also considered the case of the
order of & € (0,1) for the Holder regularities of mild solutions. Alam et al. [26] established
the Holder regularity of mild/strict solutions of fractional abstract differential equations
of the order of w € (0,1); the obtained results improved the existing results presented
in [25]. Allen et al. [27] established a Holder regularity theorem of De Giorgi-Nash—-Moser
type for a fractional diffusion equation, see e.g., [28-30] . Secondly, when operator A
acts on an analytical semigroup ¢!/, it appears that ||t Ae!4x|| is bounded near t = 0 for
x in a Banach space X (and it goes to 0 as t — 0 if x € D(A)), and || Ae'4x|| is bounded
in (0,1) for x € D(A) C X. This means that, for studying the properties of classical
solutions, the concept of an intermediate space is naturally introduced in order to reduce
the requirement for x € (X,D(A))g, (8 € (0,1),p > 1). For the consideration (1), we
showed that ||t#~1 AS(t)x|| is bounded in (0,1) for x € X (S(t) is defined in Equation (2)); it
is not suitable for discussing the requirements of (X, D(A))g,, since S(t) is no longer an
analytic semigroup essentially, and should construct a new interpolation space to lower the
spatial regularity on initial condition for the classical solutions. Thirdly, we also proved
that a mild solution to problem (1) is also a classical solution if ug € X and f € C1([0, T]; X),
even if it is a strict solution with zero initial value data. In particular, the results we obtained
reflect the relevant properties and the structure of solutions of problem (1).

For these targets, we established the existence and Holder regularity of solutions to
problem (1) under an analytic resolvent S(t) determined by A as follows:

_ 1 zt
S(t) = Tm/rwe G(2)dz, @)
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where

60 = S R(g(2),4), g(5) = 15—

and for & € (0,71/2) and § > 0, the contour I'; g is defined by
Tsp={re™", r> 6 u{oe, |p| < 8} u{re?, r > 6};

the circular arc is oriented counterclockwise. We showed that the mild solution is Holder-
continuous for f € LP(0,T;X), p > 1. Additionally, the solution shall be singular at
t = 0 for considering the Holder continuous, in order to lower the regularity of the initial
value data. By using the K-method, we introduced a new interpolation space D (6, p)
compared to the classical one D4 (6, p) driven by the analytic semigroup, and we proved
that these two spaces are isometric isomorphic. In particular, if f € C!([0, T]; X) and ug € X,
the mild solution is indeed a classical solution. If g = 0, the solution will still be a strict

solution. Especially, it possesses a Holder regularity with an exponent of u A (1 — u — 1)

q
for ﬁ <g< Mw and uy € D4 (6, p). Our proofs of the main results are based on
the analytic properties of S(t) and the operator approach.

The present paper is constructed as follows. In Section 2, in view of the Hardy type
inequality, we showed several main properties of the analytic resolvent S(t). In Section 3,
we constructed a new interpolation space in terms of the analytic resolvent and we analyzed
its properties. In Section 4, we proved the existence and uniqueness of the solutions of the
problem (1), and we established the Holder regularity of solutions. Finally, some examples

are presented to check the main results.

2. Preliminaries

Let X and X; be two Banach spaces; the notation B(X, X;) denotes the space of all
bounded linear operators mapping from X into X; with the norm || - || 5(x x,)—for short,
I - |z by x — B(X). We denote by C(], X) the space of continuous functions that from
an interval ] C Ry to X. Let A be a linear closed operator; we set p(A) and ¢ (A) by the
resolvent set and spectral set of A, respectively, and the resolvent operator of A is given by
R(z; A) = (zI — A)~!. I is an identity operator. The notation A denotes a A b = min{a, b}
for any constant a,b € R. For convenience, the notation C will denote a positive constant.

For v € (0,1), the Holder continuous function space C?(]; X) is defined by

If(0) = F@)ll w},

[T =]

CT(J; X) = {f €C(X):[fly = sup

T,0€],T#0

equipped with the norm || f{|cy(j;x) = sup,e; [ f (@) + [f]-
For 1 < p < oo, denote a space by LY (]) := LP(],dt/t), equipped with norm

1
dt\7r
ltllzgy = ([ 1mor )

and ||kl e () = esssup [h(s)].
sef

It is known that the K-method is a classical method for producing real interpolation
spaces; for every t > 0and y € X, let

K(t,y; X, X1) = inf{{lyallx + tlyallx, v = v1+y2,91 € X,y2 € Xa}.
Forany p € [1,00], 6 € (0,1), denote the following space

(X, X1)pp ={y € Xt — ¢p(t) =t °K(t,y; X, X1) € LL(0,00)},
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with its norm HyH(XrXI)G,p = ||4>HL;*7(O,OO). Then, the real interpolation (X, X1)g, is a
Banach space.

Note that K(t,y; X, X1) < |yllx as X1 < X; in order to check y € (X, X1)g,p, it is
sufficient to show that t +— ¢(t) € L¥(0,c) for some fixed ¢ > 0. In terms of the analytic
semigroup T(-) generated by A, (X, D(A))g,p also has the following expression:

(X, D(A))op = {y € X:t = o(t) =t Y| AT(t)y]lx € LE(0,1)} := Da(6, p),

with norm ”yHG,p = [lyllx + ”‘PHLﬁ(o,l)/ see e.g., [31].

Consider the weak singular kernel in Riemann-Liouville fractional integral
gu(t) =t+"1/T(u),t >0, u > 0, where I'(-) is the Gamma function. And let * denote the
convolution of functions a,b € L'(0, T; X) by

t
(axD)(t) :/0 a(t —o)b(o)do, t>0.

Definition 1. Let ¢ € L!(0, T; X). The Riemann-Liouville fractional integral 11¢(t) of order
u > 0 is defined by

Iﬂg(t) = /Ot 1—'(11_,”)(1? — U')V_lg(o')dcf, t e [0, T].

Definition 2. Let h € L1(0, T; X). The Riemann—Liouville fractional derivative DY h(t) of order
u > 0 is defined by
d

'Fh(t).
Recall that the following definition of analytic resolvent Q(t) is introduced by Priiss [32].

Definition 3. A resolvent Q(t) is called analytic if the function Q(-) : Ry — B(X) admits an
analytic extension to a sector (0, 0g) for some 0 < &y < 7/2. An analytic resolvent Q(t) is said
to be of analyticity type (wo, 9o) if, for each w > wgy and ¥ < Oy, there is M = M(w, ®) such that
1Q(2)||5 < Me“Re(@ for z € (0, ).

Suppose that (1) admits a solution, then the problem can be rewritten as the following
integral equation:

u(t) =uy+ /Ot(l +981-u(t —0))Au(o)do + /Otf(a)da.

By the variation of the parameters formula—for example, see [20,23]—the solution is
given by
u(t) = S(uo + (Sx f)(1), t=0, 3)

where S(-) is defined in (2). Note that, since 4(z) = z~! + 9z#~! # 0 admits meromorphic
extension to £(0,8 + 71/2), 1/4(z) € p(A), and ||G(z)||g < M|z| ! forz € £(0,8 + 7/2)
from [23], it yields that the analytic resolvent S(-) is an analyticity type (0, ¢) by Priiss ([32],
Theorem 2.1).

We observe that A is the infinitesimal generator of an analytic semigroup T(t), t>0,
we know that $(A) = G(A), where §(-) is the Laplace transform of S(-). From the identity
of the Laplace transform,

R(z A) — /O°° e HT()dt,

it follows that



Fractal Fract. 2023, 7, 549

50f21

where the probability density function ¢(t, o) satisfies the inverse Laplace integral,

(t,o) = : /Hiooesplf‘;“ L i, ©50, t,o>0
gD ’ _271_1 oo 1+’YSH ’ y b .

Therefore—for example, see [20]—by the uniqueness of the Laplace transform, it
also yields

S(t) = /Ooo ¢(t,0)T(c)do, t>0. 4)

Lemma 1. Let S(-) be defined in Equation (2). Then,
(i)  Foreveryt>0,S(t) € B(X)and ||S(t)||p < C;
(ii) Foreachx € X, }ir% IIS(f)x — x|| = 0;
—
(iti) Forany x € X, S(-)x € C([0,00); X) and AS(-)x € C((0,); X);
(iv) Foreveryt >0, ||AS(t)|z < Ct'~L.

Proof. The proof is similar to ([23], Lemma 2.2), so we omit it. [

Let C be an arbitrary piecewise smooth simple curve in £(0, ¢ + 77/2) running from
coe~1(8+7/2) 10 c0ei(®+7/2) and & € (0, 71/2); we have the following Lemma.

Lemma 2 ([33], Lemma 4.1.1). Assume that the map F : (0,9 + 71/2) x X x RT — X,
satisfying:

(i)  For(x,t) € X xRY, F(-,x,t) : £(0,8 4 7t/2) — X is holomorphic;

(i) Forz € £(0,9+ 7t/2),F(z,-,-) € C(X x R, X);

(iii) For (z,x,t) € £(0,9 + 71/2) x X x R, there exists constant ¢ € R such that

IE(z,x,1)|| < Clz[s~LetRe(),
Then,
x,t) = [ F(z,x,t)dz € C(X xRT, X
(x,t) = | Fzx1)

and
<Ct5, (xt) € XxRT.

F(z,x,t)d
H/C (z,x,t)dz

Lemma 3. Let S(-) be defined in Equation (2). Then, the following results hold:

(i) Foreacht > 0, AS(t)x = S(t)Ax for x € D(A);
(i) The mapping t — S(t) € C"((0,00); B(X)) and for n € N, there holds

IS @lls < Cr",and [JAS(D]ls < CH2, £ > 0;

(iii) Vx € X yields
(81 % S)(t)x +v(g1-4 * S)(t)x € D(A),
and
(g1*AS)(t)x—k'y(gl,y*AS)(t)x: S(t)x —x, (5)

uniformly in a compact interval.

Proof. Since T(t) is an analytic semigroup, and for x € D(A), AT(t)x = T(t)Ax, it can
readily be seen that AS(t)x = S(t)Ax is true by (4) .

Let us check (ii). From ([23], Lemma 2.2), we know that ||(g(z)I + A) ||z <
Clg(z)| ' and g(z) € (0,8 + 7t/2) for z € (0,8 + 7w/2), also |g(z)| < C|z|'7#. Thus, we
get |G(z) ||z < C|z|~!. Function F(z, x,t) = ¢*z"G(z)x is continuous for z € £(0, 9 + 77/2),
x € X, it yields from Lemma 2 that
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1

st (t) = oPe

/ e“2"G(z)dz, t >0,
Ty

belongs to C((0,0); B(X)). Hence, it follows that S(-) € C*((0,»); B(X)). Moreover, by
the analyticity of G(z) inTs y, we get that

IS )l < [ 12" Gla) s

1/t0

<C</oo 7,n—1e—rifcos(z9)d],_i_/19 ecos(tp)t—ndlp)
o 1/t -9
<Ct ™.

Therefore, for z € X(0, ¢ + 77/2), from the identity of the inequality ||AG(z)||g < C|z|7#,

we have

1AS" (1)1 S/ R |ZAG(2) 5 | 2]

1/t,01

00 9
<2c [ pime eSOy y ¢ [ eosthpn2ay
o 1/t —¢

) 4
<Ctl‘*2/ e*“ulfﬂdu—l—th‘*z/ W)y
- cos(0) -9
<CH2, t>0.
For (iii), by Lemma 1, we note that
[A(g1*S)(H)x|| < CHl[xll,  [|A(g1—p * S)()x]| < Cllx[|, x € X. (6)
Therefore, we also obtain (g1 * S)(t)x + y(g1-, * S)(t)x € D(A) uniformly in a com-

pact interval.
By the Laplace transform and its uniqueness, obverse that the integrals

(g1 % AS)(H)x = Zj'ci/r e“z VAG(z)xdz
6,0
and
(81— * AS)(t)x = Z:Ti/r A2 L AG(2) xdz
6,0

are uniformly bounded on a compact interval. For x € X, by AG(z) = (G(z) —z7'1)g(z),
we have

(81 % AS)(t)x + v(g1-y * AS)(t)x

_ 1 2t —1 1 / 2t_—2
=5 /rme z7'G(z)g(z)xdz 7o Tme z7°g(z)xdz
T 2t p—1 T 2t -2
= Ta,oe 2! G(z)g(z)xdz Fori Rwe ' “¢(z)xdz.

From the identity z~1g(z) + vz#~!g(z) = 1 for z € T y, it follows that:
(81 % AS)(t)x + v(g1-y * AS)(t)x :L / e“'G(z)xdz — L / e“lz 1xdz
2711 Jry Ts
=5(t)x — x,
which shows Equation (5). The proof is completed. O

Corollary 1. Let S(-) be defined in Equation (2). Then,
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HD;‘S(t)xH <Ct x|, fort>0, x€X,

and D}'S(t) € C((0,00); B(X)). In particular, it follows that:
|D}S(t)x — DES(s)x|| < C(t—s) #|x|, fort>s>0, x€X.
Proof. Obverse that the integral,

(11 *S)(t)x = ZLm /1"5,0 ez 1G(2)xdz, t > 0,

is uniform in a compact interval, and then

1

%(81—;4 *S)(t)x = 277'51/1“ 2" G(z)xdz, t > 0.
6,0

By using Lemma 2 and applying the similar proof in Lemma 3 and the definition of
operator D}, we get | DI'S(t)x|| < Ct~#||x|| for any x € X. Another conclusion follows the
same approach. We thus obtain this corollary. [

Remark 1. By the similar proof in Corollary 1, from the analytic resolvent of S(t), then for t > 0,
x € X, it also yields that | D} AS(t)x|| < Ct~1|x||.

Remark 2. Since A generates a bounded analytic semigroup on a Banach X within some sector
%(0,0) and 0 € (0, 7t/2|, the equation (g1 * AS)(t)x + (g1 * AS)(t)x = S(t)x — x is valid
on X for every t > 0, which derives that analytic resolvent S(t) is a solution operator of the
homogeneous equation to problem (1) and also S'(t)x = AS(t)x + yD} AS(t)x fort > 0, x € X.

Next, we introduce the concepts of solutions as follows:

Definition 4. A function u : [0, T| — X is a mild solution of problem (1) on [0, T| if the function
u defined in Equation (3) belongs to C([0, T]; X).

Definition 5. A function u : [0, T] — X is called a classical solution of problem (1) on [0, T]
if u is continuous on [0, T), continuously differentiable on (0, T], u(t) and D} u(t) € D(A) for
0 < t < T,and (1) is satisfied on [0, T].

Definition 6. A function u : [0, T] — X is called a strict solution of problem (1) on [0, T| if u is
continuous on D(A) and continuously differentiable on [0, T), Df'u(t) € D(A) for0 <t < T
and (1) is satisfied on [0, T].

Clearly, the relations satisfy: the strict solution =, the classical solution =, and the
mild solution. Next, we will use the Hardy-type inequalities involving the Riemann-—
Liouville fractional integral.

Lemma 4 ([34]). Let1 < p < g < oo and % = 1— .. Then, for non-negative weight functions u

and v, it yields

_1
P

IF : LP((0, 00); v(s)ds) — LI((0,00); u(s)ds),

(/()R(v(s))l—f’/ds) % (/Z:S(V—l)qu(s)ds); < C. @)

Lemma 5 ([35]). Let u, v be non-negative weight functions. If there is constant 0 < B < 1,
such that

iff for VR > 0,
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</w(s - r)(”Uﬁu(s)d5> (ess sup (r — s)(#=101-p) [v(s)]1> <C, Vr>0. (8

se(0,r)
Then,

L@@l < [T Ife)l)ds.

Let us recall the Hardy—Young inequality.

Lemma 6 ([36]). Let p > 1and 0 < a < oco. Then, for any B > 0 and measurable function
g:(0,a) — RT, it yields

a s dt\"ds 1 s dt
—Br il e —Brop ()2
[ ([s@E) e <L [ompn

3. A New Interpolation Space
Let1 < p < o00,0 < 6 < 1; we now introduce an interpolation space with u € (0,1) by

SDAB,p) :={ye X:t— w(t) = tT-MWI=|AS(t)y|| € LY (0,1)},
which is a Banach space endowed with norm® lylle,p = llyll + ”w”Li’(o 1):

Theorem 1. Let 1 < p <00, 0< 0 < ﬁ A 1. Then,
D4(6,p) =°Da(6,p);

the respective norms are equivalent.

Proof. Lety € Da(0,p) := (X,D(A))gp and y = y1 + y2, where y; € Xand y» € D(A).
Then, for t > 0, by using Lemma 1 (iv), we have

1AS()yIl < [AS(yall + [[AS(Dyall < CHHlya |l + || Ayz])).-
By the definition of (X, D(A))g,,, we know that
ts p(BH) = 00K # Yy X, D(A)) € LY(0,0).
Therefore, the mapping follows
t = inf{lyy | + M lyallpay : ¥ =v1+y2 1 € X, y2 € D(A)} € LE(0, 00).

Let w(t) = t1-M0=0)|| AS(t)y|, since D(A) < X, the map ¢ — w(t) € LE(0,1) and
*lylle,p < Cllyllo,p- Thus, we get

D4(6,p) <°Da(6, p). ©)
Conversely, let y € SDA(G, p). From Lemma 3 (iii), for t € (0,1), we have

y=—(S(ty —y)+ Sty
=— ((g1+AS)(B)y + (g1 * AS)(H)y) + S(H)y.
From inequalities (6) and w € L[(0,1), we know that A(g; * S)(t)y and

YA(g1-y * S)(t)y belong to X for every t € (0,1). Moreover, S(-)y € D(A) from Lemma 1.
Therefore, we derive that:
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K(£70,;X, D(A)) <[5(y ~ vl + £ (2)y]
t t
Y —
< [ — 4
< [ syl s [0 =0 HlAsyldr
+ T AS(By].
For the case of p = oo, we first see that:

t t
1= ~(1-p)(1-6) v o) Hp— (1) (1-6)
K(t"*,y,X,D(A)) S/o T w(T)dT + T /0 (t—1)Ht w(t)dt

+Ct My
<CHHM | w]| 0.1y + CEOM || wl| o 0,0) + CE Iy,
implying t—(l—V)eK(tl_V,y; X,D(A)) < C%||yl|g,co- By the change of variable t — t!7#, we
derive that:
1Y11D 4 (8,00) < C5[1Yll,c0-
For the case of 1 < p < oo, it also yields

K(t7F, y; X, D(A)) < [[(g1 % AS)(D)y + (814 * AS) D)y + [ AS(D)y].
Therefore, it follows from the elementary inequality (a1 + a2)? < 2P(a] + ab) for
ai,ay >0,p >1,andy €5D4(6, p) that:

/ ¢~ (-meeR (1K y X, D(A))P L

_ dt
< / 071 () (g1 % AS) (B)y + 7(g1-p + AS) (B)y | + £ AS(t)y[|)P—

dt

< 2”/ A0 ([ (g1 % AS) (D)y + (g1 % AS) (D17 + 1P AS(y|7)
<C/f]””W@wAﬁ(w+%&y*ASUmWf+QWMW1
The Hardy-type and Hardy-Young inequalities show that:

T dt
|0 (g AS) (0)y + (81 x AS WP <CS NI (10)

In fact, for1 < p < oo,by0 <0 < % A1, Lemmas 1 and 6 show that:
1 pdt
[t gy e as) ol = [Fr-a | [ as(s)yas] "4
0

s/ == 9”(/0 IIAS(s)yIIds) Tt
't Pd 11
<c/ 9P<./0 s”_1||y||ds> L

§C||y||P/ S—(l—u)f?risup@
0

s
<CllyllP.
Therefore, we have

1 dt
| O (g AS) IS < €yl

It is easy to get that the inequality (7) is true for u(t) = ¢ (1=M%=1 and
o(t) = t1-1(1=0p=1 Hence, by Lemmas 1 and 4, we get
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1 LP((0,00);0(t)dt) — LP((0,00); u(t)dt);
this means that

1
|0 (g, x AS)( Dyt = / O (1R AS) (1) |

< [Tt as) ylr Y

(12)
< ¢ [T Hn0-Oras(ryy |

<cf [l 19>P||As<t>y||’7df+||y||ﬂ),
0

which shows that

[0 (g1 AS) WP D < (el g, + I917) < C I,

This deduces that (10) holds.
On the other hand, for the case of p = 1, by using the similar procedure of (11), we
obtain that

t dt
|0 g1+ 48) 0l T < Clyll a3)

Moreover, set u(t) = t~ (17101 5(t) = 1-W1=0)-1 and g = 1, we see that the
inequality (8) holds. Thus, by Lemma 5 and the similar procedure of (12) , we get that:

b e dt
L0 g1y x AS) @IS < Clyll+ oz o) (14)

Consequently, combined (13) with (14), it follows that:

dt
/ =1 (g1 % AS) (B)y + 7(81-4 * AS) Dy < C®[lyllo-

Hence, it follows that (10) and [|y|[p, () < CS||y||DA(9,p) forall1 < p < co. Conse-
quently, we get the embedding

*Da(6,p) = Da(8,p), (15)
The conclusion follows (9) and (15). [

Remark 3 (Alam et al. [26], Theorem 3.2). introduced two new interpolation spaces in terms of
solution operators for considering the fractional differential equation of order u € (0,1) by

D40, p) == {x € Xt P ASg(t)x| € LY(0,1)},
where p=1,0r =wu € (0,1) and

Sp(t) = 11 /Ooo(ys)[ﬁ]M#(s)T(stV)ds.

The M, (-) is a probability density function, see e.g., [6], and [pB] is the integer part of . It is noted
that the characterization of these interpolation spaces has the connection

Sk DA(0,p) =1D(6,p) = Da(0,p), 0€(0,1), p € [1,0).

Combining this result and Theorem 1, it follows that>1D 4 (0, p) = DA (6, p) for 1 < p < o0

and the restriction 0 € (0, - 7 A 1). This means that we can construct different interpolation

spaces under the classical interpolation space (X, D(A))g, p, which are equivalent with respect to
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the corresponding norms. We can thus construct an appropriate interpolation space for different
considerable problems.

Another construction of °D 4 (8, p) is obtained below.
Theorem 2. Let 1 < p <coand 0 < 0 < ﬁ A 1. Then,
*Da(6,p) = {y € Xt gu(t) = = 1P S(t)y —y|| € LE(O,1)};
the norms ||y[| + |l p o 1) and S|lylle,p are equivalent.

Proof. Lety € D4 (6, p) for p = coand t € (0,1); by Lemma 3 (iii), we get
15()y —yll = [[(g1* AS)(t)y + 1(g1-p * AS) (1)y]|
< /Ots_(l_ﬂ)(l_g)w(s)ds + ﬁ /;(t —5) M~ (=0 (5)ds
< Ct(lfy)GHWHLf(o,l)-
This implies that ¢, (t) € L}(0,1) and ||¢y Iz2(0,1) < Cllw|lre2(0,1)- Therefore, we have
Iyl + loull 0.0 < Cllylloco.

For 1 < p < o, by the same procedure of (10), we obtain
[0 gy AS)y + (g1 AS) (P Y < ],
Hence, for all 1 < p < oo, it yields
Iyl + Iull o) < Cllyllo

Conversely, let y € X satisfy t — ¢, (t) = t=(=10)|S(t)y — y|| € LE(0,1). For every
t > 0, we have the following identity:

y=t'IT(2 = p)(g1-p * (y — S()y))(t)
T2 = 1) ((g1-p * S)()y + 7 (g1 S) (H)y) — 7 T2 — p) (g1 % S) (H)y.

Therefore, from Lemma 3 (i) and (iii), we obtain

AS(t)y =AS(HIT(2 = ) (g1-p * (v — S(y)) ()
+S(HT(2 — )y 1 (S(y —y) — AS(E)y T IT (2 — ) (g1 % S) (H)y.

For p = oo, by using Lemma 1, we have

JAS(] < CRO [t —5) 5110, s)as + 110, (1) + 4y
< 0D gy | 00) + Ryl

Thus, we derive that:
w(t) = 10D AS(B)yl| < Cllgulli o) + CH " ly].

We also have w € L$(0,1) for 6 € (O,% A1) and *[|yllge < C(IYIl+ l¢ullie01))-
For 1 < p < oo, we see that

I AS (| < Cm WD H (y = S )y) (1) + Cpu() + CHOHH .
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Set u(t) = t1-=w0+0) o) = ¢ 1-w+(-1Op p = g and B = 1, then by
Lemmas 4 and 5 and Minkowski inequality, we get

||wHLf(O,1) < C(”]/H + H‘Pll||Lf(o,1))-

Therefore, for all 1 < p < oo, we deduce that
*llyllep < Clyll + [ @pll p01)-

The proof is completed. O

4. The Existence and Holder Regularity

For convenience, we set
t
P(t) = / S(t—5)f(6)ds, t>0.
0

Theorem 3. Let f € LP(0,T; X) for p € (1,00) and ug € X. Then, problem (1) admits a unique
mild solution.

Proof. Itis clear from Lemma 1 and Holder’s inequality that

’/ (t—6 )dé’

<Clluoll +€ [/ 1£(6)]145 < Clluol + s o0,

[u(®) |l <lIS(E)uoll +

(16)

From Lemma 1, we know that S(-)ug € C([0,T];X). For0 <t < t+h < T, we have
|S(t+h)x — S(t)x|| <2C||x||, x€ X, te][0,T].
Moreover, Lemma 3 implies that

1S(t+I)x — S( x||—”/ xd(5H<C||x|| te (0,T].

Therefore, we get

I8¢+ 1) = S(0lls < xh1)i= (10 7). 7

Note from (17) that

_P_ _r_

[ ocnt=)#as = [Genoyiar < [ xn0)1de = it

By Lemma 3, for 0 <t < t+4h < T with small & > 0, we have

t+h

S(t+h— 6)f(5)ds — /Ot S(t — 5)f(5)d5H

0
gH/Ot(S(t Ch—5)—S(t— 5))f(5)d(5” n H/tt”’ S(t— 5)f(5)d5H

< [ xnt=ol@las+c [ 1)
1_,

t P 1-1
§</0( (ht —0))7 1d5) 1 lleeorx) + Clf ey 7

1-1
SCHfHLP(O,T;X)h P =0, ash—0.
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We also show that u(t +h) —u(t) — 0for0 < t < t+h < T with small h > 0.
Similarly, we can obtain u(t) —u(t —h) — 0for0 < t—h < t < T with small 1 > 0.
Therefore, we obtain the continuity of # and the uniqueness follows (16). This means that u
is a unique mild solution to problem (1). O

A basic computation shows that the Riemann-Liouville fractional integral has the
following property:

Lemma 7. For p € (0,3), 1 < p < ﬁ, let k € LP(0,a) with 0 < a < oo, then

1
[rkeC'7 "o, al.

Proof. We show the Holder continuity of I'~#k for k € LF(0,a). In fact, for any 0 < t <
t+h <a,ityields

t+h
[ Fk(E 4 h) — T Fk(1)| S/t 81y (t+ 1 = o)k(0)|do
+ ,/; (81t +1 =) = g1y (t = 0)k(0) o

Since g1—4(-) € LP(0, T; X) with 1 < p < %,then

==

t+h
1—
[ lgiut 1 = okl < CIK() oo’ 7.
By the inequality a] —a] < (a2 —a1)7 for 0 < a1 < a; < co and 7 € [0, 1], we obtain
(Gt —0) — g1yt — DK < g1zt — o) k() [,

integrating the above inequality a.e. [0,4], and for 1 < p < ﬁ, we get

[ a1 = @) = gult = ))k(0) o <CIO g

Therefore, we derive the conclusion as follows:

_1
[k (E+ ) = K] SCIRC) gah’ 7+ CIRC) | oh”
The proof is completed. O

Remark 4. Note that in Lemma 4.1 in [24], for y € (0,1),0 < p — % <1, letk € LP(0,a) with

0 < a < oo, then 'k € CVﬁ%[O,a].
In the sequel, we show the Holder regularity of the mild solution.

Theorem 4. Let ug € X, f € LP(0,T;X) for1 < p < oo. Then, for every ¢ > 0,
1
ueCr(le,T);X) for 1 < p < oo. If, moreover, ug € X for1 < p < ﬁ/\ﬁ,O <u<3i

then u € C”A(lf%)([O,T];X), and ifug € SD4 (6, p) for p > ﬁ, ﬁ <gq< Mw ADp,

0<6< % AL O <pu<1,thenue CVA(P”*%)([O,T],’X). Especially, if up € D(A),
then u € le%([O,T];X)forl <p< %,0 <u<lIfupeX p> %, then for any € > 0,

ue C”_%([S,T};X).

Proof. The existence of the mild solution u to problem (1) follows Theorem 3 and it satisfies
u = S(-)up + 1. By Lemma 3, we know that ||S'(t)||z < Ct~! for all t > 0. Hence, for every
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e > 0, up € X, by the mean value theorem, S(t)ug is Lipschitz-continuous on [¢, T]. For
0<s<t<T,fromLemma 1, we obtain

19 =)l < [ 15—y )as + [ (S~ 5) ~ (s — )5 (5) s
<C(t =) Pl + [ 1t =55 = 0)lI£()d8

<ClIfllzrox) (=)'

‘m\*—'
~.

1 -1
this implies that ¢ € C 5 ([0, T]; X). Consequently, u € C 5 ([e, T); X).
For ugp € X, by Remark 2, we know that

S(t)ug = (g1 * AS)(t)uo + v(g1-y * AS)(t)uo + uo.

Obviously, A(gy * S)(t)up is Holder-continuous with exponent u on [0,T]. Let

k(t) = AS(t)up. Clearly, k(-) € LP(0,T;X) for p < ﬁ Lemma 7 shows that
—1 -1
(81-u * AS)(H)ug € CPTA”([O, T]; X). Consequently, S(-)ug € CPTA”([O, T]; X). Based
—1

onypeC 5 ([0, T]; X), the second result is shown.

Due to ug € *Dy4(6, p), it yields that k(-) € L1(0, T; X) for ﬁ <q<
In fact, by Holder inequality, let = (1 — ) (1 — 6); we derive that

/Ot |k(s)|7ds = /Ot s Mw(s)ds

1
T

which means that k(-) € L7(0, T; X). By Remark 4, one can check that (g1, * k)(t) €
CFa ([0, T]; X), thus u € C*NF=3) ([0, T); X).

—1
In particular, for ug € D(A), it suffices to check that (g1, * S)(t) Aug € c'r ([0, T); X)
forl<p< % Infact, for0 <t < t+h < T,wehave

(81— % S)(t+h)Aug — (g1 * S)(t) Aug = /t-t+h S(t+h—0)g1-u(0)Augdo

+ [+ 1-0) = St~ )1 (o) Auodo
= + Ip.

Since g1, (+) € LP(0,T) for1 < p < % By Lemma 1 and Holder inequality, we have

1

t+h
1—
Il < CllAul [ gi-u(@)do < Cllauolligi-u() o' .

As for I, by Holder inequality, we get
t
2]l < CllAuo] [ x(h,t = )g1-y(0)de

£ p e
<Cllanollgi-y () lo [ Gcth 7))

1-1
<CllAug||[g1—u()llzro,r)h” 7
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Combined with the above arguments, the fourth conclusion follows.
Forup € X, p > %, from the proof of the first result, we know that S(t)u is Lipschitz-

1
continuous on [e, T]. Similar to the proof of Theorem 3, we obtain (-) € C*" 7 ([e, T]; X).
The proof is completed. [

The following means that the mild solution is a classical solution.

Theorem 5. Let f € C([0,T]; X), ug € X. Then, the following descriptions hold:

(i) () eD(A),0<t<T,andyp € C([0,T];D(A));
(ii)  w is a classical solution of (1).

Proof. By Lemma 1, it follows that () € D(A) forallt € [0, T]. In fact, one can derive that

t
lApOl < [ 1A4S(E=8)£(0)146 < Cllflcxgomyx-
Since the integral
s pt—0
w(l—p) /OS/ 5 ™ 2d1ds = st — t' 4 (t —s)!

holds forall0 < s < t < T, we see that

() - Ape)l < [ 145~ 8)7@) a5+ [ I(AS(: - &)~ AS(s - 8))(5) a5

<c/ 5£(6) |\d(5+C/ / 2| £(5) | dtdé
<Cllfller(o,m;x) (t = 8)¥,

which shows that ¢ € C([0, T]; D(A)).

From the assumptions and Theorem 3, we know that u is the mild solution of
problem (1) and obviously u € C([0, T]; D(A)) dueto S(t)ug € D(A) foruy € X,0 <t <T,
and S(-)ug € C1((0, T]; X) from Lemma 3, and %(0) = ug. Corollary 1 and Remark 1 show
that D}'S(t)up € C((0,T}; X) and D}'S(t)ug € D(A) for ug € X, 0 < t < T. This means that
S(t)ug is the classical solution of the homogeneous equation by Remark 2. Consequently, it
suffices to check that the remaining is a classical solution of the nonhomogeneous equation.

From f € C(]0, T]; X), we have (S * f')(t) € C([0, T]; X). In fact, it yields

(5 £)0) (s /) < [ 1~ ) (6) o + [ 1(5(¢ ) — (s~ 8))f' (&)
<Clf leqomaot—9)+C [ [ e awdsl oy
) [, )
<C|If'llcqomx) (t =) + ClIf Nlcqomx) VE =S,

where we have used

s pt=0 1 S (t—S)S
/ / T drd&:/ (log(t — &) — log(s — 8))ds < Y22 0 <s <,
JO Js—4 JO

and the inequality

logay —logay < \/7 , Yay >a; > 0.
Hence, ¢/'(t) = (S=* f')(t) + S(¢)f(0) € C([0,T]; X). Since Ay € C([0,T]; X), by
Remark 2, we also have (g1, * AS * f)(t) = 7 [— (g1 x AS* f)(t) + (S* f)(t) — 1% £(t)]

and

L (g1 AS  )(8) = 7 (—Ap(t) +9/(1) — £(1)).
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The definition of the fractional derivative shows that

D Ap(t) = v~ (= Ay(t) + ¢/ (t) — (1)) € C([0, T); X).
Therefore, we have
' (t) = Ay(t) + yDF Ay (t) + f(1),
combined with 1(0) = 0. Thus, u is a classical solution of (1). [

The following corollary is immediate.
Corollary 2. Let f € C'([0, T]; X), ug = 0. Then, u is a strict solution of (1).
Lemma 8. Let f € C([0,T|; X). Then ¢(-) € CF([0,T]; D(A)).

Proof. By Lemma 1, we have [[Ay|| < C||fl[c(o,r);x) for0 <t < T.For0<s <t <T,
from Lemma 3, we see that

s t
[Ap(t) = Ap(s)]| < /O I[AS(t = 6) *AS(S*5)]f(f5)|ld5+/s |AS(t = 6)£(0)|do
s pt=o t
/ _ s\yu—1
< [ [ 1as @) ldrds+C [ (2= o) If(o)]|do
s pt=o
< : p—2 —g)H
< Clleqoro ([ [, o 2avao+ ¢ =9))
< Cllflleom;x) (E = s)F.
Thus, p € C*([0, T]|; D(A)). O
In the sequel, we obtain the Holder regularity of the classical solution.

Theorem 6. Let uy € D(A), f € C?([0,T]; D(A)) for ¢ € (0,1). Then, there exists a classical
solution u of (1) satisfying u € C* =1 ([0, T; X) for u € (0,1). Moreover, there holds

el im0, 71,) < CULFllco(o,rypca) + [ Anoll)-
Proof. Obviously, Theorem 3 implies that there is a unique mild solution #. Lemma 1

and Corollary 1 show that S(-)v € C(]0,0); X) and D}'S(t)v € C((0,0); X) for any v € X.
Hence, it suffices to check that (-) € C((0, T]; X). Note that

/S-ts’(t—r)f(r)dr_/fs(t—r)(f( dr+/ (t—D)f()dr

—/ (t— 1) f(t))dr—k/otss’r
_ / (t =) (F(7) — F(£))dT + Ot_s AS(2)f(t)d
+ [ aDts (o) f(nyar

forany e > 0,e <s <t < T, it follows from Remark 2 that



Fractal Fract. 2023, 7, 549

17 of 21

(S £)(£) = (S"+ £)(5)
t s
< [ I8¢ =)rolar+ /0 I(S'(t =) = 8'(s — 7)) f(7) | d

t t—s
< [ ISt =0 @ = fo)lar+ [ ASE)F)|ar
t—s s
+ [ IDEsAf®lldT+ [/ (=) =8 (s = T)f () lde

<C||fllce (o mx) (= 5)° + C(E= )M fllcoo,rpp(a))
+C(E=9)"H fllcoqompeay + /0 1(8'(t =) = §'(s — 7)) f(7)|d.

From S'(t)x = AS(t)x + AD}'S(t)x, we have

LIS =) =85 = ) (o)
< [ 16AS(t =) — AS(s = D) ()l + [ (DFS(t ~ ) ~ DES(s — 1) Af (x) v
< [ [T 1as @tz + cle—s) v [ lasoer
<c [ [ or2dodl flleoguoia + CllFlesomouant — 9"

Hence, S’ x f € C(le,T|;X) for any f € C%(0,T);D(A)). Therefore, by
Y'(t) = (8" = f)(t) + f(t), we obtain ¢’(-) € C([¢, T]; X) for any ¢ > 0. Thus, u is the
classical solution of (1).

Additionally, by Lemma 8, we get that ¢(-) € C#([0, T]; D(A)). From Lemma 3 (iii),
we next check S(t)ug € C*"1=1 ([0, T]; X). In fact, for any 0 < s < t < T, by Remark 2
and Corollary 1, we see that

()0~ S(s)uoll < [ 11’ (2)uol

t t

< [ 14s@puolldr +C [ |DES(x) Auglldr
S S

< C(t— s)1) | Aug.

Thus, S(-)ug € CH =1 ([0, T]; X) for uy € D(A). Then, u € C*"(1=1 ([0, T]; X). The
inequality easily follows the above arguments. The proof is completed. [

Theorem 7. Let f € C([0,T];X) and let 11 < p < 00,0 < < 1,0 <6 < (Lo AL If

uy € SDu(8,p), for ﬁ < g < U—Ii)lﬂ N p, then the classical solution

u € C’M(l_”_%)([o, T|; X). If, moreover, ug € D(A), then Au € CVA(l_”_%)([O, T|; X). In
particular, if ug = 0, £(0) € SDA(8, p), then the strict solution u, Au € CF =1 ([0, T|; X) and

W e CMN=E=9) (0, T); X).

Proof. From Theorem 5, we know that the mild solution u is a classical one for

f € CY(]0, T]; X). Using the proof of Theorem 4, we get that S(-)ug € crA=k=g) ([0, T]; X).
Moreover, by the proof of Theorem 3, we see from Holder inequality that

lp(t+h) = (O] =[(S* )t +h) = (S* f)(H)]]

t _r 1’%
§C</O (x(h,t — 5))”_1d5> I fllcro,mx) + Cllfllcro,rx)h

<Cllfllcro,r:x)hs
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for h € (0,T). Consequently, u € CVA(l_”_%)([O, T]; X).
By using the proof of Lemma 8, it follows that Ay € C#([0, T]; X). By up € D(A) and
Lemma 3, we have

AS(t)ug = (g1 * AS)(t) Aug + y(g1-y * AS)(t) Aug + Aug.

From the proof of the third conclusion of Theorem 4, we know that AS(t)Aug €
L1(0,T; X) for ﬁ <gq < m A p. Thus, by Remark 4, it follows that (gl,y *

AS)(t)Aug € cl i ([0, T]; X). Furthermore, (g1 * AS)(t) Aug is Holder-continuous with
exponent y. Hence, AS(-)ug € C?‘A(l‘”‘%)([o, T]; X). Therefore, Au € C’”(l‘”‘%)([o, T]; X).

Let us check the case ug = 0. In fact, Theorem 6 and the mentioned arguments in the
current proof imply that u, Au € C*"(1=1 ([0, T]; X). Since 1/ (t) = (f x S)(t) + S(t)£(0),
from the proof of Theorem 5, we obtain (f’ * S)(t) € C/2([0, T]; X). For f(0) € SDa(6, p),
by Remark 2 and the proof of Theorem 4, we get S(-) f(0) € crA-r=g) ([0, T]; X). Hence,

u' e C%AMO_”_%)([O, T]; X). The proof is completed. [I

5. Applications

Let N > 2. We consider the following fractional partial differential equation:

du— (1+3)Au=f(t,x), t>0, xRN, 18
u(0,x) =ug(x), 18)
where 9!’ is the Caputo fractional partial derivative of order € (0,1), A is the Laplace
operator, and f takes the L7 (R"N) data.

Note from ([37], Theorem 2.3.2) that the Laplace operator A with maximal domain
D(A) = {u € LP(RN) : Au € LP(RN)} generates a bounded analytic semigroup of the
spectral angle that is less than or equal to 77/2 on LP(RN) with 1 < p < +c0. Weset A = A.
By He et al. [23], the problem (18) can be reformulated as problem (1). It follows that the
analytic resolvent S(t) generated by A is defined in (2). For the L? (RN) data of ug, we know
that there exists a unique mild solution of (18) from Theorem 3. Due to the interpolation

(W27 (BN), LP (BRN))g,, = BE,(BY), 1< pq<o0, 0<0<1,

1 I

1
0 < pu <1 thenu € C(l_”_?)/\y([O, T]; LP(RN)) from Theorem 4. In addition, by
Theorem 7, if f € C!([0, T); LP(RN)), then the mild solution will be a classical solution
which possesses the Holder continuity with the same exponent (1 — y — %) A p and the es-
timate

and if further uy € B%,%(]RN) for ﬁ <p<

||A”HcM(lw)([o,T],-Lv(RN)) + HuHC(l—y—%)/\y([O,T};LPGRN))

<C(llfllero,mzr vy + ||MOHB§,%(RN))-
For another consideration of the following initial-boundary value problem,
o= (1+ ’yaf)Au + f(t,x), inQx(0,7T),

ou

_— = i 19
=~ =0, indx(0,7), (19)
u(0,x) = up(x), inQ,

where O C RV is a bounded domain and boundary 9Q) is C?, v > 0. It is clear that A,
is a realization of the Laplace operator A = A on LF(Q)) (1 < p < o0) under Neumann
type boundary condition % = 0. It is known that — A, generates an analytic semigroup
on LP(Q)) of the spectral angle that is less than 77/2; by (4) and the definition of S(t),
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the problem (19) can be reformulated as problem (1). Then, by a direct application of
Theorem 6, we know that for any uy € D(A,), f € C%([0,T}; D(4,)) for 0 < ¢ < 1,
problem (19) possesses a unique classical solution in the function space
crA=w) ([0, T]; LP(Q2)) N CY((0, T]; LP (1)) with the estimate

||uHC}‘AU*}‘)([O,T];LV(Q)) < C(Hf“cl"([O,T];D(A,,)) + ||Ap”0||)-

In particular, we consider an initial-boundary value problem with a Dirichlet boundary
value condition as follows:

du(t,x) = (1479 )uxx + f(t,x), t€0,1], x €[0,7),
u(t,0) =u(t,m) =0, te]l0,1], (20)
u(0,x) =0, x€]l0,m,

where ¢ > 0 and f(t,x) = (Zt + 2 + r(gzy)tZ_“) sinx, t € [0,1].

Let A = 9y, and let us consider the spectral problem on L2[0, 71, i.e., Aey = —Aey,
ex(0) = ex(r) = 0. It is known that Ay = k? is the eigenvalue of —A corresponding
to the eigenfunction e;(x) = +/2/msin(kx). According to the discussion in [14,19], the
problem (20) can be rewritten as the sum of the Fourier series for problem

(1) + Au(t) + yADyue(t) = fi(t), > 0; u(0) =0.
It follows that the analytic resolvent S(t) is given by

S(Hu = i Se(t) (u,ep)er, u e L*[0, 7],
k=1

where

1 YAz sin(prr)

) = / e % > . 2dz.
7 Jo (—z 4+ Agy cos(pm) 4+ Ag)? + (Agyz® sin(pum))

Si(t

Since f € C'([0,1]; L?[0, 7t]), the Corollary 2 shows that problem (20) has a strict
solution. In fact, one can check that u(t,x) = t*sin(x) meets all equations in (20) and u
is indeed the strict solution. Also, in view of f(0) = 0, it is clear that the strict solution

1
g € CHN-K([0,T]; L2[0, 7)) and o' € C2* (=F=3)([0, T); L2[0, ]) for a suitable
number g > 1%” by Theorem 7.

6. Conclusions

In this paper, we considered an abstract fractional differential equation that involves
the fractional Rayleigh—Stokes problem in the abstract version. First of all, we proved that
the interpolation space constructed by the analytic resolvent is isometric isomorphic to
a classical real interpolation space. Secondly, we obtained the existence and uniqueness
of the mild solution. And then, by using some properties of the analytic resolvent and
the interpolation space, we established the Holder regularities of the mild solution. In
addition, we showed that the mild solution becomes a classical solution. Finally, based on
the efficient conditions and the interpolation space, we obtained the Holder regularities
of the classical solution and the strict solution. The obtained properties of this type of
fractional differential equation will be further made clear to understand the structure of
solutions to the fractional Rayleigh-Stokes problem.

Author Contributions: Writing—original draft preparation, ]. H.; writing—original draft preparation,
G.W. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by National Natural Science Foundation of China under Grant
No. 12101142, Guangxi Natural Science Foundation under Grant No. 2021GXNSFBA196025, Guangxi
Science and Technology Program under Grant No. AD23026249.



Fractal Fract. 2023, 7, 549 20 of 21

Data Availability Statement: Not applicable.

Acknowledgments: The authors also thank the editor and reviewers for their very professional and
constructive comments and suggestions that led to the improvement of the original manuscript.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Khan, M.; Anjum, A.; Qi, H.; Fetecau, C. On exact solutions for some oscillating motions of a generalized Oldroyd-B fluid.
Z. Angew. Math. Phys. 2010, 61, 133-145. [CrossRef]

2. Metzler, R,; Klafter, . The random walk’s guide to anomalous diffusion: A fractional dynamics approach. Phys. Rep. 2000, 339,
1-77. [CrossRef]

3. Salah, F; Aziz, Z.A.; Ching, D.L.C. New exact solution for Rayleigh-Stokes problem of Maxwell fluid in a porous medium and
rotating frame. Results Phys. 2011, 1, 9-12. [CrossRef]

4. Shen, F; Tan, W.; Zhao, Y.; Masuoka, T. The Rayleigh-Stokes problem for a heated generalized second grade fluid with fractional
derivative model. Nonlinear Anal. Real World Appl. 2006, 7, 1072-1080. [CrossRef]

5. Zacher, R. A De Giorgi-Nash type theorem for time fractional diffusion equations. Math. Ann. 2013, 356, 99-146. [CrossRef]

6.  Zhou, Y. Basic Theory of Fractional Differential Equations; World Scientific: Singapore, 2014; pp. 3-11.

7. Zhou, Y.;; He, ].W. A Cauchy problem for fractional evolution equations with Hilfer’s fractional derivative on semi—Infinite
interval. Fract. Calc. Appl. Anal. 2022, 25, 924-961. [CrossRef]

8.  Zhuang, P; Liu, Q. Numerical method of Rayleigh—Stokes problem for heated generalized second grade fluid with fractional
derivative. Appl. Math. Mech. 2009, 30, 1533-1546. [CrossRef]

9.  Fetecau, C,; Fetecau, C. The Rayleigh—Stokes problem for heated second grade fluids. Int. ]. Non-Linear Mech. 2002, 37, 1011-1015.
[CrossRef]

10. Nadeem, S.; Asghar, S.; Hayat, T.; Hussain, M. The Rayleigh-Stokes problem for rectangular pipe in Maxwell and second grade
fluid. Meccanica 2008, 43, 495-504. [CrossRef]

11.  Fetecau, C.; Zierep, ]. The Rayleigh-Stokes-problem for a Maxwell fluid. Z. Angew. Math. Phys. 2003, 54, 1086-1093. [CrossRef]

12.  Fetecau, C. The Rayleigh-Stokes problem for an edge in an Oldroyd-B fluid. C. R. Acad. Sci. Paris 2022, 335, 979-984. [CrossRef]

13. Luc, N.H,; Long, L.D.; Van, H.T.K.; Nguyen, V.T. A nonlinear fractional Rayleigh-Stokes equation under nonlocal integral
conditions. Adv. Differ. Equ. 2021, 2021, 388. [CrossRef]

14. Wang, J.N.; Alsaedi, A.; Ahmad, B.; Zhou, Y. Well-posedness and blow-up results for a class of nonlinear fractional Rayleigh—
Stokes problem. Adv. Nonlinear Anal. 2022, 11, 1579-1597. [CrossRef]

15. Nguyen, H.L.; Nguyen, H.T.; Zhou, Y. Regularity of the solution for a final value problem for the Rayleigh-Stokes equation. Math.
Methods Appl. Sci. 2019, 42, 3481-3495. [CrossRef]

16. Lan, D. Regularity and stability analysis for semilinear generalized Rayleigh-Stokes equations. Evol. Equ. Control Theory 2022, 11,
259-282. [CrossRef]

17.  Wang, ].N.; Zhou, Y.; Alsaedi, A.; Ahmad, B. Well-posedness and regularity of fractional Rayleigh-Stokes problems. Z. Angew.
Math. Phys. 2022, 73, 161. [CrossRef]

18. Bao, N.T.; Hoang, L.N.; Van, A.V,; Nguyen, H.T.; Zhou, Y. Existence and regularity of inverse problem for the nonlinear fractional
Rayleigh-Stokes equations. Math. Methods Appl. Sci. 2021, 44, 2532-2558.

19. Bazhlekova, E; Jin, B.; Lazarov, R.; Zhou, Z. An analysis of the Rayleigh-Stokes problem for a generalized second-grade fluid.
Numer. Math. 2015, 131, 1-31. [CrossRef]

20. Bazhlekova, E. Subordination principle for a class of fractional order differential equations. Mathematics 2015, 2, 412-427.
[CrossRef]

21. Pham, T.T,; Tran, D.K.; Nguyen, N.T. Final value problem for Rayleigh-Stokes type equations involving weak-valued nonlineari-
ties. Fract. Calc. Appl. Anal. 2023, 26, 694-717.

22. Tran, D.K.; Nguyen, N.T. On Global Solvability and Regularity for Generalized Rayleigh-Stokes Equations with History-
Dependent Nonlinearities. Mediter. |. Math. 2023, 20, 107.

23. He, J.W.; Zhou, Y.; Peng, L.; Ahmad, B. On well-posedness of semilinear Rayleigh—Stokes problem with fractional derivative on
RN. Adv. Nonlinear Anal. 2022, 11, 580-597. [CrossRef]

24. Li, Y. Regularity of mild solutions for fractional abstract Cauchy problem with order y € (1,2). Z. Angew. Math. Phys. 2015, 66,
3283-3298. [CrossRef]

25. Li, C., Li, M. Holder regularity for abstract fractional cauchy problems with order in (0,1). J. Appl. Math. Phys. 2018, 6, 310-319.
[CrossRef]

26. Alam, M.M.; Dubey, S.; Baleanu, D. New interpolation spaces and strict Holder regularity for fractional abstract Cauchy problem.
Bound. Value Probl. 2021, 2021, 82. [CrossRef]

27.  Allen, M.; Cafferelli, L.; Vasseur, A. A parabolic problem with a fractional time derivative. Arch. Ration. Mech. Anal. 2016, 221,
603-630. [CrossRef]

28. Birindelli, L.; Demengel, F. Holder regularity of the gradient for solutions of fully nonlinear equations with sub linear first order

term. In Geometric Methods in PDE’s; Springer: Cham, Switzerland, 2015; Volume 13, pp. 257-268.


http://doi.org/10.1007/s00033-009-0004-4
http://dx.doi.org/10.1016/S0370-1573(00)00070-3
http://dx.doi.org/10.1016/j.rinp.2011.04.001
http://dx.doi.org/10.1016/j.nonrwa.2005.09.007
http://dx.doi.org/10.1007/s00208-012-0834-9
http://dx.doi.org/10.1007/s13540-022-00057-9
http://dx.doi.org/10.1007/s10483-009-1205-7
http://dx.doi.org/10.1016/S0020-7462(00)00118-9
http://dx.doi.org/10.1007/s11012-008-9113-y
http://dx.doi.org/10.1007/s00033-003-1101-4
http://dx.doi.org/10.1016/S1631-073X(02)02577-3
http://dx.doi.org/10.1186/s13662-021-03545-z
http://dx.doi.org/10.1515/anona-2022-0249
http://dx.doi.org/10.1002/mma.5593
http://dx.doi.org/10.3934/eect.2021002
http://dx.doi.org/10.1007/s00033-022-01808-7
http://dx.doi.org/10.1007/s00211-014-0685-2
http://dx.doi.org/10.3390/math3020412
http://dx.doi.org/10.1515/anona-2021-0211
http://dx.doi.org/10.1007/s00033-015-0577-z
http://dx.doi.org/10.4236/jamp.2018.61030
http://dx.doi.org/10.1186/s13661-021-01559-w
http://dx.doi.org/10.1007/s00205-016-0969-z

Fractal Fract. 2023, 7, 549 21 of 21

29.

30.

31.

32.
33.

34.

35.

36.
37.

He, ].W.; Zhou, Y. Holder regularity for non-autonomous fractional evolution equations. Fract. Calc. Appl. Anal. 2022, 25, 378-407.
[CrossRef]

Sin, C.; Baranovskii, E.S. Holder continuity of solutions for unsteady generalized Navier-Stokes equations with p(x,t)-power law
in 2D. J. Math. Anal. Appl. 2023, 517, 126632. [CrossRef]

Lunardi, A. Analytic Semigroups and Optimal Regularity in Parabolic Problems; Springer Science & Business Media: Basel, Switzerland,
1995; pp. 4647.

Priiss, J. Evolutionary Integral Equations and Applications; Springer: Basel, Switzerland, 1993; pp. 49-50.

Amann, H. Linear and Quasilinear Parabolic Problems, Volume I: Abstract Linear Theory; Birkhduser: Boston, MA, USA, 1995;
pp- 54-55.

Rakotondratsimba, Y. Weighted norm inequalities for Riemann-Liouville fractional integrals of order less than one. Z. Anal.
Anwend. 1997, 16, 801-829. [CrossRef]

Andersen, K.E.; Heinig, H.P. Weighted norm inequalities for certain integral operators. SIAM ]. Math. Anal. 1983, 14, 834-844.
[CrossRef]

Hardy, G.; Littlewood, J.; Polya, G. Inequalities; Cambridge University Press: Cambridge, UK, 1952; pp. 245-246.

Carracedo, C.M.; Alix, M.S. The Theory of Fractional Powers of Operators; North-Holland Mathematics Studies; Elsevier: Amsterdam,
The Netherlands, 2001; Volume 187, pp. 6-8.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s13540-022-00019-1
http://dx.doi.org/10.1016/j.jmaa.2022.126632
http://dx.doi.org/10.4171/ZAA/793
http://dx.doi.org/10.1137/0514064

	Introduction
	Preliminaries
	A New Interpolation Space
	The Existence and Hölder Regularity
	Applications 
	Conclusions
	References

