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Abstract: In this paper, the nonlinear version of the Henry-Gronwall integral inequality with the
tempered Y-Hilfer fractional integral is proved. The particular cases, including the linear one and
the nonlinear integral inequality of this type with multiple tempered ¥-Hilfer fractional integrals,
are presented as corollaries. To illustrate the results, the problem of the nonexistence of blowing-up
solutions of initial value problems for fractional differential equations with tempered ¥-Caputo
fractional derivative of order 0 < a < 1, where the right side may depend on time, the solution, or its
tempered ¥-Caputo fractional derivative of lower order, is investigated. As another application of
the integral inequalities, sufficient conditions for the Y-exponential stability of trivial solutions are
proven for these kinds of differential equations.
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1. Introduction and Preliminaries

Initial value problems for some semilinear parabolic differential equations can be
studied in the framework of the theory of abstract evolution equations. Mild solutions
of such equations are given by Volterra integral equations with weakly singular kernels,
studied by Dan Henry in the famous monograph [1]. The basic tools for an analysis of
these equations are integral inequalities with weakly singular kernels. Henry’s lemmas
([1], Lemmas 7.1.1 and 7.1.2) relating to linear integral inequalities of this type are well
known. D. Henry proved these lemmas by an iteration argument. However, this method is
not applicable in nonlinear cases. In the papers [2,3], a new approach to an analysis, also
suitable for the study of nonlinear integral inequalities with weakly singular kernels, was
proposed. This method is useful also in the theory of parabolic PDEs, abstract evolution
differential equations (see, e.g., [3-6]), and fractional differential equations (see, e.g., [7,8]).
In the present paper, this method to nonlinear integral inequalities with the so-called
tempered Y-Hilfer fractional integral is applied. It is a generalization of the Y-Hilfer
fractional integral, which was introduced in [9].

Recently, fractional derivatives were used in the synchronization of fractional-order
systems in cryptography and image encryption [10,11].

For the convenience of a reader, we recall the following definitions of the tempered
Y-Hilfer fractional integral and a corresponding Caputo-like fractional derivative from [12].
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Definition 1. Leta > 0, A > 0, the real function x(t) be continuous on [a,b], and ¥ € C'[a, b] be
an increasing function. Then, the tempered Y-Hilfer fractional integral of order « > 0 is defined by

1

I x(t) = ()

ot
/ (F () — ¥ (s)) e MYO-YO) 9/ (5) x(s) ds
fort € [a,b], where I'(-) is the Euler gamma function.

We recall that IfV¥x(t) = e M) [5¥ (eXY() x(1)), where I5¥ is the ¥-Riemann-—
Liouville fractional integral (see [12]). For the purpose of this paper, we use the abbreviation

K(ts,a,A) = (F(t) —¥(s))* Le AFO-FE)) ¢/ (5),

Definition 2. Let ¥ € C"[a, ] be such that ¥'(t) > 0 forall t € [a,b]. Forn—1 < a < n,
n € N, A > 0, tempered ¥-Caputo fractional derivative of order w is defined by

—A¥(t)
D) = [ 0O =) (5) 2]y () ds @

for t € [a,b], where

wle() = Lﬂl(t) ;J (0 x).

This paper deals with the following Henry-Gronwall-type nonlinear integral inequality

u(t) <a(t)+0b(t) /tK(t,s,oc,A)F(s)w(u(s))ds, t€laT). )

To the best of our knowledge, at the present time, an inequality of the form (2) has not
been studied in any known literature or published paper. Therefore, also our results on
blowing-up solutions or stability are improving the existing knowledge and considered the
brand-new.

For comparison, in [13], inequality (2) was proven with A = 0, F(t) =1, w(u) = u
(see [13], Theorem 3). In the papers [2,3], this inequality with ¥(t) = tand A = 0
was investigated. In paper [14], various forms of linear Henry—Gronwall-type integral
inequalities, (2) with w(u) = u, and their generalizations were proven. In [15], Gronwall-
type integral inequality with the tempered Y-Hilfer fractional integral was stated (see
Remark 1 for a comparison of this result with our version of linear integral inequality).
Furthermore, the limit and other properties were investigated in [16].

In the following section, we prove an integral inequality of the Henry—Gronwall
type for the right side depending on the tempered Y-Hilfer fractional integral, and its
corollaries for particular cases of functions appearing in the inequality, including the
linear integral inequality, and for multiple integrals of this type on the right-hand side. In
Section 3, we present applications of the results of Section 2. More precisely, we prove new
sufficient conditions for the nonexistence of blowing-up solutions of initial value problems
corresponding to fractional differential equations with the tempered Y-Caputo fractional
derivative and the right-side depending on the solution of this problem, its tempered
Y-Caputo fractional derivatives of lower order, or its tempered Y-Hilfer fractional integrals
of any positive order. In the second part of Section 3, we derive new sufficient conditions
for the Y-exponential stability of the trivial solutions of fractional differential equations
with the tempered ¥-Caputo fractional derivative of order 0 < & < 1, and various kinds of
nonlinearities. Finally, we summarize our results and sketch possible directions of future
research in Section 4.

2. Integral Inequalities

In this section, we study the integral inequality (2) and provide some of its corollaries.
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First, we formulate our main result on a nonlinear version of the Henry—Gronwall
inequality.
Theorem 1. Let A > 0,a € (0,1),p > 1, p(a —1)+1>0,9 = %, a(t), b(t), and F(t) be
non-negative, continuous functions on the interval [a, T), wherea < T < oo, and ¥ € Clla, o)
be a non-negative, increasing function with ¥'(t) > 0 forall t € (a,00), lim_,co ¥ (t) = oo. Let
w: [0,00) = [0, 00) be a continuous, positive, non-decreasing function and u(t) be a non-negative
continuous function on [a, T), satisfying the inequality (2). Then

() < [a7* (0waw) +50) [ Fe¥)s)] . @)

forallt € [a,T), where

A(t) =271 sup a(s)", B(t) =27"'M], sup b(s)7,
a<s<t a<s<t
4
T(p(a—1)+1)\ V" )
My =\—""San1 ) -
(pA)ple-1F
Qo) = fv do forvg,v > 0, and Q1 s the inverse of Q.

o fw(e /M)

Proof. Since % + % = 1, we can write ¥/ (t) as the product ¥'(t) = ¥/(t)"/? ¥'(+)1/7 and
using the Holder inequality, from (2), we obtain

/t K(t,s,a,A) F(s) cwo(u(s)) ds

t 1/p
< ([ 1w vl De IOl y(s) as) ®)
a
t 1/q
x (/ F(s)9 w(u(s))1 ¥ (s) ds)
a
Using the transformation o = ¥ (t) — ¥(s), we obtain
t 1/p
< / [ (t) — ¥(s)]*D e PAFO-¥O)  5) ds)
a
(6)
_ 1/ . 1/
- ( [T grten e da) g < [T o da) "M,
0 0
Inequalities (2) and (6) yield
t 1/q
u(t) <a(t)+ M,b(t) </ F(s)7 [w(u(s))]7Y'(s) ds) . (7)
a
Since (a1 + a2)1 < 297 1(a] + a}) for any ay,a, > 0, from inequality (7), we obtain
t
u(t)? <a(t)+ Zq_lMZ b(t)q/ F(s)7 [w(u(s))]7Y'(s) ds, (8)

where d(t) = 29 1a(t)1.
If v(t) = u(t)7, then the inequality (8) can be written in the form

o) < a(t) + 2 M b(1)T [ F(s)? [eo(ols) )7 (5) ds. ©)
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From the Butler and Rogers theorem ([17], Theorem, p. 78), it follows

o(f) < Q! <Q(A(t)) +B() /tF(s)q ¥/(s) ds), (10)

Ja

where functions A, B, Q), Q! are as in the statement. This means that the inequality (3)
holds. O

Next, we present a couple of particular cases of the above theorem as corollaries. The
first of them deals with a linear version of inequality (2).

Corollary 1. Let the assumptions of Theorem 1 be fulfilled with w(u) = u, i.e., the inequality

u(t) <a(t)+0b(t) /tK(t,s, a,A)F(s)u(s)ds, te€|a,T), (11)

holds. Then 1 BlR 1t
u(t) < A1) exp{lg)/u F(s)‘I”(s)ds} (12)

forall t € [a,T), where A(t) and B(t) are given by (4).

Proof. The form of function w implies that ()(v) = In & for vy, v > 0, and Q Y(v) =vpe?
for vy > 0, v € R. The statement is then easily obtained from (3). O

Remark 1. In [15], Gronwall-type integral inequality was proved assuming (11) with F(t) =1
and a(t) was not supposed to be non-negative. The statement from [15] involved an infinite series,
whereas the exponential in (12) is reminiscent of the classic Bellman result [18].

Remark 2. Except for w(u) = u, when Q(v) *==5 co, one can often meet the power case,

_ 1 1 1 v00 0p F
w(u) = uf for p > 1 (see Theorem 6 below). Then, Q(v) = = = — = | — L5 <

o—1 Ugfl oP p—1
and (3) has the form

1

u(t) < [A(HIP — (o —1)B(t) /t F(s)7¥'(s) ds} e

a

On the other side, it is not always necessary to be able to express Q) (v) explicitly in order
to derive interesting results (see, e.g., Theorem 2). This is the case of the function w(u) =

(In(uf + 2))% for p > 1. Setting q = p (while all other assumptions of Theorem 1 are satisfied)

yields Q(v) = fvz; m(%z) Y%, oo, which fulfills condition (18).
Corollary 2. Let the assumptions of Theorem 1 be fulfilled and a(t), b(t) be non-decreasing
functions. Then, the statement of Theorem 1 holds with

A(f) =29"la(t)?,  B(t) = 29 M} b(¢)".

The following corollary of Theorem 1 considers multiple ¥-Hilfer fractional integrals
on the right side.

Corollary 3. Letn € N, A > 0,a; € (0,1) fori =1,2,...,n, p > 1, be such that p(a; — 1) +

1>0foreachi=1,2,...,n,q = p—fl, a(t), bj(t), and F;(t),i = 1,2,...,n, be non-negative,
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continuous functions on the interval [a,T), where a < T < oo, and functions ¥, w be as in
Theorem 1. If u(t) is a non-negative continuous function on [a, T), satisfying the inequality

n

u(t) <a(t)+ ;bi(t) /;K(t,s, a;, A) Fi(s)w;i(u(s))ds, t € [a,T), (13)

then (3) holds for all t € [a, T), where

F= max F, w = max w;j,
i=12,...n i=12,...n

" q
A(t) = 2771 sup a(s), B(t) = 2971 sup <Z M, ; bi(s)> ,

a<s<t a<s<t \j=1

_(T(p(i =D+ D\ .
ij_((rﬂ\)p(“ilm ,1=1,2,...,n,

Qv) = fZZ) [w(jf'/q)]ﬂ for vg,v > 0, and Q=1 is the inverse of Q.

Proof. From (13), we obtain
u(t) <a(t)+ Y bi(t) /tK(t,s,oci,/\) F(s)w(u(s))ds, t € [a,T).

Following the proof of Theorem 1, one derives

1/q

n t
u(t) <a(t)+ (; M, bi(t)> (/ﬂ F(s)7[w(u(s))]79(s) ds) . (14)

Consequently (see (8)),

n q t
u(t)? < a(n)+27! (2 My, bi<t>) | @ o) ¥ (s) ds,

where i(t) = 297 1a(t)1. Applying ([17], Theorem, p. 78) completes the proof. [
3. Applications to Fractional Differential Equations with Tempered ¥-Caputo
Derivative

In this section, we use our results from Section 2 to show the properties of the solutions
of initial value problems for fractional differential equations with a tempered ¥-Caputo
derivative of order & € (0,1) and with various right sides. More precisely, we prove the
results with the nonexistence of blowing-up solutions and the stability of a trivial solution.

3.1. Blowing-Up Solutions

First, we consider the following initial value problem

CDYAY () = f(t,x(t)), t>a, (15)
xES]\P(a) =Y (16)

for some constant x0 € RN, where 0 < « < 1,A > 0, ¥ € C'[a, o0) is such that ¥/ (t) > 0 for
allt >a,and f € C([a,00) x RN,RN). Let us recall that xK)]‘I,(t) = M) x(t). A solution of
(15), (16) is understood in the sense of the following definition.

Definition 3. A function x € C'([a, o), RN) is a solution of the initial value problem (15), (16) if
CDYMY x(t) exists and is continuous on (a, ), x(t) fulfills Equation (15) and initial condition (16).
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Theorem 2. Let x) € RN, A > 0,a € (0,1), f € C([a, 00) x RN, RN) be such that
If(tu)|| < F(t) w(|[u]]) (17)
for some non-decreasing F € Cla, 00), functions ¥, w be as in Theorem 1, and
00 do
— 18
L, worm 19

for some vy > 0, with q = p—fl for p > 1 such that p(a — 1) + 1 > 0. Then, any non-extensible
solution of (15), (16) is global, i.e., there is no blowing-up solution of this initial value problem.

Proof. Let x be a non-extensible solution of (15), (16) which is defined on [a, b) for some
b < oo,ie., lim; - ||x(t)|| = co. From ([19], Theorem 2), x satisfies the integral equation

x(t) = o ME() xg + 1”(1¢x) /tK(t,s,uc,/\)f(s,x(s)) ds

forall t € [a,b). Using estimation (17), we obtain

()] < e sl + s [ K s, M) F) ol () ) s

which is of the form (2). Theorem 1 yields
t
Q([lx(®)[1) < (A1) + B(t)/a F(s)T¥'(s) ds (19)

forallt € [a,b), where

2071 M)
A(t) = 211 (e—A‘Y(ﬂ) ||x2||)q, B(t) = W)‘ﬁ,
C(ple—1) + 1)\
= () .

Qv) = fvz; Wif"/q)]q for vg,v > 0,and Q! is the inverse of Q. Taking lim,_,,~ in (19), we

obtain a contradiction since the left-hand side tends to co and the right-hand side is bound.
Therefore, b = oo and the proof is complete. O

If the right-hand side of (15) also depends on the tempered ¥Y-Caputo derivatives of a
lower order of solution, we have the following result.

Theorem 3. Letn € N, 2 ¢ RN, A > 0,0 € (0,1),0 < a; < w,i = 1,2,...,n, f €
C([a, ) x RN RNY be such that

If (w01, oa) | < F(8) (wo(llull) + wr(foall) + -+ wn((loall)) (1)

for some non-decreasing F € Cla, 00), function ¥ be as in Theorem 1, w;: [0,00) — [0,00) be a
continuous, positive, non-decreasing function for each i = 0,1,...,n, and condition (18) holds
for w = maxj—g1,. ,w;and g = % for p > 1 such that p(a —a; — 1) +1 > 0 for each
i=1,2,...,n. Then, any non-extensible solution of
CD8AYx(t) = F(t,x(t), S DM x(8),...,CDM MY x(t)), t>a, (22)
0
x&,ly(a) = xg (23)

is global, i.e., there is no blowing-up solution of this initial value problem.
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To prove this theorem, we need an auxiliary lemma.

Lemmal. LetO0 <a < B <1,A>0and ¥ € Cla,b] be such that ¥'(t) > 0 forall t € [a, b].
Then
IZC,/\,‘Y CDg,)\,Tx(t) — CDgle,/\,\Px(t)

for any x € C'{a, b].

Proof. First, we rewrite the left-hand side using the Y-Riemann-Liouville fractional inte-
gral and the Y-Caputo fractional derivative as in [12],

[ CDBAY () _ oMY ¥ (eA‘I’(t) [e—/\‘l’(t) cpb¥ (e)\‘l’(t) x(t))])

— oMY Iaix,‘Y CDll;/‘Y (e)\‘Y(t) x(t)) .
Next, using ([20], Theorem 3), we write

oyt =1, P vi()

for a C!-function y. Then, using the composition of the fractional integrals [21] (see also [22]),
we obtain

/ /
Iﬂa,‘Y CDa‘B/Ty(t) — I;(,‘Plifﬁrwy (t) — I;‘*’“*/Sr‘yy (t) — CDE*“r‘Py<t)

¥(t) Y'(t)

since 0 < B —a < 1. Hence, we obtain
1Y DR x(t) = e MO DR (MO (1)) = DI M (r).

This completes the proof. [

Proof of Theorem 3. Let us again suppose that x is a solution of (22), (23) defined on [a, b),
satisfying lim,_,;- ||x(#)|| = oco. For short, we denote

F(t) = f(t,x(t), DM x(b),..., CDY A x(1)).

Then, by ([19], Theorem 2), function x solves

x(t) =e M 0 4 r(la) / tK(t,s, a,A) f(s)ds (24)

forall t € [a,b). For the norm, we have the estimation

I < & MO 18l + s [ K, W) 7] ds

forallt € [a,b). Let us define

n 1 t
z(t) = e Y1) |50 + 7/ K(t,s, o0 —a;, A
(1 I+ X ey /, K¢ o)

xF(s) (wo(lx(s)II) +wr (|| DG x(s)I1) + ... + on (|| D ¥x(s)])) ds,

where « is set to 0. Then, by (21), ||x(#)|| < z(t) for all t € [a,b).
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Next, leti € {1,2,...,n} be arbitrary and fixed. Applying the operator I, —uAE

Equation (22), by Lemma 1, we obtain

to

CpEAY x(t) = %M £ (4, x(1), CDN M (1), .., CDUAY x (1)),
For the norm, we have

1

C i AY
D, B <
D5 x(0)] <

t -
7 Kl sa—ai ) 1F6)] s < =0
forall t € [a,b). Consequently, using the fact that each w;, i = 0,1, ..., n, is non-decreasing,
we derive wo([|x(#)])) < w(z(t)) and w;(|| CD% ¥ x(+)||) < w(z(t)) for eachi =1,2,...,n,
and all t € [a,]). This yields

"on+1

2(1) < e MO |20 + ) /tK(t,s,zx —wj, A) F(s) w(z(s))ds.
i=0

I'(a —a;) Ja

Note that the assumption on p implies p(a — 1) +1 > 0. By Corollary 3, we obtain

Il < =(1) < [nl (0<A<t>> +B0) [ tF(sW(s)dS)T/q 25)
with

n . q

i=0

_ (T(pla—a; —1)+1) Vp .
M, = ( (p/\)p(aia,-fl)+1 ,i=0,1,...,n, (26)

Q(v) = fZZ) [cu(jfg/ﬂ)}ﬂ for vg, v > 0, and Q! is the inverse of (). Equivalently, we have (19)

forany t € [a,b). For x — b~ , we obtain a contradiction. This completes the proof. [J

In the next step, we add dependency on tempered ¥-Hilfer fractional integrals of a
solution.

Theorem 4. Let n,m € N, xg eRN A>0a€ (0,1),0<a;<w,i=12,...,n B;j >0,
i=1,2,...,m, f € C([a00) x RUHMTON RN be sych that

1f(t w01, on 01,y wm) || < F(#) (wo([[ull) + wi(lloil]) + ... + wn(lloal])

27
aor(lwr) + ...+ @om(lom])) )

for some non-decreasing F € Cla, 00), function ¥ be as in Theorem 1, w;: [0,00) — [0,00) be a
continuous, positive, non-decreasing function for eachi = —m, —m +1, ..., n, and condition (18)
holds for w = max;=_,; _y41,. n Wi, and q = %for p > 1such that p(a —a; —1)+1 >0
foreachi=1,2,...,n. Then, any non-extensible solution of
CDEMEx(t) = f(t,x(t), C DM x(t), ..., CDIAM (1),
M), P M (), >, (28)

x&% (a) = 20 (29)

is global, i.e., there is no blowing-up solution of this initial value problem.
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Proof. In some parts, the proof is analogous to the proof of Theorem 3, so we skip several
steps. Let x: [a,b) — RN be a solution of (28), (29) such that lim,_,; ||x(t)|| = oo. For short,
we denote

F(t) = f(t,x(t), DM x(b), ..., CDY A (1),
M), . P M ().

Then, x has the form (24) and satisfies ||x(t)|| < z(¢) for all t € [a,b), where

Z(t) = tl(t)ngH + /at i:)(lw(w(t) . ‘I,(S))ocflxifl

Ji (t) zx+/3(])))ﬁj (¥ (1) _T(S))tx1> o AF(D)—¥(s))
¥ (s) F(s) (wo(|x(s)])) + or (| SDEF x(s)I1) + ... + wa (| CDEA¥ x(s) )
+ w1 (I x6)]) + .+ w (1Y x(5)])) ds
where

LAYt (¥(t) — ¥(a)Pi
a(t) =e A¥( )j_rlrllzzifm{l, 1"(,3]' ) }

Applying the operator I; —uA Y o Equation (28), one can show that
ALY
105 x(8)]] < 2(t)

foreachi=1,2,...,n,and all t € [a,b). Next, for arbitrary fixed j = 1,2,...,m, applying

the operator I, ﬁ’ to (24), we have

() = M (MO 0 1A f ()

ﬁ]A‘P ﬁ]A‘PIa,A,‘I’f(t)'

=1L (e M)+ 1
Now, using substitution o = ¥ (t) — ¥(s), we obtain

If;‘r“"(e—w(t) x0) = e A¥ () Iff"l’xg

e~ MY () gt s B e~ MY()  f¥(H)—¥(a) -
=16 /a(‘l’(t)—‘l’(s))’gf ly (s)xgds—(ﬁj)/ P10 ds
e MO(F(H) —¥(a)Pixd _ e MO () — ¥(a))Pix

BiT(B)) - r(gj+1)

Furthermore, by the composition of the ¥-Riemann-Liouville fractional integrals [22], we
derive

/S ALY _ BiY =
jr Ia)\‘l’f( ) A‘Y( ) 1 I;Jc,‘l’(e)\‘l’(t)f(t))
— e N 2B (A0 7y = TPy,
Thus, for the norm of the fractional integral of a solution, we have the following estimation

e MW (¥ (1) — ¥ (a))Pi|[x))
1"(/3] + 1)

1 t i
gy, Kesat B Il ds <20

BiAY

1" x(B)] <

_|_
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foreachj=1,2,...,m,and allt € [a,b).
Using the fact that each w;, i = —m, —m + 1, ..., n, is non-decreasing, we derive
wo([[x(B)]) < w(z(t)),
AT .
wi(|[ D x(B)]) < w(z(t), i=12,...,n,
BiAY .
ST x(W)]) Swl(z(t), j=12,...,m

forallt € [a,b). Hence,

" n+m+1
2(t) <a®) QN+ Y ——
i=0

[ —a;)

Mo(n+m+1)(E(H) —¥(a)P
L T(a B /a K(t;s,a,A) F(s) w(z(s)) ds.

/at K(t, s, —a;j, A) F(s) w(z(s))ds

Note that p(« — 1) + 1 > 0 by the assumption on p. By Corollary 3, we obtain the estimation
(25) with

(& My m 1) " m 1) (Y () — ¥ (a)P )
B(ty=20"1(Y P+ M)
" ( M) 'ET T@th)
for My, M, ; given by (20), (26), respectively, Q(v) = f;; W for vg,v > 0,and Q1 i

the inverse of (). Equivalently, we have (19) for any ¢ € [a,b). For x — b~, we obtain a
contradiction. This completes the proof. [

3.2. Stability

In this part, we investigate the stability of a trivial solution of the scalar fractional
differential equation

CDYATx(t) = —Rx(t) + f(t,x(t), t>a, (30)

with® > 0,0 < a < 1, A > 0,¥ € Cla,00) such that ¥/(t) > 0 for all t > a, and
f € C([a, ) x R,R) satisfying f(t,0) = 0 for all t+ > a, in the sense of the following
definition.

Definition 4. The trivial solution, x(t) = 0, of Equation (30) is called locally ¥Y-exponentially
stable if there exist constants c1, ¢, 0 > 0 depending on o, A, ¥, N, and f such that any solution

y: [a, oo) — R of Equation (30) satisfying yg?,]‘l,(a) = 9 € Rwith |y3| < 4, fulfills |y(t)| <
c1e2Y®) forall t > a.

It is worth noting that, in this section, we do not discuss the existence of solutions
of (30), (16), or any analogous initial value problem. It is assumed that they exist and an
appropriate convergence is proven to the trivial solution.

First, we consider the nonlinearity of order o(|x(t)|), where o is the Landau symbol.

Theorem 5. Let X >0, A > 0, a € (0,1), ¥ be as in Theorem 1. Moreover, let f € C([a, o) X
R, R) satisfy f(t,x) = o(|x|), i.e., for any P > 0, there is & > 0 such that

x| <6 = |[f(t,x)| <Plx|.

Then, the trivial solution of Equation (30) is locally Y-exponentially stable.
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Proof. Let x be a solution of Equation (30) satisfying (16) for some x9 sufficiently close to 0
(it is specified later how close) defined on [a, o). Then, by ([19], Theorem 3), x is given by

x(t) = e MW Ey(—(¥(t) = ¥(a))"R) 2]

¢ (31)
+1A K(t,5,0 ) Eaa(—(E(t) — ¥(5))*R) £ (5, x(s)) ds,

where

o
Euv 2

for u,v > 0, is the Mittag-Leffler function (Cf. [23], 8§18.1) and E,(z) = E, 1(z). From [24]
(see also [25]), E,; » is completely monotonous, i.e., if 0 < u <1, u < v, then

u]+v

1" Eun(-2)) 2 0

foreachm =0,1,... and all z > 0. Hence,
Eo(—(¥(t) —¥(a))*N) >0,  Epa(—(¥(t) —¥(s))*R) > 0.

Let us fix P > 0 and assume that |x(t)| < ¢ for all t > a (this is established later). Moreover,

(=)~ 2@)W)] = ()30 vian g drs <O
<0 >0
d o d —aRY
A B (= (¥(0) = ¥(6))*N)] = 2 [Eun~Deciwn wiow (0] g1 20
<0 >0
forall a < s < t. Hence,
Ea(=(¥() = ¥(@)'N) < Ex(~(¥(0) ~ ¥@)W _, = Ea(0) = i
Ean(~(¥(8) = ¥(6))") < Eaa(~(¥(0) =~ ¥()W)_, = Exa(0) = 15
for alla < s < t. Therefore,
x(#)] < e MO By (= (¥ (1) — ¥(a))™R) |x]
+ P/at K(t,s,a,A) Eqo(—(F(t) —¥F(s))*N) |x(s)|ds 32)

< ovvn I3l i/tk(t s,a,A) |x(s)| ds
> 1"(0() F(DC) a T

AY
forall t > a. Now, denote u(t) = e 2 |x(t)|. This function can be estimated as

_av |29 p gt A
< a - —
u(t) <e 2 T(a) 4 o) /a K| ¢ts,a, 5 u(s)ds
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Now, we apply Corollary 1 with any p, g > 1 satisfying its assumptions and
01\7 M, P\1
A=A =21 (2al) gy =t (M PY
0=2"( W=
1/p
I'(p(a—1)+1)
B A pla—1)+1 ’
(%)
to obtain 0 0
-1 B(¥()—¥(a)) -1 BY¥ (1)
u(t)SZQT‘x‘Je q §2q7|x”|e'1 , t>a
I'(a) I'(a)
Notice that B — 0" as P — 0". For the original solution x, we have
=1 x| (5—4>‘I’(t)
<27 Aeld 2 > a.
lx(£)] <2 T(a) e , t>a (33)

1-q
Now, if P > 0 is so small that g — 4 < 0and [x| < s such that x| <277 I'(a)J, then

|x(t)| < ¢ forall t > a. So, the estimation of |f(t, x(t))| in (32) is justified. Therefore, (33)
means the local Y-exponential stability of the trivial solution.  [J

When the nonlinearity is of a higher order, we have a similar result; however, the
Y-exponential stability is obtained more easily (there is no restriction on P in the proof).

Theorem 6. Let X >0, A > 0, a € (0,1), ¥ be as in Theorem 1. Moreover, let f € C([a, 00) X
R, R) satisfy f(t,x) = o(|x|F) for some p > 1, i.e., for any P > 0, there is 6 > 0 such that

x| <6 = |f(t,x)| <Plx|".
Then, the trivial solution of Equation (30) is locally ¥-exponentially stable.

Proof. Solution x of initial value problem (30), (16) is given by (31). Let P > 0 be fixed and
assume that |x(¢)| < ¢ for all t > a. Similarly to the proof of Theorem 5, we have

) %0 4+
I'(a) T(a)

t
Ix(£)] < e MY / K(t,s,a,7) |x(s)|P ds

()
forall t > a. Let us denote u(t) =e % |x(t)|. Then, using 1 — % > 0, we derive

0 t _ A(1—p)
u(t) S |xﬂ| L-/ K<t,S,0¢, w) e zpp T(S) M(S)p ds, t Z a.
a

I(a)  T(a) 20
We apply Theorem 1 with
M=p) (4 191! 1 Mp P
—e 2 - — -1 1*al — _
F(t)=e % , A=A(t)=2 Tw) )’ B=B(t)=2 T )’

So, we obtain

un) < [0t (0 +8 [ ¥ T a)] iz 4
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Furthermore, we estimate the inner integral as

/t \{f’( ) gA(1—p) )d /“I’(t) _%;1)5 s < /oo _%;1)5 i ZP <
s)e — e s e g — A 0.
! (@) R gA(p—1)

Thus, the right-hand side of (34) is bounded from above by a finite constant. Returning
back to x, we obtain

o (ofer () - () )] < ¥

for all t > a. This was to be proven. To be able to use the estimation of |f (¢, x(t))|, it only
remains to verify the smallness of |x(t)| for all t > a. Having a fixed arbitrary P > 0, it can
be achieved by taking |x)| < & so small that

(= ()) <o (765

This is always possible since Q(v) — —ocasv — 07. [

[x(8)] <

Finally, we consider the case when the nonlinearity depends on a tempered ¥-Caputo
derivative of the lower order of a solution.

Theorem 7. Let X > 0,A >0,0< B <a <1, 20— <1,Y beas in Theorem 1. Moreover,
let f € C([a, 0) x R?,R) satisfy f(t,x,y) = o(|x| + |y|), i.e., for any P > 0 there is 6 > 0 such
that

x|, [yl <o = |f(t,xy)l < P(x]+y]).

Then, the trivial solution of equation
ChmAY _ CBAY
Dy x(t) = —Nx(t) + f(t,x(t), "Dy " x(t)), t>a, (35)
is locally ¥-exponentially stable.

Proof. By ([19], Theorem 3), the solution x of the initial value problem (35), (15) has the
form

x(t) = e MO B (=(¥ ()~ ¥(@) W) x;
+ [ K(t5,0,0) Ena~(F(8) — ¥(9)"R) f(s,3(5), D x(5)) s

for t > a. Let us define the auxiliary function

z(t) = e MO r“(“z{) + 1"(11x) /atK(t,s,a,/\) £ (s, x(s), CDEM x(s))| ds
+1"(oc1—ﬁ)/ut (t,5,0 — B, A)|f(s,x(s )rCDaﬁ’A’YX(s))Ms

for t > a. Using the complete monotonicity of the Mittag-Leffler function (see the proof of
Theorem 5), it is easy to see that x(t) < z(t) for all t > a. Using Lemma 1, we derive

DL x(t) = 1P CDRMYx(r) = 1P (X(e) + £(1 x(8), CDE M x(1)))

1

= M/at (t,s,0 — B, A)( (s)+f(s,x(s),CDE’A"Yx(s)))ds.
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Hence, t
CDEM x (1)) < F(aNﬁ)/,, K(t,s,0 — B,A) |x(s)| ds
t
+ 1‘(;_13)/12 K(t;s,a—B,A)|f(s, x(s )/CDE'/\"PX(S))MS (36)

gz(t)—i—r(;z_ﬁ)/at (ts,0— B A)z(s)ds, t>a.

Let P > 0 be fixed and |x(t)], | CD,lf’)"‘yx(tﬂ < 0 for all t > a (this is assured at the end of

DI x(t)

the proof). Then, using the estimations of |x ()| and | t)|, function z () can be

estimated as follows:

_ EN Pt P t
2(t) < ¥ ol +W/a K(t,s,a,A)z(s)de/ K(bs,a — B,A) z(s) ds

+ ]"(‘x) /ﬂt K(t,S, a, A) (Z(S) + F(‘XN_[%) /‘15 K(s, oc,a—p, /\) Z(O‘) do') ds (37)

+r(a_‘3)/at (t,s,a — B, /\)( (s) + (ocN—,B) /aSK(s,U,ac—ﬂ,A)z(a)da>ds

for all t > a. We rewrite the first of the two double integrals by changing the order of
integration,

L= /;K(t,s,zx,)\) (/ﬂs K(s,o,a0 —B,A)z(0) dU’) ds

- /at (/;”’“) —¥(s)* (¥ (s) =¥ (0) P (s) ds>
< ¥ (o) e MDY@ 2(0) dor

In the inner integral, we substitute { = % to obtain

070 = %) (¥ () ¥ P () ds
= [[e - g () ¥
B(a—B,a) (¥(t) —¥(0))** P,
where B(-, -) is the Euler beta function. Thus,
I = B(a — B, ) /atK(t,a,Zoc — B z2(0) do

Analogously, one can rewrite the other double integral
t
I ::/ K(t,s,a — B, A) (/ K(s, U,tx—,B,A)Z(U)dU)dS
a
— B(a—Ba— B) / K(t,0,2(a — B), A) 2(c") do.
a

Using the formula B(u,v) = rr(?u)g:;) , from (37), we obtain

t t
z2(t) < e MO |50 +2P/ K(t,s,a,A) z(s) ds —I—ZP/ K(t,s,a —B,A)z(s)ds
a a

+ NP /‘tK(t,s,th — B,A)z(s)ds + NP /t K(t,5,2(a— ), A) 2(s)ds, t>a.
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Here, we use I'(1) > 1 forall u € (0,1) along with the assumption of the theorem on «, B.
Forw(t) = e z(t), we have the following estimation

t t
w(t) < |29 +2P/ K(t,s,tx,;\) w(s)ds+2P/ K(t,s,tx —[S,;\) w(s)ds
a
)\ t A
+NP/ t,s,20 — 2 w(s)ds+NP/ K t,s,Z(a—ﬁ),E w(s)ds, t>a.
a
Now, we apply Corollary 3 with any p,q > 1 satisfying its assumptions, and F(t) = 1,

w(u) = u, Qv) = InF for vg,0 > 0, Q7 (v) = voe® forvg > 0, v € R, byp = 2P,
b3,4 = NP,

q
n
A=At)=27"120,  B=B(t)=21"" (Z My, bi) ’

1/p 1/p
N ECTCES RS Moo [T B 1) D)
’ pla—1)+1 ! ’ pla—B—1)+1 ’
(%) (%)
1/p 1/p
I'(pa —B—1)+1 20 —2—-1)+1
Mo [T@@=p=140) (=21 41

(@)p(2a7ﬁ71)+1 r(jp) p(2a—2p—1)+1
2 2

As a result, we obtain

or
A¥(H) q-1 B_A

(0] < 2(6) = e~ 52 () < 27 120 (F1)YO 45, (38)

Since B — 01 as P — 0T, we can take P > 0 so small that g — % < 0. Now, it only remains

to show that it is possible to find 0 < |x0| < & so small that |x(t)| < é and | CDf’A'le(t)| <6
for all t > a. Then, estimation (38) proves the statement.

1—
Clearly, if [x9| < 27 J, then (38) assures that |x(t)| < J for all t > a, provided that

| CDS’A’Yx(tH < ¢ forall t > a. But from (36), we know that
ALY 9-1 N t 91
|CD§ X(t>|§2 q |x2|+m/a K(t,s,uc—,B,/\)Z q |x2|ds
q-1 N
<9 0
<277 |x |<1+ Aaﬁ)
since

/tK(t,s,(x —B,A)ds < %

1-g -1
(for details, see (6)). Thus, it is sufficient to take [x9| < 274 (1 + /\fi ﬁ) d. This completes
the proof. [

Remark 3. To be more precise, the latter proof works this way: one takes any P > 0 such that

g — % < 0. This prescribes 6 > 0 by the assumption of the theorem. Then, one uses |x| > 0 so

small as desired at the end of the proof. The continuity of x(t) and CDf’)"qjx(t) assures that they
are smaller than 6 on some interval [a,a + €1) for ¢1 > 0. Then, estimations (36) and (38) are
valid which makes |x(t)| and | CDE'A'Tx(tH even smaller. So, we can extend the interval where the

estimations hold by another e > 0, etc. Similar findings were obtained for the proofs of Theorems 5
and 6.
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4. Discussion

In this paper, we proved a new nonlinear version of the Henry—Gronwall-type integral
inequality involving tempered Y-Hilfer fractional integral. We also discussed its particular
cases, including the linear case, and proved a corollary for multiple fractional integrals of
this type. These results generalize the recently published Gronwall-type integral inequality
from [15], and present a natural step in the evolution of a new type of fractional calculus,
namely tempered Y-fractional calculus.

To illustrate the applicability of the integral inequalities, we considered blowing-up
solutions of initial value problems for differential equations with a tempered ¥-Caputo
fractional derivative and the right side depending on time, the solution itself, its tempered
Y-Caputo fractional derivatives of lower orders, or tempered Y-Hilfer fractional integrals
of the solution. Sufficient conditions for the nonexistence of this type of solutions were
proven.

We also applied the new integral inequalities to prove sufficient conditions for the
Y-exponential stability of the trivial solution of differential equations with tempered Y-
Caputo fractional derivative and various right-hand sides.

Further stability results can be proven using our integral inequalities by considering
more difficult nonlinearities, e.g., depending on the Y-Hilfer fractional integrals of the
solution, or other kinds of fractional integrals and derivatives. Other possible applications
include controllability, observability, existence of solutions, and other asymptotic properties
of solutions.

Author Contributions: Conceptualization, M.M. and M.P,; methodology, M.M. and M.P,; investi-
gation, M.M., M.P. and E.B.; validation, M.P., M.M. and E.B.; writing—original draft preparation,
M.P; writing—review and editing, M.P,, M.M. and E.B.; supervision, M.M. All authors have read and
agreed to the published version of the manuscript.

Funding: M.M. was supported by the Slovak Grant Agency VEGA grant No. 1/0084/23. M.P. was
partially supported by the Slovak Grant Agency VEGA grant No. 1/0084/23 and No. 2/0127/20. A
100% discount on the APC for this invited paper was gladly accepted.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: The authors thank the anonymous reviewers for their valuable comments which
improved the paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Henry, D. Geometric Theory of Semilinear Parabolic Equations; Springer: Berlin/Heidelberg, Germany; New York, NY, USA, 1981.

2. Medved’, M. A new approach to an analysis of Henry type integral inequalities and their Bihari type versions. . Math. Anal. Appl.
1997, 214, 349-366. [CrossRef]

3. Medved’, M. Integral inequalities and global solutions of semilinear evolution equations. |. Math. Anal. Appl. 2002, 267, 643—650.
[CrossRef]

4. Kirane, M.; Tatar, N.E. Global existence and stability of some semilinear problems. Arch. Math. (Brno) 2000, 36, 33—44.

5. Medved’, M. Singular integral inequalities and stability of semilinear parabolic equations. Arch. Math. (Brno) 1998, 34, 183-190.

6.  Tatar, N.E. The role of an integral inequality in the study of certain differential equations. J. Ineq. Pure Appl. Math. 2005, 6, 1-13.

7. Medved, M.; Pospisil, M. On the existence and exponential stability for differential equations with multiple delays and
nonlinearity depending on fractional substantial integrals. Electron. J. Qual. Theory Differ. Equ. 2019, 43, 1-17. [CrossRef]

8. Alsaedi, A.; Ahmad, B.; Kirane, M. A survey of useful inequalities in fractional calculus. Fract. Calc. Appl. Anal. 2017, 20, 574-594.
[CrossRef]

9. Sousa, J.C.; De Oliveira, E.C. On the Y-Hilfer fractional derivative. Commun. Nonlinear Sci. Numer. Simul. 2018, 60, 72-91.
[CrossRef]

10. Roohi, M.; Zhang, C.; Chen, Y. Adaptive model-free synchronization of different fractional-order neural networks with an
application in cryptography. Nonlinear Dyn. 2020, 100, 3979-4001.

11. Taheri, M.; Zhang, C.; Berardehi, Z.R.; Chen, Y.; Roohi, M. No-chatter model-free sliding mode control for synchronization of

chaotic fractional-order systems with application in image encryption. Multimed. Tools Appl. 2022, 81, 24167-24197. [CrossRef]


http://doi.org/10.1006/jmaa.1997.5532
http://dx.doi.org/10.1006/jmaa.2001.7798
http://dx.doi.org/10.14232/ejqtde.2019.1.43
http://dx.doi.org/10.1515/fca-2017-0031
http://dx.doi.org/10.1016/j.cnsns.2018.01.005
http://dx.doi.org/10.1007/s11042-022-12329-w

Fractal Fract. 2023, 7, 611 17 of 17

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.
25.

Medved’, M.; Brestovanskd, E. Differential equations with tempered ¥-Caputo fractional derivative. Math. Model. Anal. 2021, 26,
631-650. [CrossRef]

Sousa, J.C.; De Oliveira, E.C. A Gronwall inequality and the Cauchy-type problems by means of ¥-Hilfer operator. Differ. Equ.
Appl. 2019, 11, 87-16.

Kahouli, O.; Boucenna, D.; Makhlouf, A.B.; Alruwaily, Y. Some new weakly singular integral inequalities with applications to
differential equations in frame of tempered x-fractional derivatives. Mathematics 2022, 10, 3792.

Mali, A.D.; Kucche, K.D.; Fernandez, A.; Fahad, H.M. On tempered fractional calculus with respect to functions and the associated
fractional differential equations. Math. Meth. Appl. Sci. 2022, 45, 11134-11157. [CrossRef]

Kucche, K.D.; Mali, A.D.; Fernandez, A.; Fahad, H.M. On tempered Hilfer fractional derivative with respect to functions and the
associated fractional differential equations. Chaos Solitons Fractals 2022, 163, 112547. [CrossRef]

Butler, G.; Rogers, T. A generalization of a lemma of Bihari and applications to piecewise estimates for integral equations. J. Math.
Anal. Appl. 1971, 33, 77-81.

Bellman, R. The stability of solutions of linear differential equations. Duke Math. ]. 1943, 10, 643-647. [CrossRef]

Medved’, M.; Pospisil, M. Generalized Laplace transform and tempered ¥-Caputo fractional derivative. Math. Model. Anal. 2023,
28,146-162. [CrossRef]

Almeida, R. A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci. Numer. Simul.
2017, 44, 460-481. [CrossRef]

Kilbas, A.A,; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; North-Holland Mathematics
Studies; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006; Volume 204.

Almeida, R.; Malinowska, A.B.; Monteiro, T.T. Fractional differential equations with a Caputo derivative with respect to a kernel
function and their applications. Math. Meth. Appl. Sci. 2018, 41, 336-352.

Erdélyi, A. Higher Transcendental Functions; McGraw-Hill Book Company, Inc.: New York, NY, USA, 1955; Volume 3.

Schneider, W.R. Completely monotone generalized Mittag-Leffler functions. Expo. Math. 1996, 14, 3-16.

Miller, K.S.; Samko, S.G. A note on the complete monotonicity of the generalized Mittag—Leffler function. Real Anal. Exch. 1997,
23,753-755. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.3846/mma.2021.13252
http://dx.doi.org/10.1002/mma.8441
http://dx.doi.org/10.1016/j.chaos.2022.112547
http://dx.doi.org/10.1215/S0012-7094-43-01059-2
http://dx.doi.org/10.3846/mma.2023.16370
http://dx.doi.org/10.1016/j.cnsns.2016.09.006
http://dx.doi.org/10.2307/44153996

	Introduction and Preliminaries
	Integral Inequalities
	Applications to Fractional Differential Equations with Tempered -Caputo Derivative
	Blowing-Up Solutions
	Stability

	Discussion
	References

