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1. Introduction
Let us begin with the following well-known Young inequality [1,2]:

A7VBY < (1—v)A+vB forVA,B > 0and v € [0,1]. (1)

The foregoing formula (1) is also sometimes known as v-weighted arithmetic-geometric
mean inequality. For example, by employing the Kantorovich constant, Zuo et al. [3]
showed the refined version of the above classical Young inequality. In the paper [4],
Sababheh and Choi obtained some multiple refined versions of Young-type inequalities
containing real numbers and matrix operators. By making use of Marichev-Saigo-Maeda
fractional integral operators (FIOs), the author [5] obtained some new weighted Young-type
Marichev-Saigo-Maeda FIO inequalities. In 2002, Tominaga [6] established the reverse
inequality of Young with Specht’s ratio as

(1-v)A+vB<S(A/B)A"YBY forVA,B>0andv € [0,1], )

where S(h) stands for the Specht’s ratio given by S(h) = h'/("=1) / (elog h?/("=1)) for h > 0
and h # 1. For some characteristics of Specht’s ratio, the reader can see the reference [6]. In
the same paper [6], Tominaga showed the following converse difference inequality for the
Young inequality

(1-v)A+vB—A"YBY <L(A,B)logS(A/B) forVA,B>0andv € [0,1], (3)

where L(*, ) represents the logarithmic mean defined by L(x,y) = (y — x)/(logy — log x),
x # yand L(x, x) = x for two positive real constants x and y.
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In 2012, Furuichi [7] presented the following refined Young inequalities associating
v-weighted geometric mean with v-weighted arithmetic mean:

ATVBY < S((A/B))ATVBY < (1—v)A+vB for VA B >0, )

where v € [0,1], r = min{v,1 —v}.
For1/p+1/q =1withp > 1,r = min{1/p, 1/q}, the above inequalities (2), (3) and
(4) can be represented as

asph <s((2) Vart < 21 B < (A ABE forva,B>0,ve01], ©)
B P q B
'ng g — AP Ba < L(A, B) log5<2> forVA,B>0and v € [0,1]. (6)

The famous classical Holder’s and Minkowski’s inequalities declares that (see [1,2])

n n %
Y A8, < AP
i=1 i=1 i
1

(Lampr) < (L)
i=1 i=1

=

%?) Y )

gl
—

+ (Xn: ‘B?) q, 8)
i=1

where 1/p+1/q = 1 with p > 1, {2;}" ; and {%B;}! , are nonnegative real sequences.
The integral analogues of the preceding Holder’s inequality (7) and Minkowski’s
inequality (8) are given as

[ sear < (/ ' (1)

(/ab(%(XHQS(x))de)é < </ab$1p(x)dx> + (/b @Q(x)dx> )

where 1/p +1/q =1 with p > 1, § and & express two nonnegative continuous functions
on [a, b]. The mentioned sum forms (7) and (8) and integral analogs (9) and (10) of Holder’s
and Minkowski’s inequalities have attracted the attention of a large number of scholars.
For instance, Manjegani [8] presented some extensions of Holder-type trace inequalities for
operators. By employing the fractional quantum integrals, Yang [9] gave some fractional
quantum Holder- and Minkowski-type integral inequalities. Based on the local FIOs,
Chen et al. [10] investigated the Holder-type functional inequalities and the reverse version.
Furthermore, Minkowski- and Dresher-type inequalities for local FIOs were also presented.
By means of the generalized proportional FIOs, Rahman et al. [11] introduced reverse
nonlocal fractional Minkowski-type inequalities and some related inequalities.

In 2016, using Specht’s ratio, Zhao and Cheung [12] investigated a new reverse version
of the foregoing Holder’s inequality. They proved that the following inequality held for
1/p+1/q=1withp > 1,

</ab 3P(x)dx> 5 (/Hb @Q(x)dx)‘l‘ < /ab 5(§izi§)))g(x)®(x)dx, 11)

where § and & demonstrate two continuous positive functions on [a, b],

Tl=
o=

o a——

’ Q5q(x)dx> , 9)

X = /b §P(x)dx and Y = /h &9 (x)dx. (12)
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By substituting §, g for §P, g4, respectively, the inequality (12) can be given as
1

(/ab g(x)dx)ﬂl)(/ub @(x)dx>q < /abs(}zg((?))gﬂl’(x)@(x)dx, 13)

where 1/p +1/q = 1 with p > 1, § and & stand for two continuous positive functions on
[a,0],

X:/bg(x)dx and Y:/bQi(x)dx. (14)

Based on Specht’s ratio and the diamond-a integral on an arbitrary time scale,
El-Deeb et al. [13] obtained some new reverse versions of Holder-type inequalities on
an arbitrary time scale, which can be seen as the extensions of the inequalities (11) and (13).

In 2020, Benaissa and Budak [14] improved the reverse version of the Holder’s in-
equality mentioned above. They showed that, for 1,/ > 0,1/p+1/gq = 1 withp > 1,

(/jw(x)%ﬂx)dx)é(/wa(x)ﬁf(x)dx)é < (Sf)“’lq /abw(x)g%(x)esé(x)dx, (15)

where § and g stand for two continuous positive functions on [a,b] satisfying
0<m < §"(x)/6(x) <M for all x € [a,b], and w is continuous positive weight func-
tion. When w(x) = 1, Zhao and Cheung [12] presented the special case of the above
reverse Holder-type inequality (15). Agarwal et al. [15], Yin and Qi [16], and Zakarya
et al. [17] considered the reverse Holder-type inequalities for A-integral and diamond-«
integral on an arbitrary time scales similar to the inequality (15), respectively. In 2022,
using the diamond-« integral on an arbitrary time scale and introducing two parameters,
Benaissa [18] obtained a generalized form of the anterior reverse Holder’s inequality.

In 2010, Set et al. [19] investigated the new reverse analog of a Minkowski-type
inequality and the related result. They showed that, for 1 < p, f and g are continuous
positive functions on [a, b] satisfying 0 < m < §(t)/®(t) < M forall t € [a,b], then

( / bsp(x)dx) + ( / ’ Q5]p(x)dx)
(/abﬁp(x)dx> + (/ab @p(x)dx) >cz(/absp(x)dx)é(/ab esp(x)dx) , )

where
M(m+1) 4+ (M+1) (m+1)(M+1)
(m+1)(M+1) M

1

P

<o ( / "3 + Qﬁ(x))]pdx> . (6)

=
Y=

I
TN
Tl

1 = and ¢ = -2 (18)
Based on the Riemann-Liouville FIOs, Zoubir [20] considered the reverse Minkowski-
type fractional integral inequalities similar to the inequalities (16) and (18). Later, Chinchane
and Pachpatte [21] and Taf and Brahim [22], Chinchane and Pachpatte [23], Chinchane [24],
Sousa and Oliveira [25], Rashid [26], and Aljaaidi et al. [27] investigated the reverse frac-
tional Minkowski’s inequalities for the Hadamard FIOs, Saigo FIOs, generalized k-FIOs,
Katugampola FIOs, generalized K-FIOs and proportional FIOs, respectively.

In this paper, inspired by the mentioned papers, we will consider certain new re-
verse Holder- and Minkowski-type inequalities for modified unified generalized FIOs with
extended unified Mittag—Leffler functions (MLFs). The principal results of this article gen-
eralize and extend the existing fractional Holder- and Minkowski-type integral inequalities
in the literature. As applications, the reverse analogues of weighted Radon-, Jensen- and
power mean-type inequalities for modified unified generalized FIOs with extended unified
MLFs are also given.
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2. Preliminaries

In this section, we will first present the generalized Q function, which can be seen as
the generalization of the canonical MLE.

Definition 1 ([28]). Let ng%’;]}( ;+,+) be the generalized Q function defined by

=TI B2 ) (A)p (Ot
vhins = I\ )kl
Qa,g,%(s;lllv(f;ﬁ,@) = Z — i=1 1 0 (19)
1=0

i1 B(, 1) ()51 ()il (el + B)’

where k € (0,1) UN, the generalized Pochhammer symbol (A), = (T(A + pl)/T(A)), T(+) and
B(-, -) denotes the well-known gamma function and beta function, respectively, o = (e#, o, - - , %),
B = (B, B, Ba), 0,B,7,6,1,v,A,0,0,,%; € C, min{#(x),%(B),%(x),%(5),
R(N),Z(0),%(p)} > 0, and % () demonstrates the real part of complex number «.

Based on the generalized Q function above, Zhou et al. [29] presented the following
generalized FIOs.

Definition 2 ([29]). The generalized FIOs QIZJ;AA/CP;,’;(? 1

with the generalized Q function (19) are introduced as

A,0,0,k,
po o, B)and oI" 1o (% o, B)

0,0,k * _1 A0k
QLI W, B) = [ (=P IQUE (wlx =) B)p(e)ds, (@0)

A8k, v —1 M08k,
QLI (it B) = [(s= 0P IQE (s xS, By(s)ds. (21)

In 2018, Andri¢ et al. [30] first introduced an extended generalized MLF as follows.

Definition 3 ([30]). Assume that a, 8,7y, A,0 € C, min{Z(x), #(B), Z(v), Z(\),Z(0)} >0,
H(O) > HA)and 0 < k < r+Z(a) for p > 0, r > 0. Then, define the extended generalized

MLF EQ/’Z:];”(t; p) by the following series

2 By(y+1k,0—A) () 1"
EA,G,k,r t,' — p , (22)
why GV = L "B g Ay () Tl 4 )

where, min{%(x), %#(y), %(p)} > 0, By(*, x) denotes a generalization of the beta function by

1
By(x,y) = /0 s - s)y_lefﬁds. (23)

Second, Andri¢ et al. [30] gave the following extended generalized FIOs with the
extended generalized MLFE.

Definition 4 ([30]). The extended generalized FIOs s‘l‘l'jr)tfé';lp(x; p) and 8(;,)\&9;; ’ 5,%1/1/](3{;]())

with the above extended generalized MLF (22) are presented by the following forms

X

R p(ip) = [ (e =) TEME ((x = 5) p)p(s)ds, 4)
v

e p) = / (s = )P TEREN (w(s — x)% p)p(s)ds. (25)

By employing the extended generalized MLF above, Farid [31,32] introduced the
following unified FIOs with regard to an increasing function.

Definition 5 ([31,32]). Suppose that ¢, ¢ : [u,v] — R, 0 < u < v, are two continuous functions so
that 1 is positive satisfyying € Lq[u, v], and ¢ is strictly increasing and differentiable. Also let ¢ be a positive
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function so that ¢ / x be an increasing on [u, +o0) and w, w, B,v, A, 0 € C, min{Z(«), Z(B), Z(7),
R(N),Z(0)} >0,2(0) > ZA)withp >0,r>0and0 < k <r+Z(«). Then, for x € [u,v],
the left and right-side unified FIOs (LF“ %7 w) (x; p) and (LF<M%T ) (x; p) are introduced by

G ut By $hom By
(¢Fw)\9kr / 4) )E/\Gkr( (6( )_g( ))IX. d 26
g u*aﬁ’y (x;p) agy WX s)p)p(s)d(G(s)),  (26)
LRty i) = [ 44 "’ )E2§§’<w<c<s>—c<x>>“;p>¢<s>d<c<s>>. @)

In 2005, Raina gave the following definition of Mittag—Leffler-like function (MLLF).

Definition 6 ([33]). Let Eg,’/l\c(x) and T'y (o) be the MLLF and k-gamma function introduced by

E7K(x Z o A >0, and Ty(0) = /Ooex —ﬁ o dt (28)

p)\ krk pkn+/\) 0, ’ k@ 0 p k 4
where |x| < R, the coefficient o(n) is a bounded positive sequence for n € Ng = NU {0}
and a positive constant R. The k-gamma function satisfies the relations T'y(0 + k) = oI'x(0),
Te(e) = k¥~ 1T (o/k), and T'(g) = limy_,; Tk (o).

In 2022, taking advantage of the MLLF, the author [34,35] introduced the following
generalized FIOs.

Definition 7 ([34,35]). Assume that ,¢ are two continuous functions from [u,v] to R for
0 < u < wvsothatp € Li[u,v] is positive, and ¢ is a strictly increasing and differentiable function.
Also suppose that ¢/ x is an increasing function on [u, +00) for a positive function ¢ and w € R,
o, A, > 0. Then for x € [u,v], the left and right-side generalized FIOs 4’]—'(1“”7" (x) and

0,0, /\IIJ
4{7-‘51 W, g ’)i ¥ (x) with the MLLF (28) are given by

s

0ty =) [ EE=E Dy gert et - o)), @
CFOky(x) =) [ o ( #EL = Do) w(Els) €00 (EE)), GO

where X(s) stands for a weighted function satisfying X(s) > 0 for all s € [u, v].

In 2021, Zhang et al. [36] introduced a new MLF unifying the generalized Q function
(19) and extended MLF (22). Moreover, the following FIOs involving the unified MLF as its
kernel were established as

Definition 8 ([36]). Let of = (A, oh, - , ), B = (Br,Bo, -+, Bn), € = (61,%5, -,
6n), where of,, B;, 6,1 = 1,2,...,n, such that Vi, #(;), #(%;), #(6;) > 0. Furthermore,
letw,B,v,6,u,v,p,0,t € C, min{Z(x), #(B), #(y),%(5), Z(\),Z(0)} >0,k € (0,1) UN
with p > 0, and k+ Z(p) < Z(6 +v + «) with F(p) = F(6 + v+ «), F(a) denotes the
imaginary part of complex number «. Then, we present the unified MLF by

Apfkon i1 By (B, ) (A) i (0)iat!

M t, o, B,€,p) ) 31
b - TR ey
Definition 9 ([36]). The generalized FIOs I w’)/"f' l’ff/’"{ylp(x; oA, B,E,p)and I;U’)Zp ;Wk: Vl/)(x; oS, B,

€, p) with the unified MLLF (31) are obtained by
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0,0k, x _
L e, 2,6,p) = [ (x =)

A0,0k,
M5 (w(x = 5)5 ., B, p)y(s)ds,  (32)
,A,0,0.k, v _
;Uf,af)ﬁlwfmlp(x;%%ﬁ p) :/x (s —x)P1
A0,0k,
M s (s =X)L, B,E, p)p(s)ds.  (33)

In 2022, making use of the unified MLF above, Gao et al. [37] presented the unified
generalized FIOs as follows.

Definition 10 ([37]). Assume that y, § are two continuous functions from [u,v] to R for 0 < u < v
so that € Lq[u,v] is positive, and & is a strictly increasing and differentiable function. Also sup-
pose that ¢/x is an increasing function on [u,+oco) for a positive function ¢ and w € R. Let
A = (A, ), B = (P, %2, Bn), € = (€1, ,Cn), where 4, 5,6,
i=1,2,...,n, such that Vi, #(<;), #(%;), %(%;) > 0. Furthermore, let w,u,B,y,5,1,v,p0,0,
t € C, min{Z(«), Z(B), Z(v), %#(5), Z(A),#(0)} > 0,k € (0,1) UN with p > 0, and
k+2%(p) < Z(6+v+a) with 7(p) = F(6+v+ua). Then, for x € [u,v], the left and
right-side unified generalized FIOs (gﬂff‘“p /’39, ,,;ZUIIJ) (x;p) and (‘gﬂffap ;f;vlp) (x; p) with the
unified MLF (31) are given by

gosti e = [ S
MR (@) = 8D pI()AE(s), (34

Wbk v p(E(s) — E(x)

(B ) (i p) = /x N OEHOR

A0k,

My (W(E(s) = ()% p)g(s)d(S(s).  (35)
In 2022, by means of the modified extended beta function, Abubakar et al. [38] gave

the following extended unified MLFE, which can be seen as the extensions of gamma, beta,

and hypergeometric MLFs.

Definition 11 ([38])' LEt% = ("Q‘(lr bez, T IDQ{YI)/ @ = (<@11<@2/ e rggn)/ ﬁ = (%11%2/ Tty
6n), where o, B;, 6,1 = 1,2,...,n, such that Vi, Z(;), #(%;), Z(6;) > 0. Furthermore,
letw,B,v,6,u,v,p,0,t € C, min{Z(x), #(B), #(v),%(5),Z(\),Z(0)} >0,k e (0,1)UN
withp > 0, and k+ %Z(p) < Z(6 +v + ) with I (p) = F (6 + v + «). Then the extended
unified MLF is presented by

© T, Boez (Bi, 4, ¢) (M) i ()it
S}:%M;\'gﬂ'lgn[V(b%%rﬁr”) _ Z n1,1 171,172( ir 8% Q)( )pl( )kl ) (36)
e =0 I B(%0, ) (7)er (1)uil (ol + B)
where BE&2 (%, -, x) denotes the modified extended beta function defined by
Q1,02 ! 71—1 -1 (_%1_072(})
BUl,,th (TllTZ/ g) = /0 s (1 - S) g e b= s, (37)

for min{%Z(t1), Z(w2), #(01), %(02), %(01), %(02) } >0, ¢ € (0,00)\{1}.

Finally, the following definition of modified unified generalized FIOs will be intro-
duced based on the extended unified MLF.
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Definition 12. Assume that y, ¢ are two continuous functions from [u,v] to R for 0 < u < v
so that ¢ € Lq[u,v] is positive, and § is a strictly increasing and differentiable function. Also
suppose that ¢/ x is an increasing function on [u, +oo) for a positive function ¢ and w € R.
Let of = (e, o, ,n), B = (%1, B2, ,Bn), € = (€1,%, - ,€n), where ﬂz/«@zfgz,
i=1,2,n,... such that Vi, Z(;), %#(%B;),Z(%;) > 0. Furthermore, let w,a,B,7y,5,1,v,p0,0,
t € C, min{Z (), Z(B), Z(y), #(5), Z(\), Z(0)} > 0,k € (0,1) UN with p > 0, and
k+2%(p) < Z(6+v+ua) with (p) = F(6+v+uw). Then, for x € [u,v], the left and
right-side modified unified generalized FIOs (4)@”M+ ¥)(x;0) and (¢®M ¥) (x; 0) with the extended
unified MLLF (36) are defined by

(PO y) (o) =(Eame i ) (o)

Go,op " ut By,
_ x ,02 1 A0k,
=N [ONOMEEMET L OvnAEn),  68)
(F0lLy) (xio) =(ERmes i 4) (x0)

670—1 02 Uﬁr“rﬁr%ﬂﬂ/

1) [OROAFEEMES L pnaen), 69

where X(s) stands for a weighted function satisfying N(t) > 0 for all t € [u,v] and the kernel

. , Ap,8,k,n .
function AL(EEM a,g,% S ¢) is given as

A bk _9(E(x) —&(t)
whrane &0 = et~

00 7 AOOK
G My i (@W(E(x) = E(1)% 2, 2,€,0).  (40)

t /
MEEEM

Remark 1. The unified MLF (31) can be seen as the generalization of the generalized Q function
(19) and extended MLF (22); however, the unified MILF (31) can be seen as the special case of the
extended unified MLF (36). Therefore, the modified unified generalized FIOs (38) and (39) includes
the FIOs (20) and (21), (24) and (25), the unified FIOs (26) and (27), the unified generalized FIOs
(34) and (35). From ([34], Remarks 9 and 10) and ([35], Remarks 2.2 and 2.3), we point out that the
raised previously unified FIOs (26) and (27) can produce a great number of existent FIOs according
to distinct setting values of the relevant parameters and functions.

For the sake of convenience, we always assume that all of the modified unified
generalized FIOs exist throughout the article.

3. Reverse Holder Type Inequalities

In this section, we will establish some new reverse Holder-type inequalities for modi-
fied unified generalized FIOs.

Theorem 1. Assume that f, g, w are three continuous positive functions on [u,v]. Let1/p +1/q =1
satisfying p > 1. Then, for x € [u,v], we have the following FIO inequalities

elture) o) < (foits((ALD) Jurss) we)

< (foltu®)? (o) (0t ug?) (i) < (tolts(

e Jofs) o), @

Bl=
Tl=

(oM wfP)® (x;0) (20N wg) 7 (x;0) — (OM wfg) (v;0) < (YOMwfP)? (x;0)

(¢@ngq) (x; )(?@ﬁ%“{%,“ﬁl)mgs(;f;@l))(x;a), (42)
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where v = min{1/p,1/q}, 7 = (¢®M wfP)(x;0), % = ( OM wg®)(x;0), L(, %) and
S(-) denote the logarithmic mean and Specht s ratio, respectively.

Proof. Let A = w(t)fP(t)/. 71 and B = w(t)g"(t)/% in (5), then

W(t)fl(t)§(t) < S((?;Z%)) ()fl( )1()
Pgla 1 5545
(B () | w(t)g™(t) _ S(%f“’(t) ) UOTIGHORE

P a% F184(t) b

FPYH

N

Multiplying simultaneously both sides of (43) by R~1(x)X(¢).Z} (512 Migiﬁ;w &) (t)

w(t) and integrating the acquired inequality with regard to ¢ from u to x, we claim based
on the operator (38)

Foptug) i) _ (F0ls((Fi) )ufs) (o)

1 A T 1

ﬁf%ﬁ TP
¢®M P . 4’®M q . ‘P@MS G fP w X;0
b wfx%@+(§”wgﬂnw<(§”(])lky !
P71 o Ega

According to the definitions of .%#; and ¥}, the inequalities (44) can be rewritten as

(¢®M wfg)(x o) (?@%S((%@i)r)wfg) (x;0)

7P 7P

¢ 9fP .

<1< (égy*S(ﬁl%q)jufg) (X,O'), (45)
glpga
which are the desired inequalities (41). Let A = w(t) fP(t)/.%1 and B = w(t)g"(t)/% in
(6), then
wt)fP(t) | w(t)g?(t) _ w(t)f(H)g(t)
]pyl i) y%g%

w(t)fP(t) w(t)g(t) SfP (1)

s L( F1 49 ) logs<5ﬂgq(f)>. (46

Multiplying simultaneously both sides of (46) by R~ (x)N(t).#: (3122 M;\g,%';v, & o)E (1)

w(t) and integrating the achieved inequality in regard to ¢ from u to x, we gain based on
the operator (38)

Fortuff) o)  (FOfus)xo) ( Outwfs) (x:0)
P71 a%

1 1
7P

oM (@S “fP .
(o (2 o

which are the anticipated inequalities (42). This completes the proof. [
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Remark 2. It follows from (41) that (‘P@ Lwfg)(x;0) < (‘PG)M wffp) (x; )(¢®M wgq) (x;0)
forl/p+1/q=1withp > 1, whzch is Holder-type znequalztzes for modified um}%ed generalized FIOs.
The reverse of the above inequality holds also when 0 < p < 1 and when p < 0or g < 0.

Theorem 2. Suppose that f, g, w are three continuous positive functions on [u, v]. Let 1/p +1/q =1
satisfying p < 0 (or g < 0). Then, for x € [u, v], we have the following FIO inequalities

al=

(20N wfP)® (x;0) ({0 wg)
< 2t o) (ot ((22) Jug) " ic) < (f0ltoof) o)

Faf8 1
< (oM wfr) (x;a)@@ﬁ{s(iff;g)wg )“(x;a), (48)

(x;0)

Tl

(t0M wfg)d(x;0) — ((OM wfP)* (x;0) (1O wg) (x;0)
< (f0Mwfg)(x; )(Ce)ﬁiL(Zgz,“gf>1ogs<z?zg>>(x;a), (49)

wherer = min{q,1 —q} (orr = min{p,1 —p}), F» = (‘g@%wfp) (x;0),% = (?@ﬁ{wfg)
(x;0), L(*,%) and S(-) denote the logarithmic mean and Specht’s ratio, respectively.

Proof. Suppose that p < 0 (if g < 0, the idea is really the same). Let P = —p/q and
Q =1/q, then we obtain 1/P + 1/Q = 1 satisfying P > 1 and Q > 1. Assume that F, G, w
are three continuous positive functions on |1, v] with R = min{1/P,1/Q}. It follows from
(41) and (42) that

({OM wFG) (x;0) < (g’eﬁés((;fZZZ)R)wFG)(x;a)
2

1 1 % FP
< (fP@%wFP)u»(x;a)(4’®uM+wG@)@(x,a) ( @ S(gﬁg@)wPG> (x;0), (50)

(4)@1\17/(}1:]1))%(3(;0’) (‘g@ﬁwGQ)é(x; o) — (‘é’@u]‘/inG)(x; o) < (?@ﬁwl—"ﬂm)%(x;a)

1 ¢ wF? wGQ % .
(@ TwGQ) T (x; )(C@%L<%,%)logS(J2GQ)>(J€ o), (51)

where Z, = (¢®M wFP)(x;0) and % = (‘P@%qu)(x o).
Letting F = f~® and G = f9g™ in the inequalities (50) and (51), we obtain

oty (1( (3, oo

< (?@ﬁ{wf]p)%q(x (7) ((/7@ wfg) ( ) <§®%S<2§Z>qu> (X;O'), (52)

(1M wfP) ® (x;0) (20N wfg) " (x;0) — ($0M wg™) (x;0) < ({OM wfP) ® (x;0)
(ol wfg) (o) (Pl L( ML, LS o5 21 ) ). 9

Multiplying simultaneously both sides of (52) and (53) by (‘P®ﬁ{ wfP) E (x;0), we obtain
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({0 wfP)» (x;0) (2OM wg™) (x;0)
¢ g ¢ ¢ .
< (toltur)? o) (ot ((2L)) Jug? ) o) < (f)L ) (wic)
< (fottur®)? o) (folts( 25 Just) 5o), oo

(f0M wfg)(x;0) — (2OMwfP)? (x;0) (Y0 wg™) (x; 0)
0 ©f® wig\ o %\,
< (10 wfe) (x; >(¢@ﬁ1L<%, %>1g5(%fg))<,a>. 55)

which are the desired inequalities (48) and (49). This completes the proof. O

By substituting f, g for fP, g% in (41) and (48), respectively, we derive the following
corollary.

Corollary 1. (a) Under the assumptions of Theorem 1, inequalities (41) can be rewritten as

Fotturieh)mo) < (folts((ZL) Jurtst ) oo

< (20N wf)? (x:0) (10N wg) T (x;0) < (?@%s( *f)wﬂgq)@my (56)

T

where F; = (§®uM+ wf)(x;0) and 4" = (g’@u+ wg) (x;0).
(b) Under the conditions of Theorem 2, inequalities (48) can be rewritten as

(POMwf)® (x;0) (20N wg) 3 (x;0)

< Gelten)®* ><§®%S<( Mf*fgqf)wg)é(”) < (ot wbgh) (o)

1
1 g* q
< (foitun)> o (tels( 2 i) o) @
Ffrg
where F5 = (g@)u]\ﬂwf)(x;a) and 95 = (g@)u]‘{wf%g%)(x;a),
Theorem 3. Let 1/p +1/q = 1 with p > 1. Assume that f, g, w are three continuous positive

functions on [u,v] satisfying 0 < m < fP(t)/g(t) < M forall t € [u,v]. Then, for x € [u,v],
we have the following fractional integral inequalities

(&)pqw@wwfg)(x o) < <¢@ (le£z>wfg>(xm), (58)

where S(-) denotes the Specht’s ratio, 7, = (‘g@u]\ﬂhfp) (x;0) and 4 = (?@u”i hg) (x;0).

Proof. It follows from (41) that

al=

(‘P@ wfp)%(x U)(¢® Lwg™)

(x;0) < (‘P@M S ( %ﬂt;)wfg) (x;0). (59)

P18
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Since 0 < m < fP(t)/g%(t) < M, then we observe
MR () < 3/P(1) and m/g(r) < (1), (60)
Multiplying the above inequality (60) by g(t) and f(t), respectively, then we obtain
MPF(1)g() < gVPH() = g7() and m'/If(1)g(t) < FPIH(H) = fP(1).  (61)
Multiplying simultaneously the inequalities (61) by N*l(x)N(t)///;(3};§§Mﬁfl§ﬁ;’;ﬁm, ¢ ¢)

&' (t)w(t) and integrating the acquired inequalities with regard to ¢ from u to x, we claim
based on the operator (38)

L (00M wfg) (xi0) < (101 wg™) (x;0),

(62)
ma (4’@ Lwfg)(x0) < (‘P® LwfP)(x;0).
Combining (59) and (62) yields the following inequality
m pq G fP
(M) (‘P@M wfg)(x;0) < (‘P@fﬁS(;lj;q)wfg) (x;0), (63)

which is the desired inequality (58). This completes the proof. [

Theorem 4. Let 1/p +1/q = 1 with p > 1. Suppose that f, g, w are three continuous positive
functions on [u,v] satisfying 0 < m < f(t)/g(t) < M forall t € [u,v]. Then, for x € [u,v], we
have the following FIO inequalities

(g“ﬂ)ﬂfq(geﬁwf;gé)(x;g)g(g@ﬁs@i’;)wﬁgq)( o (6
;}Z(%waqu)( 7) < (geﬁs(§}£>wfégé>(x;a), (65)

where S(-) denotes the Specht’s ratio, F; = ((p@ Lwf)(x;0) and 4 = (‘p@M wg) (x;0).

Proof. It follows from (56) that

(0 wf)

Since 0 < m < f(t)/g(t) < M, then we observe

Y=
al=

(o) (foltug)d (s0) < (foMs(FL Jarist w60

M1 Fo(H)ga(t) <grpta(r) = g(t) and maf5(1)ga(t) < f5Ha(t) = f(),  (67)
N}fé(t)gllp(t) <gpla(t) = g(t) and mofu(t)gs(f) < fora(t) = f(1).  (68)

Multiplying simultaneously the inequalities (67) and (68) by =1 (x)N(#).#} (35 M,fﬁzlfs’; v

¢, ¢)¢ (t)w(t) and integrating the acquired inequalities in regard to f from u to x, we gain
based on the operator (38)

(0N wfsgu)(x;0) <(fO) wg)(x;0),
’ (69)
ma (fOM wfsgu)(x;0) <(OMwf) (x;0),
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1
(oM wfags) (xi0) <(2OMws)(x0),
Mq (70)
(¢®M wfqglp)(x;(r) <(?®M wf)(x, o),

Combining (66), (69) and (70) yields the following inequalities

(1) (felturtet) o) < (fois( L Jurtst Jwo), o

;nﬂi(%waqu)( o) < ("’®f{£( f)WfIé ‘é>( o), 72)

which are the expected inequalities (64) and (65). This completes the proof. [J
Theorem 5. Let 71,0 > 0,1/p +1/q = 1 with p > 1. Assume that f, g, w are three continuous

positive functions on [u,v] satisfying 0 < m < f'(t)/g(t) < M forall t € [u,v]. Then, for
x € [u,v], we achieve the following FIO inequalities

(PoMuwfigi)(xio) < (OMwf)> (x; a)(q’@lﬁwg)%(x;a)

<(5)7 Gotturigi) o < (1) " toMwf) (o) M ug'y (), (79
(LOM wfbgn) (x0) < (LOMwf)® (x;0) ({OM wg') (x;0)
< Miz (oM ufigs)(x0) < M1 (foliwf " (s o) ({0t wg' )P (x;0), (74)
ma ma

(0N wf )P (x;0) ({0} wgt) (x;0) < %(é’@%w(ﬁ%)w)“’(x; 0)

(PoMw(fhg')2a) N (x;0). (75)

¢
Proof. It follows from Remark 2 that
hoL 1 1
(follwfrga)(xo) < ({OMwf")? (x;0)(f0) wg") 1 (x;0). (76)

Since 0 < m < f(t)/g‘(t) < M, then we observe

fH(E) = FEra@) =Mafp(nga(r), ¢'()=gp A <m FfR(NgAE), (D)
B L0 _1 h £

e = for i) = Mp fa(nge (), /() =gvt () <m afi(ngE(r).  (78)

Substituting (77) and (78) into (76) and using the Holder-type inequalities, we obtain the

desired inequalities (73) and (74). Also since 0 < m < f"(t)/g"(t) < M, then we have the
following inequalities

() 4+ g4(t) M+1 _ f(t) +g(t) _m+1
m+1<W<M+1, i < fh(t) < e (79)
That is,
10 < gy PO +810), 10 < 5 (0 +80), 80)
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DO o0yt 1

= 0+ 50 < (@nmmmy(ﬁmgm .

m

(f"(t) +8"(1)* <

N—

(81)

It follows from (80) and (81) that based on the operator (38)

(?@ﬁiwf%) (x; 0')(¢®u+wg¢1) (x;0)

<

—— (teMw(f"+g"7) (xi0)

( u+w (fhg! ZL) (x;0) (¢®u+w(fh E)ZL) (x;0), (82)

(el w(f +g)7)P(xi0)
<M

which implies the desired inequality (75). The proof of Theorem 5 is completed. [J

When /i = ¢ = 1, from Theorem 5, we have following corollary.
Corollary 2. For1/p+1/q = 1 with p > 1. Suppose that f, g, w are three continuous positive

functions on [u,v] satisfying 0 < m < f(t)/g(t) < M forall t € [u,v]. Then, for x € [u,v], we
have the following FIO inequalities

=

(oM wf)? (x; 0’)(¢®u+wg)ﬂll(x;0)<< )pq( OMwfbgi) (x;0)
M

)" el o) (fottug) (o), @

1
1 1 M p? 101
(oM wf)? (o) ({0 wg) i (x;0) < — ({OM wfags)(x;0)
m a?
1
M2 1 1
< — (Lol wf)i(x; o) ({0} wg) ? (x;0), (84)
ma

M
( u+ f ) ( )( ®u+wg ) (X;U) S — ( u+w(fg)2p) (x U)
1
(F0yw(fg) ) Y (x0). (89)
When 71 = p and ¢ = q, from Theorem 5, we gain following corollary.

Corollary 3. For1/p+1/q = 1 with p > 1. Suppose that f, g, w are three continuous positive
functions on [u, v] satisfying 0 < m < fP(t)/g(t) < M forall t € [u,v]. Then, for x € [u,v],
we have the following FIO inequalities

1

(4’@ wflp)%(x a)(¢® Lwg )%(x;U) < <§f) ((P@ fwfg)(x;0)

< (5)7 ettt (mo)toltugh ixo), 6o

(¢@M wfg)(x;0)

(LOMwfP) (x;0) (LOM wg) T (x;0) <

M: (?@%wﬂp)%( )("’@ngQ)%(x;aL (87)

ma

N
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M
(F0M wf)® (x;0) (fOM wg) " (x;0) < — (fO w(fPg™) )" (x;0)
1
- (fOhw(fPgM)=) " (x;0). (89)
Theorem 6. Forx,9,p,q,p’,q’ > 0. Suppose that f,g,w are three continuous positive functions

on [u,v] satisfying 0 < k < m < 8f(t)/g(t) < Mforall t € [u,v]. Then, for x € [u,v], we have
the following FIO inequality

1! ’_ 7

oMb (o) (Ol ug) ixio) < 11 ()7 o+ P ()5

(fOaw( g7 )7 (x0) (YO w(fFg )7 ) (i) (89)
Proof. Since 0 < ¥ < m < 0f(t)/g(t) < Mforall t € [a,b], we have

m+x <

19f(t)+Kg(t)<M+K M+K<19f(t)JE;;g(t)<m+x 90)
= ! M of(t S m

From the left inequalities of (90), we can obtain

D=

19<M1\jIJK> (zout wf®)? (x;0) < (Yol w(df +xg)P)? (x;0), (91)

al=
al=

(Irn+K)(¢® Lwg®) i (x;0) < (¢®u+w(19f+1<g)q)

Multiplying these inequalities (91) and (92), we obtain

(x;0). (92)

(m + ) (M + ) (PO wfP) > (x;0) (‘P@wwg )@ (x;0)

=l

< (POMw(0f +xg)P)? (x:0) (LOMw(Of +xg)™) ¥ (x;0). (93)

On the other hand, from the right inequalities of (90), we have

(05 + xg0)® < (S m+0)) 770, (0700 + g0 < a+0)Tg (). 00

By multiplying the inequalities (94) and raising the resulting inequality to power 1/ (p’ + o),
we achieve

/
1

050 +wg(t) < (Lm0 0T (07 (0) 7T 09)

Based on the operator (38) and inequality (95), we derive

’
p
7ol /

(x;0) < (]i(lerK)) T )T

D=

(¢®u+w(z9f +xg)P)

D=

(¢®M w(f]p gq \EET e ) (x;0), (96)

("’@ww(ﬁf + Kg)Q)%(x,- o) < <Ii(1m + ;c)) m(M +x) P+

(g0 a(f s )7 ) x0). @)
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Multiplying these inequalities (96) and (97), we obtain

2]p,
p/+d

1 1 %
(¢®u+w(z9f + Kg)]p) P (x;0) (¢®u+w(l9f +xg)P) P (x;0) < (m(lm + K)>
1 1
(M + 1) 7o (§@M w(f¥'g7 ) ) () (fOM (P g ) o+ ) * (v,0), (98)
which implies the anticipated inequality (89). The proof of Theorem 6 is completed. [
Theorem 7. Fori,{ > 0,1/p+1/q=1/p'+1/d = 1withp > p’ > 1. Let f,g and w

be three continuous positive functions on [u,v] satisfying 0 < m < f*(t)/g"(t) < M for any
t € [u,v]. Then, for x € [u,v], we have the following FIO inequality

o1 al 1 M pa 2 _2
(g@%wfpp )P (x; a)(¢®u+wg @) (x;0) < ]plq (g Mw) v P (x;0)
mp'd
noe 1 L1
(?@%WngQ)p(x,U)((g®u+wa/gq/)q/(xlg), (99)
a1
5 e M 5 2
Foltur™)? (o) (ottug) i (xo) < - (foltu) (o)
1m®1’

(POMwfigh)® (x;0)(POMwf g7 ) W (x;0). (100)

Proof. Sincel/p+1/q=1/p'+1/q" = 1withp > p’ > 1,thenq’ > q >1,0<p'/p <1
and 0 < q/q’ < 1. Form Remark 2, we have

(oM wfP) (x:0) = (1OM ("7 ) (¥ f2)) (x;0)

/

> (P0M w) 7 (x0) (fOMwf) >

\\'a

(x;0), (101)
(OM wf) (x;) = (POM (1" ) (@ 7)) (x;0)

q-q° q

(‘P@uﬂu) a(x; )(‘P@waq)f(x;a). (102)

It follows from the hypothesis 0 < m < f(t)/g*(t) < M that

FH() <Mg!(t) = F3(1) <Maga () = /() <Mafs(ga().  (108)
Multiplying simultaneously the inequalities (103) by R~ (x)N(#).#¢ (52 Mﬁgz ]:5 T;,V, ¢ )
&' (t)w(t) and integrating the acquired inequalities with regard to f from u to x, we obtain,
based on the operator (38)

(‘P@M wfh)%( o) < Mpa (‘P@M wfpgﬂ;)%(x;a). (104)

Replacing f with f 5 in (101), we deduce

P
o

(M wf") (x;0) > (fOMw) > 5 (o o) (oM wfs ) (v0), (105)

that is,

Tl

(foMufs ) (x;0) < (Y@M w )mp (x;0) ({OMawf™) (x;00). (106)
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Combining (104) and (106) yields
Rty 1 pam N2 ¢ 1

(GO wf 7)7 (o) < M3t (20} ) ' (vo) ({0 wfbg) P (vo). (107

On the other hand, from the hypothesis 0 < m < f*(t)/g*(t) < M, we achieve

i L on 4 [T ¢ 1 4.5
gt < —fit)=gv () S —f* (1) = g () < —f (g~ (). (108)
mp’ mp’

Multiplying simultaneously the inequalities (108) by X1 (x)R(t).#: (3 /&M a’g’:k '; G )
&' (t)w(t) and integrating the obtained inequalities in regard to ¢ from u to x, we achieve

based on the operator (38)

¢ o 1 T\
(L0 wg!) ¥ (x0) < —— (POM wf¥ g4) ¥ (x;0). (109
mpv'd
l
Replacing f with ¢’ in (102), we deduce
¢ ¢ ad 9 2@\ &
((:G)Lﬁwg Y(x;0) > (gG)lﬁw) 1 (x;0) (g‘@ fwgd ) @ (x;0), (110)
that is,
Vi /
(¢®u+wg3 )i (x;0) < (‘PG) ) ad’ (x o) (¢®u+wg )é(x;a). (111)

Combining (108) and (110) yields

1 /
T(Z’)@% )l (x o) ({ep! Lwf 7 g
mp’d

£
o

el

14
((P@mwgE )i (x0) <

)

(x;0).  (112)

By multiplying the inequalities (107) and (111), then we achieve the desired inequality
(99). Similar to the proof of inequality (99), we also deduce inequality (100). The proof of
Theorem 7 is completed. O

Remark 3. If p = p/, it is easy to see that the inequalities (99) and (100) reduce to the second
inequalities of (73) and (74), respectively.

4. Reverse Minkowski Type Inequalities

In this section, we will consider some reverse Minkowski-type inequalities for modi-
fied unified generalized FIOs with extended unified MLFs.

Theorem 8. Suppose that f,g,w are three continuous positive functions on [u,v| satisfying
0<m< f(t)/g(t) < Mforany t € [u,v] and p > 1. Then, for x € [u,v], the following FIO
inequalities hold

Tl=
°l=

(x;0) < ({0l wfP)? (x; )+(Z3®u+Wg) (x;0)

<o (POMw(f +g)P) P (x;0), (113)

(¢®u+w(f +28)P)

where ¢ is defined in (18).

Proof. When p = 1, the first inequality of (113) becomes an equation. When p > 1, by
taking advantage of the Holder’s inequality in Remark 2, we can obtain for 1/p+1/q =1
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(oM w(f +8)P)(xi0) = (LOMw(f +g)(f +)P ) (x0)
= (YoM wf(f +8)P ™) (xi0) + (fON wg(f + )P ) (x;0)

< ((COMwf?)? (x;0) + (20N wgP) (x;0)) (f@M w(f + )1V (50). (114

Since1/p+1/q =1, then gq(p — 1) = p. Multiplying the inequality (114) by (?@%w(f +

2)P) 71/q(x; o), we can acquire the first inequality of (113).
Since 0 < m < f(t)/g(t) < M, then we can observe

(M+1)f(8) < M(f(£) +g(t)) = (M+1)PFP(1) < MP(f(t) +g(8))P. (115)

Multiplying simultaneously the inequality (115) by R~ (x)N(#).#Z¢ (52 Migzgz G P)
&' (t)w(t) and integrating the acquired inequality in regard to ¢ from u to x, we gain based
on the operator (38)

(oM wf®)? (x0) < g (GO w(f +9)P)? (x;0). (116)
Also since 0 < m < f(t)/g(t) < M, then we can write
(m+1)g(t) < f(£) +8(t) = (m+1)PeP(t) < (f(£) +g(£))P. (117)

Multiplying simultaneously the inequality (117) by N*l(x)N(t)///;(3};§§Mﬁfl§ﬁ;’;ﬁm, ¢ ¢)

&' (t)w(t) and integrating the obtained inequality with regard to ¢ from u to x, we acquire
based on the operator (38)

1
m+1'¢

Tl
Tl

(¢®u+wg )P (x0) < —— (‘P®u+w(f+g)]p) (x;0). (118)

Adding (116) and (118) yields the second inequality of (113). This completes the proof. [
Theorem 9. Assume that f,g,w are three continuous positive functions on [u,v] satisfying

0<m< f(t)/g(t) <Mforallt € [u,v] and p > 1. Then, for x € [u,v], we have the following
fractional integral inequality

T

(¢®wa]p)%(x;a) (¢®ff£wg]p) (x;0)

T

(Zf@ wflp)%(x U)(‘g®[+wg) (x;0), (119)

where ¢ is defined in (18).

Proof. Combining (116) and (118) yields the following inequality

T

M(¢®u+w(f+g) )
(m+1)(M+1)

(x;0)

Y=

(‘P@ wf]p)%(x U)(¢® LwgP) P (x;0) < (120)

Applying Minkowski’s inequality to the right side of (120), we have

T

M(fOM w(f +g)P)
(m+1)(M+1)

(x;0)

Tl

<(¢®M wfp)%(x;a) (¢®M wgP) (x;a))z. (121)
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According to the inequalities (120) and (121), we have the desired inequality (119). This
completes the proof. [

Theorem 10. Let 1/p +1/q = 1 with p > 1. Let f,g and w be three continuous positive
functions on [u,v] satisfying 0 < m < f(t)/g(t) < M forall t € [u,v]. Then, for x € [u,v], we
have the following fractional integral inequality

(eMwfg) (x;0) < e3($OM w(fP +gP)) (x;0) + ca (FON w(f1 + g)) (v;0),  (122)
where c3 = 2P7IMP /(p(M + 1)P) and cq = 2971 /(g (m + 1)9).

Proof. Similar to (116) and (118), we can easily obtain

(0l uf®) (x10) < gy 1y (Lo w(F + 97) (o), (123)
(fortwg® )<w><(lmi1)(¢®u+w<f +8)%) (x;0). (124)

It follows from Young inequality AY/PBY4 < A/p + B/q with A = fP(t) and B = g9(t)
that we have the following FIO inequality

(¢®M wfg)(x;0) < . (¢®fﬁwf]p) (x;0) + ” (§®u+wg ) (x5 0). (125)
Substituting (123) and (124) into (125) yields

(t0M wfg) (1) <~ pis (LOMw(f+8)?) (50)

el + 97 (o). (126)

_l’_
q(m +1

Applying the inequality (A + B} < 2071( Al + Bf), j > 1, A, B, to the right part of (126),
we have the following inequalities

(fOMw(f +g)P) (x;0) < 2P (f@M w(fP + gP)) (x;0), (127)

(Lol w(f +8)%) (x0) <207 (fOlw(f +g") (x;0). (128)

Substituting (127) and (128) into (126) yields the desired inequality (122). This completes
the proof. O

Theorem 11. Suppose that f, g, w are three continuous positive functions on [u,v] satisfying
0<m < f(t) < Myand 0 < mp < g(t) < My forall t € [u,v] and p > 1. Then, for
x € [u,v], the following FIO inequalities hold

D=
B[

(LOMwfP)® (x;0) + (20N wgP)® (1;0) < e5(POM w(f +g)P)® (x;0),  (129)
where c5 = (Ml (1m1 + Mz) + Mz(mz + Ml)) / ((]Inl + Mz)(mz + Ml))

Proof. It follows from the hypothesis 0 < m) < g(t) < M} that

— L — < —. 130
M, g(t) my ( )
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Carrying the product between (130) and 0 < m; < f(t) < Mj, we can observe
my  f(t) <M M1
M, = g(t)

According to the second inequality of (113), we can gain the desired inequality (129). The
proof of Theorem 11 is completed. [

(131)

Theorem 12. Assume that f, g, w are three continuous positive functions on [u,v] satisfying
0<m < f(t)/g(t) < Mforallt € [u,v]. Then, for x € [u,v], the following FIO inequalities hold

1 1
3 (F00f8) (xi0) < gy (€O +8)%) (xio)

1
< E(‘g@%wfg) (x;0). (132)
Proof. Since 0 < m < f(t)/g(t) < M, we have

(m +1)g(#) < f(£) +8(H) < (M +1)g(t). (133)

It follows from 0 < m < f(t)/g(t) < M that (1/M) < g(¢)/f(t) < (1/m), which implies

(F5 )r0 < s +50) < (252 ) 0. (134)
Realizing the product between (133) and (134) yields
1 1 1
Mf(t)g(t) < m(ﬂf) +8(1)* < Ef(f)g(t)- (135)

Multiplying simultaneously the inequality (135) by N*l(x)N(t)///,g(3};§§M2;/§;3;’;;’;/v, ¢, )

&' (t)w(t) and integrating the obtained inequality in regard to ¢ from u to x, we deduce
based on the operator (38)

gﬂ(?@)ﬁwfg)(x;aKm( Oy w(f +8)?) (x:0)

< (¢®M wfg)(x;0), (136)
which is the desired inequality (132). This completes the proof. O

Theorem 13. Suppose that f, g, w are three continuous positive functions on [u,v] satisfying
0<kx<m< f(t)/g(t) <Mforallt € [u,v] and p > 1. Then, for x € [u,v], we obtain

T (s — wg)P)

Tl=
°l=

(x:0) < (1O wfP)® (x;0) + ({OM wgP)

m—+1
m — K

(x;0)

< 2E (PeMu(f —kg)P)P (x;0). (137)

Proof. Taking 0 < x < m < f(t)/g(t) <M, we have

Okl g L o8B 1_K, (138)
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Multiplying simultaneously the inequality (139) by R~1(x)N(t).#} (35 Migz I; ';W, ¢, )

&' (t)w(t) and integrating the resulting inequality with regard to t from u to x, we achieve
based on the operator (38)

T (2O w(f — xg)?) P (0) < (YOM wgP)  (x;0)
1

< (¢®u+w(f Kg)]p)%(x;a). (140)

It follows also from 0 < ¥ < m < f(t)/g(t) < M that

1
which implies

m

(MNEKf(f(t) —g(£))® < fP(t) << )p(f(t) — kg (t))P. (142)

m — K

Multiplying simultaneously the inequality (142) by R~ (x)N(t).2% (332 M;\ngg’; G P)
&' (t)w(t) and integrating the obtained result with regard to ¢ from u to x, we gain based on
the operator (38)

Mmf ((P®u+ w(f Kg)]p)

=
=

(x;0) < (4’@ LwfP) P (x;0)

<2 (¢®u+w(f Kg)]p)%(x;(f). (143)

m — x \¢
Adding (140) and (143) yields the desired inequality (137). This completes the proof. [
Theorem 14. Let f,g and w be three continuous positive functions on [u,v] satisfying

0 <m < f(t)/g(t) < Mforallt € [u,v) and p > 1. Then, for x € [u,v], we have the
following inequality

Tl

(LOMwfP)? (x;0) + (YO wgP)? (v;0) < 2(YOMwhP(f,9))? (o), (144)

where h(f(t),g(t)) = max{(M/m +1)f(t) — Mg(t), ((m + M)g(t) — f(t)) /m}.
Proof. Since 0 < m < f(t)/g(t) < M, we have
o<me<m+m—LE < (145)

It follows from (145) that

(m + M)g(t) — (1)

m

8(t) < Sh(f(1),8(t)). (146)

. . . . - , Ap.0.k,
Multiplying simultaneously the inequality (146) by X 1(x)N(t)///,§(§i,§§Ma’gm 5/’;/1/, ¢ 9)
&' (t)w(t) and integrating the obtained result in regard to f from u to x, we achieve based
on the operator (38)

Tl
Tl

(¢®u+wg )P (x;0) < (‘P@%whp(f g)) " (x;0). (147)
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Also since 0 < m < f(t)/g(t) < M, then (1/M) < g(t)/f(t) < (1/m), which implies

11,1 g _1
M<M* 'm0 Sm (149)
It follows from (148) that
(6 < (554 1)£10) = Mg(t) < WD), 500 (149

Multiplying simultaneously the inequality (149) by R~1(x)N(t).#} (35 Migz I; ';W, ¢, )

&' (t)w(t) and integrating the resulting inequality in regard to t from u to x, we achieve
based on the operator (38)

(LOMwfP)? (x;0) < (LOMwhP(f,g))? (x;0). (150)

Adding (147) and (150) yields the desired inequality (144). The proof of Theorem 14 is
completed. O

Theorem 15. Assume that f,g,w are three continuous positive functions on [u,v| satisfying
0<m< f(t)/g(t)+g(t)/f(t) <Mforallt € [u,v] and p > 1. Then, for x € [u,v], we have

T

( wf]p )%( o) < (¢®u+w(f2+g2)P) (x;a)éM(?@ﬁwfng)%(x;a), (151)

O (P + P)P)P (x0) < (O wfPgP)? (x;0)
< 1( OMw(f? + ¢*)P )%(x;a). (152)

Proof. Since 0 < m < f(t)/g(t) +g(t)/f(t) < M, we have

<POELD cismp o) < (A0 +£OP <MPOLO. 09

1 1, 2/ \p
= < fP(4)eP
— = (PO SO < (P

1, 5 P

< (A +LOP. (159
Multiplying simultaneously the inequalities (153) and (154) by ///;(S;}f;; M;}gz ]:5 ';/V, ¢, P)
N~1(x)R ()& (t)w(t) and integrating the obtained results with regard to ¢ from u to x, we
gain based on the operator (38)

m(YOM wfPgP)? (x;0) < (YOMw(f? +g)P)? (x;0) < M(2OMwfPgP)? (x;0), (155)

1 1
el +g2)P) P (x0) < (fel Py )m( o)
¢ 2 2\P\ b
_(fOMw(f2+ £P)? (x;0), (156)
which are the anticipated inequalities (151) and (152). This completes the proof. [J
Remark 4. By using the different settings of the parameters and functions in (38), Theorems 8 and 9

can reduce to the reverse Minkowski-type Riemann—Liouville FIO inequalities [20], the reverse
Minkowski-type Hadamard FIO inequalities [20,21], the reverse Minkowski-type generalized k-
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FIO inequalities [24], the reverse Minkowski-type Katugampola FIO inequalities [25], the reverse
weighted Minkowski-type inequalities for generalized FIOs with the Wright function [39] and the
reverse weighted Minkowski-type inequalities for weighted FIOs with a monotonically increasing
function [40], respectively.

5. Some Applications

In this section, by utilizing the reverse Holder- and Minkowski-type inequalities ob-
tained in the front, we will present some other inequalities for modified unified generalized
FIOs with extended unified MLFs.

Theorem 16 (Jensen’s inequality). Let f and w be three continuous positive functions on [u, v
and 0 < £ < h. Then, for x € [u,v], we have FIO inequalities

(toM wft) (x;0 (g@u%wfh)%(x;g) _ (§®34+ S(4L )wff) (x;0) 157)
(foMw )%(x o) ) (‘g@u%w)%(x;a) h (§®u+w)f(x;a) /

where S(-) denotes the Specht’s ratio, 73 = (‘g@u]\{wfh) (x;0) and 45 = (?@uj\{ w) (x;0).

Proof. Since 0 < ¢ < h, thenp = h/¢ > 1and q = h/(h —¢) > 1. By employing the
Holder’s inequality in Remark 2, we have

(oM wr’)! (xi0) = (PO (")t~ (x;0)

((¢®2{ (wz/hfe)h/e) Z (x;0) (”;’3@31 (w1_e/h)h/(h—£)) " (x; U))

(¢®M wf™) G (x;0) (¢®u+w) o (x;0), (158)

1
4

which implies the left inequality of (157). From the hypotheses, we obtain

(etts(5Ler) o

¢ yM Gy (w! /Ot Ok N, 1—0/h t
_(§®u+s(%(w1_€/h)hmg))(w £yl ) (x;0). (159)

By employing the third inequality of (41) to the right-hand part of (159), we observe

<® S( Gy (w/fOn/t ))(wf/hff)wlé/h>}(x;a)

Ty (wl—/h)/ (L

> ((?@ﬁd( e/hfz)h/z)

¢ ht 3
h(x;cr) (?@ﬁ{ (wl—é/h)h/(h—€)> T (x; U)>

(¢®M wfh )"(x o) (?@ww)%*%(x;a), (160)

which implies the right-hand desired inequality (157). The proof of Theorem 16 is com-
pleted. O
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Theorem 17 (Weighted power mean inequality). Assume that f,w are two continuous positive
functions on [u,v] and 0 < L. Then, for x € [u,v], we have FIO inequalities

(‘PG)%wa)%(x;a) < ( u+w )i ((P@ﬁ/iS((gf%)wa)?( 161)
((g®u+ ) % (X; 0) (?®Ll+ ) i[ (X, U) ((é)@uMFw) ' (X; U)

where S(-) denotes the Specht’s ratio, 7§ = (‘g@ﬁﬁwfy) (x;0) and G5 = (‘g@u]\ﬂw) (x;0).

Proof. From the left-hand inequality of (157) with 1 = 2¢, we know the left-hand inequality
of (161) holds. From the hypotheses, we obtain

<® s(gi[)wfe)( o) = (g@)%s(gif;{;g)(wl/zfé)wlﬂ)((x;o'). (162)

By applying the third inequality of (41) with p = q = 1/2 to the right-hand part of (162),
we can acquire

(tel S(fﬁ)(wlﬁf%wl”)}<x; 0)

((¢® wf%)% (x;0) (¢®u+w)% (x; (7)

~l=

= (oM wf*)” (x;0) ({0l w)! ¥ (x0), (163)

which implies the right-hand anticipated inequality (161). The proof of Theorem 17 is
completed. O

Theorem 18 (Radon’s inequality). Suppose that f, g, w be three continuous positive functions
on [u,v] and 0 < ¢, 1 < h. Then, for x € [u,v], we have FIO inequalities

(‘P %wfgh_1)€+h(x;0) bt fOH .
(¢®M wg )Z+hfl(x;0_) (®u+ ( gZ ))(X,U’)

@, fl+n F
_ (telts(Z) fh) " (o)

(LM wgh)F (x;0)

. (164)

where S(-) denotes the Specht’s ratio, #4 = (‘P@M wf B /g ) (x;0) and Gy = (¢®u+wg ) (x;0).

Proof. For the convex A(t) = t*" on [0, +c0), then we have following inequality

N (f0MwY)(x;0) <(4’@31A(wy))(x;a)
(¢®l[+w) (x;0) h (‘P@ww) (x;0)

for positive function Y. (165)

By applying the above inequality (165) with w = wg and Y = f/g, we can obtain

<¢®u+w(f;rh)> (x;0) = (¢®u+wg (]gf>f+h> (x;0)
%wfg“xx-a))”h _ (fetwfg ) (wo)
") (x;0) (

o)
S POM we (v [ €
u g (X,U) _ 7
( + ) ( (‘P@M wg g®uM+wgh)Z+h 1(x‘0_)

(166)

7
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which is the left-hand desired inequality (164). For p = ({+h)/hand q = (¢ +h)/{, by
replacing f(t) and g(t) by % (t) and ¥ (t) in (41), respectively, we have

h 4
(?@%w% 5 ) (x;0) (‘P@Niw“I/ )fi(x, o)
~ o th
< g’@)ﬁés( Av T >wéz/7/ (x;0), (167)
PV T

where 7 = (?@ﬁﬂw@/%)(x, o)and 4 = (?@uMer”VHTh) (x;0).
Letting % = (27 /% )"/ A1) and v = 't/ (HM g/ (L4h) in (167) yields

_h L
l

(¢®u+w(§)> T+h (X;O')( u+w(%'g[)) [+T (X;O')

g
<¢® S (1@1“,1> w%) (x;0), (168)

where .7 (¢®M wZ /%) (x;0) and 91 = (?@%w%@%) (x;0).
Replacmg 2 and # by f(t) and (g(t)/f(t))¢, we can observe

(g’@ww(f;h))fi (x:0) (‘§®u+wg) e (x;0) < <g@Ms(sz;M)wf )( o), (169)

where 7, = (g@M wf 5 /8") (x;0) and ¢, = (g@)qu wg") (x; ). The foregoing inequality
(169) can yield the right-hand inequality of (164). This completes the proof. [

Theorem 19. For 0 < £ and 1 < h, assume that f, g, w are three continuous positive functions
satisfying 0 < m < (f(t)/g(t))" <M, t € [u,v]. Then, for x € [u,v], we have

Flah h ' M\ 75 (‘P@A{wfh)”h(x;a)
(¢®u+w( g )) (i0) (m) (‘/’@ﬁwg) (x;0) . (70

Proof. Forp = ({+h)/hand q = (£ + 1) /¢, making f = % and g = ¥ in the left-hand
inequality of (86) yields withm < P /71 <M

th
1 L L (+n)2
(oM wz T) 7 (x;0) (L0 wy T) T (x;0) < (?f) (e oM wu¥)(x;0). (171)
Let % = f1/g™ (“4+1) and ¥ = g™/ (!41) from the condition 0 < m < (f(t)/g(t))! " < M,
then m < %P /74 < M. Using the inequality (171), we obtain

N s M\ 7o
("’@ww(fgé)) <x;v>(§®ﬁéwgh>f+h<x;a><(m) oM aft) (xo), (172)

which is the right-hand anticipated inequality (170) by traightforward calculation. This
completes the proof. [

Theorem 20. Suppose that f,q,w are three continuous positive functions on [u,v| satisfying
0<m< f(t)/g(t) < Mforall t € [u,v] and p > 1. Then, for x € [u,v], the following FIO
inequality holds
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(LoMwfP) (x;0) + ((0M wgP) (x;0) < c6(2OM w(f + g)P) (x; )
+o7 (RO w(f —g)P)(x;0), (173)

whe)re co = (M+1)P +MP(m+1)P)/(2(m+1)P(M+1)P) and ¢; = (1+ mP)/(2(m —
1)P).

Proof. It follows from (116) and (118) with ¥ = 1 that
P P
9 p 9 )< 1 M
oo (o) + (ot ug?) (o) < (1) + (s

On the other hand, from (140) and (143), we have

1 p m b
ozttt () (25))
(YO w(f - g)P) (x;0). (175)
Adding (174) and (175) yields the expected inequality (173). This finishes the proof. [

6. Conclusions

In this paper, we have investigated certain novel reverse Holder- and Minkowski-type
inequalities for modified unified generalized FIOs with extended unified MLFs. A large
amount of the existing fractional Holder- and Minkowski-type integral inequalities in the
literature can be seen as the special cases of the main results of this paper. As applications,
the reverse analogs of weighted Radon-, Jensen- and power mean-type inequalities for
modified unified generalized FIOs with extended unified MLFs have been also presented.
Following the main results of this article, we will investigate some Griiss-, Pélya-Szego-,
Beckenbach-, Bellman-type inequalities and related results for modified unified generalized
FIOs with extended unified MLFs in future research.
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