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Abstract: We focus our study on a co-variational inequality problem involving two generalized Yosida
approximation operators in real uniformly smooth Banach space. We show some characteristics
of a generalized Yosida approximation operator, which are used in our main proof. We apply the
concept of nonexpansive sunny retraction to obtain a solution to our problem. Convergence analysis
is also discussed.
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1. Introduction

Variational inequality theory is an influential unifying methodology for solving many
obstacles of pure as well as applied sciences. In 1966, Hartman and Stampacchia [1] initiated
the study of variational inequalities while dealing with some problems of mechanics.

The concept of variational inequalities provides us with various devices for modelling
many problems existing in variational analysis related to applicable sciences. One can
ensure the existence of a solution and the convergence of iterative sequences using these
devices. The concept of variational inequality is applicable for the study of stochastic con-
trol, network economics, the computation of equilibria, and many other physical problems
of real life. For more applications, see [2-12] and references mentioned there.

Alber and Yao [13] first considered and studied a co-variational inequality problem
using the nonexpansive sunny retraction concept. They obtained a solution of the co-
variational inequality problem and discussed the convergence criteria. Their work is
extended by Ahmad and Irfan [14] with a slightly different approach.

Yosida approximation operators are useful for obtaining solutions of various types
of differential equations. Petterson [15] first solved the stochastic differential equation
by using the Yosida approximation operator approach. For the study of heat equations,
the problem of couple sound and heat flow in compressible fluids and wave equations,
etc., the concept of the Yosida approximation operator is applicable. For our purpose,
we consider a generalized Yosida approximation operator and we have shown that it is
Lipschitz continuous as well as strongly accretive. For more details, we refer to [16-20].

After the above important discussion, the aim of this work is to introduce a different
version of the co-variational inequality problem, which involves two generalized Yosida
approximation operators. We obtain the solution of our problem as well as discuss the
convergence criteria for the sequences achieved by the iterative method.
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2. Preliminaries

Throughout this document, we denote the real Banach space by E and its dual space
by E*. Let (4,b) be the duality pairing between d € E and b € E*. The usual norm on E
is denoted by || - ||, the class of nonempty subsets of E by 2F and the class of nonempty
compact subsets of E by C(E).

Definition 1. The Hausdorff metric on C(E) is defined by

xeP yeP

D(P,Q) = max{sup d(x,Q), supd(P,y) },
where d(x,Q) = yig(fgd(x,y) and d(P,y) = J%rellf’d(x,y),
where d is the metric induced by the norm || - ||.
Definition 2. The normalized duality operator | : E — E* is defined by
J(@) = {b e E": (a,b) = ||al* = b2}, Va € E.
Some characteristics of the normalized duality operator can be discovered in [21].

Definition 3. The modulus of smoothness for the space E is given by the function:

PE(t) = sup

{I|é+dll+llé—d| N
E

: 1 el =1, 1) =

Definition 4. The Banach space E is uniformly smooth if and only if

lim ¢t~ Lpg(t) = 0.

t—0

The following result is instrumental for our main result.

Proposition 1 ([13]). Let E be a uniformly smooth Banach space and | be the normalized duality
operator. Then, for any a,b € E, we have

() [la+0bl* < [|a]|*+2(b, J(a +b)).
(i) (a—b,J(a)—J(b)) <2d%pp(4||a— b||/d), whered = \/||a[|?> + [[b]|2/2.

Definition 5. The operator hy : E — E is called:
(i) Accretive, if
(h1(a) —hy(b), J(a—b)) >0, Va, b€ E;

(if)  Strongly accretive, if
(h(a) — hy (D), J(a — b)) > ri|la —b||?, Va,b€E,

where r1 > 0 is a constant;
(iii) Lipschitz continuous, if

7 (a) = e (B)]| < A, lla— DI, Va,beE,

where /\hl > 0 is a constant.
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(iv) Expansive, if
(@) I (B)]) = B, lla— b, Va,b e E,

where /Zhl > 0 is a constant.

Remark 1. If E is a Hilbert space then the definitions of the accretive operator and the strongly
accretive operator become the definitions of the monotone operator and the strongly monotone
operator, respectively. For more literature on different types of operators, see [22-24].

Definition 6. Let A : E — E be an operator. The operator S : E x E x E — E is said to be:
(i)  Lipschitz continuous in the first slot, if

IIS(u1,+,+) — S(uz, -, )| < ‘551””1 —uy||, Va,b € E and for some uy € A(c‘z),uz € g(i)),

where 551 > 0 is a constant.
Similarly, we can obtain Lipschitz continuity of S in other slots;

(ii)  Strongly accretive in the first slot with respect to A, i

(S(uy,-,-) — S(ua,-,-), J(a—b)) > As, @ — b||?, Va,b e E and for some uy € A(d),uy € A(b),

where Ag, >0 is a constant.
Similarly strong accretivity of S in other slots and with respect to other operators can be
obtained.

Definition 7. The operator A : E — C(E ) is called D-Lipschitz continuous if
D(A(a), A(b)) < azlla—bl, Ya,beE,
where o ; > 0 is a constant and D+, -) denotes the Housdorff metric.

Definition 8 ([13]). Suppose that () is the nonempty closed convex subset of E. Then an operator
Qq : E — Qs called:

(i)  Retraction on Q, if Qé = Qq;
(if) Nonexpansive retraction on Q), if it satisfies the inequality:

1Qa(a) = Qa(b)|| < |la —bll, Va,b € E;
(iii) Nonexpansive sunny retraction on Q), if
Qn(Qa(a) +#a - Qa(a))) = Qala),
forall & € E and for 0 < f < +oo.

Nonexpansive sunny retraction operators are characterized as follows, which can be
found in [25-27].

Proposition 2. The operator Qq is a nonexpansive sunny retraction, if and only if
(@ = Qa(4),](Qa(d) = b)) = 0,

foralla € Eand b € Q.
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Remark 2. If E is a Hilbert space, then operator Qq is a nonexpansive sunny retraction, if and

only if
(@ —Qa(4), Qa(a) —b) >0,
foralla € Eand b € Q.

Proposition 3. Suppose m = m(a) : E — E and Qq : E — Q is a nonexpansive sunny
retraction. Then, for all 4 € E, we have

Qarin(a) (@) = i (a) + Qa4 — mi(a)).

Remark 3. Let us take E to be a Hilbert space and Q) to be a nonempty closed convex subset of
E. Then, an example of nonexpansive sunny retraction of E onto Q) is the nearest point projection
Pq, from E onto Q). But this fact does not hold for all Banach spaces because, outside a Hilbert
space, nearest point projections are sunny but not nonexpansive. In view of Proposition 2, it is
observed that a nonexpansive retraction behaves similarly in a Banach space to how the nearest point
projection behaves in a Hilbert space. Bruck [28] has shown that, for a nonexpansive retraction,
there is a nonexpansive sunny retraction if the Banach space is uniformly smooth.

Definition 9. The multi-valued operator M : E — 2F is called accretive, if
(u—o,J(@—b)) >0, Ya,beEand for some u € M(d),v € M(b).

Definition 10. Let /1y : E — E be an operator. The multi-valued operator M : E — 2F is said to
be hy-accretive if M is accretive and the range of [hy + AM] is E, where A > 0 is a constant.

Definition 11. Let M : E — 2F be a multi-valued operator. The operator R?ZA : E — E defined by

R (@) = [I+ AM]~Y(a), forall & € E,
is called a classical resolvent operator, where 1 is the identity operator and A > 0 is a constant.

Definition 12. We define R;ZI \ - E — E such that

RZI,A(Q) = [y + AM]~Y(a), Vi € E, where A > 0 is a constant.
We call it a generalized resolvent operator.

Definition 13. The classical Yosida approximation operator is defined by

~ 1 ~
Yl,Ni(‘i) = XU - R?IA,\] (a), forall 4 € E,

where I is the identity operator and A > 0 is a constant.

Definition 14. We define Yfl\]z - E — E such that

~ 1 ~
Y%A(a) = X[lﬁ - R%,A](a), Va € E, where A > 0 is a constant.

We call it a generalized Yosida approximation operator.
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Proposition 4 ([29]). Let hy : E — E be r1-strongly accretive and M : E — 2E be an hy-accretive
multi-valued operator. Then, the operator R,ivll ) - E — E satisfies the following condition:

‘@ a) — R\ (b) H<4ﬂa—w Vi, b e E.

Y )
That is, Rﬁ’l )\ 18 ——szschztz continuous.
1/ 1

Proposition 5. If hy : E — E is ri-strongly accretive, B, -expansive, Ay, szschztz continuous

operatot, and R ma:E—Eis ——szschztz continuous operator, then the operator Yh AE—E
satisfies the following condition:

(Y (@) = Y (B), T () = I (B)) ) > by, |l — b, va,b € E,

2
'Bh] 7’1 - )Lh]
R )\1’1
is, Yé\f’ NG Jyhl -strongly accretive with respect to the operator hy.

where (5th = , 13%1 r1 > Ay, Ary # 0and all the constants involved are positive. That

; M _ 11, _ pM
Proof. Since Y}" ) = Tlm Ry 1), we evaluate

MA@ = YR (B), T (2) = (B)) )
I (d) = R (@) = [ (B) = R (B)], T (@) = I (B)))
I (@) = (), ] (0 (@) — I (B))

(REL (@) = RIL (B), 10 (a) I (B)).

P
=
h )

/\

I
=P =
7~

Using the expansiveness of 11, Lipschitz continuity of k1, and Lipschitz continuity of the
generalized resolvent operator R;lVlI - We obtain

(Yl (2) = Y[, (), T( (@) = (B)) )
> <l (@) ~ ()|~ 1] RE @)~ REL ()] (@) — 1 (B)]
> 3l @) = 1 () = 5 = Bl s (@) = s )]
> 5B la =8I = 5l — bl la — ]

Br . 2 A
=0l = la = b|)®

2
> ﬁhl "= An
- Arq

= by, [la—b||".

a5

That is, R R
(o (@) =Y, (B), 1 (@) — a (B)) ) > o, [la —B]]*.

That is, Y, A is (5yh -strongly accretive with respect to hy. O
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Proposition 6. Let hy : E — E be Ay, -Lipschitz continuous, r1-strongly accretive operator and

v I . v .
Rﬁf L:E— Eis T——szschltz continuous operator, then the operator Y}{\f ) - E — E satisfies the
) 1 )
following condition:

Y @) = Y B)| < A, lla = bl va,b e E,

/\hlrl +1

where /\Yh1 =3
1

, Ar1 # 0. That is, Y,flz )18 )‘th -Lipschitz continuous.

Proof. Since h; and the generalized resolvent operator Rilvll ) are Lipschitz continuous,
we obtain

[t @) vt )] = H [1na f(a)}—i[hl(b)—Rf’A(b)}"

= lm@) -~ m(b) gl +1HR5f @ = RiLAG)

< S lla— b||+ Ha— |
_ Apr+1
= (el
= Ay, [la =0l
That is,
@) = Y B)| < A, lla = bl va,b e E.

Thus, the operator th ) is /\yh1 -Lipschitz continuous. O

3. Problem Formation and Iterative Method

Suppose S : E x E x E — E is a nonlinear operator, ABC:E—C (E) are multi-
valued operators, and K : E — 2F is a multi-valued operator such that K(a) is a nonempty,
closed, and convex set for all 4 € E. Let hy,hy : E — E be the single-valued operators,
M : E — 2F be an Iny- accretive multi-valued operator and N : E — 2F be an hy-accretive
multi-valued operator, th , : E— Eand Yh A+ E = E be the generalized Yosida
approximation operators, where A > O is a constant.

We consider the problem of finding ¢ € E, u € A(a),v € B(a),andw € C(a) such that
<Yh /\( ) Yhz /\( ) ](S(M,U,T/U))> Z O/ Vs(ulvlw) S K(ﬂ) (1)

We call problem (1) a co-variational inequality problem involving two generalized
Yosida approximation operators.

Clearly for problem (1), it is easily accessible to obtain co-variational inequalities
studied by Alber and Yao [13] and Ahmad and Irfan [14].

We provide few characterizations of a solution of problem (1).

Theorem 1. Let A, B,C : E — C(E) be the multi-valued operators, S : E x E x E — E be the
nonlinear operator, and K : E — 2F be a multi-valued operator such that K(a) is a nonempty,
closed, and convex set for all & € E. Let hy,hy : E — E be the single-valued operators, M : E — 2F
be the y-accretive multi-valued operator, and N : E — 2F be the hy-accretive multi-valued operator,

Y,ﬁw L E— Eand Yl\zf : E — E be the generalized Yosida approximation operators, where A > 0
is a constant. Then, the following assertions are similar:

(i) a€EueA(d),v e B(a),w e C(a) constitute the solution of problem (1);

(i) a€EueA(a),ve B(a),we C(a)such that
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S(1,0,w) = Qg (s [S(w,0,w) - A(Y,ﬁA(a) - Y,ﬁﬂ(a))].

Proof. For proof, see [7,21]. O
Combining Proposition 3 and Theorem 1, we obtain the theorem mentioned below.

Theorem 2. Suppose all the conditions of Theorem 1 are fulfilled and, additionally, K (@) = 7ii(a) + F,
forall & € E, where F is a nonempty closed convex subset of E and Qf : E — F is a nonexpansive
sunny retraction. Then, a € E,u € A(a),v € B(a), and w € C(a) constitute the solution of
problem (1), if and only if

d = a+ (@) — S(u,0,) + Qr[S(w,0,0) = A (Y{ () - YN (@) (@), @)

where A > 0 is a constant.
Using Theorem 2, we construct the following iterative method.

Iterative Method 1. For initial points iy € E,ug € A(dg),vo € B(dg), wg € C(dg), let
a1 = ag + ﬁi(ﬂo) — S(uo, 00, ZU()) + QP[S(uo, 0o, ZU()) — )\(Yé\f’)\(do) — YFIL\ZI,)\(d())) — 1’71([10)].

Since g(izo), B(ag), andNG(do) are nonempty convex sets, by Nadler [30], there exists uy € A(ay),
v1 € B(ay), and wy € C(ay) such that

luy —upll < D(A(ar), A(dg)),
[o1 — oo < D(%(ﬂl)@(do)),
and [lw; —wo| < D(C(a1),C(do)),

where D(-,-) denotes the Hausdorff metric.
Proceeding in a similar manner, we can find the sequences {a, }, {un}, {vn} and {wy} using the

following method:
Apq1 = ay +1(an) — S(tn, vn, Wy) + QF[S(Un, Uy, wn) — A(Y%A(an) - Y;Z],/\(an)) — 1m(an)], 3)
tn € Alan), |[uns1 — tnl| < D(A(dns1), Alan)), 4)
n € B(an), [on1 — vull < D(B(ans1), B(dn)), )
wy € Clan), ||wnt1 —wnl| < D(Clant1), Clan)), (6)
forn=0,1,23,------ , where A > 0 is a constant.

4. Convergence Result

Theorem 3. Suppose E is real uniformly smooth Banach space and pg(t) < Ct?, for some C > 0,
is the modulus of smoothness. Suppose F is a closed convex subset of E,S(+,-,-) tEXEXE — E
is an operator, A,B,C : E — C(E) are the multi-valued operators, iii : E — E is an operator.
Let Qr : E — F be a nonexpansive sunny retraction operator and K : E — 2F be a multi-valued
operator such that K(a) = #ii(a) + F, forall i € E. Let M,N : E — 2F be the multi-valued

operators, and h1,hy : E — E be the operators. Let Y ) be the genemlzzed Yosida approximation
operator associated with the generalized resolvent opemtor R A and Y ), be the generalized Yosida

. . . . N
approximation operator associated with the generalized resolvent operator ha )+ Suppose that the
following assertions are satisfied:

@ S(,-,-)is Asl—strongly accretive with respect to A in the first slot, Asz—strongly accretive

with respect to B in the second slot, Asa—strongly accretive with respect to C in the third slot
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41 = dnll

IN

IN

and (SS]-Lipschitz continuous in the first slot, 552—Lipschitz continuous in the second slot,
(553—Lipschitz continuous in the third slot;

(i) Aisa A—D—Lipschitz continuous, B is aE—D—Lipschitz continuous and C is « G—D—Lipschitz
continuous;

(iii) m is Ay,-Lipschitz continuous;

(iv) By is r1-strongly accretive, ,Bhl—expansive and /\hl—Lipschitz continuous; hy is ry-strongly
accretive, /Zh -expansive, and A, —Lipschitz continuous;

M
(v) R szschltz continuous and R 1 5 -Lipschitz continuous;

I A
(vi) Y;lw 208 5yh -strongly accretive, /\yh szschltz contznuous and Y Al 5yh -strongly accretive,
Ay, Z—szschztz continuous;

(vii) Suppose that

2 2 22 22
0< [\/[(1 —2(Ag, + A, + Asg,)) +64C(551(xg + 552a§—|—553(x6)

+2Am + (85,05 + ds,a + bs,az) + \/1 — 2Ady, +64CAIAT

_ 442
+\/1 200y, +64CAA, | <1,
where
5, — Pt A 5y = P27 M
Yin Arg Yiy Arp
A Ahl r1+1 /\hzrz +1
th - )U’l ’ Yhz Aty ’

Then, there exist a € E,u € A(a),v € B(a) and w € C(), the solution of problem (1). Also,
sequences {an }, {un}, {vn} and {w,} converge strongly to a,u, v and w, respectively.

Proof. Using (3) of iterative method 1 and the nonexpansive retraction property of Qr,
we estimate

H [a” + 1t(dn) — S(tn, On, wn) + QF [S(ttn, O, wn)
_)‘<Y}f{/\(’in) - YZ»\(%)) — ﬁ(ﬂn)]]

- [anfl + ﬁ(anfl) — S(tp—1,94—1,wp—1) + QF [S(unfll Vp—1, Wy—1)

N

_)‘< ]i\z/\(an l) Yhz,)l(dnl)> _ﬁ(anfl)HH
S(ttn—1,0p—1,Wn—1)) | + [[771(dn) — 1 (1)

H"Zn —Ay—1— ( (unzvnzwn)
+||QF[ Un, U, Wn) /\(YZI,,\ Yh /\(an)) - ﬁ(dn)]

) —

) —

_QP[ (un 1, On—1, Wp—1 A( I /\(an 1) Y]Z,/\(anl)> —771(0'1”,1)]H

||an_dn—1 ( (unzvn/wn (un 1/ On—1, Wyp— 1))”
+2[|m(an) — m(an—1) || + |S(un, vn, wn) — S(up—1,vp—1, wp—-1)||

M M
—|—Hc’tn—dn,1 —)\<thr/\(dn) _Y (an 1 )H
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o = ums = A (Y1 (00) = Y (80-0) ) I )
Applying Proposition 1, we evaluate
llan —an—1 — (S(unzvn/wn) - S(”n—lrvn—l/wn—l)) ||2
< ldn = du1]|?
—2(S(ttn, On, wy) — S(Up—1,Vp—1,Wn_1), ](an I (S(”nr Un, W) — S(Un—1,Vn-1, wn—l)))>
= llan =yl = 2(S(ttn, O, ) = S(ttn—1, 01, Wn—1), J (4 — 1))
—2(S(utn, vn, wn) — S(Up—1,Vn—1,Wn-1),
](an — a1 — (S(Mn/ On, wn) - S(un—llvn—lr wn—l))) - ](an - dn—1)>
= llan — dn—1]* = 2(S(ttn, On, wn) — S (11, 0n, W)
+5(tn—1,0n,Wn) = S(ttn—1,Un-1,Wn) + S(tn—1,0n-1,Wn) = S(tn—1, 01, Wn-1), (& = 4n—1))
—2(S(ttn, vn, wn) — S(Un—1,0p-1,Wy1), ] (dn — dp—1
- (S(un/ Up, Wy) — S(un,1,vn,1,wn,1)) - ](‘in - an71)>
= ||an — dn—1 Hz —2(S(un, vn, wn) — S(thn—1,0n,Wn), ] (dn — an-1))
—2(S(tp—1,9n,wn) — S(Un—1,94—1,Wn), J(dn — dy—1))
—2(S(un-1,Vp—-1,Wn) = S(Un-1, V-1, Wn-1),J (4n — p-1))
—2(S(tn, On, wy) — S(Up—1,Vp—1,Wp_1),
](‘in — a1 — (S(Mnrvn/wn) - S(unflfvnflrwnfl)) - ](an - dn71)>- (8)
Since S(-,-, ) is /\Sl-strongly accretive with respect to A in the first slot, /\Sz-strongly
accretive with respect to B in the second slot, AS3—strongly accretive with respect to C in the

third slot and applying (ii) of Proposition 1, (8) becomes

(an — an—1) = (S(tn, 0n,wn) — S(ttn—1,0n—1,wn—1)) 12
< lan — ap_q|* = 2(As, + As, + As,) lan — iy |?
—2(S(up, v, W) — S(Uy—1,Vp—1,Wy—1),
](dn —dy1— (S(”nrvnzwn) - S(unflrvnflrwnfl))) - ](dn - dn71)>
< (1—2(As, + A, + Asy)) ldn — dy_1?

+4d2PE (4||S(u11/ On, wn) — Sd(un—lrvn—llwn—l) H > . (9)

As S(-,-,) is 551-Lipschitz continuous in the first slot, (552-Lipschitz continuous in the
second slot, 553 -Lipschitz continuous in the third slot, and Aisa g—D—Lipschitz continuous,

Bisa 5-D-Lipschitz continuous, and Cis az-D-Lipschitz continuous, we have

||S(Mn,0n, wn) - S(”n—l/ Un—1, wn—l)”
= ||S(un,vn,wn) - S(unflr Un, wn) + S(unflr On, wn) - S(unflz Un—1, wn)
+S(un71r On—1, wn) - S(unflz On—1, wn71> ”

< O, [|un — tn-1l + Is, [|on — vn—1ll + b5, [[wn — wy 1]

< 65, D(A(n), A1) + 85,D(B(itn), B(dn-1)) + 65, D(Can), C(dn-1))
< 5510(;{Ha'n | +5520é§”a'n | +553(X6||12n —ay ||

< (5510(g+552061§+(5530(6)‘|ﬂn —L'ln,1H. (10)

Using Equation (10) and (ii) of Proposition 1, we evaluate

4d*pE

<4|S(unr On, wn) - S(unfl/ On—1, wnfl) ” )
d
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4
= 4d2pE (d (”S(un/ On, wn) - S(”n—l/ On, wn) + S(un—lz On, wn)
- S(unflz Un—1, wn) + S(unflr Un—1, wn) - S(unflr On—1, wnfl) |)>
< 64c(|s<un,vn,wn> — S(it1, 9, ) |2+ 1S (tt—1, D, )

- S(unfll On—1, wn)”z + ||S(1’ln,1, On—1, wn) - S(unflr On—1, wnfl) ||2>

< 64C((5§l ity — tty_q ||* + 522 lon — vp_q||> + 5?3 |wn — wy—1]%)

< 64C (33, DX(A(tn), Ady1)) + 8¢, D*(B(an), Bldy—1)) + 8¢, DA(C(an), Clay1)))
< 64C (0,0 [ — [+ g s — a2 05 i — 1)

= 64C (05 s + 0 - + By ) [y — iy 2 (1)

Combining (9) and (11), we have

| (an — dy—1) = (S(ttn, 0n, wn) — S(ty—1,0n-1,wy—1))||* < [(1 —2(Ag, + A, + Asg,))
2 2 22 2270, .
+ 64C(5510cg +0g oz + 553“6)} iy — ap]|?,

which implies that

| (@ — an_1)—(5(un,vn,wn) - S(”n—lz”n—b“’n—l)) |

2 2 22 2 2. .
< \/[(1 - 2<A51 +As, + )\53)) + 64C(551”‘g + (Sszag + 5530‘@)] lan — an-1l|- (12)
Since 1 is Ay,-Lipschitz continuous, we have
72 (dn) =it (dn-1)[| < Amllan —dn-]- (13)

M
As Yosida approximation operator th, )18 (5th -strongly accretive, Ayhl -Lipschitz continuous,
and applying Proposition 1, we evaluate

2

(n — 1) — A(Y,ﬁ(an) - Y,I,?,A(dn-ﬂ)

. . M M . . M M
<y — dp_1]* - 2)\<Yh],}\(un) — thr)\(an,l),](an — G, — /\(th)\(a”) — th\(‘lnl))>>

. . M M. . .
= ”an —dp—1 ||2 - 2A<Yh1,A(‘1n) - thr)L(an—l)/](an - an—1)>

M M ) . M M ) )
DM () = Yy ) =y = (Y ) = Vo2 (00-1) )) = T = 1)
M . M .
472 Yy () =Y, (1) ‘

< lan — dp1* = 240y, llan — dy—11* + 4d°pp 7

M . M
th,A(a”) - thl,\(anfl)

= |y — 1|1 = 228y, llan — a1 |* + 64(?)\4)\%@1 lldn — dy_q|?

2
= |y — dy_1|* — 276y, |ldn — dp—y I+ 64CA*
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= (1 20y, + 64CA4A§h1 Mn — dn_1]]
that is,
[ (dn — 1) — A th,A(a”) - thl)\(an—l) | < \/1 - 2/\5th +64CA )Lyhl lan — a1 (14)
Using the same arguments as for (14), we have
1y — YY) =YY (4 <. ACAAA2 ||ay — d 1
|(dn —dy—1) — A hz,A(“”) - hz,A(”"*1) I < \/ — 2Ady, +64CA /\Yh2 lan — dn—1]. (15)
Using (7), (10) and (12)—(15) becomes
lani1 —anl] < \/{(1 —2(Ag, +Ag, + Agy)) +64C((5 oc + (5 oc +(553ac) llan — dn_1||
+2A Hﬁln —dy_1 H + (5510(g + 5520(§ + (5530c5)||an — 1 ||
+\/1 — 20dy,, +EACAA], dn — s |
+\/1 — 200y, +64CMAT, | — iy |
= 0lan —anll, (16)
2 2 22 22
where 0 = [\/[(1 —2(Ag, + A, + Agy)) + 64(:(551“}( +0g 0+ 553“6)}
F2Am + (05,05 + Os, 05 + Og, ) + \/ 1226y, + 64c/\4/\2;h1
2
+\/1 ~ 2Ady,, +64CAIAT (17)

In view of the assumption (vii), 0 < 6 < 1 and clearly {a,} is a Cauchy sequence in E
such that 4, — 4 € E. Using (4)—(6) of iterative method 1, D-Lipschitz continuity of A,B,
C and the techniques of Ahmad and Irfan [14], it is clear that {u,}, {v,} and {w,} are
all Cauchy sequences in E. Thus, u, — u € E,v, — v € Eand w, — w € E. Since

Qr S, ), A, EN?, 6, hy,ho, ]\71, N, Y}Ig{/\ and Yﬁ\;f’)\ are all continuous operators in E, we have

i =+ iii(a) — S(u,0,w) + Qr[S(u,v,w) — A(Y%A(a) - Y,{j,A(a))].
It remains to be shown that u € A(a),v € B(4) and w, — w € C(d). In fact,

d(u, A(a)) = inf{llu—h|:he Aa)}

1w — wn|| + d(un, Aa))

| — un|| + D(A(ayn), A(a))
[ = ttu]| + & 4 [ldn — a]] — 0.

VAN VANVAN

Hence, d(u, A(4)) = 0 and thus u € A(d). Similarly, we have v € B(4) and w € C(a).
From Theorem 2, the result follows. O

5. Conclusions

In this work, we consider a different version of co-variational inequalities existing in
the available literature. We call it the co-variational inequality problem, which involves two
generalized Yosida approximation operators depending on different generalized resolvent
operators. Some properties of generalized Yosida approximation operators are proved. Us-
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ing the concept of nonexpansive sunny retraction, we prove an existence and convergence
result for problem (1).
Our results may be used for further generalizations and experimental purposes.
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