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1. Introduction and Definitions

Fractional calculus theory has found interesting applications in analytic function
theory. The standard definitions of fractional operators and their extensions have been
effectively utilized to derive various results, such as characterization properties, coefficient
estimates [1], and distortion inequalities [2].

The complex modeling of phenomena in nature and society has recently been the
object of several investigations based on methods initially developed in a physical context.
These systems are the consequence of the ability of individuals to develop strategies. They
occur in complex dynamical systems [3], kinetic theory [4], and hyperchaotic complex
systems [5]. Fractional differential equations concerning the Riemann-Liouville fractional
operators or the Caputo derivative have been recommended by many authors (see [6-11]).

In Section 1, we introduce generalizations for the Srivastava-Owa fractional operators.
The conditions for the boundedness of the fractional integral operator in Bergman space
are provided. Additionally, certain features are also given for these operators. In Section 2,
we generalize the Libera integral operator [12], and we discuss the convexity and starlike-
ness for this operator. Additionally, results are presented for some fractional differential
equations that have convex (starlike) solutions. In Section 3, the generalization of the wave
transformation is introduced. This transformation converts differential equations in the
complex domain from fractional into ordinary, with illustrative examples.

In [13], Srivastava and Owa presented the definitions of fractional operators in the
complex domain as follows:

Definition 1. The fractional integral of order w is given for an analytic function f in a simple
connected region of a complex plane by

z
If(2) W/f o)’ L dv; 6> 0.
0
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Definition 2. The fractional derivative of order ¢ is defined for an analytic function f in a simple
connected region of a complex plane as

z
Df(2) = i %Of (fo;))& dv; 0<6<1

= £17° f(2).

Remark 1. From Definitions 1 and 2, we have the following:

(1) DizP = r(rﬁ(ﬁi)l)zﬁ*é,ﬁ >-1;0<4<1.

Q) 2P = F{gﬁm)zﬁ”,[s >-1,0<6<1.

We recall some definitions that can be found in [14]. Let H denote the class of analytic
functions in the open unit disk U = {z: |z| < 1}. Forn € Z* and a € C, let

Ha,n] = {f EH:f(z) = a+anz" + a2 + - }

Let the class A C |0, 1] be defined as follows:
A={feN:fz)=z+ ) anz"}.
n=2

The subclass S of A consists of univalent functions (the functions that are one-to-one
and analytic in U). A function f € A is said to be starlike (convex, resp.) of order p (Where

0 < p < 1) if it satisfies Re(zjféz))) >0 (Re(ZJ/:,N(g) + 1) > p, resp.).

2. 1, k,y-Riemann-Liouville Fractional Operators

To begin, we generalize the definitions of gamma functions given in [5,14] as follows:
Definition 3. For 6 € C,Re(6) > 1—1, r € Noand k > 0, the (r,k)-gamma function T, is
defined as follows (see Figure 1):

ik

I x(8) = /wa“‘s‘” eF di (1)
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Figure 1. Plots of I'3 1 (6),T32(d), I'33(9), and 1"3,% (9).

Remark 2. In the above definition, the following hold:

(1) Ifwetaker =k =1,thenT,;(6) =T(J).
(2) Ifwetake r = 1, we obtain the k—-gamma function’s definition in [5].
(3) Ifwetakek =1,thenT,;(6) =Ty () in [14].

Proposition 1. Suppose k > 0, r € N,and § and B in C with Re(§) > 1—1, Re(p) > 1— 1.
Then, the following hold:

M (k) =1

@ T8 =K% (1),
(B) Tx(0) =Tk(r(0—1)+1).

@) Tu(0+5) = (r(6=1) + Tk(0):

Proof. From the above definition and direct calculations. [J

In the following definitions and results, we present fractional operators in terms of the
(v, k)—-gamma function.

Definition 4. Let f be a continuous function in U. Then, the (r,k, u)-Riemann-Liouville fractional
integral is defined as follows (see Figure 2):

_re=DH+1 r(6-1)+1
—l—ll 3 2 , ( -1

)
I i

whereEN,k>0,521—%,andy20.
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Figure 2. Plots of Re (1?37’12’0) 1) ,Im (I?{E’O) 1) ,Re (I(()éTE,O)Z) ,and Im (1?37’120)2) .

Definition 5. Let f € C"(U), n = ["5*1| 41, r € Nk > 0,and 6 € R. Then, the
(r, k, u)-Riemann-Liouville fractional derivative is defined as follows (see Figure 3):

r(6—1)+1 -~
n 1 1-n+ k -1 (e 1)+1_1
Dl £ = ()" S i @ =) o ) o
SN e 3
L l—n+#kn,1 . 1 1 n_r(é 1)+1 _1
:( ) (Vl"k(r)lk—(r((i—l)—i-l)) Jo @ =0T o' f(v) do

no o nk=2_ (s o
) Kl fG)

®)

Figure 3. Plots of Re (D((]éZIE,O) 1) ,Im (D(()'STIE,O) 1) , Re (D(();E,O)Z) ,and Im (D(()'STIE,O)Z) .

Remark 3. In Definitions 4 and 5, the following hold:

(1) If py =0andr =k =1, we obtain Srivastava and Owa’s definitions in [13].
(2) If r =k =1, then we obtain the definitions by Ibrahim in [15].

(3) If y =0and r =1, then we obtain the definitions by Ibrahim in [16].
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Proposition 2. For §, B > 0, the following statements hold:

[0+B— 1+1)
(1) Iérky ky)f( z) = Lk f(z).
2) I(rkﬂ)and D( o) T linear operators.
(P’+1)J(5_k1>+1 1"( b +l) r(5— 1 1
Pria r(6-1)+1
@) 02 = Pt WU s (1)
(rku) k% r( ro— 1)+1+1+yﬁ1>

re=1+1

(u+1) k(L1 r(6-1)+1 1+1
@ D((Sr,k,y) 2 = EEES! (<}§+11)+1) 2 FHA, 0 < M )71 <1 B>
KE (G- )
—(u+1) o
(B) Dfppy Loopp 2 =21P, 0 < 2= <1

(6) If fisanalytic, then D(rky)lfrky)f(z) =z"f(2),0 < Mﬁl)“ <1

@ Ifo < MU ooq g0 < MU o q then DO
—6+1-1
Z”((f,k,y) ’)f(z),,B>(5
D

ko ok f2)
CE f), 5> p.

®) Dyl f() = F@)m=[§] +1.

9 Ifé>p nf[ﬂ cmdm—[%}ﬁ—l then

$i

5— z
I?l,k,O)D/(gl,k,O)f(Z) = I(l,k/?o)f(z) - 27;1 KTe(0 + (1— )K) 1k0)f( )-

(10) If 6+ B <nk,n= [ﬂ +1,and m = {%} +1, then

o
poth z

;P ' Bk
D(()l,k,O)D(l,k,O)f(z) D10/ (2) = 2] 17 1o P D(l,k],O)f(O)'
k™ F(l - £- ])

Proof.
5 (e41) J(«kal)+1 re=1+1 8
5 _ 'z B S
D) LT f2) = k@ o (2 —otth) O I g S (0) do
o Mkﬂ ro=1+1_4 r(p— ) 1
= %fo (2141 — ot ) TE o (7 (o1 — ) W f(w) dw ) do
o M(E+p-1ty H-1+1 r(6-1)+1 r(f=1)+1 1)+
e [t @) (5 (4 — o) T o (o o) T o)

(by Dirichlet equality). Substituting x = (o#™! —wh*1) /(¢! — whTL) into the
above integration yields

H((64-B-1 %71 1 r{(O+p-1++ ) 1}+1
N . S s [Fw (FH—wrtt) f -
(rkp) ™ (rkep) - k2T, (O)Tc(B) 0 (n+1)
r6-D+1 1 r(B-1)+1

(fol (1-x) F 'x % _1dx>dw

r((6+p—1+1)—1)+1 r{(0+p-1+ 1) -1} 41
_ )T E T B (=) (B4 2 +1 1y
= Bl ) o @) (@ - wt ) dw

r((0+B—1+1)-1)+1

1 O +p=1+7)=1)+1 HE+p=1+1)-1}+1

_ (pt1) k foz wh f(w) (Zy+1 _ wﬂ+1)7k dw

kT, (0+B-1+1)
(o1t
= I(r,k’y) f(z).

(2) Clear.
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4)

©)
(6)
@)

®)

5 p (y+l)1j(5_1)+1 . . " re-D+1 4 8 j1
- ; _ (v .
Len? = A 0) Jo (2t —orth) o' Pdo Set y = (2)""; then,
1
zy#+*1 = v and, hence,
( Jrl)_wikl)+1 1 1 1 =D+l _q b
_ (m + - 1,757
Ln? =5 b 2D 1 () T ey gy
D41 (=1)+1 Bp+l
_ () F Z%(Hl)%r( 3 )r( aa) )
kT i (9) r(@ﬂﬂ«ﬂ)
r(6—1)+1
— =7 Btutl
_ (u+1) k ( T ) r(6— 1“(#—&-1)—&-/5
%r( o +,B+p+1)
d (+1)r(H)+1 ro=1)+1 1
o — I z +1 +1\T T & ut _ (v .
D{,, 02 = Enioe oyl @ -0 o' *Pdo Set = ()" then,
1
zy#+l = v, yielding
r(571)+l
5 4 (pr1) _r(0-1)+1 _r0=1+1 1 £
D(r,k,y)zﬂ 7E—r ()-6-2) fo 3 )1—y) FoghtprlyiT gy
r(6—=1)+1 . r(o—
— 4 () ® ! Z(V+1)(1—%)+ﬁr<1 LA G kl)ﬂ)r(]ﬁlﬂ)
z -1 r<17r(571)+1> r( £ -l ”“)
k
r(6-1)+1 5
_ ey E () L) (1= g
- r(6—1)+1
3 r(% M+1>
Follows from (3) and (4).

Follows from (5).
If B > 4, then

_d 5 p—o+1—1
= Dl <I<rku>l<r,k,u>

5 5 p—o+1-—1
= Pl ok <I<r,k,u>

o+1—
I(ﬂrk;) f(z).

f(z) ), by (1)
f(z) ), by (6)

B
Dfr,kfﬂ) I(rrk,ﬂ)f (z)

If 6 > B, then

b
Dl Loy f (2)

D (57 k,0) I(r,k,O)f (z) =
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9 B _ S_1.p
©) I 10 Pixof @ = mmlo (2-0)F D3 ) f (0)dv

k— §-j+1 n—j k—
=4y 1 z—v)k ”k”I(”lk/gf( Jdo — Y 2 —— (%) k”Ikal(’)S)f(O)}

kKT (8 —n+1) ) kkr(%—j+2)
o i
_d S—nk+k k—p £t d " n k=B
= &kt R f(z) - T %F(EF ) )(%) k”l(l,k,O)f(O)}

Q.‘Q_

6—jk .
k 1, 1 —jk
{kf<f,f‘6> Pfz) - pp, 2t pfy) f<o>}

jhlkF r(( k+1)+1) (1k0)

_ (6-B) E ppik
= Tnkof(2) = L mrem N D3 0,/ (0)

(10) Dfl,k,())D(ﬁl,k,O)f(z):( ) KT <D/(Slkk?s)f( )>
s

— "n (nk—0—p) z
= ()"0 {1tk 5@ — S s Ol FO) )

(AN (k=G 4B)) £y o d\"n P Bk
- <dz) M ko /@ -L <(dz) ¢ k”*f“*%r(n—%—m) Pxo/©

é
_ Do+ ¢ bk
= Diuiof(2) — K (W) Dk f(0)

O

3
Example 1. Consider the fractional differential equation D(71 3 O)M(Z) u(z) with D(1 3,0) u(0) =

—2,/ %, then,
3 3 27% V3 _3
D50 (D(21,3,0)”(Z>) = D?Ls,o)”(z) () D(1,23,0)”(0)
2,2,2(3)-3 3
= (%) 321(1(,3),0) u(z) —z 2
3
= 3;—2{;—23 1(31,3,0)”(2)} —z72
=3u'(z)—z"2
Additionally,
3 3 3
D(2130) (D(Zl 3O)u(z)> = D(Zlao)”(z> = u(z)
Consequently,
3u/(z) — 272 = u(z)
Therefore,

3

Recall that for p € R the Bergman space AP is the class of all analytic functions f in U with
IIf ||Zp < oo, where the norm is defined by

Il = (5, |f<z>|”da)’1’,z cu, @

where do denotes the Lebesgue area measure. In the following theorem, it is shown that the integral
operator is bounded in AP.

z 21
u(z)e 3 :/ SwieVdw.
0

Theorem 1. Let0 < p < oo, 6 >1—1 k>0, reN, and u > 0. Then, IESk )1sboundedzn
AP and
< Clf @I

[tan s

AP

where

r(6— 1)1 P

) (n+1)" S| e u
C.—/O —kFr,k((S) (1 w ) wh | dw
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Proof. Assume that f € A”. Then,

) _ 1 P
‘I(”‘H) ‘ (; fU (’kﬂ ‘ do ,
UL R (6=
1 +1 -1
= Efo = k>r,,k(5 Jo (@ =0t ot f(v)do| do
r(6—=1)+1 _ p
1| ()= % 1 re=D+1_ 4 r(6=1)+1
=+ %fo (1—wrt) 2Nk f (wz)dw| do
_r(0-1)+1 (6-1)+ 14
1 1| (et 3 _
<zl wau (1—wtt) Fwh f(wz)dw| do
r(6— 1)+1 H(5-1)+1 p
(n+1 LGS Yas |
< o | Oy (=) T ol (L[ IF(@)17dA) = Clf) AP

where w = g O

Definition 6. Let f € C"(U),u >0,k >0, reN,6 >1— %, and n = [%} + 1. Then,
the (r, k, u)-Caputo derivative is defined by

DY f (@) =K1y P f0 () (5)

Theorem 2. Let6 >1—1, r e N,n = [M} + 1, and f be an analytic function. Then,

D{, 10,/ (2) nil S 00 +eDf ) f(2) (6)
zZ) = — C zZ
(r,k,O) ]‘:0 = r(o k1)+1 I"(] n 1— 7(57]3)4»1) (V,k,}l)

Proof. We have )
_ynl )
f(Z) - ijo r(] + 1) f (0) + Ri’l—ll

where . o
R e
Z r(n -1
= el i ey
kn_q
= @,1 fo "(y)(z—y) ¥ dy )
r({'”‘%l+1}71)+171
- kl"k(r{("" 1+1 )-1}+1) fO DICE) ' dy

nk—1
=K' (r,’k,o) ) ()
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Thus,
2
5 _ rkO
D(r,k,O)f(Z) ] 0 r1+1) {()EO)JFD(rkO)R -1
 r(e-1)+1
_ =% fU)(0) 1 (n)
=yl __Zz +D i e U (z)
=0 k’%‘r ]+1_7(57k1)+1) (rko) (rko)
B Zn_l e r(f—kl)ﬂf(/)(o) knl( +1)— (5+lf—f(n (2)
=0 kJ(O'*kU“r(ijr(zsf;)ﬂ) (rk )
Cor(0=1)+1 |
_ A f(])(()) n M—((5—2) (n)
=y 1z ‘ + kI, 7 fU(z)
=0 kUHr(jHJ(é—kl)H) (1/k,0)
= Zn—l ZjJ(é—lg)Hf(f)(O) +cD° f( )
= r(6—1)+1
j=0 - © k)+ F(j+1—r(§7,(1)+1) (7,k,0)
O

3. Convexity and Starlikeness

In this section, we generalize the Libera integral operator (see [12]) using an operator

of the form ky(é_kl) r( o 1) . 2)
F — g (z) 8)
(r,k,é)(z) r(6-1)+ (r,k,O)f z
z k
or, equivalently,
r(6=1)+1Y\ [(r(6-1)+1
+1) 2 -
T T r0-1)+1 _
Flrks)(2) = >r(gl)+1 ) /0 (z=v) % (v ©)

Recall that the class of admissible functions ¥,{(),1} consists of those functions
P :C3 x U — C that satisfy the admissibility condition (see [17]):

Y(pi,o, p+vi;z) ¢ Qwhenp,o,u,v € Rand Q) C Co < —g(l—l—pz),(r—i—y <0,zelU
(10)

Theorem 3 ([17]). Let p € A. If ¢ € ¥,{Q, 1} and ¢(p(z),zp'(z), 22p" (2);2) € Q, then
Re(p(z)) > 0.

Theorem 4. Let f € Aand § > k%l +1

Re ZJ:(/r,k,(S—%) (Z) S _1
‘F(r,k,é—é)(z) 2

Then, F, x,5)(2) is a starlike function.

zF! (2)
Proof. Let(z) = % Then, p is analytic and p(0) = 1. Hence,

(rko—k)\?

=1+ (r(6=1)+1 44 . B =141
Floss) @) = e D (= 1)z =v) " F Pf(w)dv-
2

Coe

z k

r(6—=1)+1

)fo (z—v)" ® f(v)dv.
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This implies that
r(0—1)+1 r(0—1)+1
2F(15)(2) = <(k) + 1) Flrko—t)(2) = ((k)>f(r,k,5) (z).
Consequently,
r(6—1)+1 r(6—1)+1
Feaa@{p@+ (O = (P ) 5 @0
We then obtain

zF! H_K)(z)

vk 2/(2) ol o ()
Flrpo-t)(2) - p(z) + (r((s_k1)+1) e e

which leads to Re(y(p(z),zp'(z);z)) > —4. The admissibility condition ¢ € ¥1{Q,1} is
satisfied as follows:

. 1
Re(PH—PH_( g 1)+1)> - 2+ <rgkl)+1)2 < —5

Thus, Re(p(z)) > 0and F, s 5 is starlike. [J

Corollary 1. Let f € Aand 6 > k%l +1. If}—(r,k,&—’;) (z) is a starlike function. Then F,  5)(z)
is also a starlike function.

Theorem 5. Let f € Aand § > k:—l + 1. Suppose that

zF, 0 (2)
RE(WH) .

7 (rko—5) (2)

Then, F(, x5 (2) is a convex function.

/!

zF (2)
Proof. Letp(z) = Li() + 1. Then, p is analytic and p(0) = 1. Hence,

(rk, 06—

Foo(z) = (r(bfkl )( S )( )( § )fo (z—v) (6;3)“ 3f(1/)d1/

(rké)\ S
s 2 /5
) O o) e ) 22
e 2 /5
(= )()()( ) e ) g
Consequently,

f(lr,k,é)(z){p(z) + <r(‘5 _kl) i 1)} = <r(‘5 _kl) 1, 1) Flops iy (@)

After a simple calculation,

Z]:// k (Z)
ey 1= s () = 9(p(2) 2 (2)72),
(,,ktj_k)(z) P(Z) + ( )
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which leads to Re(y(p(z),zp'(z);z)) > —3. The admissibility condition y € ¥1{Q, 1} is
satisfied as follows:

Re (pi+ 7z ) = 7 < L
—1)+1 - 5 2= 7
pl—i—( r(0-1)+ ) 02+ (r(() k1)+1) 2
Thus, Re(p(z)) > 0 and F(, s 5) is convex. ]

Corollary 2. Let f € Aand 6 > 1 41, If}-(r,k,é—é)(z) is a convex function. Then F(,  5)(2)
is also a convex function.

The following results give some fractional differential equations with convex or starlike
solutions.

Theorem 6 ([17]). Let p € H[O, n} W(r,s,t;z) = 1> +r+s,and Q = h(U), where h(z) =
nMz, M > 0. If | (p(z),zp' (2), 22p" (2);2)| < nM, then |p(z)| < M.

Theorem 7. Let C(z) be analytic in U with |C(z)| < 1. If V(z) is the unique solution to the
problem

3 7
2 2

2,0 V() ~8C(2)V'(2) = 0D}, V(0) = Dy o V(0) = V/(0) = V(0) = 0,V (0) =2, (1)

then V is a convex univalent solution in U.

zD D

—

(1,20)

Proof. By applying Proposition 2 (10),

5 7 —§—j Z,z]
5200120/P0120)V(2) =521 D120 V(2) ~ L @ ]+1f%4r(1 ])D(2120>V(0)}
4(2
= b={ (#) 213 V(Z)} (12)
3
=z %) { 21(2120)V(z)}
=2V (2).

By (11) and (12), we have
zZV" (z) = C(z)V'(z) =0

Now, let p(z) = Z“; (()) — 1. Then, p is analytic and p(0) = 0, so

7”2 ” " ’ " "y __ 12
p?(z) +p(z) +zp'(z) = 2V —ZZV/ 414 2E gy Y EVTIAVT) 2

V2 V(z) V2
prard
-k
= —zC(2).
Thus, |p?(z) + p(z) + zp'(z)| < 1, s0 Theorem 6 leads to |p(z)| < 1; thatis, ’— - 1‘

1. After simple calculations, Re(l + ZW ) > 0. Hence, V is convex. []

Theorem 8. Let C(z) be analytic in U with |C(z)| < 1. If V(z) is the unique solution of the

problem
5 7 3 5
z[z(z1 ZO)D(21,2,0)V(1‘Z) + 4D(21 0) (211 )V(z) —8C(z)V'(z) =0, 13
D} 50V (0) = D, V(0) = D1 V(0) = V(0) = 0,V(0) = 1,V (0) =2,
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then V is a convex univalent solution.
Proof. By applying Proposition 2 (10),
1p} p ) _hp
2DG 2,0)D(1,2,0)V(Z) =2 D(1,2,0)V(Z) Ira) D(l,z,o)V(O)
4
14)
— 1) (d)79332) 4y, (
=2 (E) 21 (1,2,0) }
=2V"(z).

By (12), (13) and (14), we have

zZV"(z) +2V"(z) = C(z)V'(z) =0

Let p(z) = Z“;:/ . Then, p is analytic and p(0) = 0, so

2712 " V' (zV" 4V ) — V//Z
P2(z) + p(2) + 21/ (2) =ZVV,2 + 4 gL )

( Pav +2V”>
V7

= 2C(2)

Thus, |p?(z) + p(z) +zp'(z)| < 1, so Theorem 6 leads to |p(z)| < 1; thatis, | &/

After simple calculations, Re (1 + ZV,N ) > 0. Hence, V is convex. [J

Theorem 9. Let zC(z) be analytic in U with |zC(z)| < 1. If V(z) is the unique solution of the
problem

5 1
20V (@) +C(@)V(z) =0Df,,V(0) =V(0) =0, V/(0)=1, (15)
thenV'is a univalent starlike solution.

Proof. By the same proof technique as for Theorems 7 and 8. [J

4. Fractional Complex Transform

Recently, a significant and highly beneficial technique for fractional calculus, known
as the fractional complex transform, was introduced in a publication [18-22]. This sec-
tion illustrates some fractional complex transforms using the (7, k, t)-Riemann-Liouville
fractional operator. Analogous to the wave transformation

p=az+bw+cu+---, (16)

where a4, b, and ¢ are constants,

p:AZM(PH)JF B L (1) oy " ) 4 (17)

is applied to fractional differential equations in the sense of (7, k, i )-fractional operators.
We impose the fractional complex transform

9 LS
Dfr,k,y)f( ) . 37,]((} G)?rky;z) , W=z (p+1) (18)

where @fr kopi2) is the fractional index.

Mty
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r(0—1)+1
Example 2. Let w = z s k>+ (n+1) and f = w". Then,

r(6—1)+1

5 —_ s n (p+1)
D(rrk,ﬂ)f (z) = D(nk,ﬂ)z *
r(6—1)+1 (E-1)41
_ ((il-:i)r] k l"(?l‘k *"rl) Z(;l+1)(n71)%+}l.
P

T (n % _ % +1>
On the other hand,

r z 1)(n 9 +
( ,k,}l}Z) 7()50 (r,k,y;z) (l/l )( ) k .

Therefore,

r(6—1)+1 _
. (1) r(nwﬂ)
O, ym) = zH. (19)
o r(6-1) — —
(rkz) ok (-1)+1 r(ﬂr(& k1)+1 (s k1)+1 +1)

In particular, if y = 0, we have

% | (20)
4 r(6—1)+1 _
(7 ) nk- + ( 1’(5 kl)+1 _ r(§ k1)+1 + 1)
Example 3. Consider the following equation:
;71-‘ (%> 1.5 B -
8t r(3) VED(G 1y 4(t,2) + Dl g t(£:2) = 0 (21)
2

te€0,1], u(0,z) =0,y € (0,1), B (0,1], k>0, r e N.

Assume that u(t,z) = &(z)t + v(t,z) is a formal solution, when v(t,z) = O(#?) and
&(z) = O(zP). After direct calculations,

ViDL5 _ 8i r(3) 15
(4,4,1;t)u(t,z) F(%) E(z)t+ D(4,4,1;t)1/(t,z)
and
Dl(sr,k,O;z)u(t’Z) = tD/(Sr,k,O;z)g(z) + Dfr/kro;z)v(t,z),
yielding
1E(2) + D 4 4, 6(2) = 0.
Equivalently,

Df 4 08() = f(z.E(2) (22)

where f(z,¢(z)) = —n&(z). Clearly, f(z,{(z)) is a contraction function whenever 7 € (0,1);
then, (22) has a unique solution in U.
To calculate the fractional index for the equation

D’(Br,k,O;z)(:(Z) + UC(Z) =0, 6(0) =1, (23)

r(p—1)+1 .
we assume that the transform w =z~ ¥ and the solution can be expressed as

§(w) = Zyofmw™. (24)
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By substituting (24) into (23), we obtain

[ee] a [ee]
Z:7’1:0(9/(3r,k,0,m) %wm +nZ5 —oGmw™ = 0.

Hence,
r(mf BN ),

e T (- )M 1)

+ 77§m—1 =0.

By induction,

Go=2¢(0) =1
Therefore,
(1 4 1)
g atn=0
k
Hence,

¢1= T :
()

Assume that

i (=" _
k(mfl)“ﬁ*kl)“ I_((m —1) r(ﬁ—k1)+1 . 1)

Therefore,
r(m B 1)

(=)™ 0
k_r(/sfkl)ﬂr((m B 1>r(ﬁfkl)+1 N 1)

(m—1) e F((m B 1)r(/37k1)+1 n 1)

Sm+1

yielding

E = (="

r(—1)+1 ’

e r(mw + 1)

Therefore,
i
—n)"z
$(z) =X o —muh I
k k I(m="F—+1 (25)

where E, 1)1 is the Mittag-Leffler function. Thus, (25) is the exact solution of (20), so the

k
approxi-mate solution of (23) is given by

z r(ﬁ—kl)+l
M(t,Z) = tE,(ﬁ,kl)+1 <_17<k) )

In the following, we discuss equations of the form
D‘gr,kwu(z) = F(z,u(z)) (26)

with #(0) = 0, where u: U — C and F : U x C — C are analytic functions.
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In functional analysis, recall that the norm on analytic functions is defined by || ¢|| =
sup |(¢u)(z)| where B is the Banach space of analytic functions in U.
ueB
zel

Theorem 10 (Existence and Uniqueness).
Consider the problem in (26) with |F|| < M, M > 0, and let F satisfy

|F(z,u) — F(z,w)| < L||lu —w|| for some L > 0,

and (6=1)+1
Lp+1)~ % B(1,10H)
krr,k (5)

Then, there exists a unique solution u : U — C.

<1

Proof. Define L = {u € B: |ju|| <p, p > 0} and the operator ¢ : L — L by

(5—1)+1

r(6—1)+1 1 7’(5-1)-'—1

(u)(z) = WV [t T p b ago < EEDEL g )

k 1qr,k( )
Firstly, we prove that ¢ is bounded.

_r(0-1)+1 1

1R o
m%%;*—*h(ﬂﬁl gt éﬂ(@u@»d4

[(pu)(z)| =

r(6—1)+1
M(p+1) 1 1
ngﬁﬁ“*k(ﬂﬂfﬁﬁ) Fgrdg
M( 1)‘“571«1)“ (6-1)+1
U+ r(o—1)+ L
< MR — B( 1) =

Since ||¢|| = sup |(¢u)(z)|, then ¢ is bounded.
ueB
zel
Now, we prove that ¢ is continuous. Since F is continuous on U x £, it is uniformly
continuous on compact set V x £, where V := {z € U: |z| <],0 < < 1} . Therefore,
given e > 0, there exists « > 0 such that for all u,w € £, we have ||F(z,u) — F(z,w)|| <
ek, 1 (9)
(y+l)_r((571<l)+l B (1,050 17’“7;3)“(

for ||u — w|| < a. Then,

n+1)

r(e-1)+ FE-1)+1 1)+ r(6-1+1
P0E) — o)@] = [T s it ) S gy 2 et — o) P g P@,w(c»dz’}‘
1-r0=1)+1 r(6-1)+1
< U e | =) T T | xR u(0) ~ (G (@) g

= r(6— 1) +1
o e B(L%)i (k) y - kT, 4 (5)
= (0 I CEES| ~

g (n+1)” " F B(l,%) 1

r(6—1)+1
k

- 1>+1( =¢&

p+1)

Thus, ¢ is continuous.
Now, we show that ¢ is an equicontinuous function on L. For z1,zp € V such that
z1 # zp, for all u € L, we obtain

( +1)177((5—k1)+1 7(6=1)+1 1>+
L 4
o) (@) < g —{ | @ - o) ™ o R )
17r(«5—1)+1
M) [
KT, (0) 0
2M(y+1)7’(57k1)+1 B(1, 104y
< .
- krr,k@)

g+ f5?

(2P — 1) T o B u(g) \dc}
r(6—1)+1
dé}

(zh 1 — grt1) ¥ -1 o
(by changing variables and computing the beta integral formula),

r(6—1)+1 1
(21]4+1 _ €;¢+1) 3 é;l
r(6=1)+1
13

IN

g+ f5

(p+1)




Fractal Fract. 2024, 8, 165

16 of 17

which is independent on u. Therefore, ¢ is a function that exhibits equicontinuity on £. The
Arzela—-Ascoli Theorem implies that any sequence of functions from ¢(L£) contains a subse-
quence that converges uniformly. Consequently, ¢ (L) is relatively compact. Schander’s
fixed point theorem states that ¢ possesses a fixed point. A fixed point of ¢ is a solution
that is obtained by construction.

Finally, we need to prove that ¢ has a unique fixed point.

_re=1+1 r(6-1)+1

1 a p _
(gu)(2) = (pw)(2)| < i — ‘(W =) R g P (@) — (G w(@)lg
r(6—1)+1
Ltk B 1,10+
< "~ krhk(‘;)( - ) ”u - ZUH
< u—wl|
L(y+1)7r<(57# 3(1,7’“‘,})“)
The above follows from ||F(z,u) — F(z,w)| < L||lu — w|| and o 00) <

1. Thus, by ¢ contraction mapping and by the Banach fixed point theorem, ¢ has a unique
fixed point corresponding to the solution. [

Example 4. Consider the following problem:
k
Dfr’k’l)u(z) = z200- D) y(z)z € U7, (28)

where U* = {z:0 < |z| < 1} (puncture unit disk). Let w = 2" with solution u(w) =
Lo oumw™. By substituting u(w) into (28) and applying (18), we obtain an":O@‘(Srlerm)um %wm -
k

w2r(G-1)+1) Zﬁn":Oumwm = 0, yielding

Qo r(mr(571)+1

P — U1 =0.
e F((m — 1)ty 1) "
By induction for m and ug = u(0) = 1, we have
1
Um = N r(0-1)+1
(2k)" r(m U+ 1)
Therefore,
0 om r(6—1)+1
u(z) = % —
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