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Abstract: This study proposed a novel nonlinear blended aerodynamic model for the tiltrotor un-
manned aerial vehicle (UAV) during the transition phase to handle the high angle-of-attack (AoA)
flight, which aggregated the flat-plate mode and the linear mode of the aerodynamic coefficients.
Additionally, a harmonic disturbance observer (HDO) and super-twisting sliding mode controller
(STSMC) addressed the fast-changing external disturbances and attenuated the chattering problem in
the original SMC. The comparative trajectory tracking results indicated that the blended aerodynamic
model accurately tracks the reference signals with no tracking errors, which demonstrated a superior
performance as compared to the traditional aerodynamic model, with a reduction of 2.2%, 50%,
73.6%, and 11.2% in the time required for tracking the pitch angle, pitch rate, and velocities u and
w, respectively. Conversely, the traditional one exhibited significant tracking errors, ranging from
0.016◦ in the pitch angle channel to 1.25◦/s in the pitch rate channel, and 0.6 m/s for velocity u and
0.01 m/s for velocity w. Moreover, the comparative control input results illustrated that the least
control effort was required for the proposed HDO-STSMC control scheme with a blending function,
while the original ESO-SMC experienced more oscillations and sharp amplitude changes, taking
twice the time to converge, with considerable tracking errors such as 1.067◦ in the pitch angle channel,
0.788◦/s in the pitch rate channel, 1.554 m/s for velocity u, and 0.746 m/s for velocity w, which
verified the feasibility and superiority of the proposed HDO-STSMC with the blending function. Two
performance indices revealed the robust stability and rapid convergence of the proposed transition
blended aerodynamic model with the HDO-STSMC control scheme.

Keywords: convertible UAV; transition phase; nonlinear blended aerodynamic model; super-twisting
sliding mode control; harmonic disturbance observer; longitudinal autopilot design

1. Introduction

Combining traditional aircraft with tiltable quadrotors enables the convertible un-
manned aerial vehicle (UAV) to have a high forward-flight speed and tolerance. One of the
well-known advantages of the convertible quadrotor UAV is its vertical take-off and landing
(VTOL), which also leads to high demands on the control system during the transition
phase, mainly referring to the phase between the hovering phase and the forward-flight
phase, and vice versa.

Regarding the modeling of the transition phase, one of the most heated research topics
is the calculation of the aerodynamics of the fixed wing. Many researchers have tried to
model the aerodynamic interference between the fixed wing and rotors mathematically
to achieve further accuracy in fixed-wing aerodynamics. For example, Flores et al. took
the airflow speed produced by the rotors into consideration and roughly weighted the
aerodynamic effects of the rotor-induced airflow acting on the wings as 1 and 0 [1], while
Yuksek et al. proposed an effectiveness coefficient that was modeled as a sigmoid function
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with respect to the tilt angle; the calculation of the area that was affected by the rotor-
induced airflow was also presented [2]. A sophisticated derivation in the uncertain forces
generated by the rotors and exerted on the fixed wing was presented, based on the blade
element method in reference [3]. However, the key weakness of the linear aerodynamic
model of the fixed wing is that it fails to predict the abrupt drop in the lift force with an
increasing angle of attack (AoA), which is caused by the turbulent flow and is taken into
consideration for the designs, such as the tiltwing [4] and the aerodynamically similar
tailsitter [5–7]. What is worse is that the mainstream method of modeling the aerodynamic
coefficients of the fixed-wing tiltrotor UAV is derived based on the low AoA [3,8–12]. At
the same time, the high AoA aerodynamics modeling approach is often costly and requires
wind tunnel experiments [13,14], from which smooth fits of aerodynamic coefficient data
will be produced through cubic spline interpolation. The main reason why high AoA
aerodynamics modeling matters is that the AoA will be larger than the stall angle when the
UAV enters the transition phase; for that, high AoA aerodynamics should be considered.
One of the inspiring full-envelope aerodynamics mathematical modeling approaches, the
2D-to-3D correction method, was proposed in reference [15], which successfully predicted
the local airfoil section data at a high angle with large control deflections. This correction
method was also introduced in reference [16], which presented satisfactory tracking results
of the corrected signals with moderate control effort compared with the original pilot input
signals. Another more straightforward approach is designing a blending function, which
is used to incorporate the wing stall into the full-envelope aerodynamic model so that
the aerodynamic forces and moments are modeled nonlinearly in the AoA, ranging from
−π to π. Reference [17] used the hyperbolic tangent tanh blending function to aggregate
the low AoA aerodynamic model and the high AoA aerodynamic model together, while
references [18–20] proposed a sigmoid function as the blending function, and the blended
lift, drag, and pitching moment coefficients were provided in an organized form. However,
none of the previous research on designing the proper blending functions compared the
blended full-envelope flight results with the one generated by the traditional aerodynamic
model. Hence, the first main contribution of this paper is to design the proper blending
function for aggregating the low AoA model and the flat-plate model together, and then
compare the trajectory tracking performance with the one generated by the non-blended
aerodynamic model.

In the flight control scheme, combining the sliding mode control (SMC)-based algo-
rithm and various kinds of disturbance observers is gradually becoming a popular and
effective way to handle modeling uncertainties and external disturbances. Typically, in the
multirotor UAV with passively canted or actuated rotors, known as a non-planar multirotor
UAV, SMC is widely used to deal with modeling uncertainties because of its well-known
strong robustness [21]. To alleviate the chattering problems caused by the time delays
in the switching control law [22], second- and higher-order SMC has been developed to
overcome this while maintaining the finite-time convergence to the sliding surface. The
super-twisting algorithm (STA) is one of the most popular second-order sliding mode tech-
niques, developed by Levant [23] and further generalized by Haimovich and De Battista,
which is taken as a powerful technology to handle the undesirable chattering phenomenon
caused by the switching of the discontinuous control laws from one to another. Regarding
handling external disturbances, the extended state observer (ESO), which stems from the
active disturbance rejection control (ADRC), is also famous for its stability and feasibility.
As one of the time-domain disturbance observers, the ESO extends an extra state for the
estimated disturbance, as the system states; then, a disturbance observer is developed to
estimate the additional disturbance states [24]. Compared with the traditional SMC and
ESO, STA-based controllers/disturbance observers are more widely used for systems with
uncertainties for which the boundary is assumed to be known. For example, reference [25]
proposed SMC and a finite-time super-twisting extended state observer (STESO) to handle
the total disturbances in the novel proposed integrated guidance and control scheme of
the skid-to-turn interceptor, and the closed-loop stability was guaranteed based on the
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Lyapunov theory. A continuous super-twisting controller combined with a high-order
sliding mode (HOSM) observer was presented in reference [26] to address a class of un-
certain nonlinear systems, and the feasibility of the proposed controller–observer scheme
for UAV altitude control was verified via numerical simulations and experimental tests.
The STESO was also presented to estimate the lumped disturbances, which can avoid
stimulating the sensor noise caused by the higher-order ESO. Super-twisting SMC (STSMC)
was developed to ensure the accuracy of trajectory tracking [27]. Reference [28] proved
that the STESO can estimate disturbances faster than the original ESO. The wind gust and
actuator faults can be handled by designing the STESO and SMC control structure [29].
The previous research shows that introducing the STA can enhance the control performance
compared with the original SMC and ESO.

However, the external disturbances that exist in the aircraft with the wind shear are of-
ten modeled as harmonic with a known frequency but unknown amplitude and phase [30],
while the original ESO is designed to handle the slow-changing disturbances instead of
the periodic ones [31]. Accordingly, the harmonic disturbance observer (HDO) [32] was
introduced to the flight control system to deal with the external harmonic disturbances.
The main advantage of applying an HDO to handle harmonic disturbances is that an
HDO is designed to handle periodic disturbances specifically. Many pieces of research
have proved its stability with the Lyapunov theory and the feasibility with the simulation.
Reference [33] presented the proposed nonlinear HDO, which guaranteed the stability of
the closed-loop system consisting of the nonlinear disturbance observer and a traditional
controller that stabilized the nonlinear system without disturbances. The well-designed
HDO was integrated with the computed torque controller for the two-link robotic manip-
ulator. The simulation results indicated that the performance of the controller with the
disturbance was significantly improved, and the HDO had a great disturbance attenuation
ability [34]. The HDO in [35], combined with the proposed PID-STSMC, estimated the
exogenous disturbance to realize the excellent tracking performance and superior stability
of UAV attitude and altitude control without obvious chattering problems. Moreover, an
HDO was introduced in the high-dynamic permanent magnet synchronous motor (PMSM)
to suppress the harmonic disturbances with a high frequency in reference [36]. However,
all the previous research did not prove the outperformance of the HDO compared with
other kinds of disturbance observers. Hence, another main contribution of this paper is by
introducing the HDO into the flight control scheme to estimate the external disturbances
and design the STSMC control laws to compensate for the estimated disturbances without
obvious chattering problems, comparing the trajectory tracking results generated by the
HDO-STSMC with the ones generated by the original ESO-SMC, to achieve the goal of em-
phasizing the outperformance of the HDO dealing with the periodic external disturbances
compared with the other kinds of disturbance observers.

Based on the above analysis, the main contributions of this paper can be summarized
as follows:

(1) The longitudinal aerodynamic model introduces a nonlinear blending function to guar-
antee a smooth transition phase when the UAV experiences a high AoA.
A blended model of the forces/moments versus the AoA for the fixed-wing design
over an extensive range of AoAs can be obtained without costly wind tunnel testing
or a detailed computational study. The comparative simulation results between the
blended aerodynamic model and the original aerodynamic model will be illustrated
to verify the outperformance and feasibility of the blended aerodynamic model.

(2) The STA is introduced to handle the chattering problems in the original SMC, designed
to handle the model uncertainty with robustness. By integrating the discontinuous
sign function, the chattering phenomenon caused by the discontinuous term can be
attenuated by the STA without losing the robustness and accuracy of the STSMC.

(3) A nonlinear HDO is integrated with the STSMC for the nonlinear dynamic sys-
tem during the transition phase to handle the bounded harmonic disturbances so
that the disturbance rejection ability of the flight control system can be enhanced.
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The comparative simulation results between the HDO-STSMC and the original ESO-
SMC will be illustrated to emphasize the outperformance of the HDO dealing with
periodic external disturbances compared with the other kinds of disturbance observers.

(4) The closed-loop stability analysis of the HDO-STSMC control scheme is provided by
the Lyapunov theory, where sufficient conditions are presented to guarantee conver-
gence and select the suitable gains of the proposed controller.

The remainder of this paper is arranged as follows. Section 2 presents a mathematical
model of the transition phase; the nonlinear blending function is introduced to blend the low
AoA and flat-plate aerodynamic models together to handle the high AoA flight situation,
which is beyond the scope of the traditional aerodynamic model. Then, the HDO-STSMC
control scheme is presented in Section 3, as well as the stable conditions of the individual
controllers and observers, which are derived based on the analysis of the Lyapunov theory.
In Section 4, the global exponential stability of the closed-loop system under the nonlin-
ear HDO-STSMC-based longitudinal autopilot is proved based on the Lyapunov theory.
In Section 5, the comparative simulation results are presented for both the blended aero-
dynamic model and the original one, as well as for the proposed HDO-STSMC and the
original ESO-SMC. Finally, the conclusions are presented in Section 6.

2. Mathematical Model with the Nonlinear Blending Function of the Transition Phase

In this section, the mathematical model with the nonlinear blending function of the
transition phase is presented. A nonlinear blending function is introduced to handle the
dramatic changes in aerodynamic coefficients around the stall angles of the fixed wing.
Therefore, instead of linearly modeling the aerodynamic coefficients versus the AoA, a
force/moment model that incorporates the common linear behavior and the effects of the
stall is provided in this section.

Hypothesis 1 (H1). The UAV is symmetric about the oxz plane and the mass is uniformly
distributed.

The quad tiltrotor UAV configuration [37] and the generalized body-fixed frame oxyz
with the origin o coincident with the center of gravity cg is presented in Figure 1.

xy
z

T

d
o

Figure 1. Quad tiltrotor UAV configuration and the generalized body-fixed frame oxyz with the
origin o coincident with the center of gravity cg.

The generalized longitudinal aerodynamics of the UAV can be described as Equation (1).

m(u̇ + qw) = La + Zg + Zr

m(ẇ− qu) = Da + Xg + Xr

Iy q̇ = Ma + Mg + Mr

(1)
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where the subscripts a, g, and r represent the aerodynamic, gravitational, and rotor dynamic
terms, respectively; (u, w) represent the components of velocity along the axes ox and oz,
respectively; q represents the component of angular velocity along the axes oy; La and
Da represent the aerodynamic lift and drag along the axes ox and oz, respectively; Zg
and Xg represent the gravitational lift and drag along the axes ox and oz, respectively;
Zr and Xr represent the rotor-related lift and drag along the axes ox and oz, respectively;
Mi(i = a, g, r) represent the pitching moments along the oy axis.

The goal of modeling the aerodynamics that act on the fixed wing during the transition
phase is to obtain a reasonable and accurate mapping from the UAV states to control aerody-
namic variables within the flight-operating envelope [38]. The longitudinal aerodynamics
can be described in detail as follows.

La =
1
2

ρV2
a SCL(α)

Da =
1
2

ρV2
a SCD(α)

Ma =
1
2

ρV2
a Sc̄CM(α)

(2)

where ρ = 1.2133 kg/m3 is the air density at the altitude of operation which is 100 m
above sea level in this study, Va =

√
u2 + w2 is the airspeed of the UAV, S = 0.550 m2

is the fixed-wing projected area, b = 2 m is the wing span, and c̄ = 0.282 m is the mean
aerodynamic chord; α denotes the angle of attack (AoA), which is defined as follows.

α = tan−1 w
u

= atan2(w, u) = θ − γ, α ∈ [−π, π] (3)

where γ stands for the flight path angle.
During the transition phase, the AoA (α) in Equation (3) cannot be assumed to be small,

because the flight path angle |γ| could be large. Meanwhile, the aerodynamic coefficients
listed in Equation (2) drastically change at the stall angles αs, which can be described as
follows when these coefficients are modeled based on the case of the flat plate [18,19].

CL, flat plate (α) = 2 sign(α) sin2 α cos α

CD, flat plate (α) = sin2(α)

CM, flat plate (α) = − sign(α) sin(α) sin(α/2)

(4)

When the AoA |α| is smaller than the stall angle αs, the aerodynamic coefficients are
modeled as in the following equations.

CL, low AoA(α) = CL0 + CLα α

CD, low AoA(α) = CD0 + CDα1
α + CDα2

α2

CM, low AoA(α) = CM0 + CMα α

(5)

The aerodynamic parameter values for Equation (5) are listed in Table 1 [37].
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Table 1. Aerodynamic parameter values for Equation (5).

Symbols Descriptions Values

CL0 Lift coefficient at zero AoA 0.81857
CLα

Lift slope 4.09127
CD0 Drag coefficient at zero AoA 0.0294
CDα1

- 0.3673
CDα2

- 2.2229

CM0

Pitching moment coefficient at
zero AoA 0.00763

CMα
Pitching moment slope −1.76966

To continuously blend these two models, the aerodynamic coefficients are assumed to
be represented for −π ≤ α ≤ π by the following equation.

C∗(α) =[1− σ(α)]C∗, low AoA(α)

+ a∗1[σ(α)σ(α− π)σ(α + π)]C∗, flat plate (α)

+ a∗2[1− σ(α− π)]C∗, low AoA(α)

+ a∗3[1− σ(α + π)]C∗, low AoA(α)

(6)

where ∗ represents the lift (L), drag (D), and pitching moment (M), and the blending
function σ(α) is defined as follows.

σ(α) =
1 + e−R(α−αs) + eR(α+αs)(

1 + e−R(α−αs)
)(

1 + eR(α+αs)
) (7)

where R represents the transition rate and αs represents the stall angle. The parameters
a∗i(i = 1, 2, 3) of Equation (6) [19], and transition rate R, stall angle αs are given in Table 2.

Table 2. Parameter values for blending function.

Symbols Values

aL1 0.7
aL2 0.8
aL3 0.8
aD1 1.0
aD2 1.0
aD3 1.0
aM1 0.5
aM2 0.5
aM3 0.5

R 50
αs 12◦

The aerodynamic coefficients CL(α), CD(α), and CM(α) of NACA9412, calculated by
Equation (6), are illustrated in Figure 2, from which one can tell the nonlinear blending
function aggregates low AoA and high AoA aerodynamic model together successfully.

Because the origin of the body-fixed frame o defined above coincides with the center
of gravity cg, there are no gravitational moments about the axis: Mg = 0. The gravitational
lift and drag along ox and oz axes can be expressed as follows.[

Zg
Xg

]
=

[
− sin θ

cos θ cos φ

]
mg (8)

where φ and θ are the Euler angles defined according to the ox and oy axes, respectively.
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Figure 2. Aerodynamic coefficients CL(α), CD(α), and CM(α) of NACA9412 with angle of attack α

range [−180◦, 180◦].

By tilting the quadrotors from 90◦ (the VTOL phase) to 0◦ (the forward-flight phase) with
tilt angle δ, the UAV enters the transition phase. The pitching moments Mri(i = 1, 2, 3, 4) of
each rotor in the quadrotor system concerning the body-fixed frame can be modeled as follows.

Mri =
−→oori ×

−→
Ti = (rix cos δ− riz sin δ)kTω2

i , (i = 1, 2, 3, 4) (9)

where
−→
Ti (i = 1, 2, 3, 4) = kTω2

i are the thrusts generated by the quadrotors, coefficient kT can

be determined via the static thrust tests, and −→oori =
[

rix riz
]T
(i = 1, 2, 3, 4) denotes the

positions of four rotors concerning the center of gravity o, which is presented in Table 3 [37].

Table 3. Structure parameter values for rotors.

Components ox (m) oz (m)

Rotor 1 0.25 0
Rotor 2 0.25 0
Rotor 3 −0.50 0
Rotor 4 −0.50 0

Then, the total pitching moments generated by the rotor system can be expressed
as follows.

Mr =
4

∑
i=1

Mri (10)

Meanwhile, the forces generated by the rotor system during the transition phase can
be described as follows. [

Zr
Xr

]
=

[
kT sin δ
kT cos δ

] 4

∑
i=1

ω2
i (11)

Based on the above analysis, the longitudinal equations of motion describing the
changes in the axial and normal velocities u and w, pitch rate and angle q and θ, position
range x, and altitude z of UAV transition phase can be presented as follows.
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u̇ = −qw +
Fx

m

ẇ = qu− Fz

m

q̇ =
1
Iy

M

ẋ = u cos θ + w sin θ

ż = −u sin θ + w cos θ

θ̇ = q

(12)

where forces Fx = La + Zg + Zr and Fz = Da + Xg + Xr represent the summation of the
forces generated by the aerodynamic (La and Da), gravitational (Zg and Xg), and rotors
system (Zr and Xr) analyzed above along with the ox and oz axes, respectively; the pitching
moment M = Ma + Mr represents the summation of the moments generated by the
aerodynamic (Ma) and rotors system (Mr) analyzed above, along with the oy axis.

The UAV parameters are presented in Table 4.

Table 4. UAV parameters.

Parameters Descriptions Values

m Mass 6 kg
S Fixed-wing projected area 0.550 m2

c̄ Mean aerodynamic chord 0.282 m
b Wing span 2 m

Iy
Moment of inertia around oy

axis 0.7893 kg ·m2

kT Thrust coefficient 0.1142 kg ·m
kD Torque coefficient 0.007048 kg ·m2

3. Harmonic Disturbance Observer-Based Super-Twisting Sliding Mode Control
Scheme Design

Historically, SMC stems from the variable structure system (VSS), which is insensitive
to certain external disturbances and model uncertainties, as well as robustness to parasitic
dynamics. The core idea of SMC is to steer the trajectory of the nonlinear system to the
properly chosen sliding manifold (or the sliding surface), and then maintain motion on the
manifold thereafter by means of the control [39]. The graphical interpretation of the basic
SMC is presented in Figure 3.

Sliding 

phase

Reaching 

phase

e

s ke edt= + ò
eò

c
x

0x

Chattering

phenomena

Figure 3. Graphical interpretation of the basic sliding mode control with the reaching phase starting from
x0 to the sliding phase, and the chattering phenomena occur on the sliding manifold s = ke +

∫
edt.

This section proposes a robust control structure that can perform effectively against
the model uncertainties and external disturbances, based on the combination of STSMC and
HDO, which are used to handle the uncertainties/disturbances that negatively influence
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the UAV tracking performance. The flight control scheme will be designed in two steps:
firstly, STSMC is designed for the nominal plant modeled above to achieve stability and
tracking performance without considering the disturbance, uncertainties, and unmodeled
dynamics; then, HDO is designed to compensate for these ignored internal and external
disturbances, and to realize the disturbance attenuation and robustness. The overview of
the nonlinear HDO-STSMC control scheme is presented in Figure 4.

Longitudinal 

STSMC

Longitudinal 

HDO

Reference 

Signal

refu refw

refq refq
u w q q

lonF lonM

ˆ lond

d

Tilt-rotor 

Dynamic

A

d C

x x
x

ì =
í

=î

x xA

Harmonic 

Disturbance

known frequency 

but unknown 

amplitude and phase

A: frequency;

C: amplitude
( )
( )

0

0

sin

cos

t

t

w
x

w

é ù
= ê ú
ê úë û

Figure 4. Block structure of the proposed HDO-STSMC longitudinal controller for quad tiltrotor UAV:
HDO is used to estimate the external harmonic disturbances, and STSMC is used to compensate for
the estimated disturbances and handle the model uncertainty.

3.1. Super-Twisting Sliding Mode Control Law Design

As a widely used second-order SMC, the main characteristic of STSMC is that the
majorant trajectory of the sliding mode manifold s and its derivative rotates, twisting
around the origin in the phase plane. The STSMC can guarantee that the manifolds
designed for the longitudinal channels s = (sθ , sq, su, sw) converge to zero in finite time for
the system with unknown bounded disturbances. The expression of the super-twisting
switching control law in STSMC is defined as follows.{

Usw = −k1|s|
1
2 sign(s) + Q

Q̇ = −k2sign(s)
(13)

where k1 and k2 are the control gains that must be properly determined. The switching
control law Usw is designed to handle internal disturbances and mitigate the chattering
problems without affecting the robustness. The integration of the discontinuous con-
trol variant function sign(s) reveals a better anti-chattering potential than the first-order
SMC, mathematically.

Moreover, assuming the unknown bounded disturbances d(t) that will be estimated
by the HDO and compensated by the STSMC satisfy |d(t)| ≤ d, the notable breakthrough
in determining the control gains was achieved in reference [40], based on the Lyapunov
functions yielding sufficient conditions for finite-time stability in the system.

k2 > d

k1 > 2

√
k2 −

√
k2

2 − d2
(14)

The assumptions used to simplify the longitudinal decoupled model are listed as
follows:

Hypothesis 2 (H2). Assumed to be a wing-level flight with zero sideslip, φ is small enough to
obtain cos φ ≈ 1 and sin φ ≈ 0.

Hypothesis 3 (H3). f (xlon), g1(xlon), and g2(xlon) are smooth functions and differentiable.
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Therefore, the decoupled longitudinal dynamics can be written as follows.

ẋlon = f (xlon) + g1(xlon)u + g2(xlon)dlon
y = h(xlon)

(15)

where longitudinal states xlon = [θ, q, u, w]T, the intermedium control inputs U = [sin δ, cos δ]T,
longitudinal disturbances g2(xlon)dlon =

[
dθ, dq, du, dw

]T, the output vector of longitudinal
system is given by h(xlon) = [h1, h2, h3, h4]

T = [θ, q, u, w]T, the functions f : R4 → R4 and
g1 : R4 → R4 represent the uncertain system function and the uncertain control input function,
respectively, whose elements are denoted as fi(i = 1, 2, 3, 4) and g1i(i = 1, 2, 3, 4). These can
also be expressed as follows.

f1 = q (16)

f2 =
ρV2

a Sc̄
2Iy

CM(α) (17)

f3 = −g sin θ − qw− ρV2
a S

2m
[CD(α) sin α + CL(α) cos α] (18)

f4 = g cos θ + qu +
ρV2

a S
2m

[CD(α) cos α− CL(α) sin α] (19)

g11 =
[

0 0
]

(20)

g12 =
[

0 kT
Iy

∑4
i=1 ω2

i rix

]
(21)

g13 =
[
− kT ∑4

i=1 ω2
i

m 0
]

(22)

g14 =
[

0 kT ∑4
i=1 ω2

i
m

]
(23)

where AoA can be obtained from α = tan−1 w
u = atan2(w, u).

The longitudinal dynamic tracking error dynamics can be defined as follows.
eθ = θm − θre f
eq = qm − qre f
eu = um − ure f
ew = wm − wre f

(24)

where subscript m and re f represent measured and reference signals, respectively.
Then, the sliding manifolds s = (sθ , sq, su, sw) are designed as follows.

sθ = kθeθ +
∫

eθdt
sq = kqeq +

∫
eqdt

su = kueu +
∫

eudt
sw = kwew +

∫
ewdt

(25)

where control gains ki(i = θ, q, u, w) are all positive constants that need to be determined.
Furthermore, take the first derivative of Equation (25) with respect to the time t, the

reaching laws ṡi(i = θ, q, u, w) can be expressed as follows.
ṡθ = kθ ėθ + eθ

ṡq = kq ėq + eq
ṡu = ku ėu + eu
ṡw = kw ėw + ew

(26)
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from which the equivalent control law ueq can be determined by imposing the reaching
laws ṡi = 0(i = θ, q, u, w) and can be expressed as Equations (27)–(30).

Uθ−eq =
eθ

kθ
+ q (27)

Uq−eq = −
Iy

kT ∑4
i=1 ω2

i rix

(
eq

kq
+

ρV2
a Sc̄

2Iy
CM(α)

)
(28)

Uu−eq =
m

kT ∑4
i=1 ω2

i

(
eu

ku
− g sin θ − qw− ρV2

a S
2m

(CD(α) sin α + CL(α) cos α)

)
(29)

Uw−eq = − m
kT ∑4

i=1 ω2
i

(
ew

kw
+ g cos θ + qu +

ρV2
a S

2m
(CD(α) cos α− CL(α) sin α)

)
(30)

Combining the equivalent control laws Ueq =
[

Uθ−eq Uq−eq Uu−eq Uw−eq
]

(Equations (27)–(30)) with the super-twisting switching control law Usw (Equation (13)).
The sliding mode control laws designed based on the STA for the longitudinal dynamics
of UAV during the transition phase can be expressed as follows, which aim to handle the
external disturbances dlon =

[
dθ , dq, du, dw

]T in four channels.

Uθ = Uθ−eq − k1θ |sθ |
1
2 sign(sθ) +

∫ t

0
(−k2θsign(sθ))dt (31)

Uq = Uq−eq − k1q
∣∣sq
∣∣ 1

2 sign
(
sq
)
+
∫ t

0

(
−k2qsign

(
sq
))

dt (32)

Uu = Uu−eq − k1u|su|
1
2 sign(su) +

∫ t

0
(−k2usign(su))dt (33)

Uw = Uw−eq − k1w|sw|
1
2 sign(sw) +

∫ t

0
(−k2wsign(sw))dt (34)

To investigate the stability of the longitudinal STSMC system, the Lyapunov candidate
function is chosen using Equation (35) in terms of longitudinal dynamic states xlon = [θ, q, u, w]T.

Vlon = Vθ + Vq + Vu + Vw

=
1
2

(
s2

θ + s2
q + s2

u + s2
w

) (35)

The time derivative of the Lyapunov function is expressed as follows.

V̇lon = V̇θ + V̇q + V̇u + V̇w

= sθ ṡθ + sq ṡq + su ṡu + sw ṡw
(36)

By substituting the STSMC control law Equations (31)–(34) into reaching laws ṡi(i = θ, q, u, w),
as in Equation (26), respectively, the renewed reaching laws ṡi(i = θ, q, u, w) can be substituted
into Equation (36), and one obtains Equation (37), which describes the Lyapunov functions
V̇i(i = θ, q, u, w).
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V̇i = si ṡi = si

(
−k1i|si|

1
2 sign(si) +

∫ t

0
(−k2isign(si))dt + di

)
≤ −k1i|si|

3
2 − |si|

∫ t

0
k2idt + |disi|

≤ −k1i|si|
3
2 − |si|

∫ t

0
k2idt + |si|

∫ t

0
ḋidt

≤ −k1i|si|
3
2 − |si|

(∫ t

0
k2idt−

∫ t

0
ḋidt

)
< 0

(37)

Remark 1. The condition used to guarantee the stability of longitudinal dynamic is that k2i >∣∣ḋi
∣∣(i = θ, q, u, w), where g2(xlon)dlon =

[
dθ , dq, du, dw

]T in the longitudinal dynamic system
(Equation (15)).

Furthermore, the Lyapunov candidate function of the longitudinal dynamic states can
also be presented as Equation (38).

V̇lon = V̇θ + V̇q + V̇u + V̇w

= sθ ṡθ + sq ṡq + su ṡu + sw ṡw

< 0

(38)

3.2. Harmonic Disturbance Observer

Consider the nonlinear system expressed in the following form.{
ẋ = f (x) + g1(x)U + g2(x)d
y = h(x)

(39)

where state x ∈ Rn, nonlinear functions of the states g1(x) ∈ Rn, g2(x) ∈ Rn, and f (x) ∈ Rn.
It is assumed that the harmonic disturbance with a known frequency but unknown

amplitude and phase generated by the exogenous system can be described as Equation (40),
which is persistently imposed on the UAV nonlinear system.{

ξ̇ = Aξ
d = Cξ

(40)

where ξ ∈ Rm, matrix A ∈ Rm×m, row matrix C ∈ R1×m, and harmonic disturbance d ∈ R.
The nonlinear HDO for the nonlinear system is expressed as follows.

ż = (A−Ok(x)g2(x)C)z + Ap(x)−Ok(x)(g2(x)Cp(x) + f (x) + g1(x)U)

ξ̂ = z + p(x)
d̂ = Cξ̂

(41)

where d̂ is the estimation of the disturbance d, z ∈ Rm is the internal state of disturbance
observer, and the auxiliary variable p(x) ∈ Rm and nonlinear observer gain function
Ok(x) ∈ Rm×n need to be appropriately designed. Their relationship can be described
as follows.

Ok(x) =
∂p(x)

∂x
(42)

Theorem 1 ([32]). The output of the nonlinear observer system (Equation (41)) can asymptotically
track the harmonic disturbance d in a nonlinear system (Equation (39)) if there is a nonlinear
observer gain function Ok(x) ∈ Rm×n in the nonlinear observer system, such that the observer
error dynamics are as follows:

ė = (A−Ok(x)g2(x)C)e (43)
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is asymptotically stable for all x, where the estimation error e is defined as

e = ξ − ξ̂ (44)

Proof of Theorem 1. By differentiating Equation (44) with respect to time t, and substitut-
ing the nonlinear observer system (Equation (41)) and nonlinear system (Equation (39))
provides the following:

ė = ξ̇ − ˙̂ξ
= Aξ −

(
ż + ∂p(x)

∂x ẋ
)

= Aξ − (A−Ok(x)g2(x)C)z
−
(

Ap(x) + ∂p(x)
∂x ẋ−Ok(x) f (x)−Ok(x)g1(x)U −Ok(x)g2(x)Cp(x)

)
= Aξ − (A−Ok(x)g2(x)C)

(
ξ̂ − p(x)

)
−(Ap(x) + Ok(x)g2(x)d−Ok(x)g2(x)Cp(x))

= Aξ − Aξ̂ −Ok(x)g2(x)d + Ok(x)g2(x)Cξ̂
= Ae−Ok(x)g2(x)Ce
= (A−Ok(x)g2(x)C)e

(45)

The proof of Theorem 1 is completed.

This implies that the estimated ξ̂(t) exponentially approaches the real ξ(t) once the nonlinear
observer gain function Ok(x) is designed as Equation (43), and it holds regardless of x.

Remark 2 ([41]). Suppose a real-valued function λ and a vector field f is defined on a subset of
Rn; the derivative of λ along f is written as L f λ, which is known as the Lie derivative and defined
as follows.

L f λ(x) =
n

∑
i=1

∂λ

∂xi
fi(x) (46)

By repeating this operation, a new function, noted as LgL f λ(x) =
∂(L f λ)

∂x g(x), can be
obtained. First, the derivative of λ and a vector field f are taken; then, the function moves along the
vector field g.

Furthermore, if function λ is being differentiated k times along the vector field f , then notation
Lk

f λ is used, and the function Lk
f λ(x) satisfies the recursion that is presented below.

Lk
f λ(x) =

∂
(
Lk−1

f λ
)

∂x
f (x) (47)

with the initial state L0
f λ(x) = λ(x).

Suppose r is the relative degree from the disturbance to the output, which implies that
Lg2Lr−1

f h(x) > 0 with the constant initial states, noted as b0 > 0 and b1(x) > 0 for all x,
and can be expressed as follows.

Lg2Lr−1
f h(x) = b0 + b1(x) (48)

The auxiliary variable p(x) ∈ Rm is designed as follows.

p(x) = KLr−1
f h(x) (49)

where gains that need to be determined are noted as K = [k1, ..., km]
T .
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The nonlinear observer gain function Ok(x) ∈ Rm×n can be obtained by substituting
Equation (49) into the relationship between auxiliary variable p(x) and Ok(x), expressed as
Equation (50).

Ok(x) =
∂p(x)

∂x
= K

∂Lr−1
f h(x)

∂x
(50)

The observer gain Ok(x) and expression of Lg2Lr−1
f h(x) (Equation (48)) can be further

substituted into the observer error dynamics. Then, (Equation (43)) yields

ė =

(
A− K

∂Lr−1
f h(x)

∂x
g2(x)C

)
e

=
(

A− KLg2Lr−1
f h(x)C

)
e

= (A− K(b0 + b1(x))C)e

(51)

Theorem 2 ([34]). The estimation yielded by the nonlinear HDO (Equation (41)) converges
to the disturbance d globally and exponentially if there is a gain vector K that guarantees the
transfer function

H(s) = C(sI − Ā)
−1K (52)

which is asymptotically stable and strictly positive real with Ā = A− Kb0C.

Proof of Theorem 2. According to the strictly positive real Lemma, there exists a positive
definite matrix P that guarantees the transfer function (Equation (52)) to be stable and
positive real.

ĀTP + PĀ < 0 (53)

and
PK = CT (54)

The Lyapunov candidate function for the observer error dynamics (Equation (43)) is
selected as

Vo(e) = eTPe (55)

The Lie derivative of the Lyapunov function with respect to time along the trajectory
of the observer error dynamics (Equation (51)) leads to the following:

V̇o(e) = 2eTP(A− K(b0 + b1(x))C)e

= eT
(

ĀTP + PĀ
)

e− 2eTPACeb1(x)

< −εeTe− 2eTCTCeb1(x)

(56)

where ε is a small positive scalar depending on Equation (53). According to the definition
of Lg2Lr−1

f h(x), in Equation (48), b1(x) > 0 for all x, and eTCTCe ≥ 0. Hence,

V̇o(e) < −εeTe (57)

for all x and e, which implies that the estimation yielded by the disturbance observer
approaches the disturbance d globally and exponentially.
The proof of Theorem 2 is completed.

The HDO designed for the four channels (θ, q, u, w) in longitudinal dynamics can be
described as follows.

The pitch angle subsystem can be written as follows.{
ẋ1 = x2 + ξθdθ

y = x1
(58)
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where f θ(x) = x2, gθ
1(x) = 0, gθ

2(x) = ξθ , and hθ(x) = x1.
The HDO designed to estimate the disturbances in the pitch angle channel is described

in Equation (59). 
żθ =

(
A−Oθ

k(x)gθ
2(x)C

)
zθ + Apθ(x)

−Oθ
k(x)

(
gθ

2(x)Cpθ(x) + f θ(x) + gθ
1(x)U

)
ξ̂

θ
= zθ + pθ(x)

d̂
θ
= Cξ̂

θ

(59)

where auxiliary variable function pθ(x) and the observer gain Oθ
k(x) can be designed as

Equations (60) and (61), respectively.

pθ(x) = KθL1
f θ hθ(x) = Kθ ∂h(x)

∂x f θ(x) = kθ
1x2 (60)

and

Oθ
k(x) =

∂pθ(x)
∂x

=
[

0 kθ
1
]

(61)

Likewise, the pitch rate subsystem can be written as follows.{
ẋ2 = ρV2

a S
2Iy

CM(α) + ξqdq

y = x2
(62)

where f q(x) = ρV2
a S

2Iy
CM(α), gq

1(x) = 0, gq
2(x) = ξq, and hq(x) = x2.

The HDO designed to estimate the disturbances in the pitch rate channel is described
as follows. 

żq =
(

A−Oq
k(x)gq

2(x)C
)

zq + Apq(x)

−Oq
k(x)

(
gq

2(x)Cpq(x) + f q(x) + gq
1(x)U

)
ξ̂

q
= zq + pq(x)

d̂
q
= Cξ̂

q

(63)

where auxiliary variable function pq(x) and the observer gain Oq
k(x) can be designed as

Equations (64) and (65), respectively.

pq(x) = KqL1
f q hq(x) = Kq ∂h(x)

∂x
f q(x) = kq

1
ρV2

a S
2Iy

CM(α) (64)

and

Oq
k(x) =

∂pq(x)
∂x

=
[

0 kq
1

]
(65)

The velocity in the ox-axis direction subsystem can be written as follows.
ẋ3 = −g sin x1 − x2x4

− ρV2
a S

2m (CD(α) sin α + CL(α) cos α)− kT ∑4
i=1 ω2

i
m U1 + ξudu

y = x3

(66)

where f u(x) = −g sin x1 − x2x4 − ρV2
a S

2m (CD(α) sin α + CL(α) cos α), gu
1 (x) = − kT ∑4

i=1 ω2
i

m ,
gu

2 (x) = ξu, and hu(x) = x3.
The HDO designed to estimate the disturbances in the velocity in the ox-axis direction

channel is described as follows.
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żu =

(
A−Ou

k (x)gu
2 (x)C

)
zu + Apu(x)

−Ou
k (x)

(
gu

2 (x)Cpu(x) + f u(x) + gu
1 (x)U

)
ξ̂

u
= zu + pu(x)

d̂
u
= Cξ̂

u

(67)

where auxiliary variable function pu(x) and the observer gain Ou
k (x) can be designed as

Equations (68) and (69), respectively.

pu(x) = KuL1
f u hu(x) = Ku ∂h(x)

∂x f u(x)

= ku
1

(
−g sin x1 − x2x4 − ρV2

a S
2m (CD(α) sin α + CL(α) cos α)

) (68)

and

Ou
k (x) =

∂pu(x)
∂x

=
[

0 ku
1
]

(69)

The velocity in the oz direction subsystem can be written as Equation (70).{
ẋ4 = g cos x1 + x2x3 +

ρV2
a S

2m (CD(α) cos α− CL(α) sin α) +
kT ∑4

i=1 ω2
i

m U2 + ξwdw
y = x4

(70)

where f w(x) = g cos x1 + x2x3 +
ρV2

a S
2m (CD(α) cos α−CL(α) sin α), gw

1 (x) =
kT ∑4

i=1 ω2
i

m , gw
2 (x) =

ξw and hw(x) = x4.
The HDO designed to estimate the disturbances in velocity in the oz direction channel

is described in Equation (71).
żw =

(
A−Ow

k (x)gw
2 (x)C

)
zw + Apw(x)

−Ow
k (x)

(
gw

2 (x)Cpw(x) + f w(x) + gw
1 (x)U

)
ξ̂

w
= zw + pw(x)

d̂
w
= Cξ̂

w

(71)

where auxiliary variable function pw(x) and the observer gain Ow
k (x) can be designed as in

Equations (72) and (73), respectively.

pw(x) = KwL1
f w hw(x) = Kw ∂h(x)

∂x f w(x)

= kw
1

(
g cos x1 + x3x5 +

ρV2
a S

2m (CD(α) cos α− CL(α) sin α)
) (72)

and

Ow
k (x) =

∂pw(x)
∂x

=
[

0 kw
1
]

(73)

4. Lyapunov-Based Closed-Loop Stability Analysis

The separation principle [34] was applied to prove the global exponential stability
of the closed-loop system under the nonlinear HDO-based STSMC. The main steps to
prove the closed-loop stability, based on the Lyapunov theory, are as follows: firstly, the
closed-loop nonlinear system under the STSMC is globally exponentially stable, without
disturbances; secondly, the disturbance observer is exponentially stable with the properly
designed gain function l(x) for any states varying within the state space; and finally, the
solutions to the above control scheme are defined and bounded for all t > 0.

Considering the nonlinear longitudinal system (Equation (15)) under the disturbance
described as Equation (40), the longitudinal control laws based on the STA can be implicitly
expressed as Equation (74).

y(xlon, dlon) = β(xlon) + γ(xlon)dlon (74)



Drones 2023, 7, 255 17 of 28

Substituting Equation (74) into a nonlinear longitudinal system (Equation (15)) obtains

ẋlon = f (xlon) + g1(xlon)β(xlon) + g1(xlon)γ(xlon)dlon + g2(xlon)dlon (75)

which implies that, to guarantee the stability of a longitudinal system (Equation (15)) under
an arbitrary disturbance, γ(xlon) must satisfy Equation (76).

g1(xlon)γ(xlon) = −g2(xlon) (76)

Under such conditions, the closed-loop longitudinal system (Equation (15)) reduces to

ẋlon = f (xlon) + g1(xlon)β(xlon) (77)

which is globally exponentially stable under an appropriately designed β(xlon).
The disturbances are estimated by the nonlinear disturbance observer HDO (Equation (41))

because the disturbances are unavailable. According to Theorem 2, the HDO system with the
design function (Equation (49)) could be globally, exponentially stable. After replacing the dis-
turbances according to their estimated values d̂lon in the control law (Equation (74)), combined
with the condition (Equation (76)), the longitudinal closed-loop system (Equation (15)) becomes

ẋlon = f (xlon) + g1(xlon)β(xlon) + g2(xlon)
(

dlon − d̂lon

)
(78)

Augmenting Equation (78) with the observer error dynamics (Equation (43)) leads to
Equation (79). {

ẋlon = f (xlon) + g1(xlon)β(xlon) + g2(xlon)e1lon

ėlon = (Alon −Ok(xlon)g2(xlon)Clon)elon
(79)

where e1lon
∆
= dlon − d̂lon = C

(
ξ − ξ̂

)
= Celon.

Because the system (Equation (77)) is globally exponentially stable, this implies that
there exists a Lyapunov function Vc(xlon) whose derivative along the system (Equation (77))
satisfies

V̇c(xlon) =
∂Vc(xlon)

∂xlon
( f (xlon) + g1(xlon)β(xlon)) < −ε lon‖xlon‖ (80)

where ε lon is a small positive scalar.
The Lyapunov function candidate (Equation (81)) was chosen for the system (Equation (79)),

where µlon is a large positive scalar that has to be designed.

V(xlon, elon) = Vc(xlon) + µlonVo(elon) = Vc(xlon) + µlonelon
T Pelon (81)

Furthermore, the time derivative of the Lyapunov function candidate (Equation (81))
can be expressed as Equation (82).

V̇(xlon, elon) =
∂Vc(xlon)

∂xlon
( f (xlon) + g1(xlon)β(xlon) + g2(xlon)e1lon)

+ 2µlonelon
T(Alon −Ok(xlon)g2(xlon)Clon)elon

(82)

When the transfer function Equation (52) is asymptotically stable and a strictly positive
real, substituting Equations (57) and (80) into (82) yields

V̇(xlon, elon) =
∂Vc(xlon)

∂xlon
( f (xlon) + g1(xlon)β(xlon))

+
∂Vc(xlon)

∂xlon
g2(xlon)e1lon − µlonεelon

Telon

< −ε lon‖xlon‖ − µlonεelon
Telon

< 0

(83)
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Hence, one can conclude that all the state and observer errors from a possible arbitrarily
large set converge to the origin as t→ ∞.

5. Simulation Results

This section presents the numerical simulations conducted to demonstrate the superior
performance of the proposed blended aerodynamic model over the traditional model in
dealing with high AoA situations. Additionally, the effectiveness of the proposed HDO-
STSMC-based control system in mitigating the effects of harmonic disturbances and model
uncertainty is illustrated. The system matrices of the harmonic disturbances are designed
as in Figure 5 [32].

A =

[
0 ω0
−ω0 0

]
, C =

[
1 0

]
where ω0 is the frequency of the harmonic disturbances and was set as 20 to emphasize its
fast-changing characteristic.

Figure 5. Fast-changing harmonic disturbance.

Two performance indices, the integral of the square of the error (ISE) and the integral
of the absolute magnitude (IAE), were used to further evaluate the tracking performances
of the longitudinal states with the proposed blended aerodynamic model and the control
system. The ISE is a suitable performance index to assess the control scheme performances
of the longitudinal channels during the transition phase simulation and is defined as follows.

ISE =
∫ Ts

0
e2(t)dt (84)

where Ts is the settling time.
The integral of the absolute magnitude (IAE) stems from the ISE and is widely used

for computer simulation studies, expressed as follows.

IAE =
∫ T

0
|e(t)|dt (85)

The minimization of the ISE or IAE criterion is often of practical significance and used
to reflect the minimization of the fuel consumption of a UAV [42]. Moreover, the ISE and
IAE emphasize different types of errors: the ISE places more weight on large error values
instead of minor ones, which makes the ISE an effective way to measure the response time,
while the IAE puts equal weight on all the errors regardless of their size, which makes it a
straightforward way to evaluate the ability of the STSMC and the original SMC to retain
the sliding manifold once the sliding surface is reached [43].

Table 5 provides the controller gains for the simulation.
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Table 5. Controller gains in HDO-STSMC system.

Parameters Descriptions Values

k1i(i = θ, q, u, w)
Super-twisting control gain

(Equation (13)) diag[4, 4, 4, 4]

k2i(i = θ, q, u, w)
Super-twisting control gain

(Equation (13)) diag[2, 2, 2, 2]

ki(i = θ, q, u, w)
Sliding manifolds control

gains (Equation (25)) diag[2, 2, 2, 2]

ki
1(i = θ, q, u, w)

Harmonic disturbance
observer control gains diag[0.01, 0.01, 0.01, 0.01]

The critical initial conditions of the four-channel simulations in the longitudinal
dynamics are also provided in Table 6.

Table 6. The critical initial conditions of the simulation.

Variables Descriptions Values

θ0 Initial pitch angle 5◦

θre f Reference pitch angle 0◦

q0 Initial pitch rate 0.5◦/s
qre f Reference pitch rate 0◦/s
u0 Initial velocity in the ox-axis direction 0.1 m/s

ure f Reference velocity in the ox-axis direction 10 m/s
w0 Initial velocity in the oz-axis direction 0.2 m/s

wre f Reference velocity in the oz-axis direction 10 m/s

5.1. Comparative Results of the Blended and Traditional Aerodynamic Model

To figure out the necessity of introducing the nonlinear blending function to handle
the high AoA situation during the transition phase, Figure 6 illustrated the fast change
in the high AoA situation that the UAV faced when it entered the transition phase, from
which one can see the necessity of blending the high AoA aerodynamic model with the low
AoA one to deal with the flight situation beyond the stall angle (αs = 12◦ for NACA9412).
Moreover, Figure 6 revealed the UAV could handle the high AoA situation better with the
blended aerodynamic model compared with the traditional one: the high AoA decreased
quicker and was reduced to a smaller value with the nonlinear blending function.

Figure 6. The fast change in high AoA during the transition phase.

The comparative simulation of the longitudinal dynamics was carried out with the
proposed HDO-STSMC control structure, and the comparative results of the state trajectory
tracking (pitch angle θ, pitch rate q, velocity in the ox direction u, and velocity in the oz
direction w) are illustrated in Figure 7. From this, one can quickly draw the first conclusion
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that with the same control scheme settings, the blended aerodynamic model can track the
reference signals quicker and more accurately than the one without blending the high AoA
aerodynamic model: the blended model resulted in the accurate tracking of the reference
signals with no tracking errors and led to a reduction of 2.2%, 50%, 73.6%, and 11.2% in the
time required for tracking the pitch angle, pitch rate, and velocities u and w, respectively;
in contrast, the traditional model exhibited significant tracking errors ranging from 0.016◦

in the pitch angle channel to 1.25◦/s in the pitch rate channel, 0.6 m/s for velocity u, and
0.01 m/s for velocity w.

Moreover, the tracking errors of the blended aerodynamic model all converged asymp-
totically, which was verified by the Lyapunov theory and the numerical results. Even if
the traditional aerodynamic model can track the reference pitch angle θ (Figure 7a) and
the reference velocity w (Figure 7d) almost as quickly with minor tracking errors, the time
taken to reach the reference signals of the traditional aerodynamic model is longer than the
blended one. The inadequacy of the traditional aerodynamic model is further highlighted
by its inability to accurately track the reference signals of the velocity u (Figure 7c) and
pitch rate q (Figure 7b). In contrast, the blended aerodynamic model successfully achieved
fast and precise tracking of the reference signals for all the channels.

Furthermore, the comparative results of the control input signals are illustrated as
follows, verifying the feasibility of the proposed HDO-STSMC control system and the
asymptotic convergence of the state tracking errors presented in Figure 7. Furthermore, the
bounded control input signals illustrated in Figures 8–11 revealed the second important fact
about the blended and traditional aerodynamic model: the blended aerodynamic model
required a moderate control effort to achieve better tracking results compared with the tradi-
tional one. Like the one presented in reference [16], where the 2D-to-3D correction method
was applied to solve the high AoA situation, the blended aerodynamic model is also feasible
and requires less control effort in this study. More specifically, Figure 8a presents a smoother
pitch angle θ control input signal of the blended aerodynamic model compared with the
traditional one (Figure 8b). Likewise, there was an overshooting in the pitch rate q control
input signal illustrated in Figure 9b, while the control signal of the blended aerodynamic
model is also smoother without overshooting (Figure 9a). The bounded control signals in
the velocity channels of the blended aerodynamic model (Figures 10a and 11a) still outper-
formed the ones of the traditional model (Figures 10b and 11b) from the perspective of the
response speed and control effort efficiency.

X 8.0759

Y -0.0160383

(a) (b)

Figure 7. Cont.
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(c) (d)

Figure 7. Longitudinal states (θ, q, u, and w) trajectory tracking comparative results of the blended
and traditional aerodynamic model. (a) Pitch angle θ trajectory tracking comparative results of the
blended and traditional aerodynamic model. (b) Pitch rate q trajectory tracking comparative results of
the blended and traditional aerodynamic model. (c) Velocity in the ox direction u trajectory tracking
comparative results of the blended and traditional aerodynamic model. (d) Velocity in the oz direction
w trajectory tracking comparative results of the blended and traditional aerodynamic model.

X 8.41713

Y 0.546213

(a)

X 8.40395

Y 0.785432

(b)

Figure 8. Pitch angle θ bounded control input signal comparative results of the blended and traditional
aerodynamic model. (a) Pitch angle θ bounded control input signal Uθ of the blended aerodynamic
model. (b) Pitch angle θ bounded control input signal Uθ of the traditional aerodynamic model.

(a) (b)

Figure 9. Pitch rate q bounded control input signal comparative results of the blended and traditional
aerodynamic model. (a) Pitch rate q bounded control input signal Uq of the blended aerodynamic
model. (b) Pitch rate q bounded control input signal Uq of the traditional aerodynamic model.
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X 2.48199

Y 0.155809

(a) (b)

Figure 10. Velocity u bounded control input signal comparative results of the blended and traditional
aerodynamic model. (a) Velocity u bounded control input signal Uu of the blended aerodynamic
model. (b) Velocity u bounded control input signal Uu of the traditional aerodynamic model.

(a) (b)

Figure 11. Velocity w bounded control input signal comparative results of the blended and traditional
aerodynamic model. (a) Velocity w bounded control input signal Uw of the blended aerodynamic
model. (b) Velocity w bounded control input signal Uw of the traditional aerodynamic model.

The ISE and IAE values of the blended and traditional aerodynamic model are pre-
sented in Table 7, from which one can tell the superiority of applying the blended aerody-
namic model for the transition phase with much more minor tracking errors and a moderate
control effort (a smaller value of the IAE indicates the better retention capability of the
designed sliding manifolds and less required control effort).

Table 7. Performance index results of the blended and traditional aerodynamic model.

UAV Dynamic Model Variables ISE IAE

Blended aerodynamic model

θ 0.9433◦ 0.2957 ◦

q 0.0018◦/s 0.0342◦/s
u 6.4818 m/s 1.1995 m/s
w 6.5748 m/s 1.0082 m/s

Traditional aerodynamic model

θ 0.9457◦ 0.4490◦

q 11.4042◦/s 10.5551◦/s
u 12.3537 m/s 7.4418 m/s
w 6.7607 m/s 1.0818 m/s

Based on the comparative results of the blended and traditional aerodynamic models
and the numerical analysis of the two performance indices, one can see the practical
meaning of blending the high AoA model with the traditional one by using the proposed
nonlinear blending function to handle the high AoA situation that the UAV encountered
when it entered the transition phase. Moreover, the blended aerodynamic model can



Drones 2023, 7, 255 23 of 28

track the trajectory signals more quickly and accurately with the moderate control effort
compared with the traditional one.

5.2. Comparative Results of the Proposed HDO-STSMC and the Original ESO-SMC

After verifying the superiority of the blended aerodynamic model, in this section,
the comparative results of the proposed HDO-STSMC and the original ESO-SMC will be
illustrated from the perspective of the state trajectory tracking performances and control
signal inputs with the same blended aerodynamic model settings. The performance indices
will also be used to evaluate these two control schemes.

The comparative results of the state trajectory tracking (the pitch angle θ, pitch rate
q, velocity in the ox direction u, and velocity in the oz direction w) of the proposed HDO-
STSMC and the original ESO-SMC are illustrated in Figure 12.

(a) (b)

(c) (d)

Figure 12. Longitudinal states (θ, q, u, and w) trajectory tracking comparative results of the proposed
HDO-STSMC and the original ESO-SMC. (a) Pitch angle θ trajectory tracking comparative results of
the proposed HDO-STSMC and the original ESO-SMC. (b) Pitch rate q trajectory tracking comparative
results of the proposed HDO-STSMC and the original ESO-SMC. (c) Velocity in the ox direction u
trajectory tracking comparative results of the proposed HDO-STSMC and the original ESO-SMC.
(d) Velocity in the oz direction w trajectory tracking comparative results of the proposed HDO-STSMC
and the original ESO-SMC.

Based on Figure 12, it can be observed that the original ESO-SMC failed to accurately
track all four reference state signals in the presence of external harmonic disturbances (as
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shown in Figure 5). Considerable tracking errors were observed, with 1.067◦ in the pitch
angle channel, 0.788◦/s in the pitch rate channel, 1.554 m/s for velocity u, and 0.746 m/s
for velocity w, which served as evidence that the original ESO was unable to handle the
fast-changing external disturbances effectively. Additionally, it took more time to converge,
which increased the simulation time to 20 s as opposed to the 10 s in the previous section.
On the contrary, the proposed HDO-STSMC can handle the harmonic disturbance better
with zero tracking errors and a reduction of 97.2%, 73.6%, 11.3%, and 95.7% in the time
required for tracking the pitch angle, pitch rate, and velocities u and w, respectively; the
quick and accurate states tracking ability of the proposed HDO-STSMC-based control
structure was also verified by the Lyapunov theory. Moreover, the STA also attenuated the
chattering problems in the original SMC, leading to smoother tracking trajectories for the
proposed HDO-STSMC.

The comparative results of the control input signals are also illustrated in Figure 13,
including the bounded control input signals of the proposed HDO-STSMC with the tradi-
tional aerodynamic model, the proposed HDO-STSMC with the blending function, and the
original ESO-SMC with the blending function.

0

(a) (b)

(c) (d)

Figure 13. The comparative results of bounded control input signals of the proposed HDO-STSMC
with the traditional aerodynamic model, the proposed HDO-STSMC with blending function, and
the original ESO-SMC with blending function. (a) The comparative results of bounded control input
signal Uθ . (b) The comparative results of bounded control input signal Uq. (c) The comparative
results of bounded control input signal Uu. (d) The comparative results of bounded control input
signal Uw.

With the proposed blended aerodynamic model, comparing the bounded control input
signals of the original ESO-SMC with the one obtained from the proposed HDO-STSMC,
one can draw the first main conclusion about the superiority of the proposed HDO-STSMC:
the control signals are smoother with quick convergence, which not only verified the
feasibility of applying an HDO to deal with the fast-changing external disturbances but
also verified the necessity of applying the STA to attenuate the chattering problems of
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the original SMC. More specifically, in the case of the pitch angle θ, the control input
signal of the proposed HDO-STSMC displayed smoother characteristics when contrasted
with that of the original ESO-SMC, which exhibited sharp amplitude changes around the
4.5 s mark. Similarly, the control input signal of the pitch rate q generated by the original
ESO-SMC required twice as much time to converge as the proposed HDO-STSMC, and
it featured more conspicuous changing signals. This outcome confirmed the feasibility
and superiority of the proposed HDO-STSMC in handling external harmonic disturbances
and model uncertainty. Oscillations were also evident in the velocity u channel of the
original ESO-SMC, in contrast to the clearer and chattering-free signal produced by the
proposed HDO-STSMC, which underscored the efficacy of the STA in attenuating chattering.
Similar issues (slow convergence and sharp amplitude changes) also existed in the control
input signal of the velocity w generated by the original ESO-SMC, compared with the one
obtained from the proposed HDO-STSMC.

Moreover, the comparison between the bounded control input signal of the traditional
aerodynamic model and that of the blended aerodynamic model yielded a second key
conclusion, which revealed a moderate control effort with the blended aerodynamic model,
and verified the outperformance of applying the blended aerodynamic model for the
transition phase to deal with the high AoA situation. In contrast, the traditional low AoA
aerodynamic model cannot properly address these conditions.

The ISE and IAE values of the proposed HDO-STSMC and the original ESO-SMC,
including the pitch angle θ, pitch rate q, and velocities u and w, are presented in Table 8.

Table 8. Performance index results of the proposed HDO-STSMC and the original ESO-SMC.

Control Schemes Variables ISE IAE

HDO-STSMC

θ 0.9433◦ 0.2969◦

q 0.0018◦/s 0.0642◦/s
u 6.4818 m/s 1.2298 m/s
w 6.5748 m/s 1.0399 m/s

ESO-SMC

θ 71.8126◦ 29.2259◦

q 12.2382◦/s 14.5630◦/s
u 52.8511 m/s 27.3866 m/s
w 50.3326 m/s 22.0267 m/s

The high ISE values observed for the original ESO-SMC in Table 8 indicated its
failure in tracking the trajectory due to its inability to handle fast-changing harmonic
disturbances. On the other hand, the small IAE values obtained for the proposed HDO-
STSMC demonstrated the remarkable ability of the STSMC to retain the designed sliding
manifold once the variables reached the sliding surfaces. It is worth noting that the IAE
values of the proposed HDO-STSMC with the blended aerodynamic model presented in
Table 7 were calculated over a duration of 10 s, while the IAE values of the proposed HDO-
STSMC with the blended aerodynamic model presented in Table 8 were calculated over a
duration of 20 s, as the original ESO-SMC took double the time to converge. This explained
the slight differences in the numerical values and further confirmed the superiority of
applying the STA to the original SMC, leading to a better attachment to the sliding surfaces
and the alleviation of the chattering problems.

6. Conclusions

The introduction of the blended aerodynamic model to handle high AoA situations and
the implementation of the HDO-STSMC robust control scheme to attenuate fast-changing
external disturbances along with the chattering problems resulted in more accurate and
quicker longitudinal trajectory tracking results with moderate control effort, as demon-
strated in this paper.

The first main conclusion of this paper is that the trajectory tracking results of the
blended aerodynamic model outperformed the traditional one with zero tracking errors and



Drones 2023, 7, 255 26 of 28

a significant reduction of 2.2%, 50%, 73.6%, and 11.2% in the time required for tracking the
pitch angle, pitch rate, and velocities u and w. Moreover, the blended aerodynamic model
required less control effort, which verified the necessity and feasibility of introducing
the nonlinear blending function to aggregate the flat-plate mode and linear mode of
the aerodynamic coefficients, so that a smooth and continuous relationship between the
aerodynamic coefficients and AoA can be obtained to handle the high AoA situation that
the UAV faced during the transition phase.

The second significant finding is that the proposed HDO-STSMC outperformed the
original ESO-SMC in tracking the state reference signals more accurately and quickly,
which can be verified by the zero tracking errors with a reduction of 97.2%, 73.6%, 11.3%,
and 95.7% in the time required for tracking the pitch angle, pitch rate, and velocities u
and w, respectively. The HDO can estimate fast-changing external disturbances more
accurately than the ESO, while the STA attenuated the chattering action and ensured a
robust performance. The robust stability of the STSMC and HDO was proven via the
Lyapunov theory. The converged tracking errors and bounded control input signals can
also demonstrate the asymptotic stability of the closed-loop longitudinal autopilot system.

Performance indices (ISE and IAE) were used to evaluate the proposed HDO-STSMC
longitudinal autopilot from the perspective of the response time and retaining capability
on the sliding manifold, highlighting the robust stability and quick convergence of the
system states to the reference signals. Furthermore, the comparative numerical results
between the proposed HDO-STSMC and the original ESO-SMC confirmed the superior
performance of the proposed control scheme in handling harmonic disturbances with an
HDO and suppressing chattering with the STA.
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