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Abstract: Occurrence of electrostatic solitary waves (ESWs) is ubiquitous in space plasmas, e.g.,
solar wind, Lunar wake and the planetary magnetospheres. Several theoretical models have been
proposed to interpret the observed characteristics of the ESWs. These models can broadly be put into
two main categories, namely, Bernstein–Green–Kruskal (BGK) modes/phase space holes models,
and ion- and electron- acoustic solitons models. There has been a tendency in the space community
to favor the models based on BGK modes/phase space holes. Only recently, the potential of soliton
models to explain the characteristics of ESWs is being realized. The idea of this review is to present
current understanding of the ion- and electron-acoustic solitons and double layers models in multi-
component space plasmas. In these models, all the plasma species are considered fluids except the
energetic electron component, which is governed by either a kappa distribution or a Maxwellian
distribution. Further, these models consider the nonlinear electrostatic waves propagating parallel to
the ambient magnetic field. The relationship between the space observations of ESWs and theoretical
models is highlighted. Some specific applications of ion- and electron-acoustic solitons/double layers
will be discussed by comparing the theoretical predictions with the observations of ESWs in space
plasmas. It is shown that the ion- and electron-acoustic solitons/double layers models provide a
plausible interpretation for the ESWs observed in space plasmas.

Keywords: electrostatic solitary structures; ion-acoustic solitons; electron-acoustic solitons; double
layers; solar wind; Lunar wake; magnetospheres; reconnection region; nonlinear plasma waves;
phase space holes

1. Introduction

Spacecraft measurements have shown the presence of broadband electrostatic noise
(BEN), having frequencies between ion cyclotron frequency and local electron plasma fre-
quency (or even above) in every flow boundary in space plasmas. Scarf et al. were the first
to observe the BEN in the polar cusp region [1], and then in the neutral sheet of the Earth’s
magnetotail [2]. Later on, BEN has been observed in the bow-shock [3,4], plasma sheet
boundary layer (PSBL) [5,6], magnetotail [7,8], magnetopause [9], magnetosheath [10,11],
on auroral zone field lines at various altitudes [7,12–16], and in the polar cap boundary
layer (PCBL) [17]. The occurrence of BEN is generally associated with ion and/or electron
beams, and BEN’s spectrum usually follows a power law. It has been suggested that BEN
could be the source of hot ions in the central plasmasheet (CPS) [18].

From the analysis of the S3-3 spacecraft data, Temerin et al. [19] were the first to report
the observations of double layers (DLs) and solitary waves (SWs) having electric field
component parallel to the magnetic field in the auroral acceleration region between 6000
and 8000 km altitude. The occurrence of DLs and SWs on auroral field lines was later
confirmed by the Viking observations by Boström et al. [20] and Koskinen et al. [21]. The
DLs and SWs observed by S3-3 and Viking carried negative potentials, and they were
interpreted as ion holes propagating parallel to the magnetic field with speeds of the
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order of ion acoustic or ion beam speeds. Both the DLs and SWs had parallel electric field
amplitudes typically ∼15–20 mV m−1 with pulse durations of ∼2–20 ms. These earlier
observations of solitary waves and double layers on the auroral field lines came from
the analysis of waveform data. However, these observations could not establish any link
between the solitary waves and BEN as the data were not presented in the spectral form.

The first compelling observational breakthrough linking the broadband electrostatic
noise and the solitary waves came from Geotail waveform capture (WFC) data in the distant
magnetotail. From the analysis of the Geotail Plasma Wave Instrument (WPI) waveform
data, Matsumoto et al. [22] were the first to report the presence of solitary wave structures
having positive potential during the BEN in the plasmasheet boundary layer (PSBL).

Figure 1 shows the frequency-time spectrogram of BEN observed in the PSBL at
(–118 RE, 4.3 RE, 0.7 RE) on 01 April 1993. The coordinates are given in the Geocentric
Solar Magnetosphere (GSM) system. The intense BEN spectra extends all the way to the
electron plasma frequency fpe ∼2 kHz. The bottom panel shows waveforms observed
by WFC receiver at 1355:43.241 UT. The observed waveforms were detected by the two
orthogonally crossed sets of electric field antennas, EU and EV . It is seen that the wave
forms contain coherent structures with pulse widths of ∼2 ms. Matsumoto et al. [22]
named these isolated pulse waveforms as electrostatic solitary waves (ESWs). They further
reported that most of the BEN in the PSBL region is not continuous broadband noise but is
composed of a series of ESWs in the form of a bipolar pulse, i.e., a half sinusoid-like cycle
followed by a similar half cycle having opposite sign. Matsumoto et al. [22] showed that
the fast Fourier transform (FFT) of the bipolar pulses can reproduce the observed BEN
frequency spectra as reported earlier in the PSBL [2,5]. An excellent account of the various
earlier theories of BEN and its association with ESWs is given by Lakhina et al. [23,24].

Figure 1. Typical frequency-time spectrogram of the BEN in the plasma sheet boundary layer and the
corresponding ESW waveforms in the time domain observed by GEOTAIL [Reprinted from Kojima
et al., Adv. Space Res. 23, 1689–1697, (1999). Copyright Elsevier [25]].
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Many researchers have reported the occurrence of ESWs, similar to the ones ob-
served by the Geotail, in various regions of the Earth’s magnetosphere and in the solar
wind by using the waveform data from FAST, Polar, WIND, Cluster, THEMIS, Van Allen
Probes, and Parker Solar Probe spacecraft. For example, ESWs have been observed in the
magnetosheath [11,26–28], in the high-altitude polar magnetosphere and the polar cap
boundary layer (PCBL) [29–36], in the auroral acceleration region [15,37–40], in the plasma
sheet [41], in the reconnection regions at the dayside magnetopause [42,43] and in the
magnetotail [44–54], in the outer radiation belts [55,56], in the interplanetary shocks [57],
in the Earth’s foreshock and bow shock region [58–61], in the solar wind at 1 AU [62,63]
and near the Sun at 35 solar radii [64], in the Lunar wake [65–67] and also in the planetary
magnetospheres [68–70]. The electrostatic solitary structures are present in the electric field
component parallel to the background magnetic field, and they are usually bipolar, some-
times monopolar or tripolar. The ESWs can have either positive (electron holes) or negative
(ion holes) potentials. The electric field amplitudes of the ESWs decrease with distance
from the Earth, i.e., from ∼100 mV m−1 in the auroral region to fraction of a mV m−1 in
the PSBL and magnetosheath regions [15,22,26,28,38,71–73]. Generally, the velocities and
parallel scale sizes of ESWs increase with distance from the Earth. For example, the speeds
of ESWs parallel to the magnetic field are found to vary from roughly a few 100 s km s−1

to a few 10,000 s km s−1, and their parallel scale sizes could vary from ∼100 m to tens
of kilometer, over the distances from the auroral region to the plasma sheet boundary
layer [32,71]. Further, the shapes of ESWs depend on the parameter R = fce/ fpe, where fce
and fpe are the electron cyclotron frequency and the electron plasma frequency, respectively.
The ESWs are roughly of spherical shape when R > 1, and their shapes become more
oblate (with perpendicular scale larger than the parallel scale) as R decreases to less than
1 [74]. Furthermore, the ESWs observed by spacecraft are generally found to follow an
amplitude–width relationship where the amplitude of the electrostatic potential of the
solitary wave tends to increase with its width [28,38,72].

2. Models for the Electrostatic Solitary Waves

The ESWs are observed frequently in the boundary layers of space plasmas. The ESWs
are responsible for the BEN or the electrostatic turbulence observed in space plasmas such
as the planetary magnetospheres and solar wind. The ESWs can affect the efficiency of the
magnetic reconnection process occurring in space plasmas. The ESWs observed in various
regions of the geospace seem to have some common physical mechanisms involving either
electron and ion beams or nonthermal distributions of electrons and ions. Various models
have been proposed to explain the electrostatic solitary pulses (for a review, see Lakhina
et al. [23]). All ESW models can be put into two main categories, (1) models based on BGK
Modes/Phase Space Holes, and (2) models based on Solitons/Solitary Waves.

2.1. BGK Modes/Phase Space Holes Models

Bernstein–Greene–Kruskal (BGK) modes [75] are the nonlinear stationary solutions
of the Vlasov and Poisson equations, and represent the nonlinear electrostatic waves
propagating parallel to the magnetic field in a collisionless plasma. The trapped particle
population plays a crucial role in sustaining the BGK modes. Nonlinear saturation of
two-stream instability can lead to the generation of BGK modes or phase space holes [76].
An excellent review of electron phase space holes is given by Hutchinson [77].

Models based on BGK modes or phase space holes are considered as the most fa-
vorite among the space community for the generation of ESWs [75,78–82]. The elec-
tron (ion) holes have been proposed for the positive (negative) potential solitary struc-
tures [26,28,38,72,76,83–87]. From 1-D electrostatic particle simulations of electron beam-
plasma system, Matsumoto et al. [22] and Omura et al. [88] could successfully reproduce
the waveforms of ESWs observed by Geotail. Their results illustrated that nonlinear evo-
lution of electron beam instabilities leads to the formation of isolated stable electrostatic
potential structures, similar to the BGK modes [75], propagating along the magnetic field.
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They hypothesized that the ESWs, observed by Geotail in the PSBL, were the BGK mode
electron phase-space holes or simply electron holes (EHs). Based on kinetic simulations,
Goldman et al. [83] and Oppenheim et al. [84] have proposed that the bipolar structures
observed by FAST on the auroral field lines [15,38] are due to the nonlinear two-stream
instabilities [89–92]. Their mechanism is similar to that of PSBL BEN proposed by Omura
et al. [76] and Kojima et al. [26]. It is important to note that the phase space holes observed
in these simulations are not stable, they are likely to either merge or break up during the
evolution of the instabilities. Furthermore, the electron magnetization plays an important
role on the shape and stability of the phase space holes [93]. Singh et al. [91] carried out
3D particle simulation of electron holes and found that they are essentially planar and
highly transitory for R < 1 while for R ≥ 2 they are long lasting and can have a variety of
structures from spherical to planar, which is consistent with the observations of ESWs by
Franz et al. [74].

In a series of papers, Jovanović and colleagues have discussed the theory of ion and
electron holes in magnetized plasmas [94–101]. They employ the drift kinetic description
for electrons (ions) for electron (ion) holes. For electron holes, the ions are treated as either
weakly magnetized or unmagnetized, but for the ion holes, the electrons are treated either
hydrodynamically or as having Boltzman distribution. Then, the stationary solutions of
Vlasov–Poisson equation yield quasi 3-D electron holes and quasi 2-D or 3-D ion holes.
The electron holes generally have the form of a cylinder that is tilted relative to the mag-
netic field, or spheroids [94–96,98–100]. The ion holes are generally in the form of either
cylinders or spheroids [102,103]. Such electron (ion) hole models may provide a theoretical
explanation for the positive (negative) potential ESWs having bipolar spikes in the parallel
electric field.

2.2. Solitons/Solitary Waves Models

The amplitudes of the electrostatic potential of ESWs observed by spacecraft are usu-
ally found to increase with their widths. A misconception seems to be prevailing in the
space plasma community that all weak solitons should behave like Korteweg–de Vries
(KdV) type solitons. The KdV solitons are characterized by the property that their ampli-
tudes increase when their widths decrease. Since the width-amplitude property of observed
ESWs was opposite to that of KdV type solitons, the generation mechanisms for ESWs
based on ion-acoustic or electron-acoustic solitons were considered unfeasible [28,38,72].
Instead of realizing that the ESWs observed by spacecraft may not be the usual KdV type of
small-amplitude ion-acoustic or electron-acoustic solitons, all soliton models were ignored
by the space community as a possible generation mechanism for the ESWs. It must be em-
phasized that the properties of the arbitrary amplitude ion- and electron-acoustic solitons
predicted by the models based on the Sagdeev pseudo-potential [104] techniques are quite
different from the KdV type solitons. Such models show that the soliton amplitudes can
either increase or decrease with their width depending upon the parametric range [105,106].
This has brought the soliton/double layer models based on Sagdeev pseudo-potential
method to the forefront of viable models for the generations of ESWs observed by space-
craft. In particular, the models based on arbitrary amplitude electron-acoustic solitary
waves [107–121] are being considered as an alternate to the phase-space electron holes
models [26,73,76,83,85–87,122,123] for the generation of ESWs.

The pioneer work on ion-acoustic solitons was started about 50 years ago by Sagdeev [104]
and by Washimi and Taniuti [124]. Observations of solitary waves and double layers by
S3-3, Viking, Polar and FAST and other spacecrafts gave an impetus to the theoretical
studies of ion-acoustic solitons and double layers [105,106,111,112,114,115,125–143], and
electron-acoustic solitons and double layers [13,107–112,119,143–159] in multi-component
unmagnetized as well as magnetized plasmas. In all of these studies, the plasma species
were treated either as fluids or having Maxwellian particle distributions. However, space
plasmas are often found to be characterised by non-Maxwellian particle distribution func-
tions that contain suprathermal particles having high-energy tails [160–163]. Leubner [164]
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has shown that the suprathermal electron (or ion) component is generally the result of an
acceleration mechanism by wave-particle interaction in the presence of plasma turbulence,
e.g., lower hybrid, Alfvén, or some other plasma waves. The kappa distribution has been
widely adopted to model the observed suprathermal particle distributions [165–176]. There
are several studies dealing with the ion-acoustic or/and electron-acoustic solitons and
double layers with highly energetic kappa-distributed electrons [116–118,120,177–185].

The earliest attempts to explain the properties of ESWs observed on the auroral
field lines by S3-3 [19] and Viking [20,21] were in terms of models based on ion-acoustic
solitons and double layers [126,129,130,132,186–188]. Later on, models based on electron-
acoustic solitons were proposed to explain the negative potential ESWs observed by
Viking [13,14,107,108,145,146,151,189]. However, none of these models were able to ex-
plain the positive potential solitary structures observed by Polar, FAST and Cluster.
Berthomier et al. [147,148] showed that inclusion of an electron beam in the model yielded
electron-acoustic solitons with positive polarity in a certain parametric regime. A detailed
discussion of earlier soliton/DL models is given in Lakhina et al. [23,190].
Verheest et al. [191] and Cattaert et al. [152] showed that both positive and negative poten-
tial electron-acoustic solitons could exist in a two temperature electron plasma system, even
in the absence of electron beam, provided the hot electron inertia is retained in the analysis.
Singh et al. [149] showed that the inertia of the warm electrons, and not the electron beam
speed, is essential for the generation of positive potential electrostatic solitary structures.

In a series of papers, Lakhina and colleagues [111–115,192,193] have developed multi-
fluid models for studying arbitrary amplitude ion- and electron-acoustic solitons and
double layers. These models consider multi-component magnetized plasmas without any
restriction on the number of plasma species or their drift speeds. These models are valid
for parallel propagating nonlinear structures, employ Sagdeev pseudo-potential technique,
and retain the inertia of all fluid species. In this review, we shall discuss the fluid models
for the ion- and electron-acoustic solitons and double layers in multi-component space
plasmas where hot electrons are characterised by either kappa distributions or Maxwellian
distributions. We shall then discuss some specific applications of these models pertaining
to the spacecraft observations of ESWs in the solar wind, Lunar wake, magnetosheath and
reconnection jet region of the Earth’s magnetotail.

3. Theoretical Model for Electrostatic Solitary Waves and Double Layers

A general theoretical model is presented in this section to study the evolution of
electrostatic solitary waves, propagating parallel to the ambient magnetic field, in space
plasmas. The space plasma is modelled by an infinite, collisionless plasma system consist-
ing of electrons and ions without restrictions on number of species present. The physical
parameters N0

j , Tj and Vj are the number density, temperature and beam speed of the jth
species, respectively. All the species here are considered fluids except the energetic electron
component, which is governed by either a kappa distribution or a Maxwellian distribution,
and has a density N0

e and temperature Te. There are new developments on thermodynamic
origin of kappa distribution as discussed by Livadiotis [194,195]. These papers show that
according to the zeroth law of thermodynamics, the most generalized form of particle
distribution assigned with a temperature, is given by the kappa distributions, where tem-
perature and kappa are two independent parameters spanning the 2-D abstract space of
thermodynamics. Therefore, the kappa distribution for the energetic particles can be used
as a zeroth order approximation for the fluid models, just like the Maxwellian distribution.

In space plasmas, such as the solar wind and Lunar wake plasma, the energetic
electrons are found to follow the κ-distribution given by Summers and Thorne [165],

fe(v) =
N0

e√
πθe

Γ(κ)√
κ Γ(κ − 1/2)

(
1 +

v2

κθ2
e

)−κ

(1)
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Here, Γ(κ) is the gamma function. κ is the spectral index with κ > 3/2, and θe is the
modified electron thermal speed given by

θ2
e =

(
2− 3

κ

)
Te

me

In the limit κ → ∞, the κ-distribution approaches a Maxwellian distribution, i.e.,
attains thermal equilibrium [179] which is given by

fe(v) =
N0

e√
πvte

exp
(
− v2

v2
te

)
(2)

where vte =
√

Te/me is the electron thermal speed. Thus, the number density of the
energetic electrons in the presence of electrostatic wave having electric potential, Φ, can be
obtained by replacing v2 by v2 − 2eΦ

me
in Equation (1) and integrating it over the velocity

space [116]. Thus, the number density in the normalized form can be written as

ne = n0
e

(
1− φ

(κ − 3/2)

)−κ+1/2
, (3)

Here, n0
e = N0

e /N0 (N0 being the total equilibrium electron or ion number density),
and φ = eΦ/Te are the normalized electron density and electrostatic potential, respectively.
Further, following the same procedure as for kappa electrons, the perturbed normalized
electron density for Maxwellian electrons can be written as [196]

ne = n0
e exp(φ) (4)

The dynamics of the fluid species are governed by the multi-fluid equations of conti-
nuity, momentum, and equation of state of each species. The normalized set of equations
are given by [192,193]

∂nj

∂t
+

∂(njvj)

∂x
= 0 (5)

∂vj

∂t
+ vj

∂vj

∂x
+

µpj

nj

∂Pj

∂x
+ Zjµpj

∂φ

∂x
= 0 (6)

∂Pj

∂t
+ vj

∂Pj

∂x
+ 3Pj

∂vj

∂x
= 0 (7)

Here, µpj = mp/mj (here, mj and mp represent the mass of jth species and the proton,
respectively) and Zj = −1 (+1) for electrons (singly charged ions), respectively. The nor-
malizations are as follows: all densities are normalized with the unperturbed total ion or
electron density, ∑i Zi N0

i = N0, velocities with the ion acoustic velocity Cs = (Te/mp)1/2,
time with the inverse of proton plasma frequency, ωpp = (4πN0e2/mp)1/2, the lengths
with the electron Debye length, λde = (Te/4πN0e2)1/2, and the thermal pressures Pj with
N0Te. Further, same adiabatic index, i.e., γ = 3, has been assumed for all the species in the
equation of state given by Equation (3). Please note that n0

j = N0
j /N0 is the normalized

equilibrium number density of the jth species.
The properties of stationary arbitrary amplitude electrostatic solitary waves are stud-

ied by transforming the above set of equations to a stationary frame moving with velocity
V, the phase velocity of the wave, i.e., ξ = (x−Mt) where M = V/Cs is the Mach number
with respect to the ion acoustic speed. In such a reference frame, all variables, e.g., densities
and pressure tend to their undisturbed values and potential φ tends to zero at ξ → ±∞.
Then, from the above transformed set of equations, we can get the following expression for
the density of the jth species [112,119,182,192,196]:
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nj =
n0

j

2
√

3σj

{
[
(

M− vj0 +
√

3σj

)2
− 2Zjφ]

1/2 − [
(

M− vj0 −
√

3σj

)2
− 2Zjφ]

1/2}
(8)

where σj = Tj/Te, and vj0 = Vj/CS is the normalized beam speed of the jth species. The
basic set of equations is closed by the Poisson’s equation

d2φ

dξ2 = −∑
j

Zjnj + ne (9)

On substituting the density of the fluid species, nj, and of the energetic electrons, ne, in
the above transformed Poisson’s equation, multiplying it with dφ/dξ and integrating with
the boundary conditions that φ = 0, dφ/dξ = 0 at ξ → ±∞, the following energy integral is
obtained,

1
2

(
dφ

dξ

)2
+ S(φ, M) = 0 (10)

where S(φ, M) is the pseudopotential, also known as the Sagdeev potential. For the case of
κ-distributed energetic electrons, the Sagdeev potential, S(φ, M), is given by

S(φ, M) = ∑
j

n0
j

6
√

3σj

{(
M− vj0
√

µpj
+
√

3σj

)3

−

(M− vj0
√

µpj
+
√

3σj

)2

+ 2φ

3/2

−
(

M− vj0
√

µpj
−
√

3σj

)3

+

(M− vj0
√

µpj
−
√

3σj

)2

+ 2φ

3/2}

+ n0
e

{
1−

(
1− φ

κ − 3/2

)−κ+3/2
}

(11)

Equation (11) represents the most general expression for Sagdeev potential for a
plasma system having any number of streaming fluid species and energetic electrons with
κ-distribution. For the case of hot electrons having Maxwellian distribution, the last term in
Equation (11) has to be replaced by n0

e [1− exp(φ)]. It is important to note that Equation (10)
describes the motion of a pseudo-particle of unit mass in a pseudopotential S(φ, M) where
φ and ξ play the role of displacement x from the equilibrium and time t, respectively.

Soliton and Double Layer Solutions

Soliton solutions from Equation (11) are obtained when the Sagdeev potential S(φ, M)
satisfies the following conditions: S(φ, M) = 0, dS(φ, M)/dφ = 0, d2S(φ, M)/dφ2 < 0 at
φ = 0; S(φ, M) = 0 at φ = φ0, and S(φ, M) < 0 for 0 <| φ |<| φ0 |; φ0 is the maximum
amplitude of the soliton. Another class of nonlinear solutions, namely, double layer solu-
tions are also of interest and could exist at an upper limit on the Mach number M = MDL
provided one more additional condition given below is satisfied,

dS(φ, M)

dφ
|φ=φDL ,M=MDL = 0 (12)

When the condition given by Equation (12) and the other conditions described above
are satisfied, the pseudoparticle is not reflected at φ = φDL due to vanishing pseudoforce
and pseudovelocities. Rather, pseudoparticle goes to another state producing an asymmet-
rical double layer (DL) with a net potential drop of φDL, where φDL is the amplitude of the
double layer.

Sagdeev potential S(φ, M) and its first derivative with respect to φ, i.e., dS(φ, M)/dφ
vanish at φ = 0. Further, the condition d2S(φ, M)/dφ2 < 0 at φ = 0 is satisfied provided
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M > M0, where M0 is known as the critical Mach number and is obtained from the condition
d2S(φ, M)/dφ2 = 0 at φ = 0.

It is to be noted that Equations (5)–(9) describe a system where plasma species under
the summation follow fluid dynamical equations and electrons are either having kappa-
distribution or Maxwellian. In the subsequent sections, the applicability of the multi-
component fluid models is discussed to explain the observed ESWs in the solar wind,
Lunar wake, magnetosheath and reconnection jet region in the magnetotail.

4. Three Component Model for Ion-Acoustic Solitons in Solar Wind Plasma

The occurrence of coherent electrostatic waves in the ion-frequency range ( fpi ≤ f < fpe)
in the solar wind at 1 AU has been demonstrated on the basis of high-time resolution
electric field data collected by the Time Domain Sampler (TDS) instrument onboard the
wind spacecraft [62,197,198]. The coherent electrostatic waves were found to support two
typical shapes, viz., sinusoidal wave packets and isolated solitary structures existing for
about 1 ms. As the isolated solitary structures sustain a net potential drop of ≈1 mV (in
the direction of Earth), they are explained on the basis of weak double layers (WDLs).
These WDLs are estimated to produce a net potential drop of ∼(300–1000) V on the Sun–
Earth distance. Statistical analysis have revealed the typical scale size of the WDL as
∼25λde [62,197,198].

4.1. Observations of ESWs in the Solar Wind Plasma

Mangeney et al. [62] reported the existence of coherent electrostatic waves (∼ fpi <
f ∼ fpe), Langmuir waves (∼ fpe) and isolated electrostatic structures (IES) lasting for less
than 1 ms in the solar wind at 1 AU, based on the high time-resolution electric field data
collected by time domain sampler (TDS) onboard wind spacecraft. Figure 2 depicts the
six prevalent waveforms corresponding to the three electrostatic waves in the solar wind
at 1 AU observed by TDS on different days. Panel (a) depicts the typical Langmuir wave
packets. Panels (b) and (c) shows the typical low-frequency quasi-sinusoidal coherent
ion-acoustic wave packets. Panels (d) and (f) shows the non-sinusoidal wave packets and
IES (with tripolar pulse shape). Mangeney et al. [62] analyzed these electrostatic waves.
They reported the electric field amplitude of the coherent ion-acoustic waves in the range of
∼(0.0054–0.54) mV m−1, and the alignment of the electric field with magnetic field nearly
parallel. Further, they observed that IES supports a net potential drop of ≈1 mV (directed
towards the Earth) and interpreted this in terms of weak double layers (WDLs). Around
30% of the observed coherent low-frequency electrostatic waves in the TDS data comprises
of WDLs (with spatial size ∼25λde).

Based on the TDS data from wind, Malaspina et al. [63] reported the existence of a
strong spatial relation between bipolar electrostatic solitary waves (ESWs) and magnetic
current sheets (CSs) in the solar wind at 1 AU. Further, the peak to peak amplitudes of
the ESWs were found in the range of ∼(0.1–8) mV m−1 with an average of 0.5 mV m−1.
Furthermore, they interpreted the fast moving ESWs in terms of the electron holes.

4.2. Theoretical Model

The solar wind plasma is described using a three-component plasma model compris-
ing of protons (N0

p , Tp), heavier ions (alpha particles), He++ (N0
i , Ti, Vi) and suprathermal

electrons (N0
e , Te) following κ-distribution [179,180,182,183,192]. Here, N0

j and Tj corre-
sponds to the equilibrium density and temperature of the jth species, with j = p, i, and e
for protons, alpha particles, and suprathermal electrons, respectively. Vi represents the ion
speed parallel to the ambient magnetic field. For parallel propagating ESWs in the solar
wind, the Sagdeev pseudopotential, S(φ, M), given by Equation (11) simplifies to [179,180]:
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Figure 2. The six prevalent wave forms in the solar wind at 1 AU observed by TDS onboard
wind spacecraft. The y-axis represents the electric potential (∆ Vx) in volts and x-axis shows time.
(a) Langmuir waves; (b,c) low-frequency quasi-sinusoidal wave packets corresponding to coherent
ion-acoustic waves; (d–f) non-sinusoidal wave packets and isolated electrostatic solitary structures.
Reprinted with permission from Mangeney et al., Ann. Geophys., 17, 307–320 (1999). Copyright 1999
European Geosciences Union [62].
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The condition for the existence of soliton, d2S(φ, M)/dφ2 < 0 at φ = 0 requires that
M > M0, where the critical Mach number, M0, satisfies the underlying Equation [179,180],

n0
p

M2 − 3σp
+

n0
i Zi

2

(M−vi0)2

µpi
− 3σi

= n0
e

(
κ − 1/2
κ − 3/2

)
(14)

Numerically solving Equation (14), we obtain critical Mach number M0. Equation (14)
supports two physical positive roots for M0 with the lower and higher value, respectively,
corresponding to the slow and fast ion-acoustic mode [179,196]. The slow ion-acoustic
mode is a new mode that emanates owing to the presence of heavier ions. It is an ion-ion
hybrid mode which essentially requires two ion species either having different thermal
velocities or a relative streaming between them. The fast ion-acoustic mode is a regular
ion-acoustic mode analogous to the ion-acoustic mode of proton-electron plasma [179].
When vi0 = 0 and Ti/Tp = mi/mp, Equation (14) supports only fast ion-acoustic mode.
For vi0 6= 0, slow ion-acoustic mode persists for the solar wind parameters.

Numerical Results

In line with the varied solar wind observations, we have utilized the following nor-
malized parameters for the numerical analysis [62,199,200]. For slow solar wind, we
have taken the proton to electron temperature ratio, Tp/Te < 1; the α-particle to elec-
tron number density ratio, n0

i = N0
i /N0

e = 0.0–0.05; α-particle to proton temperature
ratio, Ti/Tp ≥ 1 and ratio of the relative drift between α-particles and protons and ion-
acoustic speed, vi0 = 0.0–0.3 (for a relative drift between protons and heavier ions of
≈0–10 km s−1 and ion acoustic speed of ≈35 km s−1), while for fast solar wind, we have
Tp/Te ≥ 1, N0

i /N0
e = 0.0–0.05, Ti/Tp ≥ 1 and vi0 = 0.0–2.0. Furthermore, the range of the

spectral index κ for the suprathermal electrons is considered as 2 ≤ κ ≤ 10, encompassing
the observed range of values in the solar wind [175,201].

The Sagdeev potential, S(φ, M) versus the electrostatic potential, φ, for varied Mach
number values are depicted in Figure 3 for the slow ion-acoustic mode. We observe four
instances of double layer (DL) occurrence corresponding to distinct parametric regimes
that are characteristic of the conditions prevailing during the fast solar wind (panels a and
b), the slow solar wind (panel c) and the intermediate solar wind (panel d). We observe
that the amplitude of the slow ion-acoustic soliton increases with the increase in M (cf.
curves 1, 2, and 3) until a DL (curve 4) occurs. For a Mach number greater than the DL
Mach number, solitons cease to exist. Hence, the occurrence of DL provides the upper
limit on the maximum attainable Mach number by the soliton, Mmax. Panels (a), (c) and (d)
corresponds to positively charged (i.e., φ > 0) solitons and double layers, while panel (b)
corresponds to negatively charged (i.e., φ < 0) solitons and DL.

The variation of the Sagdeev potential, S(φ, M), versus the potential, φ, for varied
Mach number values is depicted in Figure 4, for the fast ion-acoustic mode with rest of
the parameters being same as in Figure 3. The fast ion-acoustic solitons exist for higher
values of M as compared to the slow ion-acoustic solitons (cf. Figure 3). Furthermore, the
amplitude of the soliton increases with M till the upper limit of curve 4 is attained, beyond
which the soliton solution ceases to exist.In the absence of double layers, the upper limit on
the maximum attainable Mach number, Mmax is provided by the restriction that the number
density of the α-particle be real [119]. As a result, for both the slow and fast ion-acoustic
mode, the solitons/double layers occur in a Mach number region, M0 < M ≤ Mmax.

The potential φ profiles for the slow ion-acoustic solitons/double layers for the solar
wind parameters corresponding to Figure 3 are shown in Figure 5. Curves 1, 2, 3 and 4
in each panel of Figure 5 corresponds to the Mach number in the corresponding panel in
Figure 3. Solitons (cf. curves 1, 2 and 3) have symmetric profiles, while, double layers (cf.
curve 4) have asymmetric profiles. We consider the soliton/DL width, W, as full width at
half maximum. The soliton/DL widths corresponding to curves 1, 2, 3 and 4, respectively,
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in each panel are: (a) W = 32.0, 28.0, 30.0, 20.0, (b) W = 7.5, 8.0, 10.0, 13.0 (c) W = 32.5, 32.5,
34, 27.5, and (d) W = 19.0, 18.0, 19.0, 12.0.

Figure 3. Sagdeev potential, S(φ, M) versus the electrostatic potential, φ, for the slow ion-acoustic
solitons and double layer. The normalized parameters considered are: (a) N0

i /N0
e = 0.01, σp = 1.0,

Ti/Tp = 4.0, vi0 = 0.3, κ = 10, M = 1.963, 1.964, 1.9644, 1.96446 (DL), and 1.96449 for curves 1,2,3,
4 and 5, respectively; (b) N0

i /N0
e = 0.05, σp = 2.0, Ti/Tp = 2.0, vi0 = 0.8, κ = 5, M = 2.525, 2.529,

2.531, 2.5317635 (DL), and 2.532 for curves 1,2,3, 4 and 5, respectively; (c) N0
i /N0

e = 0.05, σp = 0.2,
Ti/Tp = 4.0, vi0 = 0.2, κ = 2, M = 0.9214, 0.9215, 0.92155, 0.921569 (DL), and 0.921576 for curves 1,
2, 3, 4 and 5, respectively; and (d) N0

i /N0
e = 0.05, σp = 0.5, Ti/Tp = 2.0, vi0 = 0.5, κ = 2, M = 1.322,

1.3225, 1.32265, 1.322724 (DL), and 1.32275 for curves 1, 2, 3, 4 and 5, respectively. Reprinted with
permission from Lakhina and Singh, Sol. Phys., 290, 3033–3049 (2015). Copyright 2015 Springer
Nature [179].

Figure 4. Sagdeev potential, S(φ, M), versus the electrostatic potential, φ, for the fast ion-acoustic
solitons for the same parameters as in Figure 3, except the Mach numbers, which are different in each
panel. The parameters are: (a) M = 2.043, 2.044, 2.045, 2.04533 and 2.0454 for curves 1, 2, 3, 4 and 5,
respectively; (b) M = 2.62, 2.625, 2.63, 2.63205 and 2.635 for curves 1, 2, 3, 4 and 5, respectively; (c)
M = 1.014, 1.016, 1.018, 1.01962 and 1.0199 for curves 1, 2, 3, 4 and 5, respectively; and (d) M = 1.398,
1.40, 1.401, 1.40223 and 1.403 for curves 1, 2, 3, 4 and 5, respectively. Reprinted with permission from
Lakhina and Singh, Sol. Phys., 290, 3033–3049 (2015). Copyright 2015 Springer Nature [179].
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Figure 5. Potential, φ profiles for the slow ion-acoustic solitons/DL for the solar wind plasma
parameters corresponding to Figure 3. Curves 1, 2, 3 and 4 in each panel corresponds to the Mach
number in the corresponding panel in Figure 3. Panels (a,c,d) corresponds to positive potential
(φ > 0) solitons (cf. curves 1, 2 and 3) and double layers (cf. curve 4), while panel (b) corresponds
to negative potential (φ < 0) solitons (cf. curves 1, 2 and 3) and double layers (cf. curve 4).
Reprinted with permission from Lakhina and Singh, Sol. Phys., 290, 3033–3049 (2015). Copyright
2015 Springer Nature [179].

The electric field, E, profiles for the slow ion-acoustic solitons (curves 1, 2 and 3) and
double layers (curve 4) corresponding to the parameters of Figure 3 are shown in Figure 6.
Soliton electric field profiles have bipolar structure, while double layers have a monopolar
structure. Furthermore, panels (b) and (c) correspond, respectively, to the largest and
smallest electric fields for solitons/double layers.

Figure 6. Electric field, E, profiles for the slow ion-acoustic solitons/DL for the solar wind plasma
parameters corresponding to Figure 3. Curves 1, 2, 3 and 4 in (Panels a–d) correspond to the Mach
number in the corresponding panel in Figure 3. Soliton electric profiles have bipolar structures (cf. curves
1, 2 and 3), whereas, double layers have a monopolar structure (cf. curve 4). Reprinted with permission
from Lakhina and Singh, Sol. Phys., 290, 3033–3049 (2015). Copyright 2015 Springer Nature [179].
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4.3. Predictions of the Model

The maximum amplitudes of the fast ion-acoustic solitons (Figure 4) vary over a range
of φmax = 2× 10−6 to 0.012 with Mach numbers varying in the range M = 1.01 to 2.65, while
the maximum amplitudes of slow ion-acoustic solitons (double layers) (Figures 3 and 5)
vary over a wide range of φ0 = 5× 10−6 to 0.0015 (0.001 to 0.005) for positive potential
structures, and φ0 = −10−6 to −0.0035 (−2.0× 10−4 to −0.0055) for negative potential
structures with Mach numbers varying in the range of M = 0.9 to 2.54. The widths of the
slow ion-acoustic solitons (Figure 5) vary over a range of W∼(7–34)λde, while that of the
double layers vary as W∼(12–28)λde. For a typical ion-acoustic speed, Cs = 31 km s−1 in
the solar wind at 1 AU, the slow and fast ion-acoustic solitons/double layers have speeds
varying from 28 to 78 km s−1 and 31 to 82 km s−1, respectively. Hence, these solitary
structures will be convected with the solar wind flow.

4.4. Comparison of Theoretical Predictions with Observations of Solar wind ESWs

In this section, we discuss the applicability of above numerical estimation of the theo-
retical solar wind model to the observation of isolated non-sinusoidal spikes (panels d, e,
and f of Figure 2) and coherent electrostatic waves consisting of quasi-sinusoidal structures
(panels b and c of Figure 2) in the solar wind at 1 AU. The isolated non-sinusoidal spiky
structures have been interpreted as weak double layers (WDLs). The potential drop across
the WDLs in the solar wind at 1 AU has a typical value of, eΦ/Te ∼10−4–10−3 [62,197,198].
The negative DLs obtained from the model have φ0 = −2.0× 10−4 to −0.0055 and thus,
encompasses the potential drop range observed in the solar wind, whereas the positive
potential DLs have φ0 = 0.001 to 0.005, which exceeds the typical potential drop values.
Here, the preeminent dilemma is the disparity between the shapes of the observed WDLs
and the DLs found in the model. The observed WDLs show a gradual decrease followed by
a sharp dip to negative values, then a recovery to positive values that gradually decreases
to zero. The DLs predicted by the model have no dip in their potential. They start from
positive (negative) potential values and decrease smoothly to potential values approaching
zero. It seems that the observed WDLs are made up from the fusion of a positive DL and
a negative potential soliton. The predicted widths of DLs analyzed in Figure 5 (W = 20.0,
13.0, 27.5 and 12, in units of λde) agrees excellently well with the widths of the observed
WDLs spanning over a range of ∼(5–60)λde with a peak around 25λde [62].

The slow ion-acoustic mode DLs obtained in our model move with speeds of
∼(5–60) km s−1, which is much lesser than the flow speeds of the slow solar wind streams
(∼350 km s−1). However, there are no measurement available related to the flow speed of
WDLs observed in the solar wind at 1 AU. The observed WDLs propagate parallel to the
local magnetic field with negligible relative speed in comparison to he solar wind [62,197].
The DLs considered here may be relevant in heating the solar wind protons [200] and
in retaining the interplanetary electric field parallel to the spiral interplanetary magnetic
field [62,197,198].

The coherent low-frequency electrostatic waves observed in the solar wind at 1 AU by
the wind spacecraft can be interpreted on the basis of the coherent slow and fast ion-acoustic
solitons. The fast Fourier transform (FFT) of the ion-acoustic solitons yields a broad-band
spectrum with a main peak near the inverse of the duration time, τ, of soliton pulse
detected by the measuring instruments onboard the spacecraft. The soliton pulse duration
for the slow ion-acoustic solitons/DLs depicted in Figure 5 [179] are: (a) τ = 2.7 ms, 2.3 ms,
2.5 ms, and 1.6 ms; (b) τ = 0.6 ms, 0.7 ms, 0.9 ms, and 1.1 ms; (c) τ = 2.6 ms, 2.6 ms, 2.7 ms,
and 2.2 ms; and (d) τ = 1.5 ms, 1.4 ms, 1.5 ms, and 1.0 ms, respectively, corresponding
to curves 1, 2, 3 and 4 in each panel of Figure 5. Corresponding to these values of τ,
the broadband low-frequency electrostatic waves generated by the coherent slow ion-
acoustic solitons/DLs would have first peaks between 0.35 kHz and 1.6 kHz. From
Figure 6, it is seen that the electric fields of these slow ion-acoustic solitons/DLs fall in
the range of E = (0.01–0.7) mV m−1 which conforms well with the observed electric fields
∼(0.0054–0.54) mV m−1 of the low-frequency waves [62]. Interestingly, these numerical
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estimates of the electric field amplitude agrees with he average E amplitudes of the ESWs
(∼0.5 mV m−1) as observed by Malaspina et al. [63] in the solar wind.

It should be noted that the observations in Figure 2 are on different dates and times. In
our theoretical model, we have taken the input parameters corresponding to the conditions
typical of the fast and slow solar wind; the actual data of any event in Figure 2 is not
available to us. Because of this, there is a wide range in predicted values of potential,
electric field and speeds of soliton/DLs, which matches well with the observed range of
values of ESWs’ parameters associated with observations taken on different days. If actual
parameters for any event are available, then the model is expected to predict narrow range
of electric potential, electric field, and soliton/DL velocity values.

5. Four Component Model for Ion-Acoustic and Electron-Acoustic Solitons in Lunar
Wake Plasma

The interaction of the Moon with the solar wind results in the absorption of solar wind
plasmas in the “dayside” which leads to generation of a void in the “nightside” referred as
the Lunar wake. The absence of intrinsic magnetic field and sufficiently low conductivity
of the Moon facilitates the easy penetration of solar wind magnetic field in contrast to
solar wind particles. The density gradient established between solar wind and Lunar wake
spurs the refilling of the Lunar wake by solar wind plasma along the magnetic field lines
by virtue of ambipolar diffusion [202–204].

In situ observations have shown the existence of electrostatic wave turbulence and
ESWs in the Lunar wake [65,202,205]. Hashimoto et al. [65] reported the occurrence of
ESWs in the parallel electric field component with a peak to peak amplitude of roughly
a few mV m−1 based on KAGUYA spacecraft observation. Tao et al. [203] studied the
electrostatic waves observed during the first Lunar wake flyby of the ARTEMIS mission on
13 February 2010.

5.1. Observations of ESWs in the Lunar Wake Plasma

Figure 7 provides an outline of the observations made during the first ARTEMIS
Lunar wake flyby [203]. The interval during which the ARTEMIS P1 crossed the Lunar
shadow is depicted by the two vertical black dashed lines in the figure. Panel (a) shows
the exponential density depletion towards the wake center. Panel (b) shows the ion
flow velocity (in Selenocentric Solar Ecliptic, SSE coordinates) to be comparatively stable
during the flyby. In the outside of the wake, electron temperature, Te variation is roughly
isotropic (Panel (c)), while inside the wake, both the field-aligned and perpendicular
temperature increases, with the former increasing more. The observed magnetic field (in
SSE coordinates) and the differential energy flux of the parallel electrons are shown in
panels (d) and (e), respectively. The electric field power spectrum is shown in panel (f).
The electrostatic waves lie in the frequency range ∼(0.1–0.4) fpe with power occasionally
reaching to ∼0.01 fpe in the middle of the flyby. Here, fpe is the electron plasma frequency.
These waves were considered as electrostatic waves due to the absence of corresponding
magnetic field signals. The times of the three high time resolution wave bursts, viz., WB1,
WB2 and WB3 labeled in the temporal order of their occurrence is depicted by black vertical
lines across panels (e) and (f).

Tao et al. [203] estimated the phase velocities of the waves to be of the order of 1000 km s−1

on the basis of cross-correlation analysis. From cross-spectrum analysis, they estimated
the wavelengths to vary from roughly few hundred meters to couple of thousand meters.
The approximate estimated local values of Debye length, λde is 108 m (WB1), 53 m (WB2)
and 46 m (WB3). The electric field varies in the range (5–15) mV m−1. In order to explain
the physical properties of the observed electrostatic waves, Tao et al. [203] carried out 1-D
Vlasov simulation of four-component plasma, consisting of protons, ions, both electron
beam and background electrons having κ-distribution. They inferred from the simulation
results that the waves in the frequency range ∼(0.1–0.4) fpe corresponds to electron beam
mode. However, they could not explain the low frequency waves (∼0.01 fpe) but proposed
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the involvement of ion-dynamics. Furthermore, they did not observe ESWs, however the
possibility of occurrence of ESWs in the Lunar wake was not completely ruled out.

Figure 7. An outline of the observations during the ARTEMIS mission’s first Lunar wake flyby. The
duration corresponding to the crossing of the Lunar shadow by the flyby is represented by two
vertical dashed lines. (a) Ion density. (b) Ion velocity in Selenocentric Solar Ecliptic (SSE) coordinates.
(c) Electron temperature where the red line indicates field-aligned temperature (Te‖) and the green
and blue lines indicate the perpendicular temperature (Te⊥). The overlapping of the green and blue
lines indicates the absence of any preferential perpendicular temperatures. (d) Magnetic field in
SSE coordinates. (e) Differential energy flux of parallel electrons. (f) Electric field power spectrum
obtained from onboard digital field board (DFB). Here, the frequency is normalized by the local
electron plasma frequency, fpe. The times of three high time-resolution wave bursts, viz., WB1, WB2
and WB3, in the temporal order of their occurrence is depicted by three vertical bars across panels
(e,f). Reprinted with permission from Tao et al., J. Geophys. Res., 117, A03106 (2012). Copyright 2012
John Wiley and Sons [203].

5.2. Theoretical Model

The Lunar wake is modeled by utilizing a four component plasma comprising of
protons (N0

p, Tp), α-particles (N0
i , Ti), electron beam (N0

b, Tb, Vb) and suprathermal elec-
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trons (N0
e , Te) [182,203]. Here, N0

j , T j and Vj represents the equilibrium number density,
temperature and drift velocity, along the ambient magnetic field B direction, of the jth
species, respectively, where j = p,i,b and e corresponding to protons, α-particles, electron
beam and suprathermal electrons. In order to maintain the equilibrium charge neutrality
we consider, N0

p + Zi N0
i = N0

e + N0
b = N0. For ESWs propagating parallel to the ambient

magnetic field, B, the Sagdeev pseudopotential, S(φ, M), given by Equation (11) simplifies
to [182,183,192].
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The critical Mach number, M0 above which soliton solution exists, satisfies
Equation [182,183].
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Equation (16) supports three physical positive roots for M0 for parameters relevant to
the Lunar wake plasma, where the smallest, intermediate and the largest root, respectively,
correspond to the slow ion-acoustic, fast ion-acoustic and electron-acoustic modes [112].

Numerical Results

Tao et al. [203] used two different Lunar wake parameter dataset, viz., Run 1 and Run
2 for the 1-D Vlasov code to explain the electrostatic waves observed in the Lunar wake
during high time resolution wave bursts (WB1/WB2/WB3). In the paper, the analysis of
electrostatic waves occurring during WB2 and WB3 has been combined together as they
have similar parameters, and referred henceforth as WB2/WB3. For the numerical analysis
of the four component Lunar wake plasma, we have used the exact parameters of the two
Runs converted to appropriate normalizations. For the numerical estimation, the following
normalized parameters are utilized: Run 1—κ = 6, n0

b = 0.01, σb = 0.0025, vb0 = 17.14
and Run 2—κ = 6, n0

b = 0.015, σb = 0.01, vb0 = 17.14. We have considered solar wind
parameters [62,179] for number density of α-particles, temperature of protons and α-
particles as they were not available in the manuscript by Tao et al. [203]. Hence, the slow
solar wind parameters [62,179] considered for the numerical analysis are n0

i = 0.05, σp = 0.2
and σi = 0.4. This is valid as the Lunar wake is refilled by the solar wind plasma by means
of ambipolar diffusion. For parameters corresponding to both the runs, we observe all
three modes, viz., slow and fast ion-acoustic mode and electron-acoustic mode.
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The slow ion-acoustic solitons sustain only positive potential solitons for parameters
relevant to Run 1, n0

i = 0.05, n0
b = 0.01, σp = 0.2, σi = 0.4, σb = 0.0025 and κ = 6.

Figure 8a represents the variation of Sagdeev pseudopotential, S(φ, M), with potential, φ,
for varied Mach numbers for the slow ion-acoustic solitons. The amplitude increases with
increase in the Mach number, until the upper limit, Mmax, (restricted by the requirement
of heavier ion, ni, to be real) is attained [180]. The potential, φ, profile and electric field,
E, varying with ξ is shown in Figure 8b,c, respectively. The solitons exhibit symmetric
potential and bipolar electric field profiles. Both the soliton potential and electric field
amplitude increases with increase in Mach number, while the width decreases with increase
in Mach number for both profiles. The fast Fourier transformed (FFT) electric field power
spectra corresponding to Mach number, M = 0.5610 for WB1 and WB2/WB3 is shown in
Figure 8d,e, respectively. The maximum contribution to the electric field power spectra
for WB1 occurs in the frequency range ∼(6.5–266.67) Hz with peak frequency at 32.51 Hz.
Likewise, the maximum contribution to the power spectra for WB2/WB3 occurs in the
frequency range ∼(12.76–650.13) Hz with peak frequency at 63.68 Hz. For both WB1 and
WB2/WB3, the upper limit on the frequency, f , is taken at the cutoff power, −80 dB.

Corresponding to parameters of Run 1, the fast ion-acoustic mode supports only
positive potential solitons. The change in Sagdeev pseudopotential, S(φ, M), vs. potential,
φ, is depicted in Figure 9 for various Mach number values. The upper limit on Mach
number, Mmax, for existence of soliton is restricted by the requirement of proton number
density, np, to be real [180]. Panels (b) and (c) represents the potential and electric field,
respectively. The Sagdeev potential, potential and electric field has trend analogous to that
of slow ion-acoustic solitons. The FFT electric field power spectra for WB1 and WB2/WB3
corresponding to M = 1.275 is represented in panels (d) and (e), respectively. The fre-
quencies in the range of ∼(14.79–1698.24) Hz and ∼(28.97–5794.29) Hz has a maximum
contribution to the power spectra of WB1 and WB2/WB3, respectively. The power spectra
peaks at frequency 29.58 Hz and 57.94 Hz for WB1 and WB2/WB3, respectively. Here, the
cutoff power is taken as −40 dB.

The electron-acoustic mode supports only negative potential solitons for parameters
corresponding to Run 1. The profiles of Sagdeev potential, S(φ, M), potential, φ, and
electric field, E, are represented in Figure 10a–c, respectively, and shows similar trends to
that of slow and fast ion-acoustic solitons. The restriction on the maximum permissible
Mach number, Mmax, is provided by the requirement for beam electron density, nb, to be
real. Panels (d) and (e) shows FFT electric field power spectra corresponding to Mach
number, M = 22.95 for WB1 and WB2/WB3, respectively. The frequencies in the range
of ∼(266.07–10641) Hz and ∼(521.19–35481.33) Hz provides maximum contribution to
the power spectra of WB1 and WB2/WB3, respectively. Furthermore, the power spectra
peaks at frequency 797.99 Hz for WB1 and 1563.15 Hz for WB2/WB3. The cutoff power is
considered as −60 dB. Further, beyond 50 kHz, the power spectrum becomes noisy.

5.3. Predictions of the Model

In order to numerically evaluate the physical properties of ESWs, we have utilized
observed parameters in the Lunar wake [203]. For WB1: electron temperature, Te = 28 eV,
total number density of electrons, N0 = 0.13 cm−3, while for WB2/WB3: electron tempera-
ture, Te = 22.64 eV, total number density of electrons, N0 = 0.5 cm−3. Corresponding to
these parameters we have for WB1: ion-acoustic speed, Cs = 52 km s−1, effective hot elec-
tron Debye length, λde = 109 m, and effective proton plasma frequency, fpp = 474.69 Hz,
while for WB2/WB3: Cs = 46 km s−1, λde = 50 m, and fpp = 930.95 Hz. Tables 1 and 2
lists the relevant physical properties of the ESWs in terms of unnormalized quantities,
viz., polarity, soliton velocities, V (km s−1), electric field, E (mV m−1), width of soliton,
W (m) (Here, full width at half maximum is considered), and peak frequency, fpeak (Hz),
corresponding to the peak power in the frequency spectrum, for both Run 1 and Run 2 con-
sidered at WB1 and WB2/WB3. Kindly note that the lower value of fpeak in Tables 1 and 2
corresponds to the peak power in the spectrum of lower velocity soliton.
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(a) (b)

(c) (d)

(e)

Figure 8. Slow ion-acoustic mode, Run 1, normalized parameters: n0
i = 0.05, n0

b = 0.01, vb0 = 17.14,
σp = 0.2, σi = 0.4, σb = 0.0025 and κ = 6. Panel (a) represents plot of Sagdeev pseudopotential,
S(φ, M), vs. the potential φ. Panel (b,c), respectively, represents potential, φ, and electric field, E, vs.
ξ. The fast Fourier transformed (FFT) electric field power spectra corresponding to M = 0.5610 is
represented for WB1 and WB2/WB3 in panels (d,e), respectively. The x-axis shows log10 f , where f is
the frequency in Hz. The y-axis shows the electric field power expressed in units of dB (mV/m/

√
HZ).

Reprinted with permission from Rubia et al., J. Geophys. Res. Space Physics, 122, 9134–9147 (2017).
Copyright 2017 John Wiley and Sons [182].



Plasma 2021, 4 699

Figure 9. Fast ion-acoustic mode, Run 1: Panel (a) represents plot of Sagdeev pseudopotential,
S(φ, M), vs. the potential φ. Panel (b,c), respectively, represents potential, φ, and electric field, E,
vs. ξ. The fast Fourier transformed (FFT) electric field power spectra corresponding to M = 1.275 is
represented for WB1 and WB2/WB3 in panels (d,e), respectively. Reprinted with permission from
Rubia et al., J. Geophys. Res. Space Physics, 122, 9134–9147 (2017). Copyright 2017 John Wiley and
Sons [182].

Integrating the results of Run 1 and Run 2 provided in Tables 1 and 2. For slow ion-
acoustic solitons, we get velocity of solitons, V∼(26–29) km s−1; soliton width,
W∼(110–1330) m; maximum electric field, E∼(0.0003–0.047) mV m−1; peak frequency,
fpeak∼(6–67) Hz corresponding to ∼(0.002–0.01) fpe. Here, the higher value of the soliton
width corresponds to the lower soliton velocity. For parameters of Run 2, fast ion-acoustic
solitons sustain the coexistence of both positive and negative polarity solitons. For posi-
tive potential fast ion-acoustic solitons we have, V∼(55–114) km s−1, W∼(220–7439) m,
E∼(0.008–17) mV m−1, fpeak∼(3–80) Hz corresponding to ∼(0.0008–0.01) fpe, while for
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negative potential fast ion-acoustic solitons, the maximum electric field amplitude and
peak frequencies are lesser than the positive potential fast ion-acoustic solitons, whereas
the widths are relatively larger. Generally, fast ion-acoustic solitons are found to sus-
tain positive polarity solitons [112,179,180]. However, for the first time it is observed
that fast ion-acoustic solitons support both positive and negative polarity solitons in
the presence of κ-electrons. For electron-acoustic solitons we have, V∼(1050–1370) km
s−1, W∼(200–1243) m, E∼(0.004–0.18) mV m−1, fpeak∼(261–1803) Hz corresponding to
∼(0.08–0.56) fpe.

Figure 10. Electron-acoustic mode, Run 1: Panel (a) represents plot of Sagdeev pseudopotential,
S(φ, M), vs. the potential φ. Panel (b,c), respectively, represents potential, φ, and electric field, E,
vs. ξ. The fast Fourier transformed (FFT) electric field power spectra corresponding to M = 22.95 is
represented for WB1 and WB2/WB3 in panels (d,e), respectively. Reprinted with permission from
Rubia et al., J. Geophys. Res. Space Physics, 122, 9134–9147 (2017). Copyright 2017 John Wiley and
Sons [182].
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Table 1. ESWs properties for Run 1 corresponding to WB1 and WB2/WB3. Here, for WB1: κ—
electron temperature, Te = 28 eV, and total equilibrium electron number density, N0 = 0.13 cm−3,
electron plasma frequency, fpe = 3237.78 Hz, ion-acoustic speed, Cs = 52 km s−1, effective hot
electron Debye length, λde = 109 m and for WB2/WB3: Te = 22.64 eV, N0 = 0.5 cm−3, fpe = 6349.82
Hz, Cs = 46 km s−1, λde = 50 m. Here and in Table 2, V is soliton velocity, E is electric field, W is
soliton width and fpeak is the frequency of the soliton electric field corresponding to peak power in
the spectrum. Reprinted with permission from Rubia et al., J. Geophys. Res. Space Physics, 122,
9134–9147 (2017). Copyright 2017 John Wiley and Sons [182].

Mode Polarity V E W fpeak
(km s−1) (mV m−1) (m) (Hz)

Slow ion- +ve 28.9– 0.0003– 1331– 6–
acoustic 29.1 0.03 262 34

WB1 Fast ion- +ve 62– 0.008– 7439– 3–
acoustic 114 9.5 480 41

Electron- -ve 1169– 0.004– 1243– 262–
acoustic 1195 0.10 436 803

Slow ion- +ve 26.0– 0.0005– 610– 13–
acoustic 26.2 0.05 120 67

WB2/WB3 Fast ion- +ve 55.6– 0.02– 3411– 5–
acoustic 60.1 16 220 81

Electron- -ve 1051– 0.008– 570– 513–
acoustic 1075 0.2 200 1574

Table 2. ESWs properties for Run 2 corresponding to WB1 and WB2/WB3 parameters listed in
Table 1. Reprinted with permission from Rubia et al., J. Geophys. Res. Space Physics, 122, 9134–9147
(2017). Copyright 2017 John Wiley and Sons [182].

Mode Polarity V E W fpeak
(km s−1) (mV m−1) (m) (Hz)

Slow ion- +ve 28.9 – 0.0004– 1222– 8–
acoustic 29.1 0.03 240 34

WB1 Fast ion- +ve 63.0– 0.04– 6501– 2–
acoustic 67.3 9.7 480 41

Fast ion- -ve 63.0– 0.02– 8028– 3–
acoustic 63.8 0.6 1113 18

Electron- -ve 1348– 0.004– 1200– 591–
acoustic 1369 0.07 436 1803

Slow ion- +ve 26.0– 0.0008– 560– 13–
acoustic 26.1 0.05 110 64

WB2/WB3 Fast ion- +ve 56.7– 0.07– 2981– 7–
acoustic 60.6 17 220 78

Fast ion- -ve 56.7– 0.03– 3681– 3-
acoustic 57.4 1.0 510 35

Electron- -ve 1212– 0.007– 550– 591–
acoustic 1231 0.12 200 1803
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5.4. Comparison of Theoretical Predictions with Observations of Lunar Wake ESWs

In this section, we apply the numerical results of the Lunar wake model to explain the
electrostatic wave observed during the first ARTEMIS Lunar wake flyby on 13 February
2010 [203]. For the Lunar wake plasma parameters considered during wave bursts WB1
and WB2/WB3, our Lunar wake model supports the simultaneous existence of slow and
fast ion-acoustic and electron-acoustic solitons. Consolidating the properties of slow and
fast ion-acoustic solitons and electron-acoustic solitons (for both Run 1 and Run 2 (WB1 and
WB2/WB3) in Tables 1 and 2), we obtain, soliton velocity∼(30–1300) km s−1, soliton width
∼(100–8000) m, electric field amplitude ∼(0.0003–17) mV m−1, electric field power spectra
with peaks between ∼(3–1800) Hz corresponding to ∼(0.001–0.56) fpe. We observe that the
numerical estimation of the ESWs frequency agrees well with the observed low frequency
electrostatic waves (∼0.01 fpe) occurring at WB1 and high frequency waves (∼(0.1–0.4) fpe)
at WB1 and WB2/WB3 in the Lunar wake [203]. Furthermore, the numerical values of
velocity, width and electric field are in line with the observed electrostatic waves in the
Lunar wake with phase velocity ∼1000 km s−1, wavelength varying from a few hundred
meters to a couple of thousand meters and electric field amplitudes ∼(5–15) mV m−1.

6. Electrostatic Solitary Waves in the Magnetosheath

The wideband plasma instrument on the Cluster spacecraft have observed bipolar
and tripolar pulses of ∼25–100 µs durations in the dayside magnetosheath region by
Pickett et al. [11,27]. These pulses are identified as solitary potential structures and ap-
peared to be electron phase space holes. These solitary waves in the magnetosheath are
observed at any distance from the bow shock. This distance does not have any dependence
on the time durations and amplitudes of the solitary waves. Additionally, it was found
that both the time durations and the amplitudes of the solitary waves are not dependent
on either the ion velocity or the angle between the ion velocity and the local magnetic field
direction.

Further, observations of the solitary waves were found to be associated with counter-
streaming (parallel and anti-parallel to the magnetic field) electrons with energies at or
below about 100 eV. Thus, based on these results, Pickett et al. [11] concluded that some of
the near-Earth magnetosheath solitary waves, perhaps in the form of electron phase-space
holes, may be generated locally by a two-stream instability involving counterstreaming
electrons often observed when solitary waves are present. However, the possibilities of
solitary waves generated by the lower-hybrid Buneman instability in the presence of an
electron beam, the electron acoustic mode or through processes involving turbulence were
not ruled out.

Ghosh et al. [110] studied the existence domain of electron acoustic solitary waves
in a four-component plasma composed of warm magnetized electrons, warm electron
beam, and energetic multi-ion species with ions hotter than the electrons using Sagdeev
potential method. It was shown that in the magnetosheath, polarity of the solitons depends
on the He2+ ion temperature with respect to protons. An electron acoustic solitary wave
satisfactorily models the observed ESWs in the magnetosheath. The characteristics of
ESWs and field-aligned electrostatic waves near the Earth’s magnetopause and in the
magnetosheath have been investigated by Graham et al. [43] using Cluster spacecraft
data. For similar plasma conditions, the phase speeds of ESWs and electrostatic waves
span approximately 2 orders of magnitude ranging from almost stationary speeds in the
ion frame to speeds comparable to, but smaller than, the electron thermal speed. This is
indicative of multiple instabilities responsible for the observed waves. According to these
authors [43], the generation of ESWs and electrostatic waves is consistent with beam-plasma
instability, the warm bistream instability, and electron-ion instabilities which account for
the range of observed phase speeds and the typical length scales. Holmes et al. [206]
reported the negative potential solitary waves observed by the Magnetospheric MultiScale
(MMS) mission in the magnetosheath. The observed ESW speed and perpendicular size are
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inconsistent with ion phase space holes.The characteristics of these ESWs show an unusual
combination of properties on both ion and electron scales.

6.1. Observations of ESWs in the Magnetosheath

Figure 11 shows the observed electrostatic solitary waves in the magnetosheath by the
Cluster spacecraft (SC3 and SC4) on 26 March 2002 [11]. The Cluster spacecraft crossed
the bow shock around 03:19 UT from the solar wind into the magnetosheath at about
15RE (geomagnetic latitude 13–14◦, and Magnetic Local Time (MLT) 10:30). The plasma
wave spectrum obtained from the Cluster’s Wideband (WBD) Plasma Wave Receiver [207]
is shown in top two panels of Figure 11a. Time in UT is shown on the horizontal axis,
and frequency, in kHz, on the vertical axis with color indicating power spectral density,
in V2m−2Hz−1. An overplotted white line in both the panels show the electron plasma
frequency obtained from the Whisper sounder [208]. The broadband plasma waves up to
and greater than the electron plasma frequency are observed in the magnetosheath on both
the spacecraft.

Figure 11b shows a 4 ms line plot of the waveforms beginning at 03:26:22.181 UT
obtained by WBD on SC4 during the 35-min interval (Figure 11a, bottom panel). In
Figure 11b, the horizontal axis has increasing time, in seconds from 03:26:22.181 UT, and
electric field amplitude, in mV/m, is plotted on the vertical axis. Red dashed line (with
the scale shown on the right vertical axis) show the total angle of the electric field antenna
used by WBD to the local magnetic field. During the time interval in Figure 11b, it is seen
that the antenna was nearly aligned with the magnetic field direction. The short duration
bipolar pulses are present throughout the 4 ms interval and most of the solitary waves have
positive pulse first followed by negative pulse. A few of the waves also have the negative
pulse first. The time durations of a few tens to a few hundreds of µs and peak-to-peak
amplitudes of several hundredths to a few tenths of mV/m are observed for these solitary
waves.

It is interesting to note that the broadband waves in the frequency range of 1–50 kHz
are observed in Figure 11a with intensity decreasing with increasing frequencies and largest
intensity observed at lower cutoff. The broadband waves are the results of the fact that the
pulses observed in the waveforms in Figure 11b contain all frequencies. When these pulses
are transformed to the frequency domain via Fast Fourier Transform, the signal looks
similar to observed broadband waves. Therefore, the broadband waves seen in Figure 11a
throughout the magnetosheath interval (∼03:20-03:50 UT) indicate continuous presence
of solitary waves after crossing the bow shock. Further analysis of the data from various
instruments on SC4 spacecraft covering the same time period as observations shown in
Figure 11 established the presence of counterstreaming electron beams at energies primarily
at or below 100 eVs [11] and the ion fluxes covering a very broad energy range from about
10 eV up to 10 keV.

6.2. Theoretical Model for Electrostatic Solitary Structures Observed in the Earth’s
Magnetosheath Region

The magnetosheath plasma is modelled by an infinite, collisionless and magnetized
plasma system consisting of four components, namely, core electrons (N0

ce, Tce, Vce), an
electron beam propagating parallel to the magnetic field (N0

pe, Tpe, Vpe), and electron beam
propagating anti-parallel to the magnetic field (N0

ae, Tae, Vae) and ions (N0
i , Ti, Vi), where

N0
j , Tj, Vj represents the density, temperature and beam velocity ( along the direction of

wave propagation) of the species j, and j = ce, pe, ae and i for the core electrons, parallel
propagating beam electrons, anti-parallel propagating beam electrons, and the ions, re-
spectively. All the species are considered as mobile and the nonlinear electrostatic waves
propagating parallel to the magnetic field. For this case, the Sagdeev pseudo-potential as
given by Equation (11) is simplified to
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In Equation (17), n0
j = N0

j /N0; N0 = N0
ce + N0

pe + N0
ae = N0

i such that n0
ce + n0

pe + n0
ae =

n0
i = 1, and the temperatures and velocities of the species are normalized with respect to

the core electron temperature and ion acoustic speed Cs = (Tce/mp)1/2, respectively.
Sagdeev potential S(φ, M) and its first derivative with respect to φ, i.e., dS(φ, M)/dφ

vanish at φ =0. Further, the condition d2S(φ, M)/dφ2 < 0 at φ = 0 is satisfied provided M
> M0, where M0 satisfies the equation

n0
ce[

(M0−vce0)2

µpe
− 3
] + n0

pe[
(M0−vpe0)2

µpe
− 3σpe

] +
n0

ae[
(M0−vae0)2

µpe
− 3σae

] + n0
i

[(M0 − vi0)2 − 3σi]
= 0 (18)

Equation (18) yields 6 roots but all the roots may not be physical. Here, we consider
the real positive roots for M0, or the critical Mach numbers. In general, three critical positive
Mach numbers corresponding to an ion-acoustic and two (slow and fast) electron-acoustic
beam modes are obtained from the numerical solution of Equation (18). However, any
one, two or all the three modes can satisfy the soliton conditions for a given set of plasma
parameters.

The magnetosheath electron parameters are given in Table 3. Additionally, we consider
proton thermal energy ∼100 eV and neglect small core electron velocity. Sagdeev potential
analysis shows electron acoustic solitons and double layers for only one critical Mach
number, M0, obtained from Equation (18). We have analysed a total of eight events in the
magnetosheath and range of Mach numbers for which electron-acoustic solitons/double
layers exists, i.e., M0 < M ≤ MDL, are given in Table 4.
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Table 3. Electron properties during observations of magnetosheath solitary waves by Cluster on 26 March 2006 (see Section 8
for description of variables). Reprinted from Lakhina et al., J. Geophys. 114, A09212, 2009. Copyright 2009 John Wiley and
Sons [113].

Event Time N0
ce Tce Vce N0

pe Tpe Vpe N0
ae Tae Vae

hh:mm:ss cm−3 eV km s−1 cm−3 eV km s−1 cm−3 eV km s−1

1 03:26:00.72 6.66 45.83 11 3.00 20.69 3825 2.23 14.19 −4013
2 03:26:12.72 6.39 47.98 −50 2.74 20.68 3790 2.17 14.80 −4236
3 03:26:16.74 6.71 48.72 −6 2.82 21.98 3998 2.33 15.10 −4173
4 03:26:24.72 6.40 47.29 42 2.88 22.69 3962 1.90 12.75 −4044
5 03:26:32.70 6.37 51.40 −70 2.63 23.76 4064 1.98 15.37 −4383
6 03:26:40.68 6.21 52.74 21 2.52 22.38 3975 1.93 15.65 −4205
7 03:26:48.72 6.46 53.64 50 2.58 24.49 4268 1.92 16.12 −4294
8 03:26:52.68 6.56 54.04 −42 2.41 23.15 4097 1.92 16.49 −4529

Table 4. Properties of electron acoustic solitons and double layers. The highest value of the range
under columns 2 to 4 is for the double layer for each event, except for event 8 where the double layer
solution does not exist. Reprinted from Lakhina et al., J. Geophys. 114, A09212, 2009. Copyright 2009
John Wiley and Sons [113].

Event Range of Allowed Soliton Pulse Electric Field
Soliton Velocity Width Duration

V (km s−1) W (km) τ (µ s) E (mv/m)

1 6125–6127 2.5–2.9 408–473 0.2–1.4
2 6174–6185 0.8–1.7 133–278 1.3–6.5
3 6378–6389 0.9–2.1 135–330 1.3–8.6
4 6319–6321 1.7–2.9 272–463 0.4–1.6
5 6565–6590 1.5–1.7 230–261 0.1–13.2
6 6486–6513 1.1–2 166–319 0.2–14.9
7 6770–6800 1.4– 1.9 206–276 0.2–15.6
8 6667–6740 0.6–1.2 90–179 0.1–35

We have numerically solved Equation (17) for the Sagdeev potential, S(φ, M), as a
function of φ for various values of Mach numbers above the critical values obtained from
Equation (18). Here, we show the results for event 4 only which correspond to the time
03:26:24.72 UT.

In Figure 12, it is seen that the electron-acoustic solitons have positive potentials for
the plasma parameters of event 4. The maximum electrostatic potential φ0 increases with
the increase of the Mach number, M, as can be seen from curves 1, 2, 3 and 4 of Figure 12.
The soliton solution does not exist for curve 5. Hence, there is an upper value for M, say
Mmax, above which soliton solutions do not exist. Here, Mmax = MDL as the double layer
condition given by Equation (12) is satisfied (cf. curve 4).

In Figure 13, potential profiles, φ, of the electron-acoustic solitons for different values
of Mach numbers M (noted on the curves) are shown for the plasma parameters of event
4. It is obvious from the curves that the amplitude and the width of the electron-acoustic
solitons increase with the increase of M.

Figure 14 shows the electric field profiles of electron-acoustic solitons (panels a) and
double layers (panels b) corresponding to the plasma parameters of event 4. It is clear that
electric field profile (panel a) has a bipolar structure for the electron-acoustic solitons and
monopolar structure for the double layers (Panel b).

6.3. Comparison with the Magnetosheath Observations

The theoretical model developed for the magnetosheath plasma parameters allows the
existence of solitons and double layers in a magnetised plasma, but it is valid for parallel
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propagating waves only. We have analysed eight events and found electron acoustic
solitons for all the events whereas double layers are found for events 1–7 listed in Table 3.
The properties of electron-acoustic solitons and double layers in terms of unnormalized
quantities, like, their velocities, V, width, W, time duration, τ = W/V, and magnitude of
the electric field are summarised in Table 4. Note that the electron-acoustic solitons can
exist over a range of V, W, τ and E. On the other hand, the double layers have only one
value of these parameters (the highest value of the range under columns 2 to 5) for each
event, e.g., the double layer velocity is the highest value of V mentioned under column 2
except for event 8 where double layers do not exist.
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Figure 11. A sample of electrostatic solitary waves in the magnetosheath observed by two of the
four Cluster spacecrafts (SC3 and SC4) on 26 March 2002. (a) WBD spectrogram of plasma waves
observed by SC3 (top panel) and SC4 (bottom panel) as they crossed into the magnetosheath at about
03:19 UT. Broadband waves up to and greater than the electron plasma frequency (white line) are
observed in the magnetosheath on both spacecraft. (b) A 4 ms portion of the waveforms from which
the spectrograms in (a) were produced. Note the short duration bipolar pulses seen throughout the
4 ms interval. These bipolar pulses are the primary reason for the broadbands seen in (a). Taken
from Pickett et al., Nonlinear Proc. Geoph. 12, 181–193, 2005. Copyright 2005 European Geosciences
Union [11].
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Figure 12. Variation of Sagdeev potential S(φ, M) versus the electrostatic potential φ of the electron-
acoustic solitons for the plasma parameters for event 4, and for the Mach number M = 64.55, 64.56,
64.561, 64.56112 and 64.5615 for curves 1, 2, 3, 4 and 5, respectively. Reprinted from Lakhina et al., J.
Geophys. 114, A09212, 2009. Copyright 2009 John Wiley and Sons [113].

_ _ _

Figure 13. Potential φ profiles for the electron-acoustic solitons for the plasma parameters of event 4,
and for the Mach numbers M = 64.55, 64.56 and 64.561. Reprinted from Lakhina et al., J. Geophys.
114, A09212, 2009. Copyright 2009 John Wiley and Sons [113].
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Figure 14. (a) Electric field E profile for the electron-acoustic solitons for the plasma parameters of
event 4, and for the Mach number M = 64.55. The E profile has a bipolar structure. (b) Potential φ

and electric field E profiles for the electron-acoustic double layer for the plasma parameters of event
4, and for the Mach number M = 64.561115. The E profile has a monopolar structure. Reprinted from
Lakhina et al., J. Geophys. 114, A09212, 2009. Copyright 2009 John Wiley and Sons [113].

The bipolar solitary pulses observed in the magnetosheath have time durations of
∼80 µs to above 150 µs and maximum electric field ∼0.3 mV/m as seen from Figure 11b.
The theoretical model developed here predicts the time duration and electric field am-
plitude of the electron-acoustic solitons/double layers in the range of (90–473) µs and
(0.1–35) mV/m, respectively (cf. column 4 and 5 of Table 4). Thus, the predicted time
duration and lower range of electric field amplitudes of the electron-acoustic solitons are
in excellent agreement with the observations of the electrostatic pulses. Further, a similar
pattern between predicted (cf column 4, Table 4) and observed (Figure 11b) pulse time
duration is noticed in event 1 to 8. For example, in Figure 11b, the bipolar pulses seem to
start off with higher time durations, becoming shorter and then the cycle repeating as the
time progresses.

It is evident from Figure 11b, that though bipolar pulses occur frequently, there are
no clear-cut signature of monopolar pulses during the interval of this figure, albeit in
the beginning of the interval around 0.0001 s and around 0.0025 s. Further, some of the
bipolar pulses are asymmetric with the negative E amplitude larger than the positive E
amplitude. The asymmetry in the amplitude of the bipolar pulses may be attributed to the
superposition of an electron-acoustic soliton (symmetric bipolar pulse) and a double layer
(negative amplitude monopolar pulse) propagating at nearly the same speed. Though this
model cannot produce tripolar pulses, it is speculated further that superposition of two
electron-acoustic solitons with a double layer in between may lead to the formation of a
tripolar pulse. The tripolar pulses thus produced will always have a large negative value
in the center with two small positive shoulders.
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In summary, a four-component plasma model consisting of core electrons, two coun-
terstreaming electron beams and one type of ions (protons) can simulate the magnetosheath
observations of electron and ion distributions during or close to the time of solitary wave
observations by Cluster spacecraft on 26 March 2002. The PEACE Electron data for the
interval 03:26:00 to 03:26:53 has been analysed when the ESWs were observed in the mag-
netosheath (see Table 3). Based on the analytical results, it is proposed that the bipolar
electrostatic solitary structures observed in the Earth’s magnetosheath region by Cluster are
due to electron-acoustic solitons and double layers. The predicted electric field amplitudes,
pulse widths and propagation speeds of the solitary structures are in good agreement with
the observations of ESWs.

7. Three Component Model for Ion-Acoustic Solitons in the Earth’s Reconnection Jet

Magnetic reconnection is a fundamental plasma process that is capable of converting
magnetic energy into plasma kinetic energy accompanied by changes in the magnetic topol-
ogy [209–216]. During magnetic reconnection process, two plasmas, which are initially
isolated, become magnetically connected, and the reconnected plasmas are ejected with
high speeds from the reconnection outflow region. Such high-speed plasma outflows are
known as bursty bulk flows or reconnection jets [217–219]. Reconnection jets can play
an important role in plasma heating and acceleration in space plasmas [220–228], in so-
lar flares [229], and in high-energy astrophysical context, e.g., pulsar winds [230], active
galactic nuclei [231] and gamma-ray bursts (GRBs) [232], etc. Reconnection jets in the
Earth’s magnetotail can support a variety of plasma waves and instabilities, like broadband
high-frequency waves [233,234], lower hybrid instability [220,235–238], whistler instabil-
ity [47,220,239,240], and electrostatic solitary waves (ESWs) [47,49,50]. ESWs have also
been observed at the separatrices [43,51,52] and inside magnetic flux ropes [53] associated
with magnetic reconnection. Recently, Liu et al. [50] have analyzed the high-cadence data
from the Magnetospheric Multiscale (MMS) spacecraft, and reported the first observational
evidence of ESWs generation by accelerated cold ion beams inside the reconnection jet.
The reconnection jet region was found to have two counterstreaming ion (proton) beams
and hot electrons. At the time of ESWs occurrence, neither strong currents nor the hot ions
(with temperature of ∼10 keV or so which are usually present in the magnetotail) were
observed. Since the observed temperatures of beam ions are smaller than that of electrons,
the ion-acoustic modes can exist in this system.

7.1. Observations of ESWs in the Earth’s Magnetotail Reconnection Jet Region

Figure 15 gives an overview of MMS1 observations during the reconnection jet front
(JF) crossing [50]. The data are presented in NML coordinates, which are derived from the
minimum variance analysis of B during the JF crossing. Here N is normal to the JF, L is
approximately parallel to B, and M completes the right-handed NML system [50]. The jet
front/dipolarization front is associated with rapid increase in the near parallel magnetic
field component, BL (Figure 15a), decline in electron density (Figure 15b) and intense
electric fields (Figure 15c,d). The perpendicular electric field components EN and EM are
shown in Figure 15c, and the near parallel electric field component, EL, having bipolar
structure corresponding to ESWs, is shown in Figure 15d. The perpendicular components
of the intense electric field are predominant and have a spiky aspect owing to the ripples
generated by density gradient driven lower hybrid drift instability. Figure 15e shows
the ion velocity, and the JF crossing is associated with sharp changes in the electron and
ion distributions. Figure 15f depicts the electron 1-D reduced distribution function in
terms of electron phase space velocity in the parallel direction to B (V‖). Across the JF
electrons are rarer and hotter and have no field aligned beams. Figure 15g shows the ion
1-D reduced distribution in terms of ion phase space velocity in the near parallel direction
to B (VL). The ion distribution function transforms from nearly flattop to counterstreaming
distribution. The abrupt changes are clearly seen from the ion (Figure 15h) and electron
energy spectrogram (Figure 15i). The electrons get heated and accelerated inside the flux
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pileup region (Figure 15i). The localized intense short duration parallel electric fields
(E‖ ∼EL) (seen in Figure 15d) are interpreted as ESWs as they have an asymmetric bipolar
profile and broadband power spectrogram (not depicted). No signature of an electron
beam (Figure 15f) was found to be associated with the ESWs signifying that electron beam
instability does not play a role in the generation of ESWs. However, two counter streaming
cold ion beams (Figure 15g) are found in the field aligned direction indicating that the
ESWs are generated by ion beams. No evidence for the presence of hot plasma sheet ions
with temperature of ∼10 keV was found in the reconnection jet [50].

Figure 15. An overview of MMS1 observations during JF crossing: (a) magnetic field, (b) electron
density, (c) perpendicular electric field components (EM and EN), (d) parallel electric field component
(EL ∼ E‖), (e) ion velocity, (f) electron phase space velocity in the parallel direction. However,
there is a large uncertainty in the measurements of low energy <100 eV electrons, and they are
excluded, (g) ion phase space velocity in the near parallel direction (VL), (h) ion energy spectrum, and
(i) electron energy spectrum. Reprinted from Liu et al., “Ion–beam driven intense electrostatic solitary
waves in reconnection jet”, Geophys. Res. Lett., 46 [2019]. Copyright 2019 John Wiley and Sons [50].

Liu et al. [50] used timing analysis on the ESWs observed by all four MMS spacecraft,
and calculated the velocity of ESWs to be VESW = 820 × [−0.06, 0.60, 0.79] km s−1, which
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was comparable to the local ion thermal speed and antiparallel to the local magnetic field,
B. The ESWs were found to be positive potential structures (or electron holes), their
electric field amplitudes varying from roughly a few mV m−1 up to 30 mV m−1, and their
length scale (W) were ∼9.5 λde. From the ion 2-D reduced velocity distributions at the
time of ESWs, Liu et al. [50] deduced the ion parameters as: density of proton beam 1,
N0

1 = 0.026 cm−3, temperature of proton beam 1, T1 = 300 eV, streaming speed of proton
beam 1 anti-parallel to B, V1 = −900 km s−1, density of proton beam 2, N0

2 = 0.009 cm−3,
temperature of proton beam 2, T2 = 200 eV, streaming speed of proton beam 2 parallel to B,
V2 = 950 km s−1. The electron temperature deduced from Figure 15i is Te = 2.86 keV. The
electron density, as deduced from the charge neutrality condition, is N0

e = N0
1 + N0

2 = N0 =
0.035 cm−3. However, this value of electron density is about half of the average Ne observed
at the time of ESWs (see Figure 15b). This indicates a possibility of some undetected ion
density, e.g., background protons or oxygen ion beams as assumed by Liu et al. [50].
Further, Liu et al. [50] performed a linear analysis of the system with above parameters,
and it was found that the system is unstable to ion beam instability. However, the phase
velocities of the unstable waves were one fourth of the observed speed of the ESWs, VESW .
Including counterstreaming oxygen ion beams in the analysis produced the wave phase
velocities more closer to the observed VESW . However, it should be mentioned that oxygen
ion beams were not actually detected in the reconnection jet at the time of ESWs occurrence.

7.2. Theoretical Model

For this special case, the reconnection jet plasma is modeled by an infinite, collisionless
and magnetized plasma system consisting of three components, namely, hot Maxwellian
electrons with density, N0

e , and temperature, Te, and two fluid proton beams with densities
N0

1 and N0
2 , temperatures T1 and T2, and beam speeds parallel to the ambient magnetic

field, B = B x, as V1 and V2, respectively. Subscripts 1 and 2 refer to the parameter of proton
beam 1 and proton beam 2, respectively. To maintain charge neutrality in the equilibrium
state, we take N0

e = N0
1 + N0

2 . As before, we consider the electrostatic waves propagating
parallel to the magnetic field B. For such a case, the Sagdeev pseudopotential, S(φ, M), as
given by Equation (11) simplifies to [182,183,192,193,241]

S(φ, M) = [1− exp φ] +
n0

1
6
√

3σ1

{(
M− v10 +

√
3σ1

)3
−
[(

M− v10 +
√

3σ1

)2
− 2φ

]3/2

−
(

M− v10 −
√

3σ1

)3
+

[(
M− v10 −

√
3σ1

)2
− 2φ

]3/2
}

+
n0

2
6
√

3σ2

{(
M− v20 +

√
3σ2

)3
−
[(

M− v20 +
√

3σ2

)2
− 2φ

]3/2

−
(

M− v20 −
√

3σ2

)3
+

[(
M− v20 −

√
3σ2

)2
− 2φ

]3/2
}

(19)

We define F(M) = d2S(φ, M)/dφ2 at φ = 0, then we get

F(M) =
n0

1
[(M− v10)2 − 3σ1]

+
n0

2
[(M− v20)2 − 3σ2]

− 1 (20)

The soliton condition demands that F(M) < 0 must be satisfied. The critical Mach
numbers, M0, are the solution of the equation F(M0) = 0, which can be solved numerically,
and yields four roots.
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Numerical Results

We use the normalized parameter data set based on the observed plasma parameters
in the reconnection jet [50] for the numerical computation of the critical Mach numbers, and
the profiles of Sagdeev pseudopotential S(φ, M), electric potential φ, and electric field E.

Figure 16 shows the variation of F(M) versus M for the normalized parameters of the
reconnection jet: n0

1 = 0.74, n0
2 = 0.26, σ1 = 0.11, σ2 = 0.07, v10 = −1.72 and v20 =1.82. The

critical Mach numbers occur at the places where the F(M) curve cuts the M axis. There are
four real roots, R1, R2, R3, and R4 as marked on Figure 16. Critical Mach numbers occurring
at R1 and R4 are M0 = 2.51 and −2.76, respectively, and they represent the fast ion-acoustic
modes propagating parallel and anti-parallel to B, respectively. It is seen that for M > |M0|,
the F(M) curves go below the M-axis, i.e., F(M) < 0, thus these are the regular ion-acoustic
solitons. The critical Mach numbers associated with R2 and R3 are M0 = 1.115 and −0.67,
respectively, and they correspond to the slow ion-acoustic modes propagating parallel and
anti-parallel to B, respectively. In this case, F(M) < 0 when M < |M0|. Thus, the slow
ion-acoustic solitons belong to the new class of ion-acoustic solitons that can exist below
the critical Mach number [193,242].

Figure 16. Variation of F(M), the second derivative of the Sagdeev pseudopotential S(φ, M) at
φ = 0, versus the Mach number M for the normalized reconnection jet plasma parameters: n0

1 = 0.74,
n0

2 = 0.26, σ1 = 0.11, σ2 = 0.07, v10 = −1.72 and v20 = 1.82. There are four real roots (R1, R2, R3
and R4) giving critical Mach numbers for two fast ion-acoustic (R1 and R4) modes, and two slow
ion-acoustic (R2 and R3) modes. Reprinted from Lakhina et al., Adv. Space Res, 67, 2021. Copyright
2021 Elsevier [241].

The profiles of Sagdeev pseudopotential, S(φ, M), for the fast and slow ion-acoustic
solitons associated with roots R1 to R4 for the reconnection jet plasma parameters are
shown in Figure 17. Panel (a) of Figure 17 shows the properties of fast ion-acoustic solitons
(R1) propagating parallel to B. It illustrates that the fast ion-acoustic solitons (R1) have
positive potentials. The maximum electrostatic potential φ increases with the increase of
the Mach number, M, as seen from curves 1, 2, and 3. For curve 4, the soliton solution
does not exist. This implies that there is an upper value for M, say Mmax, above which
soliton solutions do not exist. Panel (b) of Figure 17 illustrates the properties of slow
ion-acoustic solitons (R2) propagating parallel to B. It is seen that the slow ion-acoustic
solitons have positive potentials, and the maximum electrostatic potential φ increases
with the decrease of the Mach number, M, as seen from curves 1, 2, and 3. For curve
4, the soliton solution does not exist. Hence there is a minimum value for M, say Mmin,
below which soliton solutions do not exist. These solitons belong to the new class of slow
ion-acoustic solitons that can exist below the critical Mach number, M0 [193]. Panel (c) of
Figure 17 shows that slow ion-acoustic solitons (R3) propagating anti-parallel to B have
positive potentials, and the maximum electrostatic potential φ increases with the decrease
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of the Mach number, M, as seen from curves 1, 2, and 3. Panel (d) in Figure 17 shows
that fast ion-acoustic solitons (R4) propagating anti-parallel to B have positive potentials.
The maximum electrostatic potential φ increases with the increase of the Mach number,
M, as seen from curves 1, 2, and 3. The soliton solution does not exist for M = Mmax =
−2.9 corresponding to curve 4. Further, all ion-acoustic solitons (R1–R4) have symmetric
positive potential profiles, and the electric fields associate with them have bipolar structures
(not shown, see Lakhina et al. [241]).

Figure 17. Variation of Sagdeev pseudopotential S(φ, M) for the fast and slow ion-acoustic solitons
associated with roots R1 to R4 versus the electrostatic potential, φ, for for the reconnection jet plasma
parameters given in Figure 16. Panel (a) shows fast ion-acoustic solitons (R1) propagating parallel
to B for Mach number M = 2.55, 2.57, 2.59, and 2.595 for curves 1, 2, 3 and 4, respectively. Curve
4 shows that solitons do not exist for M ≥ 2.595. Panel (b) shows slow ion-acoustic solitons (R2)
propagating parallel to B for Mach number M = 1.09, 1.07, 1.05 and 1.03 for curves 1, 2, 3 and 4,
respectively. Curve 4 shows that solitons do not exist for M ≤ 1.03. Panel (c) shows slow ion-acoustic
solitons (R3) propagating anti-parallel to B for Mach number M = −0.59, −0.55, −0.53, and −0.52 for
curves 1, 2, 3 and 4, respectively. Curve 4 shows that solitons do not exist for M = −0.52 or below
it. Panel (d) shows fast ion-acoustic solitons (R4) propagating anti-parallel to B for Mach number
M = −2.8, −2.85, −2.89, and −2.9 for curves 1, 2, 3 and 4, respectively. Curve 4 shows that solitons
do not exist for M = −2.9 and above it. Reprinted from Lakhina et al., Adv. Space Res, 67, 2021.
Copyright 2021 Elsevier [241].

7.3. Predictions of the Model

Table 5 lists the properties of the ion-acoustic solitons, associated with roots R1 to R4,
in terms of unnormalized quantities, such as their velocities, V, width, W, electric field,
E, and electric potential, φ, for the reconnection jet plasma parameters. Here the soliton
width, W, is defined as the full width at half maximum. Columns 1 and 2 describe the root
and the mode associated with it, respectively. Column 3 gives the Mach number associated
with curves 1, 2 and 3 of the respective figure, columns 4–7 show the soliton velocity, V
in km s−1, width W in km, electric field, E in mV m−1 and electric potential, Φ in volts,
respectively. Further, for the parameters of reconnection jet plasma, we get the ion-acoustic
speed, Cs = 523 km s−1, and Debye length, λde = 2.12 km.

From Table 5, we see that all fast and slow ion-acoustic solitons have positive potentials
and the electric fields are in the range of E = (3–68) mV m−1, which are in agreement with
the polarity and the electric fields of ESWs observed in the reconnection jet. The fast ion-
acoustic solitons (R1) and slow ion-acoustic solitons (R2) propagate parallel to B. The fast
ion-acoustic (R1) solitons have velocities, electric fields, potentials and widths in range of
(1334–1355) km s−1, (5–17) mV m−1, (70–138) V, and (9–16) km, respectively. The slow ion-
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acoustic (R2) solitons have V, E, Φ and W in the range of (550–570) km s−1, (3–13) mV m−1,
(50–125) V, and (12–22) km, respectively. The electric fields, potentials and widths of both
fast (R1) and slow (R2) ion-acoustic solitons match with the observed values of ESWs,
while the velocities of slow ion-acoustic (R2) solitons are in good agreement with those
of the ESWs, the velocities of the fast ion-acoustic (R1) are on the higher side. However,
both slow (R2)and fast (R1) propagates parallel to the magnetic field while the ESWs are
observed to propagate anti-parallel to B.

Table 5. Properties of ion-acoustic solitons corresponding to the reconnection jet parameters
(Liu et al., 2019): density of proton beam 1, N0

1 = 0.026 cm−3, temperature of proton beam 1,
T1 = 300 eV, streaming speed of proton beam 1, V1 = −900 km s−1, density of proton beam 2,
N0

2 = 0.009 cm−3, temperature of proton beam 2, T2 = 200 eV, streaming speed of proton beam 2,
V2 = 950 km s−1, electron density, N0

e = 0.035 cm−3, and electron temperature, Te = 2.86 keV. Then,
the ion-acoustic speed is Cs = 523 km s−1, and Debye length is λde = 2.12 km. Here, V is the phase
velocity, W is the width, E is the electric field, and Φ is the electrostatic potential of the solitons.
Reprinted from Lakhina et al., Adv. Space Res, 67, 2021. Copyright 2021 Elsevier [241].

Roots Mode Mach V (km/s) W (km) E (mV/m) Φ (V)
Number

R1 Fast ion- 2.55 1334 16 5 70
acoustic 2.57 1344 12 11 107

parallel to B 2.59 1355 9 17 138

R2 Slow ion- 1.09 570 22 3 50
acoustic 1.07 559 16 7 89

parallel to B 1.05 550 12 13 125

R3 Slow ion- −0.59 −308 15 29 332
acoustic anti- −0.55 −287 11 54 475
parallel to B −0.53 −277 9 68 538

R4 Fast ion- −2.8 −1465 21 11 175
acoustic anti- −2.85 −1491 13 37 367
parallel to B −2.89 −1512 9 64 500

From Table 5, we notice that the slow ion-acoustic solitons (R3) and fast ion-acoustic
solitons (R4) propagate anti-parallel to B, in agreement with the propagation direction
of observed ESWs in the reconnection jet. The slow ion-acoustic (R3) solitons have ve-
locities, electric fields, potentials and widths in the range of (−277 to −308) km s−1,
(29–68) mV m−1, (330–539) V, and (9–15) km, respectively. The fast ion-acoustic (R4) soli-
tons have V, E, Φ and W in the range of (−1465 to −1512) km s−1, (11–64) mV m−1,
(175–500) V, and (9–21) km, respectively.

The electric fields and width for both fast (R4) and slow (R3) ion-acoustic solitons
more or less match with the observed values of ESWs, but the speeds are higher for the
former, and slower for the latter solitons than the observed speed. The electric potentials of
the fast (R4) ion-acoustic solitons contain the observed potential of ESWs, but the potentials
of the slow (R3) ion-acoustic solitons are on the higher side of the observed potentials.

7.4. Comparison of Theoretical Predictions with Observations of Reconnection Jet ESWs

As stated above, the observed properties of reconnection jet ESWs [50] are: bipolar
electric fields, E∼(5–30) mV m−1, positive potentials Φ∼ (50–200) V, velocity anti-parallel to
B = −820 × 0.79 ≈ −650 km s−1, widths, W = 9.5 λde = 20 km. As stated earlier, the electric
fields associate with all ion-acoustic solitons have bipolar structures. From Table 5 it is
noticed that all (R1 to R4) ion-acoustic solitons have electric fields in the range of E∼(3–68)
mV m−1, and widths W∼(9–22) km, which are in good agreement with the observations.
The potentials associated with fast (R1) and slow (R2) ion-acoustic solitons are in the range
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of Φ∼(50–138) V, which is also in good agreement with the observed ESWs potentials.
However, both fast (R1) and slow (R2) ion-acoustic solitons propagate parallel to B with
speeds in the range of ∼(1334–1355) km s−1 and ∼(550–570) km s−1, respectively. This
does not agree with the propagation direction of ESWs being anti-parallel to B, though the
speed of slow (R2) ion-acoustic soliton seems to be in fair agreement with the magnitude
of ESWs speed.

The potentials associated with fast (R4) and slow (R3) ion-acoustic solitons are in the
range of Φ∼(175–538) V, which are on the higher side of the observed ESWs potentials.
However, both fast (R4) and slow (R3) ion-acoustic solitons propagate anti-parallel to B
with speeds in the range of ∼(−1465 to −1512) km s−1 and ∼(−277 to −308) km s−1,
respectively. This does agree with the anti-parallel to B propagation direction of observed
ESWs, though the speeds of fast (R4) ion-acoustic soliton are higher and that of the slow
(R3) ion-acoustic solitons are smaller by a factor of 2 than the observed ESWs speeds.

We can speculate several reasons for the speed mismatch. Firstly, the speed mismatch
can result from uncertainty in the method used by Liu et al. [50], to obtain the observed
wave speed. In their observations, the waveforms captured by different satellites are not
exactly the same, possibly leading to some uncertainty in the timing result. Secondly, the
ion beams observed during the ESW wave period might not be the original beam which
generated the waves. Thirdly, the speed mismatch may be due to the missing ion species,
for example due to either missing oxygen ion beams as discussed by Liu at al. [50] while
doing the linear stability analysis or the missing background protons [241]. We would like
to emphasize that including either the oxygen ions or background protons in the system
would yield 6 solutions, R1 to R4 (as discussed here, but with different Mach number
values) and two new solutions R5 and R6. Liu et al. [50] found that introducing oxygen
ions gives a better match between the phase speed of the excited mode and the observed
ESW speed. We speculate that one or more of the new solutions R1 to R6 would have Mach
number closer to the observed ESW speed.

We would like to point out that though Liu et al. [50] did not observe ESWs propagat-
ing parallel to B, as predicted by our model, it does not mean that parallel propagating
ESWs do not exist in the reconnection jet. A possible explanation would be that all MMS
spacecraft were behind the generation region of ESWs in the reconnection jet, and could
therefore record only the ESWs propagating anti-parallel to the magnetic field. To sum
up, the ion-acoustic soliton model provides a plausible explanation for the occurrence of
parallel propagating ESWs in the reconnection jet. As the model is general, we speculate
that ion-acoustic solitons could exist in reconnection jets of astrophysical plasmas, even
though in situ measurements of particle distribution functions and electric field are not
available for these regions.

8. Summary and Discussion

We have given first a brief review of the main characteristics of the BEN [2,5,7–13,16,17]
and the ESWs [19–21] observed in various regions of the Earth’s magnetosphere. In spite
of the fact that both BEN and ESWs were observed in the same regions, it took more than a
decade to realize a connection between the two. The reason being the different techniques
used for their study, while BEN emissions were studied by frequency spectrum technique,
the ESWs were studied in the time domain using waveform technique. Matsumoto and
colleagues [22] were the first to establish a connection between the two from the analysis of
the high time resolution waveform observations by the plasma wave instrument on board
the Geotail spacecraft. They illustrated that BEN emission actually consists of a series of
bipolar pulses, and that the FFT of these solitary waveforms or ESWs gives rise to the
broadbandness of the BEN frequency spectra.

Next, we discuss the pros and cons of the two most popular models of ESWs, namely,
BGK Modes/Phase Space Holes and Solitons/Solitary Waves in explaining the ESWs ob-
servations in space. It is followed by the development of fluid models for ion- and electron-
acoustic solitons and double layers in multi-component plasmas containing suprathermal
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electrons having κ-distribution function. To show the versatility of the multi-component
fluid models, the predictions of these models are compared with the observations of ESWs
and electrostatics waves in the solar wind, Lunar wake, magnetosheath and reconnection
jet of the Earth’s magnetosphere. It is shown that the theoretical predictions can explain the
main characteristics of ESWs observed in these space plasmas. Furthermore, the fluid mod-
els discussed here are quite general, and can be applied to many space and astrophysical
situations where several types of ions (or even ion and positron combination) or ion beams,
electron beams and energetic electrons described by either κ-distribution or Maxwellian
distribution function are present.

8.1. Limitations of the Fluid Soliton Models

We would like to point out the limitations of the fluid models discussed here. Firstly,
it should be noted that the solitary wave models discussed here are based on Sagdeev
pseudopotential method. This technique deals with the time stationary solutions of the
fluid equations when the system has reached the equilibrium state, just like the BGK modes
which are the time stationary solutions of the Vlasov–Poisson equations. This means that
if there were any instabilities in the system (due to any free energy source), they have
been already saturated and stabilized. Therefore, the Sagdeev potential technique does not
give any information about the free energy sources. However, under certain conditions,
it does give soliton and double layer solutions, which are the nonlinear eigenmodes of
the system. Secondly, fluid models discussed here neglect the effects of trapped particle
populations. However, the fluid models are justified for scale lengths greater than the
Debye length. Therefore, the fluid models fail to accurately describe the properties of
narrow ESWs having widths of the order of Debye length or less.

The prediction of the nonlinear fluid soliton models based on Sagdeev pseudopo-
tential technique have been confirmed by the one-dimensional fluid simulation of the
ion-acoustic solitons propagating parallel to the magnetic field in electron-ion plasmas with
or without the superthermal electron component [243–245]. Kakad et al. have performed
both fluid and particle-in-cell (PIC) one-dimensional simulations of the ion-acoustic solitary
waves in a plasma. They find that the results from the fluid and PIC simulations are in
close agreement when the initial density perturbation to initiate the simulations is small.
However, when the initial density perturbation is large, there is a discrepancy between the
two models; the fluid simulations tend to overestimate the magnitude, width and speed
of the ion-acoustic solitons as compared to PIC simulations [246,247]. This discrepancy
could be due to absence of trapping in fluid simulations. Recent 1-D PIC simulations of the
head-on collisions of multiple counter-streaming coherent phase space structures, associ-
ated with ion-acoustic solitary waves in plasmas, show that they emerge out from each
other retaining their characteristics, thus following a soliton type behaviour. Interestingly,
while the electrons trapped inside the solitary wave potential are accelerated, the ions are
decelerated during the collisions of phase space structures [248].

To our knowledge, the phase space electron (ion) holes have not been observed in any
space observation of ESWs, rather their presence is often inferred from the observations
of ESWs. This is because of the fact that the phase space holes have been predicted
theoretically as well as seen in simulations [71,75–77,80–85,88,122]. The reason for not
observing the phase space holes in space plasmas may simply be due to the limitation on
the resolution of the instruments measuring particle velocity distribution function. Further,
the phase space holes inherently involve electron trapping, this leads to electron density
depletions in the real space. In a multi-electron component plasma, the electron species
trapped in the phase space hole will show depletion in density whereas the un-trapped
electron species may develop a hump in density in the real space. In a multi-component
plasma, the ion and electron-acoustic soltions can also produce ion or electron density
humps/depletions in the real space. Therefore, it is rather difficult to distinguish between
the phase space hole models or soliton models being responsible for the ESWs observed in
space plasmas.
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8.2. Obliquely Propagating Electrostatic Solitary Waves in Magnetized Plasmas

The fluid models developed here are for the electrostatic waves propagating parallel
to the ambient magnetic field. For the case of obliquely propagating waves, mostly the
weakly nonlinear soliton models exists. We will describe highlights of the models dealing
with obliquely propagating ESWs in magnetized plasmas.

Buti et al. [157] obtained the exact solutions for the obliquely propagating electron-
acoustic solitary waves in a magnetized plasma consisting of fluid electrons and hot
Boltzmann distributed ions. They found electron-acoustic solitons with density humps.
Mace et al. [249] derived the Korteweg–de Vries–Zakharov–Kuznetsov (KdV-ZK) equation
to study the effect of a magnetic field on weakly nonlinear, negative potential electron-
acoustic solitons in a magnetized plasma comprising of cool and hot electrons and fluid
ions. Multi-dimensional nonlinear electron-acoustic waves have been studied by Shukla
et al. [250] in a magnetized plasma composed of stationary ions, magnetized cold electrons,
electron beams, and magnetized hot electrons with non-isothermal vortex-like distribution.
Three-dimensional electron-acoustic solitary waves having strong nonlinearity due to the
trapping of hot electrons were found. Tagare et al. [151] found rarefactive electron–acoustic
solitons in a magnetized plasma consisting of cold electron beam, background plasma
electrons and two temperature ion plasma. Ghosh et al. [110] studied the existence do-
main of fully nonlinear positive amplitude electron acoustic solitons in a four-component
plasma composed of warm magnetized electrons, warm electron beam, and energetic
multi-ion species with ions hotter than the electrons to explain the ESWs observed by
Cluster spacecraft.

Sultana et al. [251] studied arbitrary and small-amplitude electron-acoustic waves in
a two-electron component magnetized, cold plasma by assuming a quasineutrality condi-
tion. Nonlinear electron-acoustic waves have been studied by Javidan and Pakzad [252]
in a three-component magnetized plasma using small-amplitude theory. In a magne-
tized plasma having warm ions and suprathermal electrons, Zakharov–Kuznetsov elec-
trostatic solitons and modified Korteweg–de Vries (mKdV) solitons have been studied by
Adnan et al. [253] and Devanandhan et al. [120]. Nonlinear evolution of electron-acoustic
solitary waves in a magnetized plasma having cold magnetized electron fluid, hot elec-
trons featuring Tsallis distribution, and stationary ions have been studied by Tribeche and
Sabry [254]. In pure electron-ion magnetized plasma, Devanandhan et al. [118] studied
electron-acoustic solitons by considering ions to be much hotter than electrons in a two
component magnetized plasma consisting of fluid cold electrons and hot superthermal
ions. It was shown that the superthermality and electron to ion temperature ratio alters
the existence regime of the solitary waves. Further, an increase in magnetic field enhances
the soliton electric field amplitude and reduces the soliton width and pulse duration. De-
vanandhan et al. [118] applied their results to the solitary waves observed in the Earth’s
bowshock, and showed that theoretical prediction were in fair agreement with the obser-
vations of solitary waves by wind spacecraft observations [58]. Singh et al. [156] studied
obliquely propagating electron acoustic solitary waves in a magnetized plasma system
consisting of nonthermal hot electrons, cold and beam electrons, and ions. Reductive
perturbation method was used to study the nonlinear evolution of these waves through
Korteweg–de Vries–Zakharov–Kuznetsov (KdV-ZK) equation. It was found that the in-
clusion of finite temperature effects reduces the soliton amplitudes and the width of the
solitons increases by an increase in the obliquity of the wave propagation [156].

Earlier studies of obliquely propagating ion-acoustic solitary waves were undertaken
by Lee and Kan [255] and Cairns et al. [256]. Ghosh et al. [106] theoretically obtained
width–amplitude relationship of obliquely propagating rarefactive, large amplitude ion-
acoustic solitary waves in a magnetized plasma, and showed that their predictions very
well matched with the POLAR observations in the auroral region [257]. Ion-acoustic
solitary waves in two-component magnetized plasmas with fluid cool ions and kappa-
electrons have been studied by Sultana et al. [258], and with electrons having Lorentzian
velocity distribution by Kadijani et al. [259]. Rufai et al. [137,140–142] have shown existence
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of ion-acoustic solitons in multi-species magnetized plasmas consisting of Maxwellian
and nonthermal ions. Singh et al. [134] studied the effect of finite ion temperature on
the obliquely propagating ion-acoustic solitary waves in a magnetized plasma having
kappa distributed electrons. It is shown that the presence of warm ions affects the speed,
amplitude, width, and pulse duration of solitons as well as the lower and upper limit
of the Mach numbers. The ion-acoustic soliton amplitude increases with the increase in
superthermality of electrons. However, an increase in the magnetic field reduces the width
of the ion-acoustic solitons and does not affect their amplitudes [134]. They applied their
results to observations of ion acoustic solitary waves in the auroral region of the Earth’s
magnetosphere by Viking satellite [132], and found good agreement between theoretical
predictions and the observations.

8.3. Existence of Multi-Dimensional Solitons and Soliton Stability

As mentioned earlier, the arbitrary amplitude (fully nonlinear) soliton models dis-
cussed here are one dimensional (1D) and valid for the waves propagating parallel to the
ambient magnetic field. For the case of obliquely propagating waves, mostly the weakly
nonlinear soliton models exists. However, here also, the coordinate transformation done to
solve the evolution equation, renders them effectively dependent on one coordinate, i.e.,
1D [118,151].

Two dimensional solitons or dromions which are the solution of the so-called Davey–
Stewartson-I Equation (DS-I) [260], which is a two-dimensional generalization of the
nonlinear Schrödinger Equation (NLSE). The DS-I equations admit dromion solutions
which are generalizations of soliton solutions to two dimensions and exhibit exponential
spatial decay in both directions. A parametric characterization of the regions of existence of
electron-acoustic dromion solutions in the polar cap boundary layer region has been done
by Ghosh et al. [261,262]. Shukla et al. [250] studied multi-dimensional nonlinear electron-
acoustic waves in a magnetized plasma composed of stationary ions, magnetized cold
electrons, electron beams, and magnetized hot electrons with non-isothermal vortex-like
distribution. They predicted the existence of 3D electron-acoustic solitary waves having
strong nonlinearity due to the trapping of hot electrons.

In this review, we have not discussed the stability of of ion- and electron-acoustic soli-
tons to 2D and 3D perturbations. Not much work has been done in this area. Spatschek [263]
studied the stability of 1D ion-acoustic solitons in a low-β plasma, described by a K-dV
equation, and found them to be unstable with respect to perturbations perpendicular
to their motion. Two-dimensional ion-acoustic solitons described by the Kadomtsev–
Petviashvili (KP) Equation [264] are found to be stable against 2D perturbation, but unsta-
ble against 3D perturbation [265]. However, in a low-β plasma, stable three-dimensional
ion-acoustic soliton can exist under certain conditions [266]. Stability analysis of large
amplitude electron-acoustic waves, based on a nonlinear Schrödinger equation, shows
that these waves can become modulationally unstable depending on the angle between
the modulation and propagation directions. It is found that various types of localized
electron-acoustic excitations in the forms of bright and dark/grey envelope solitons can
exist [267–269]. Stability of solitons have been studied in a variety of plasma setting, e.g.,
in space plasmas, fluids, dusty plasmas, electron-positron-ion (e-p-i) plasmas and even
quantum plasmas [270–282]. These references will be useful to the readers interested in
problems of multi-dimensional solitons and their stability.

8.4. Supersolitons in Multi-Component Space Plasmas

Another important topic which we have not touched in this review concerns the exis-
tence of supersolitons in multi-component plasmas. The usual ion- and electron-acoustic
acoustic solitons, as discussed here, cannot exist for Mach numbers greater than that of the
double layer (DL), but the supersolitons can exist beyond the DL Mach number, and hence
the prefix “super” in their name. Dubinov et al. [283,284] were the first to discover ion-
acoustic “supersolitons” in five species plasmas. Later on these authors [285] showed that
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ion-acoustic supersolitons can also exist in a four-component plasma. Maharaj et al. [286]
showed the existence of dust- acoustic supersolitons in a four component dusty plasma.
In a series of papers, Verheest et al. [287–289] have shown that ion- acoustic supersoli-
tons can exist even in plasmas having three charged particle species. In a further study,
Verheest et al. [290] and Lakhina et al. [196] showed that no electrostatic supersolitons
can exist in two-component plasmas. Therefore, it appears that supersoliton can exist
in plasmas having at least three components. Mathematically, supersolitons require that
Sagdeev pseudopotential should have three finite consecutive roots for the potential φ.
The supersolitons are possible only when the third root becomes accessible, i.e., when the
plasma model is able to support three consecutive local extrema of the Sagdeev pseudopo-
tential [285,288]. The electric potential profile of a supersoliton looks quite similar to that
of a regular solitons. However, the electric field profile of a supersoliton looks distinctly
different from that of a soliton, i.e., it has a subsidiary maximum on each side of the usual
bipolar soliton structure [283,285,288]. Kakad et al. [291] have performed the first-ever
numerical simulation of ion-acoustic supersolitons in a three-species plasma with cold
ions and two groups of kappa-distributed electrons. These investigations have given an
impetus to the study of supersolitons to explain some features of the ESWs oberved in space
plasma [137,138,140–142,292,293]. An excellent review of the theoretical advancements and
observations of supersolitons is given by Dubinov and Kolotkov [294].

9. Epilogue

Mälkki et al. [295] did a comparative study of the Viking observations of solitary
waves and double layers with the ion-acoustic soliton theories [126,296,297] and numerical
simulations [187,298]. Their conclusion was that predictions from the numerical simula-
tions of ion phase space holes formed due to current driven instability were more consistent
with the Viking observations rather than the predictions from the ion-acoustic soliton the-
ories. According to Mälkki et al. [295], the main drawback of the soliton theories was
that the predicted speeds of the solitary structures were larger than the observed speeds
of the solitary structures by the Viking, even when oxygen ion beam was present [299].
Miyake et al. [300] performed two-dimensional electrostatic PIC simulations of the electron
two-stream instability in a magnetized auroral plasma consisting of background electrons,
an electron beam and ions to explain the isolated two-dimensional solitary waves observed
by the FAST [15] and Polar [29,37] satellite. When the ion dynamics were neglected, it
was found that an initial electron beam instability first forms solitary potentials isolated in
the parallel direction, and then become coherent in the perpendicular direction forming
one-dimensional structures. Owing to the ion dynamics, however, quasi-perpendicular
lower-hybrid waves are strongly excited through coupling with parallel drifting electron
potentials, and form isolated two-dimensional potential structures. However, over a long
time evolution, they again become coherent in the perpendicular direction and form 1D
structures. Later on, Crumley et al. [301] performed PIC simulations of solitary waves,
utilizing electrostatic codes having a two spatial and three velocity dimension, in a plasma
system having one electron and two ions (hydrogen and oxygen) species. High resolution
data from Polar [40,257] and FAST [302,303] were used as input parameter for these PIC
simulations. Crumley et al. found that initially the ion two-stream instabilities excited ion
acoustic waves, which grew in amplitudes and first trapped H+ and later on O+ to form
ion phase space holes, which eventually nonlinearly transform into ion-acoustic solitary
waves. The speeds of ion-acoustic solitons were greater than the O+ beam speed but less
than the H+ beam speed. The ion-acoustic solitons have scale sizes of ∼10 Debye lengths
both parallel and perpendicular to the magnetic field, and amplitude eΦ

Te
∼ 0.1. The speeds,

scale lengths and amplitudes of the ion-acoustic solitons were found to be consistent with
the ESWs observed by Polar [40,257].

Lu et al. [304] performed 1D electrostatic PIC simulations of ESWs in a multi-component
plasma consisting of three electron species, namely, cold, hot and beam electrons, and
immobile ions providing a neutralizing background. Their simulation results showed that
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initially electron-acoustic waves were excited, grew in amplitude and trapped a part of
hot and beam electrons forming phase-space electron holes. The electron-acoustic waves
coalesced with each other and nonlinearly evolved into solitary structures. These structures
were stable electron acoustic solitions associated with cold electron density cavities. They
had positive potentials, bipolar electric fields, scale sizes of ∼200 cold electron Debye
lengths, and their propagation speeds related to bulk velocity of beam electrons. The
properties of the simulated electron-acoustic solitons seem to be in good agreement with
that of the ESWs observed in the auroral region by Polar and FAST satellites [15,29,32,34,37].
Shukla et al. [250] have investigated the nonlinear evolution of electron-acoustic waves in a
magnetized multi-component plasma consisting of cold electrons, beam electrons and hot
electrons having a vortex-like distribution (i.e., electron phase space holes) and immobile
ions. They derived a modified KdV equation for the evolution of 3D electron-acoustic
solitary waves. The numerical solution of the modified KdV equation showed ESWs having
positive potential with corresponding dip (hump) in cold (hot) electron number density.
Recently, Vasko [56] and Dillard et al. [305] have provided a direct identification of ESWs
observed by Van Allen probe in terms of electron-acoustic solitons and double layers.

In view of the above, it seems that ion- and electron-acoustic solitary wave models
have a slight edge over the phase-space hole models. From the PIC simulations of ion-
and electron-acoustic solitary waves [143,243,246–248,301,304] and theoretical analysis by
Shukla et al. [250], it is clear that formation of ion and electron phase-space holes is an inter-
mediate process to get rid of free energy in the system, and in the final nonlinear evolution
stage, the ion and electron solitary waves are produced. In a multi-component plasma, as
discussed here, one can have slow ion acoustic solitons with either positive and negative po-
tential, fast ion-acoustic solitons with positive potential and electron-acoustic solitons with
positive potential. Fast ion-acoustic solitons also support coexistence of positive and nega-
tive potentials. However, electron-acoustic solitons can also have a negative potential, as
shown in earlier models [13,14,107,108,111,112,132,145,146,151,157–159,189]. Further, the
amplitudes of ion- and electron-acoustic solitons described by Sagdeev pseudo-potential
theory can either increase or decrease with increase of their widths depending upon the
plasma parameters. Therefore, the prevailing objections against the soliton models cannot
be sustained. As stated above, it would be worthwhile to study 2D and 3D ion- and
electron-acoustic solitons in magnetized plasmas to bring the predictions of the soliton
models closer to the ESWs observations in space.
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98. Jovanović, D.; Shukla, P.K.; Morfill, G. Coupling between upper-hybrid waves and electron holes in Earth’s magnetotail. Phys.
Plasmas 2005, 12, 112903. [CrossRef]
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