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Abstract: We study the transverse and longitudinal gluon propagators in the Landau-gauge lattice
QCD with gauge group SU(2) at nonzero quark chemical potential and zero temperature. We show
that both propagators demonstrate substantial dependence on the quark chemical potential. This
observation does not agree with earlier findings by other groups.
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1. Introduction

The properties of nuclear matter at low temperature and high density and the location of the
phase transition to deconfined quark matter are subjects of both experimental and theoretical studies.
It is known that the non-perturbative first principles approach as lattice QCD is inapplicable at large
baryon densities and small temperatures due to the so-called sign problem. This makes important to
study the QCD-like models [1], in particular lattice SU(2) QCD (also called QC,D). The properties
of this theory were studied with the help of various approaches—chiral perturbation theory [1-3],
Nambu-Jona-Lasinio model [4-6], quark-meson-diquark model [7,8], random matrix theory [9,10].
Supported by agreement with high precision lattice results obtained in SU(2) QCD these methods
can be applied to real QCD with higher confidence. Lattice studies were made with staggered
fermions [11-18] for N r = 4 or, more recently, N =2 and Wilson fermions [19-24] for N r = 2 mostly.

The phase structure of Ny = 2 QC,D at large baryon density and T = 0 was studied recently in
Reference [16]. The simulations were carried out at small lattice spacing and the range of large quark
chemical potential was reached without large lattice artifacts. The main result of Reference [16] is the
observation that the string tension ¢ is compatible with zero for y; above 850 MeV. It was also found
that the so called spatial string tension o5 started to decrease at approximately same value of y; and
went to zero at y,; > 2000 MeV.

The gluon propagators are among important quantities, for example, they play crucial role in the
Dyson-Schwinger equations approach and other approaches [25-28].

In this paper we present results of our study of dependence of the gluon propagators and
respective screening masses on }i4, including large i, values range. We also look for signals of the
confinement-deconfinement transition in the propagator behavior.

Landau gauge gluon propagators were extensively studied in the infrared range of momenta by
various methods. We shall note lattice gauge theory, Dyson-Schwinger equations, Gribov-Zwanziger
approach. At the same time the studies in the particular case of nonzero quark chemical potential
are restricted to a few papers only. For the lattice QCD this is explained by the sign problem
mentioned above.
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The gluon propagators in lattice QC,D at zero and nonzero p; were studied for the first time
in [20]. This study was continued in [24,29,30].

The main conclusion of Reference [24] was that the gluon propagators practically do not change
for the range of y,; values studied: p; < 1.1 GeV. The main conclusion of this paper is opposite:
we found substantial influence of the quark chemical potential on the gluon propagators starting
from rather low values (y; ~ 300 MeV) and increasing with increasing ;. Thus results presented in
Reference [24] differ from our results presented in this paper in many respects. The reason for these
rather drastic differences might be that the lattice action and lattice spacing differ from those used in
our study.

2. Lattice Setup

For numerical simulations we used the tree level improved Symanzik gauge action [31] and the
staggered fermion action of the form

_ A - -
Sp= Z‘/’xM(me)x,ylpy + 5 Z (‘/JETZl/Jx + I/JXTZVJI) y 1)
X,y X
with .
1 _
M(p, m)xy = madxy + 5 Z 1v(x) {ux,v5x+hv,yew(sv’4 - u;—hv,v‘SX—hv,ye WMM} , )
v=1

where 1, ¢ are staggered fermion fields, a is the lattice spacing, m is the bare quark mass, and 7, (x)
are the standard staggered phase factors. The quark chemical potential y is introduced into the Dirac
operator (2) through the multiplication of the lattice gauge field components U(x,4) and U (x,4) by
factors e*#?, respectively.

We have to add to the standard staggered fermion action a diquark source term [11]. This term
explicitly violates Uy (1) symmetry and allows to observe diquark condensation on finite lattices,
because this term effectively chooses one vacuum from the family of Uy (1)-symmetric vacua. Typically
one carries out numerical simulations at a few nonzero values of the parameter A and then extrapolates
to A = 0. The lattice configurations we are using were generated at one small value A = 0.00075 which
is much smaller than the quark mass in lattice units.

Integrating out the fermion fields, the partition function for the theory with the action S = S + Sg
can be written in the form

7= / DUe5 - Pf (AATZT A]\é) = / DUe %6 - (det(M'M + A?)) %, (3)
which corresponds to Ny = 4 dynamical fermions in the continuum limit. Note that the pfaffian Pf is
strictly positive, thus one can use Hybrid Monte-Carlo methods to compute the integral. First lattice

studies of the theory with partition function (3) have been carried out in References [12-14]. We study
a theory with the partition function

7= /DUe’SG : (det(M*Mﬁ-)\z))%, (4)

corresponding to Ny = 2 dynamical fermions in the continuum limit.

We carry out our study using 32* lattices for a set of the chemical potentials in the range
apg € (0,0.3). These are the same configurations as were used in Reference [16].

At zero density scale was set using the QCD Sommer scale value ry = 0.468(4) fm [32]. We
found [16] rg/a = 10.6(2). Thus lattice spacing is @ = 0.044(1) fm while the string tension at 1; = 0 is
/00 = 476(5) MeV. The pion is rather heavy with its mass m, = 740(40) MeV. Similar values for
the pion mass were used in Reference [24] as well as in earlier studies. The dependence of the gluon
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propagators on the pion mass in QC,D was not investigated so far. This important issue will be a
subject of our future studies.
We employ the standard definition of the lattice gauge vector potential Ay, [33]:

Z + a Ta
Ax,y = % (uxy uxy) Axy 2’ (5)
where Z is the renormalization factor. The lattice Landau gauge fixing condition is

1 4
EZ Axy_ x— uﬁ,y)zol (6)

which is equivalent to finding an extremum of the gauge functional

Fulw) = gy &5 T U )
with respect to gauge transformations wy, . To fix the Landau gauge we use the simulated annealing (SA)
algorithm with subsequent overrelaxation [34]. To estimate the Gribov copy effect, we employed five
gauge copies of each configuration; however, the difference between the "best-copy" and "worst-copy"
values of each quantity under consideration lies within statistical errors.

The gluon propagator D’% (p) is defined as follows:

Dl(p) = g (A (@) AY(—q)),  where A 7 =at LAY cop (i + BD), @

Va* 2

q; € (—Ns/2,Ns/2], g4 € (—N¢/2,N;/2] and the physical momenta p), are defined by the relations
ap; = 2sin (71q;/Ns), aps = 2sin (71qs/ Ny).

At nonzero i, the O(4) symmetry is broken and there are two tensor structures for the gluon
propagator [35] :

D (p) = 8y (Phu(p)Dr(p) + P (p) Di(p) ) - ©)

In what follows we consider the softest mode ps = 0 and use the notation p = |g| and Dy r(p) =
D1, r(0,|7]). In this case, (symmetric) orthogonal projectors PJJL (p) are defined as follows:

pipj
Py = (9= "), P =0; Ph(»n =15 Ph(p) —o0. (10

Therefore, two scalar propagators - longitudinal Dy (p) and transverse Dr(p) - are given by

1y3 3 aa : 3

72:12‘:113" (P) if P?éo 1 aa

Dr(p) =14 S%5 %5 o : , Dilp) =3 ) Di(p)

§ Ya—1 i Dif(p) if p=0 3 u; 44

Dr(p) is associated with the magnetic sector, Dy (p) — with the electric sector.

3. Gluon Propagators and Screening Masses

We begin with the analysis of the propagators in the infrared domain where their behavior is
conventionally described in terms of the so called screening masses.

3.1. Definition of the Screening Mass

In the studies of the gluon propagators at finite temperatures/densities two definitions of the
gluon screening mass are widely used. The first definition is as follows: chromoelectric(magnetic)
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screening mass is the parameter 777 that appears in the Taylor expansion of the respective (longitudinal
or transverse) propagator at zero momentum (see References [36,37])

D; 1(p) = C(mE pp + p* +0(p%)) - (11)

The second one was proposed by A.Linde [38] for high orders of finite-temperature perturbation
theory to make sense, it has the form

1
2
my = 12
M~ Dr(p=0) (12
Analogous quantity in the chromoelectric sector
1
2
T Di(p=0) =

is often referred to as the chromoelectric screening mass [39]. These masses can be related by the

factor ¢,
2

Mg\ = G - (14)
If ¢ is independent of the thermodynamic parameters, two definitions can be considered as
equivalent (they differ by a constant factor and thermodynamic information is contained only in the
dependence on the parameters). However, this is not always the case. To discriminate between them,
we will label the former mass #ig 51 as the proper screening mass and the latter mg 3 as the Linde
screening mass.
We consider both masses in our study. Similar approach was used in Reference [37].

3.2. Screening Masses in QCyD

We make fits over the extended range of momenta p < peyt = 2.3 GeV, comparatively high
momenta are allowed for because our minimal momentum is as big as p;,;, = 0.88 GeV.
We use the fit function

D (p) = Ce(mE + p* + re p*) (15)

for the chromoelectric sector and

D7'(p) = qm(ids + p* +ra p* +sm p°) (16)

for the chromomagnetic sector. These fit functions and the cutoff momentum p¢,; = 2.3 GeV are
chosen for the following reasons: (i) fit function of the type (15) does not work for the transverse
propagator: goodness-of-fit is not acceptable (typical p-value is of order 10~°); (i) it is unreasonable to
use fit function of the type (16) in the chromoelectric sector because the parameters in this function
are poorly determined, whereas satisfactory goodness-of-fit can be achieved with the 3-parameter fit;
(iii) higher values of p, results in a decrease of goodness-of-fit, whereas lower values result in large
errors in the parameters, however, at < 0.3 GeV in the chromoelectric sector this is not the case and
we choose p¢,t = 1.8 GeV. An important argument for this choice is that the perturbative domain in
the chromoelectric sector at ¢ < 0.3 GeV involves momenta >~ 2 GeV, see below.

We checked stability of the proper chromoelectric screening mass against an exclusion of zero
momentum from our fit domain. At y; < 0.3 GeV this procedure results in an increase of 71 by more
than two standard deviations, whereas at higher y, the value of 7itg changes within statistical errors.

As for the chromomagnetic screening mass, an exclusion of zero momentum results in a dramatic
increase of its uncertainty. Thus the longitudinal propagator considered over the momentum range
0.8 < p < 2.3 GeV does involve an information on the respective screening mass, whereas the
transverse propagator — does not.
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The dependence of both 7i7g and mg on the quark chemical potential is depicted in Figure 1, left
panel. It is seen that at p1; < 0.3 GeV the difference between 1 and m is greater than that at larger
g (pq)

values of pg. At gy > 0.3 GeV the ratio e () 11E(pq) depends only weakly on pi;: the fit of 77E(1i4)
E\Mq
2
to a constant gives 77 = 1.6(1), NX = 0.51 at Ny, f = 9 and the corresponding p—value equals to
do.f

0.87. One can see that 7iig and mg show a qualitatively similar dependence on .
In the left panel of Figure 1 we also show the function

Mg =~ cp + czyé (17)

XZ

do.f

fitted to our values of nig with parameters ¢y = 0.74(3) GeV, c; = 0.57(6) GeV~! and =1.59.
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Figure 1. Chromoelectric (left) and chromomagnetic (right) Linde and proper screening masses as
functions of p4. The Linde mass mg is obtained from the propagators normalized at 6 GeV; to compare
its dependence on y,; with that of 11, we show 1.6mg for the chromoelectric mass and 2.1y, for the
chromomagnetic mass.

m
As in the chromoelectric case, the chromomagnetic ratio #7x1(py) = mME;jq; can be fitted to a
Mg
2
constant 7j; = 2.1(1) with NX =2.08 at N, s = 12 and the corresponding p—value equals to 0.015.
do.f

Thus we cannot draw a definite conclusion on the equivalence between chromomagnetic proper and
Linde screening masses see Figure 1, right panel. Moreover, as was mentioned above, discarding
zero momentum we lose substantial part of information on the infrared behavior of the transverse
propagator. For this reason, the proper magnetic screening mass can hardly be reliably extracted from
our data. The dependence of the chromomagnetic Linde screening mass on ji; is shown in greater
detail in Figure 2 together with the chromoelectric Linde screening mass.

Our results on the dependence of Linde screening masses on ji, are in sharp disagreement with the
results of Reference [24]. It was found in Reference [24] that at 2 = 0.138 fm 1) increases by some 20%
when i, increases from 0 to 1.2 GeV and much faster growth was found at 2 = 0.186 fm. In opposite,
we observe a trend to decreasing of the magnetic Linde screening mass with increasing p. The
chromoelectric screening mass in Reference [24] increases with i, at a = 0.186 fm and fluctuates about
a constant on a finer lattice with 2 = 0.138 fm. We find that on our lattices with much smaller lattice
spacing a = 0.044 fm m increases fast and this growth can be described by y% behavior predicted
by the perturbation theory. From the results in Reference [24] it follows that the chromoelectric and
chromomagnetic screening masses come close to each other at all values of j;, whereas we find that
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they coincide only at 1; = 0 and come apart from each other as y, increases. Thus lattices with spacing
a > 0.13 fm used in Reference [24] might be not sufficiently fine for the studies of screening masses.

The reason may stem from the fact that the condition p; << % does not hold at large values of y; on
such coarse lattices. Therewith, to study the gluon propagators in the infrared region one needs large
physical volume. As a compromise between these two requirements we choose L = 322 = 1.4 fm,
having regard to a potential problem of finite volume effects at small momenta. Thus the validity of
our results at larger volumes should be discussed in more detail.
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Q
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Figure 2. Chromoelectric mp and chromomagnetic m); Linde screening masses as functions of .
Horizontal line results from the fit of the data on the Linde mass to a constant over the range 0 < p <
0.75 GeV: it is seen that at higher i, the Linde chromomagnetic screening mass tends to decrease, in
contrast to the results obtained in Reference [24].

In the SU(2) gluodynamics at T = 0 it was shown [34,40,41] that the finite volume effects for the
gluon propagator are substantially reduced when the invariance of the action under Z; nonperiodic
gauge transformations (also referred to as Z, flips) is broken by picking up the flip sector with the
highest gauge fixing functional. It was shown that the finite volume effects practically disappear
already at the minimal nonzero momentum and reduce substantially at zero momentum [34,40,41].

In a theory with fermions Z; symmetry is explicitly broken by the matter field. Then it is natural
to expect that the volume dependence of the gluon propagator is similar to that of gluodynamics with
the improved gauge fixing of References [34,40,41].

Unfortunately, our expectations were not checked so far: volume dependence of the gluon
propagator in theories with fermions have received only little attention, we know only one work on
this problem [42], where close vicinity of pseudocritical temperature was investigated. It was observed
in this work (see the Figures 1 and 2) that the volume dependence for the minimal momentum is small
and is invisible for higher momenta. Still at the moment there is no clear understanding of the volume
dependence of the gluon propagators in the case under consideration (T = 0, y, varies).

In the case of the longitudinal propagator Dy (p), some evidence for the validity of our results at
larger volumes comes from the following reasoning. At sufficiently high density the chromoelectric
screening length determined as the inverse of the chromoelectric mass can be evaluated in perturbation

1 1

me  8(jiq)pig
with increasing ji; the finite volume effects for this propagator should decrease.

theory, [r = . Our results are in agreement with this prediction. Thus we expect that
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At the same time the screening length associated with the transverse propagator Dr(p) is defined
as the inverse of the chromomagnetic screening mass 1i1). Perturbation theory predicts 771y = 0 at
high p, [43]; for this reason we should use nonperturbative estimates of 7. On these grounds we
expect that at sufficiently high y,; (where perturbation theory works) ) goes down, the respective
screening length becomes large, and to study the infrared behavior of Dt (p) large lattices are needed.

However, not only the zero-momentum propagators but also the propagators at nonzero momenta
depend on y,. Both longitudinal and transverse propagators for the first and second minimal nonzero
momenta are shown as functions of 4 in Figure 3. It is known from the gluodynamics studies that the
finite-volume effects decrease fast with increasing momentum. In Reference [41] it was even found,
though on the coarse lattice, that the finite volume effects exist only for zero momentum and disappear
for any nonzero momentum when improved gauge fixing is applied. We expect similar dependence of
the finite volume effects on momentum in QC,D.

[T T T T T T LI 1.8,"'w"'w'"w"'w""x"'w"';
4| %j E ]
s ] 1.6 é ¢ ]
35: ] g ¢ é ]
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Figure 3. Gluon propagators as functions of y; at the minimal and next-to-minimal momenta.

It is seen that y; dependence of the transverse propagator at momenta p ~ 1 GeV, is even more
pronounced than that at p = 0. The longitudinal propagator shows a similar y; dependence both at
zero and minimal nonzero momenta. All these observations support our conclusion on substantial i,
dependence of the gluon propagators in the infrared domain. Moreover, the longitudinal propagator
decreases with increasing ji;, whereas the transverse propagator increases.

4. Perturbative Behavior at High Momenta and Chemical Potentials

At sufficiently high momenta it is natural to expect the RG-modified perturbative behavior of the
gluon propagator at all values of .
In the one loop approximation, the asymptotic behavior of the gluon dressing function J(p) =

D(p)p? has the form
—c/(2b)
In (K—i) ‘
lim = Jpig) = | 5% : (18)
p—ro0;g=const In (%)

¢ and b are the coefficients of the RG functions,

B(g) ~ —bg’,  v(g) ~ —cg? (19)
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and « is the normalization point. In the Landau-gauge SU(N;) theories with N flavors [44] we
arrive at

é - m - % (20)
Thus we fit our data to the function
- 05
In (/’i—i)
Jer(p) = | —5%- (21)

where g = 6 GeV, over the domain p > p.y:. The results are shown in Figure 4.
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Figure 4. Longitudinal (left panel) and transverse (right panel) dressing functions at various values of
pq. Curves are obtained with the fit function (21).

Goodness-of-fit is decreased by the effects of O(3) symmetry breaking, however, we do not
perform a systematic study of these effects assuming that making use of the asymptotic standard error
in the fitting parameter A takes these effects into account.

Each value of the cutoff momentum p.,; is chosen so that (i) smaller values of pcyt result in a
substantial decrease of the respective p-value and (ii) greater values of p.y; give no significant increase
of the respective p-value. Thus we conclude that a domain of high momenta, where the longitudinal
and transverse propagators can be described by the perturbatively motivated fit formula (21), does
exist for each value of p;. In the transverse case, this domain is bounded from below by the cutoff
momentum pc,r = 2.9 GeV irrespective of j,. In the longitudinal case, the cutoff momenta can be
roughly approximated by the formula

peut = 1.8GeV + 1.0y, . (22)

The dependence of the resulting parameters on i, is shown in Figure 5. A and At designate the
parameter A determined from the fit to J;, and Jr, respectively.
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Figure 5. The parameter A from formula (21) for the transverse and longitudinal dressing functions.

Ay gradually decreases with increasing y,;, whereas At remains constant at y; < ys ~ 700 +
800 MeV and shows a linear dependence on yi4,

AT = apg +ag , (23)

at pg > yg. Fit over the range y; > 0.65 GeV gives ap = 0.831(17) GeV and ag = 0.468(18) with
X2/ Nio. 7. = 0.19. Let us note that this sharp change in the behavior of At () occurs at piy = ;43, which
is only a little smaller than the value j§ ~ 850 MeV, where 05 starts to decrease (see Reference [16]).
This value is also close to the chemical potential at which the string tension ¢ vanishes. Therefore, the
high-momentum behavior of Dt changes in the deconfinement phase.

Atpg > yg the scale parameter At depends on the chemical potential and, if formula (23) holds

true in the limit y; — oo, then
2 2
n(5) (0]
Ar) XiHg

2 - 2 ’
In <K%> In ( §02>
AT &y HG

That is, at sufficiently high 4 the scale parameter in the expression for Jr is proportional to the

chemical potential, as it is expected, whereas the scale parameter in the expression for J; depends only
weakly on 4. This controversial situation is very interesting and suggests further investigations.

5. Conclusions

We studied the gluon propagators in Ny = 2 SU(2) QCD at T = 0 in the domain 0 < p4 < 1.4 GeV,
0 < p < 6.5 GeV. It was found that both longitudinal and transverse propagators depend on the
chemical potential both at low and high momenta.

At low momenta, we describe this dependence in terms of the chromoelectric (mg) and
chromomagnetic (1)) screening masses using two definitions: Linde screening masses mg p and
proper screening masses g p. We found a good agreement between the two definitions of the
chromoelectric screening mass at least at y1; > 0.3 GeV. m increases substantially with y; and can be
fitted by the function (17).

The case of the chromomagnetic screening mass is more complicated: we find only a rough
agreement between the two definitions. The Linde mass mj; can be evaluated more precisely; it
depends only weakly on i, and can be fitted well by a constant at y; < 0.8 GeV. At higher 1, one can
see decreasing of m); which agrees with decreasing of 0;. Results for higher values of j,; are needed to
decide whether m ) goes to zero at large 1, as was argued in Reference [43]. In any case, the difference
between m and m); shows a substantial growth with y, starting at 1, ~ 0.3 GeV (see Figure 2).
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It should be emphasized that our findings do not agree with the results of Reference [24], where
it was concluded that (i) m; comes close to m for all y; and (ii) both screening masses depend only
weakly on .

However, since the physical lattice size used in our study is not large, D1 (0) and D7(0) are
potentially subject to finite-volume effects, see discussion between Figures 2 and 3.

At high momenta, we used the perturbatively motivated fit function (21) and described
pq-dependence of the propagators Dt in terms of the scaling parameters At that appear in formulas
like (21) for Dt and Dj.

A1 shows a slow decrease with increasing j;, whereas At =const at y; < 750 MeV and shows a
linear growth at higher values of ;. A sharp change in the behavior of At (j,) occurs at y; where the
spatial string tension o, peaks (see Reference [16]).
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