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1. Introduction

Calculation of Feynman integrals gives basic information about both experimentally
investigated processes and the characteristics of physical models. The calculations of the matrix
elements of the processes under study depend on the masses of the particles involved in the
interaction and, strictly speaking, require the calculation of Feynman integrals including those with
massive propagators. Depending on the kinematics of the studied processes, the values of some
masses can be neglected.

The study of the characteristics of physical models (for example, critical parameters, anomalous
dimensions of particles and operators) usually requires calculations of massless Feynman integrals,
which have a much simpler structure. They allow one to obtain results for these characteristics in
high orders of perturbation theory.

Note that when calculating Feynman integrals, it is advisable to use analytical methods
whenever possible. The fact is that approximate methods for calculating Feynman integrals do not
always have sufficiently high accuracy. Moreover, the calculation of Feynman integrals is ambiguous
for numerical calculations both due to the singular nature of the integrals themselves and (especially
for gauge theories) with strong mutual contractions between the contributions of different diagrams
or even between parts of the same diagram.

Moreover, in many important situations it is necessary to know exactly the exact results.
For example, in the framework of renormalization group calculations in theories with high internal
symmetry, it is important to know [1] about the vanishing of B-functions in the order under
consideration.

We note that when using dimensional regularization [2-5], i.e., for an arbitrary dimension
of space, once found diagrams for any field model (or process) can be applied to other models
(and processes), since the main ones are scalar diagrams. Consequently, the complexity of
analytical calculations of Feynman integrals pays off for their universality in application to various
quantum-field models.

We also note the fact that the calculation of complicated diagrams may have some independent
interest. So the use of non-trivial identities such as the “uniqueness” relation [6,7] can give
information (see [8-13]) about the properties of some integrals and series that are not yet in the
reference literature. For example, calculations of the same Feynman integral carried out in Refs. [8]
and [14] using different calculation methods made it possible to find a previously unknown relation
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between hypergeometric functions with arguments 1 and —1. This relation has been proven only just
recently [15].

Recently, many powerful original methods have appeared for calculating Feynman integrals
(see, a recent review in [16]), which are often inferior in width to standard ones, i.e., the a-presentation
and technique of Feynman parameters (see, for example, [1,17]), however, can significantly advance
in the number of loops for a limited range of quantities (or processes).

In this paper, we consider massless diagrams that contribute to the coefficient functions and
anomalous dimensions for the process of deep inelastic scattering (DIS) of leptons by hadrons.
Then we will show the main steps in calculating diagrams with massive propagators. We also show
that the moments of structure functions (SFs) and expansion coefficients (in inverse mass) have many
common features. The same or similar complex sums arise there and there, which can be conveniently
calculated using recursive relationships between them.

Such similarity is not strange. First of all, the moments of the DIS structure functions are not
calculated directly. The connection between deep inelastic scattering and elastic forward scattering
is used, which is realized through the optical theorem. The forward elastic scattering amplitudes are
determined by (scalar) diagrams depending on two momenta, g and p with the condition p? = 0.
Such diagrams can be expanded in series with respect to (pq)/Q? and, in particular, the structure of
the coefficients of these series is similar to the corresponding structure of the expansion coefficients
for the inverse mass in massive diagrams (here we consider the case of only one mass). This similarity
of the structures of the coefficients is not surprising, a similar similarity of the results of the calculation
of these types of diagrams was discussed long ago in Ref. [18].

In Sections 2-4 we demonstrate the development of the multiloop calculation methods, as
applied to diagrams containing an arbitrary number of derivatives (or momenta) on lines. Such
diagrams arise when using the “gluing” method [19] and the method “projectors” [20-23] for
calculating the SF moments of deep inelastic scattering of leptons at hadrons in QCD.

Contrary to original papers [24-26] all calculations are carried out in p-space. We note that
original results have been done in x-space for so-called dual diagrams (see, for example, [14,24,26]).
A dual diagram is obtained from the initial one by replacement of all p by x with the rules of
correspondence between the graph and the integral, as in a x-space. The transition to the dual
diagram is indicated by 4

Of course, the results of the integration of the diagrams do not changed during the procedure.
However the graphic representations are different. Shortly speaking, all loops (triangles, n-leg
one-loop internal graphs) should be replaced by the corresponding chains (three-leg vertices, n-leg
vertices). With the usage of the dual technique, the evaluation of the as-corrections to the longitudinal
DIS structure function has been done in [24,27]. All the calculations were done for the massless
diagrams. The extension of such calculations to the massive case were done in [28,29]. Some recent
evaluations of the massive dual Feynman integrals can be found also in [30].

In Sections 3 and 4 we present several examples of calculations of massless diagrams.
An introductions to the basic steps of the methods of “gluing” and “projectors” is given in Appendix B.
The calculation of massive diagrams is given in Sections 5 and 6. Additional rules are given for
their efficient calculation, examples of two- and three-point diagrams are considered. The recurrence
relations for the coefficients of decomposition in inverse mass are considered. A short review of
modern computing technology is given.

To calculate the most complex parts of massless and massive diagrams, recurrence relations
for the coefficients of their decomposition are used (currently, there are also popular recursive
relationships (see [31-35]) for diagrams with different values of space, however, their consideration
is above slope of the present paper). Solving these recursive relationships allows you to get accurate
results for these most complex parts. Obtaining these results is discussed in detail in Sections 3 and 6
for massless and massive diagrams, respectively.
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A popular property of maximal transcendentality is shown in Section 7. It was introduced in
[36] for the Balitsky-Fadin-Kuraev-Lipatov (BFKL) kernel [37-44] in the N' = 4 Supersymmetric
Yang-Mills (SYM) model [45,46], is also applicable for the anomalous dimension matrices of
the twist-2 and twist-3 Wilson operators and for the coefficient functions of the “deep-inelastic
scattering” in this model. The property gives a possibility to recover the results for the anomalous
dimensions [47-50] and the coefficient functions [51] without any direct calculations by using the
QCD corresponding values [52-54].

The very similar property appears also in the results of calculation of the large class of Feynman
integrals, mostly for so-called master integrals [55]. The results for most of them can be reconstructed
also without any direct calculations using a knowledge of several terms in their inverse-mass
expansion [56,57]. Note that the properties of the results are related with the ones of the amplitudes,
form-factors and correlation functions (see [58-107] and references therein) studied recently in the
framework of the N’ = 4 SYM.

In Section 6, we demonstrate the existence of the propertiy of maximal transcendentality
(or maximal complexity) in the results of two-loop two- and three-point Feynman integrals
(see also [108-112]).

2. Basic Formulas

Let us briefly consider the rules for calculation of massless diagrams. All calculations are carried
out in momentum space.

Following to Ref. [113], we introduce the traceless product g#1# of the momentums connected
with the usual product g#1...g#" by the following equations

(=D)PnlT(n—p+A)

ght-tn = § pgf) (0 = 2p) P (1 = ) gl ghap=1k2p g2P ghopi  ghin
q”l...q"” = 8§ p[;) 22P(nrﬂl;(;);7121";7(:_1 :j)l Y Pllﬂlmgﬂ,z;z_mzp qu q;u2p+1...‘1ln , (1)
where S is a symmetrization on indeces y; (i = 1, ..., n).
We give also the simple but quite useful conditions:
(12) ") = g gyt = g g gy = g g ) @)

which follow immediately from the traceless-product definition: g"i#ight-#i-Fj-tn =0,
Propagators will be represented as

1 = i — O < ﬂ — o ‘Li L
<q2)uc - q2uc 7 Q 4 q2oc 7 a 4
gh..qh R n R ghi-tn (’1) R
5 o« R« ‘ ©)

The use of the traceless product g#1-#» makes it possible to ignore terms of the type g"#/ that arise
upon integration: they can be readily recovered from the general structure of the traceless product.
Therefore, in the process of integration it is only necessary to follow the coefficient of the leading term
ghi..ghn.

Everywhere in the paper on arguments k, ki, k;... integration is carried out in d = 4 — 2e-space.
Hereafter in Sections 3-5 the labels k, k1, k... denote integnal momentums. The symbols g, 71, >... and
p, p1, pa-.. denote the external mometums with the conditions p? = 0, p7 = 0, p5 = 0..., respectively.
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The following formulas hold (a traceless product can also be used to calculate complicated
diagrams in another way. A propagator of complicated diagram can be expanded in a series of
two other propagators, having traceless products in their numerators. This technique [14,113] is
very effective for evaluating complicated scalar diagrams with propagators having arbitrary degrees
(see Refs. [114-121] and the review [122]).

A. For simple chain:

ghi..ghn gi..g'm  qti..ghng'i.q¥m

q2oc1 q2oc2 q2(oc1 +ay)
or graphically

n m n—+m
——>——>—0— — ® > ° (4)

7 M a2 7 M +a ,
i.e., the product of propagators is equivalent to a new propagator with an index equal to the sum of
the indices of the original propagators. The number of momentums in the product in the numerator
is equal to the sum of the products of the impulses in the original propagators.

B. A simple loop can be integrated as

_ 0,n
KPR Gy g A (G182) T

/ Dk k1. kHn 1 q?‘*l_'_qﬂn
(

where we neglect the terms of the order ¢"*/. Here

dk
20 5)

Dk =

is usual integration in Euclidean measure and

A”’m(tx,/%) _ a”(“)am(ﬁ)

Apym(a+p—d/2 - ©)

K ap(a) = ————

It is convenient to rewrite the equation graphically as

1

/TN
— — = AO'”(ucl,txz) * Ti * + ... (7)
7 \,/ (4mr)/2 T mte—d/2

n

[L%]

For the corresponding traceless product Equation (7) becomes to be exact, i.e.,

_ 0,n
q _ k)2o¢1k2u¢2 - (47-[)171/2 q2(0€1+0627d/2) A (UC], 0(2),

/- Dk kt1-Hn 1 qm...yn
(
or graphically

1 (n)

/N
-, — — AV (g, ° > o—
S o v
[L%]

7 061+D(2:D/2
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As it was noted already, indeed, we use the transless product g#1-#* in the rh.s. but really we
need only the first term, i.e., g#1...g"", because the rest (i.e., the terms containing ¢"*/) is exactly
reconstracted from the exact form of traceless production.

Such property can be used in another way: a convenient representation of the results (7) and (8)
can be obtained also by using an extra lightlike momentum u (i.e., with u?> = 0) and considering the
product (k)™ = ...y, kP kP = 10y, .y, k10, because u? = 0.

The results have the following form

Dk (uk)" 1 (ug)" on
/ (g —k)2ak22 — (477)4/2 g2(0+a;—d/2) A (a1, ),

m
n
- 1 0 <

(”yl---”yn%_‘\/ = WA ey, w) (Upyntiy,) 73 Y — . (9
n

Note that we use everything y; belonging to the traceless product, i.e., we consider the case of
a scalar diagrams with a traceless product. In real theories such as QCD, there are still other indices

Aj, which correspond to the numerators of propagators. In such cases, we can no longer neglect
AiA

or graphically

the terms ¢"*/ and g"*/ and, therefore, the integration rules are complicated. They can be found in
Refs. [24-26].

So, all diagrams, which can be expressed as combinations of loops and chains can be evaluated
immediately. However, starting already with the two-loop level, there are diagrams, which cannot
be expressed as combinations of loops and chains (simplest example is shown below in Figure 1).
For these cases there are additional rules, which will be shown only graphically with a purpose to

increase an illustation power.

C. When )} «; = d, there is so-called uniqueness ratio [6-12] for the triangle with indices «;
(i1=1,2,3)

n

a3 Z CZ1 Anim’m(ﬂéz,ﬂg) = Az+m &y+n—m N (10)
m=0 -0 q1—493
where
cm— " (11)
T oml(n—m)!

The results (10) can be exactlly obtained in the following way: perform an inversion g; — 1/g;
(i =1,2,3),k = 1/k in the subintegral expression and in the integral measure. The inversion keeps
angles between momentums. After the inversion, one propagator is cancelled because ) «; = d and
the Lh.s. becomes to be equal to a loop. Evaluating it using the rule (7) and returning after it to
the initial momentums, we recover the rule (10). An extension of the rule (10) to the case with two
traceless products can be found in [26].

D. For any triangle with indices «; (i = 1,2, 3) there is the following relation, which is based on
integration by parts (IBP) procedure [7,123,124]
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(d—201 —ap —az+n+m+k) =
92—

n
+m(qy — q1)M" x=* > > +aj [uq g, m > k] . (12)
T2—0 -1 q1—43

Equation (12) can been obtained by introducing the factor (0/0k;) (k — q1)* to the subintegral
expression of the triangle, shown below as [...], and using the integration by parts procedure as
follows:

d [prl.] = [Dk (%(k—ql)ﬂ) (] = /Dk% (k= q0)* [..])
—/Dk(k—ql)%.% ([..]) (13)

The first term in the r.h.s. becomes to be zero because it can be represented as a surphase integral
on the infinite surphase. Evalutiong the second term in the r.h.s. we reproduce Equation (12).

As it is possible to see from Equations (12) and (13) the line with the index &4 is distingulished.
The contributions of the other lines are same. So, we will call below the line with the index a as
a “distingulished line”. It is clear that a various choices of the distingulished line produce different
tipes of the IBP relations.

Using Equation (12) allows you to change the indices of the line diagrams by an integer. One can
also change line indices using the point group of transformations [7,125,126]. The elements of the
group are: (a) the transition to impulse presentation, (b) conformal inversion transformation p —
p' = p/p?, (c)aspecial series of transformations that makes it possible to make one of the vertices
unique, and then apply relation (3) to it. An extension of the group of transformations for diagrams
with the traceless product can be found in Ref. [26].

3. Basic Massless Two-Loop Integrals

The general topology of the two-loop two-point diagram, which cannot be expressed as a
combination of loops and chanins is shown on Figure 1.

n )
&1 1%}
A
_> 5 T &5
P
14 ns3
Xq a3

Figure 1. The diagram which cannot be expressed as a combination of loops and chains.
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Below in the present analysis we will concentrate mostly on two particular cases, which can be
taken from the diagram shown in Figure 1, for a3 + n3 =ua,n3 =mn,a;i(j #3)=1,n;(j #3) =0 (we
denote I1(a, 1)) and for a5 + ns = a, ns = n, a;(j #5) = 1, n;(j # 5) = 0 (we denote I»(a, 1))

Dcl’lz—' n o o . (14)
@ 7

It is convenient to calculate the diagrams Iy (a,n) and I)(a,n) using the functional relations
(the functional relations were obtained in [13,127] by application of IBP realtions with various
distinguished lines) similar to those obtained in [13,127], which reduces the amount of computations.

Repeating analysis done in [13], we obtain the following functional relations:

1 1
h(am) = B —1m) = o (2B1(0,m) + Ba(a,m)), (15)
2 n+2d—-4—-2ua 1
L(a,n) = N Td—2_oa Lj(a,n) — id—2—2a P L(a—1,n), (16)
where the inhomogeneus terms are
1 /\
I]] o, 7’[ — —2 (17)
q M
b , _./2—\ /\
21\%, )
7 7
(18)

We see that the inhomogeneus terms in the functional Equations (15) and (16), i.e. the diagrams
Li1(a,n) and Ip1(a, 1), can be represented as combinations of loops and chains and, thus, they can be
evaluated by rules (4) and (7).

We would like to note that for the massless two-point diagrams the subject of the study is
so-called coefficient functions, which expression C; (a,n) (i = 1,2) for the considered diagrams
I;. («,n) can be introduced in the following form

qyl...yn
q2(a+2€) :

Ci..(a,n) (19)

The result (19) contains the fact that we consider the two-loop diagrams. In general, L-loop
diagram Iy (&, ..., «n, n) having propagators with indices «; (i = 1,..., N) and one traceless product
of momentums can be respresented as

Hi--Hn

q2(E7d/2*s) ’ (20)

Ip(aq, .. ey, n) = Cr(ay, ..., an, 1)

1
(47-[)dL/2

where & = Z{V ;.
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The results for C; (a,7n) can be obtained directly from rules (4) and (7). They have the
following form:

Cia(an) = A2, 1) (A" (1L,0) = A" (La+e)) @)
Coi(a,n) = A% (2,0 — 1) A" (1, + &) — A% (1,a) A%"(2,a +¢), (22)

where
A(Dél,DQ) = AO’O(lX],DQ) . (23)

and the result for A" (a1, ) is given in (6).
Thus, the coefficient functions C;i(a,n) (i = 1,2) can be represented as combinations of
I'-functions.

3.1. (0, n) and I,(0,n)

The diagrams I;(0,n) and I;(0,1) can be considered a s natural boundary conditions for the
functional Equations (15) and (16). Moreover, in a sence, they have a special property: their results
can be obtained with help of Equations (4) and (7) but with an additional resummatiomn.

Indeed, expanding for I;1(0,n) and I>(0,n), respectively, the corresponding products of
momentums in the following way:

n n k n—k
[Ta—k)ti=Y ck(—DFTT& T4 for I (0, 1), (24)
i=1 k=0 -1 =1
n n . ‘ k n—k "
[Tt~k = ¥ O TTR TR forn(om), @)
i=1 k=0 =1 j=1
we see that the diagrams I; (0,7) and I;(0, n) can be represented as
n " ' n—k B
Lo =Y k(-0 [T T(00), (26)
k=0 j=1
n
B(O,m) = Y €k (~1)FTo(n— kK, 27)
k=0

where:

Tl(O,k) :7 /‘my 72(1’1 —k, k) = ; (28)

So, the diagrams I;(0,n) and I5(0, n) can be expressed as combination of loops and chains and,
thus, their coefficient functions can be calculated using rules (4) and (7).
So, we have for the coefficient functions C1(0,7) and C,(0, n):

C1(0,n) = f CE(=1)F A% (1,1) A% (1,1 +¢), (29)
k=0
Ca(0,n) = Y CK(—1)F A% (1,1) A%"~K(1,1). (30)
k=0

As we noted already at the beginning of the subsection, the results for C;(0,n) (i = 1,2) are very
important because they give a possibility to recover all results C;(m, n) using Equations (15) and (16)
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with & = m. But the calculation of C;(0,1) needs performing additional series (see Equations (29)
and (30)). So, we present these calculations in some details, separetely for I;(0,7) and I,(0, 1) in the
following two subsections.

3.2. Il (O, 7’1)

Now we consider C; (0, 7n) form Equation (29), which can be represented as

I'(k+1—¢)T(1—3¢) 1

" —
GO =22 & & U r st o) k12 S
It is conveninet to rewrite the last term in the r.h.s. as
1 1 2¢
F+r1—2¢ k4l (krD)(k+1—26)" (32)
that leads to the following form for C; (0, n):
C1(0,n) = C1(0,n) +2¢C;1(0,n) (33)
with
! I'k+1—¢T(1—-3¢) 1
k
Cul Z k23T -0 k51" 34
~ Ny & P T(k+1—¢)I(1—3¢) 1
C1(0,n) = = , 35
1(0m) = zz,g () T 30T o) G DT (35
where the normalization N, and the factors K; and K, are
I2(1—¢) T(1—&)T(1—2¢e)T(1+2e)
_ 2 . S, =
N =T (1 +e)kiky, Ko = I(1—2¢) I2(1+¢)(1—3¢) (36)
The result for C1 (0, ) can be found exactly as
Ci1(0,n) " (—1)F1nt T(k—¢e)T(1—3¢)
Np/(2e2) = K((n—k+1)!) T(k+1—3¢)[(1—¢)
1 , , I'(—ep)
- —— [zFl( (n+1),—&1—3¢1) 1} i)
1 1 n+1-—2e
= T [B(n+2,-2,-3) - 1] = CES\E [n+1 —B(n+1,-2,-3) -1, 7
where 1 JT(1 - be)
n+1+ae + be
Bin+lab) = st 1500 (38)

The result for B(n 4 1,a,b) can be easily evaluated using the expansion of the corresponding
I'-functions [56]

I(n+1+4ae) > )"
n[(1+ae) l mZ:: )] ’ 39
I[(14ae) =exp l yae + i ] (40)
m=1

where 7 is Euler’s constant.
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Indeed, we have

[e9)

B(n+1,a,b) —exp[

m=1

a—Db)e a—b)e
+L7¥—[@—mﬁmy—w+m&mﬂ+< m)
X {(a — b)283(n) — 3(a* — b*)Sy(1n)Sy(n) +2(a® 4 ab + b2)53(n)} +0(*). (41)
Hereafter we use the following nested sums:
n m n m
Siz Z -7 Siz] Z i Si] ) (42)
m=1 m=1 m
and {(n) = S, (oc0)—Riemann zeta-function.
The result for C;(0, ) can be expressed as
¢1(0,n) £ 1 5 5
No/(22) Zc k+1) (1+s[251(k)+—k+1])+0(s). (43)

To evaluate the r.h.s it is convenient to calculate firstly the series ¢ (a, 1) and ®1(a, n)

3 ot Y ok gk Sik)
k+1—a’ k+1—a’

differentiate them several times with respect of 4 and put a = 0. Indeed,

G (0,
UL — 0f2 )+ (20 ) + 507 (n)) + O, m
where
W) = Gam @] "0 = L e

The series ¢ (a, 1) can be calculated directly as

T(1—a)l(n+1)

4)1(11,11):1ia2F1(—n,1—a,2—a): Ti+2—a) (45)
and we have
1
¢1(n,0) = Py 4’%”(”) =T S1(n+1),
1
¢§2)(”) RECES)] (5%(”+1) + Sa(n + 1))/
1
0% (n) = CESY) (S3n+1) +381(n+ 1)Sa(n +1) +285(n +1)) . (46)

Evaluating the series ®1(a,n) is quite difficut, and we will show this in a separate subsection.
The calculation of more complicated series can be found in a famous paper [128].
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3.2.1. ®¢(a,n)

It is convenient to consider the recursive relation between ®1(a,1) and ®1(a,n — 1). Indeed, we
can represented @1 (a, n) in the following form

(=D S1(k) L Si(n)
_kgo k!(n—1—k)! (n—k)(k+l—a)+(_1) n+l-a (47)
Taking partial fraction

1 1 1 1

(”—k)(k—l—l—a)_n—i—l—a{n—k+k+1_a]' (48)
we can rewrite (47) in the following way

__ 1 mo(=1)kn!

Dy (a,n) = PP lncbl(a,n) —|-k§6 RTCEAl Si(k)| . (49)

The series in the r.h.s. can be calculated usng results for ®; («, 8), studied in Appendix A, as

1o (=1)kn! (k) = 0 i (—D)knIT(1 - x)
k!(n—k)! BT o) B Th+1—x)(n—k)!|,_,
0 x 1
I'(1 d>1x—0 =1-x = — E——
{ 1 P )} £—0 (0x) x —n Y0 n
It is convenient to introduce the new function ®(a, 1) as
Tl —-a)T(n+1) =
Di(a,n) = Tit2—a) Dq(a,n), (50)
which has the following relation:
_ — I'n+1—-a) 1
CDNC!,H)ZQM(&,H—D—W;. (51)
The last relation can be solved as
L T(m+1—a) 1
D1 (a,n) = Py(a,0) Z G —a)) p (52)
Since @1 (a,n = 0) = 0, then ®;(a,0) = 0 and we find finally
Tl —-a)T(n+1) & I'(m+1—-a) 1
Pi(an) = - [(n+2—a) ;nZ::l mT(1—a) m 3
and fora =0 ; ()
B 1 1 Si(n
©1(0,m) = n+1 nf;]m_ n+1° >4

Note that the case @1 (0, 12) can be evaluated directly in the way similar to the one (37) for Cy(0, 1)
and there is a full agreement of such calculations with (54).
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After little algebra, we have

oV(n) — —nilé—(smnm—sl(m))

= [3 S — a0 + 2], (55)
o (n) = _2(n1—|—1) m;% [(sl(n+1)—sl(m))2+sz(n+1)—sz<m)]

= _Z(nl—i— 1) B (53(n) =351 (n)Sa(n) — 485(n)) +282,1(n)

o (30— o) + 2], (56)

where we used the formulas from the part C of Appendix A.
We would like to note about an appearence the nested sum S, 1(1), which cannot be obtained
from expansions of products of I'-functions.

3.22.C1(0,n)

Taking the results for 4)52) (n), 4)53) (n) and <I>§2) (n) together, we can obtain the following results
for C1(0,n)

;;/((()2’;)) -t [%C(n) + sD(n)} +0(), 57)
where
Cn) = S2(n) + Sy (n) + 2:1(’;) + (nj1)2 = R2n+1)+S(n+1), (58)
AN 1 S1(n) 3
D(n) =D(n) + m(s%(n) +58,(n)) + (n1+1)2 CERIE (59)
and
D(n) = %(S‘i’(n) +781(n)Sa(n) +683(n) — 45, (n) ). 60)

We note that there is another representation for C; (0, n):

G (0,n) e {1

N = i (300 D] 0. (61)

Taking the results for C;(0,7) and C;(0, 1) of (61) together, we have the final result for C1(0,1):

N

Ci1(0,n) = 2n+1)

1 1
FSi(n+1)+ 5 (3S2(n+1) +7Sx(n+1))

7 19 37
S+ 1)+ 5 Si(n+1)S(n+1) + 2 S3(n+1) =48 (n +1) (62)

6

with the normalization factor N, was defined in (36).
Since K;/K; ~ O(e®) (see Equation (114) below), we can replace in the r.h.s. the normalization
N2 by N1
Ny =T?(1+¢) K3 (63)

and put the normalization Nj in the definition of y‘%-scale of g-scheme [129], which relates with the
usual MS one as ‘ué =K V%\TS (see discussions in Ref. [130,131]).
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3.3. L(0,n)

The diagram I5(0, n) s zero for odd n values. So, we can calculate it firstly at the even n values
and recover its genetal form at the end.
So, now we consider C,(0, 1) from Equation (30), which can be represented as

N &  Tk+1—e)T(n—k+1—¢)?(1—2¢)
G (0,n) = — C,(—1 , 64
200,m) = P Y T2 — 3T = k2 = 20 T2(1 —e) 64)
where the normalization factor Nj is given in Equation (63).
The last part of r.h.s. can be written as (for even n)
(k4+1—-2¢)(n—k+1—2¢) Con+2—4ek+1-—2¢
B(k+1,-1,-2)B(n—k+1,-1,-2), (65)
because . ) . .
= + (66)

(k+1—-2e)(n—k+1—-2¢) n+2—4e [k+1-2¢ n—k+1—2¢
Moreover, with the required accuracy O(e”), we can rewrite the product B(k + 1, —1, —2)B(n —
k+1, -1, —2) in the following way:
B(k+1,—-1,-2)B(n—k+1,—-1,-2) = B(k+1,-1,-2)
+B(n—k+1,-1,-2) —1+*S1(k)S1(n — k) + O(e?), (67)

because 9

B(k+1,—1,-2) =1+ ¢S (n) + % (S3(n) —3S5(n)) + O(e2). (68)

Then, C;(0, n) can be splitted to the four different parts:

Co(0,1) = ﬁ cM0,n) + i (0,n) — P (0,n) + 2P (0,n) |, (69)
where
S
Sam-2E o i
c(0,n) = % f )k - 11 72)
ci(o,m) = i( 1c Sl(k),f;(’j"‘) 73)
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The parts Cél) (0,n) and Cég) (0,n) can be evaluated directly. Indeed,

(1)
G (0n) ¢ p ok Tk+1—eT(1-2e) 1 ' '
Nj /&2 _k;:)(_l) N [(k+2—-2e)I(1—g) 1—2821:1(_”’1_8’2_25'1)

 T(n+1—-¢T(1-2) Bn+1,-1,-2)

S T(n+2-2)T(1—¢)  (n+1-2¢) '

cPon) 1
Ni/&2 1—2

. T(n+1r(1-2) B(n+1,0,-2)
2Fi(-m,1-262-2¢1) = T(n+2-2¢)  (n+1-2e)

As in the case of C;(0,n), using Equation (32) it is convenient to split the part c§2>(0,n) in
two parts

c?(0,n) =T (0,n) + 262 (0,n), 78)
where
¢ _ M ok Bn—k+1,-1,-2)
C2 (0/7’1)— 2 k; Cn( 1) 1 , (75)
~(2) N &, ok Bi—k+1,-1,-2)
QO =3 k;c,l( Y (k+1)(k+1—2¢) ° (76)

As in the case of C1(0,7), the part Eéz) (0,n) can be found exactly:

cPo,n) "l (—1)Fu T(n—k+2—e)T(1—2)
Ny/e2 = k((n—k+1)!) T(n—k+3—2¢)[(1—¢)
1 T(n+2—¢)T(1—2¢

T W+ 1T(n+3—20I(1 S; [2F1( (n+1) 8—(n+1);28—(n+1);1)—1}

_ B(n+2,-1,-2) I'(e—(n+1))T(n+1—¢)
=T ) - ()T (—¢) ] @7)
o = (n+1) _ ()9
I'e—(n+1 1) (1 —e
M=o~ Thtz—e¢ 78
then Eéz) (0, n) has the following form for even n values
C(Z)(O,n) _ B(n+2,—l,—2)[ B (—1)"+1€:|
N, /€2 (n+1) n+1—c¢
B(n+2,-1,-2) n+1-2¢ B(n+1,-1,-2) -
(n+1) n+l—e (n+1) @)

The result for Céz) (0, 1) can be expressed as

POm) e 1 2 2
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The last part C§4)(O, n) is splitted in two parts because Sy (m) = S;(m+1) —1/(m +1):

c(0,n) = (0,n) — ¢ (0,m), (81)
=(4) v k S1(k+1)S1(n—k)

G (O,n)—k;( nkck P , (82)
=(4) _v x Si(n—k)

G (0,m) —kzz(:)( nkcy NTr1)2 (83)

(4)

It is easy to show that the part C, ' (0,7) is zero at even 1 values. Indeed,

—(4) o CDRS (k)Si(n—k+1) " (=1)FntS (k)Si(n —k+1)
GOm=- ), e L Hin k1) - 6d

After replacement k — n 4 1 — k the last series obtains the additional factor (—1)"+1 and, thus,
it is zero for even n values. It is really the case: the results for Eé‘” (0,n) are exactly evaluated in the
part B of Appendix A.

Now we return to the coefficient function C,(0, ) given in Equation (69). It is convenient to split

the result (64) into two parts:

# Co(0,1) = Ca(0, ) +2¢ Co(0, 1), (85)
where
Ca(0,m) = (0,m) + Ty (0,m) — c(0,m), (86)
Ca(0m) =GP Om) 5 GV 0m). (87)
The part C,(0, 1) can be evaluated exactly as
Co(0,n) = ﬁ [z (1 - HLH) B(n+1,-1,-2)— B(n+1,0, —2)} . (88)

Using expansions (41) of B(n + 1,4, b) with respect of ¢, we have

= |12 (5200 - s - 2 | (®9)

The result for C,(0, ) can be expressed as

o . 1 ,
N1</€2 Z Ck (k_|_1)2 (1+8 |:§ S](I’l—k)—l— m]) +O(€2). (90)

To evaluate the rh.s it is convenient to use the result (45) for ¢;(a,n), to calculate the series
Dy (a,n):
! S1(n—k)
) : k k °1
k:OC"( ) k+1—a ©1)
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and to differentiate several times these series with respect of a and put a = 0. Indeed,

G (0, 1
i]ﬁ/;) = 4’1 ( )+ 5(5 q’él)(”) + 247%2)(11)) +0(e?), (92)
where A
CDém)(n) = P (aa)m CDQ(Q,TL) L

We consider the evaluation of the series ®;(a, 1) in the next subsection.

3.3.1. &y(a,n)

As in the case of ®;(a,n), to obtain the results for ®,(a,n) it is convenient to consider the
difference relation between ®;(a,n) and ®,(a,n — 1). Indeed, we can rewrite (93) in the following
way

B ”Z:_l (—1)kn! S1(n—k)
= kn=1-k)! (n—k)(k+1—a)

(93)

Taking partial fraction (48) we can represent (93) in the following way

<I>2(a,n) = 1 [n—l (—1)k7’l! Sl n—

n—1 7’['
n+1l—a k;;’)k!(n—l—k) k—i—l—a Z kln_ (”_k)l‘ (94)

Taking S1(n —k) = S1(n —k—1)+1/(n—k), we have

Oplan) = — L l =l (-Dkat 1 =l (—1)kn!

S P Sy(n—k
nria |"oen +Z K(n k)!k+1—a+k§0 K o )]

_
n+1l—a

(_1)n g (_1)kn!' Sl(n—k)

n®i(a,n) +gi(an) - 5 k§0 Ki(n —k)!

The series in the r.h.s. can be calculated usng results for ®1 (&, 8) studied in Appendix A as
1o (=1)kn! 0 (—D)kn!T(1 —y)
k!(n—k)!sl(”_k) (@y) / Z KT(n—k+1—y)

— g (T =) @10 = 6= 1)}

y=0 o (0x) y—n

So, we have

Do = sy e+ e B (g )] 09

It is convenient to introduce the new function ®;(a, ) as

T(1—a)l(n+1)

®2(a,n) = I'(n+2—a)

D, (a,n), (97)

which has the following reccursion:

— e 1 2T(n+1—a) 1 1
<I>2(a,n)—d>2(a,n—l)+m—(—l) n!l'(1—a) <n+1—a+ﬁ>' ©8)
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It can be solved as

Dy (a,n) = Py(a,0) + il [ﬁ — (=)™ Fr(grz-ll_—a{)l) (m +11 —+ %)} . (99)

Since @, (a,n = 0) = 0, then ®,(a,0) = 0 and we find finally

CTA—-a)f(n+1) 1 mT(m+1—a) 1 1
®2(a,n) = I'(n+2—a) mz_:l[m—i-l—a_(_l) m!T(1—a) (m+l—a+E)] (100)

and fora =0

B 1 n+1 1 " 1 1 - 1 (_1)71+1
©200m) =777 mZ::1 [m+1 - (=D (m—-|-1+Z):| T+l (Sl(”+l)+n7+1) - (10D)

We can calculate ®,(0,n) directly in the way similar to the evaluation of ®;(0,7). The direct
calculation is a full agreement of such calculations with (102).

We have for d>£1) (n):

oy = SV L (1 1]

n+l = |m+1 m+1 " m
LS sy (L L (102)
n+1 = [(m+1)? ! m+1 m)|’
After little algebra, we obtain the final resuls
oV (n) = (S2(n+1)+25 2(n+ 1)+ 83 (n+1)). (103)
2 n+1 !

We would like to note about an appearence the sum S_,(n), which cannot be obtained from
expansions of products of I'-functions.
Taking the results for (pgl) (n), (sz) (n) and d>£2) (n) together, we can obtain the following results
for C,(0,n)
CZ (0 , 7’1) 1

Ny /€2 T hnt1_2e S1(n) +

1 3, 3 S1(n)
—— +€ (251(11) + 252(;1)—1—5,2(11)4- p—

)] +0(e2). (104)

3.3.2. C,(0,n)
Taking the results for C,(0,7) and C,(0, n) together, we have for C;(0, 1)

812 + % Sy(n) +283(n) +4Sy(n) + 25—2(")] : (105)

2N

C,(0,n) = (n+2—4e)(n+1—2e)
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Changing the nested sums S;(n) to S;(n + 1), we can simplify these results:

B 2N; 1 2
C2(O/n) - (Tl+2—4€)(7’l—|—l) 824-851(1’!4-1)
4283 (n+1) +4Sy(n+1)+2S (n+1) (106)
B 2N; 1 2 1
(n+2)(n+1)|e *e <Sl(n+1)+ n—i—Z)
S 1 16
1282 (n4+1) +4Sy(n+1)+2S_5(n+1)+8 i(n+1) (107)

n+2 (n+2)2

We note, that we can put the normalization in the definition of yg,—scale of g-scheme [129], which
relates with the usual MS one as yﬁ, =K ‘uiA—S.

Using the fact that the above result (107) is obtained for even n values (and C(0,2m + 1) = 0),
we can recover the full resul for C;(0, n) in the following form:

A+ (=D N
(n+2)(n+1)

1 2 1
C2(O/n) 8_2_‘_; (Sl(n+1)+n—_’_2)

51(7’[+1) 16
n+2 (n+2)2

4283 (n+1)+4Sy(n+1) +2S r(n+1)+8 (108)

3.4. 1(1,n) and I,(1,n)

Now we evaluate the particular cases I;(1,7) and I>(1,n), which are important for the future
studies. Indeed, we will see that the integral are finite and have very compact form.
The results for the C; 1(1,n) and Cp1(1,1) are

N, [2Ky B(n+1,-1,-2) B(n+1,-2,-3)
2e2 K—2 n+1-—2e¢ B n+1-—3¢

N, B(n+1,-1,-3)
- 2e2 n+1-—2e¢

Cl,l (1/ Tl) =

, (109)

Coi(1,n) =

, (110)

where the normalization factors Ny and N, and also the factors K; and Kj are given in Eqsuations (63)
and (36), respectively.
Below we consider the results for I;(1, ) and I(1, 1) is the different subsections.

34.1.I(1,n)

Following to the case C(0, 1) (see Equation (85)) it is convenient to split the result for Cp(1,n)
into tow parts
C](l,ﬂ) :El<1/ 7’1) +2¢ Cl<0/ 7’1), (111)

i.e., we take together the coefficient functions C; 1(1,7) and Cy1(1,7) and also the function Cy(0, 1)
of Equation (37) and to denote this contributon as C1(1, 7). So, we have

Cqi(1,n) = C1(0,n) — 21 (2C11(1,n) — Co1(1,m)) . (112)

£
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Taking the results (109), (110) and (37) we have for C1(1,n)

Ci(L,n) _ 1[2K; B(n+1,-1,-2)
Np/(262) e [ Ky n+1-2¢
B(n+1,-1,-3) 2eB(n+1,-2,-3) 1
- - - : (113)
n+1-—2¢ (mn+1)(n+1-3¢) n+1
Expanding the r.h.s. with
B~ explocae], (114)
Ky
we have .
Ci(,n) _ 1 A AN o2 ) (63 3
YIRS T [—A(me+ (12¢5 = B(m))&+) ()| +O(e), (115)
where
p 251 (n) 2 A
_q2 1 —
A(n) = S7(n) + Sa(n) + 1 172 =C(n), (116)
. 1 251 (n) 6
_ 3 1 (2 1
B(n) = S7(n) +551(n)Sx(n) +4S3(n) + — (S1(n) +5S5(n)) + CESIE + ot 1)3(117)
and we see that A(n) is equal to C(n) in (58).
Taking together the results (61) and (115), we obtain finally
1
Cr(1,m) = ——— (Sa(m) + S1(n)Sa(1) = Sp1(n) +6Z5) +O(e). (118)
n+1
3.4.2. L(1,n)
Consider the contribution of C,(0, 1) to C(1,n). It has the form (see Eq.(16) for a = 1)
n+2d—6 n+2—4e
— m C2(0, 7’1) = —ﬁ Cz(O,n) , (119)

where C;(0, n) is given above in (108). So, we have

1

_ntao >+ % S1(n) +252(n) +455(n) +252(n)] . (120)

n—2¢

2N
(n—2¢)(n+1-—2¢)

C2(0/ 1’[) = -

Using the result for Cy1(1, 1) of (110), we obtain the second contribution to Cy(1, 1) as

2 2N

1 2
n—2e Can(1,m) = (n—2¢)(n+1—2¢)

2 + - S1(n) +25%(n) +452(”)1 . (121)

Since K; /Ky ~ O(e®) (see Equation (114)) and, thus, N; /N, ~ O(&?). So, the difference between
the normalizations N; and N, in negligible for Equations (120) and (121). Taking these two results
together, we have for C,(1,n)

45_5(n)

G1,m) = n(n+1)

+0(e). (122)

The results is convenient for n > 1 (really the result C1(1,n = 0) = 63 can be obtained directly
from Equation (122) by using an analytic continuations of the sum S_;(n) (see Appendix C)). For the
case n = 0 we can use the results for C;(1,n = 0) = 63, because C;(1,n =0) = C1(1,n = 0).
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Using the fact that the above result (121) is obtained for even n values (and C(1,2m+1) =0),
we can recover the full resul for C,(1, n) in the following form

Calt,m) = (14 (-1)") (3086 - (1 ) 22000 ) (123)

4. Examples of Calculation of Some Type of Massless Diagrams

In the previous section, we studied the basic diagrams I1 («, n) and I; (a,n) witha = 0and a = 1.
I would especially like to note the case « = 1 where the coefficient functions of the integrals I (1, 7)
and I; (1, 1) have a very compact form.

In this section, we consider the expansion coefficients of scalar diagrams (we call them the
“moments” of diagrams), arising in the study of forward elastic scattering. These moments are
extracted from the initial diagrams by the method of “projectors” [20,21]. Some basic diagrams and
getting their points are discussed in Appendix B.

Here we look at the diagrams I3 («, n) and I1(a, n) witha = n+1and « = n + 2.

41. Li(n+1,n)and I(n+1,n)

Let us first consider the two simplest diagrams: J;(a¢ = 1,4,p) and J(« = 1,4, p), shown in
Figure 2. As it was discussed already, using the method of “projectors” (see Appendix B) we can
study the so-called moments J;(a = 1,n) (i = 1,2). The moments of the diagrams shown in Figure 2
are represented by the diagrams shown in Equation (180) fora = n+1,1i.e., Ji(a =1,n) = L;(n+1,n).

v

N L)
7\7/7 7\7/7

Figure 2. Most simplest diagrams: [1(« =1,4,p) and o(a = 1,4, p).

To evaluate the diagrams it is convenient to use the so-called momentum transformation. To
show it’s effectivity it is useful to consider more complicated diagrams I;(a + n,n) (i = 1,2), which
have the coefficient functions C;(a + 1, n)

‘ _ q}“ln'l’l"
Il<06+7’l,n) = (47‘[)d Ci(ﬂé"‘?’l,ﬂ) m, (124)
which is similar to (19).
Now we introduce the following Fourier transforms [16]
dlp eiPX L — 92 i/ L @=1 Equation (6 125
pe W_ 7T Clo(ﬂc)ﬁ, (zx—z—zx,see quation (6)), (125)
. M1, phn . - M1, phn
/ dp P % = (=)' 2% 72 g (4 + 1) % +o, (126)

where we neglect the terms of the order ¢/
The Fourier transform (126) is the usual one (see, for example, the recent review [16]) and the
Fourier transform (126) can be obtained from (126) with the help of projector 0#1 / (dx)H1...9%1 / (9x)Hn.
Applijing the Fourier transforms to 1.h.s. we will come to the following diagrams in x-space:
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* ]/‘
1—¢ d 7 ® na i .
’ ,/n/ ' ' K/ '
1—¢ ié 1—¢ 1—¢
If we replace x and all internal coordinats by the corresponding moment g and the internal
moments we obtain the corresponding diagram in the momentum space. We will call them as I;(&, n).

Such procedure is called by “dual transformation” (see discussions in Ref. [16]) and denoted as 4
(see aslo Introduction). Therefore, we have

Lets to denote the coefficient functions of the last integral as C;(&,n), i.e.

Ti(@n) = (4711)d Ci@n)

q?‘*l -Hn
qZ(&—Zs) :

(127)

Taking the Fourier transforms for the both side of Equation (124) (see Ref. [16]), we obtain the
relations between the coefficient functions C;(a + n,1) and C;(&, n)

Ci(a+n,n) = K(a+n,n)Ci(&n), (128)
where oy ) .
ag(Nag(a+mn)  T*1—e)l(&)I(ax+ n+ 2e)
Kla+n,n) = an(a+n+2¢) T(a+n)(& — 2¢) ’ (129)
Now return to the case « = 1. With the accuracy O(¢),
— I°(1—¢)T(n+1+2¢
Ci(l—¢n)~=Ci(l,n), Kn+1,n) = ( n'g(f— 5 ) ~1, (130)
where the sign ~ means equality up to 0(¢).
Thus, we have from (131)
Ci(n+1,n)=Ci(1,n)+ O(e), (131)
ie.,
1
Ca(n+1,m) = — (Sa(n) + S1(m)S2(n) = S5, (n) +6L3) +O(e), (132)
25_5(n
C(n41,n) = (14 (-1)") (3(52@ —(1- 52)7“”71(1)) + O(s)) : (133)

4.2. Ii(n+2,n)and I(n+2,n)

Consider the more complex diagrams J;(« = 1,4, p) and J,(a = 1,4, p) shown in Figure 3.
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7
—e =, —o —
77 K 7

7
7

Figure 3. The diagrams J;(« = 1,4,p) and J,(« = 1,4, p).

Their moments J;(a« = 1,n) (i = 1,2) are represented by the diagrams in Equation (180) with
a = n+2,1ie., by the diagrams I;(n + 2, n). Their coefficient functions C;(n +2,n) (i = 1,2) can be
expressed throught the ones C;(n + 1, n) given in Equations (132) and (133) and C;;(n + 2, n) givenin
Equations (21) and (22) ata = n 4 2.

Performing calculations, we have the results for the Cy1(1, 1) and Cp;(1, n) are

Ciu(n+2,n) 2K B(n+1,1,0) B B(n+1,2,1) 2K B(n+2,1,0) B B(n+2,2,1)

Bt S e A A 134
N,/ (2¢2) K> n+1 n+1+e Ky n+1+e n4+1+42e , (134)
Cz,l(n+2,n) - B(I’l+1,1,0) _ B(n+1,1,0)
T~ ntire B(n+1,2,1) -3=— = B(n+2,2,1), (135)
where the normalization factors Ny and N; and also the factors K; and K; are given in Equations (63)
and (36), respectively.
Since
142
B(n+2,2,1) = B(n+2,2,1)% and B(n+1,1,0)B(n+1,2,1) = B(n+1,2,0), (136)
then
Ca(n+2,n) . B(n+1,1,0) n+1+3¢ i B(n+2,1,0) n+1+ 3¢ (137)
No/(2¢2) n+1l+e n+1 n+l+e n+1+2e’

Expanding all B(n + 2, ...), we have

C /
(”"'1)%:14‘551(”4-1)4—82 %(S%(iﬂ—l)—l—sz(iﬂ—l))—7(ni1)2
+e %(S%(’H‘l)+351(n+1)52(n+1)—1053(n+1))+12§3—%
21 (n +1 6
- <:l(_t;r)z)+<n+l)3 +0("), (138)
C 2, ,
(n+1)% = —2<1+2851(7’l+1)—|—252 S(n+1)—Syn+1)— m}

2
+2¢3 3 (S§(n+1) =3S1(n+1)Sa(n+1) +2S3(n+1)) —

281 (n+1) 3 D

(n+1)2 * (n+1)3
+0(e%). (139)
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Taking the results (138) and (139) together with the results for C;(n + 1,n) (i = 1,2) in
Equations (132) and (133), we have the final results

C](”“‘Z/ﬂ) _ 1 1 2 7 3
(n+ )T = g St )+ [383(n+1) —55(n+1)| + =S +1)
5 19 Sy(n+1)
_A_L Sl(ﬂ+l)52(ﬂ+l)+z53<n+l)—252,1<n+1)—m, (140)
Cn+2,n) 1+(-1)" (1 2 1
(n+1) N,  n+2 21% Sl(n+1)_n+2
Si(n+1) 1
2 _ R
+257(n+1) =25p(n +1) — 4 7L == +<n+2)2>, (141)

where we added the additional factor (1 + (—1)")/2 to the coefficient function Cp(n + 2, n).

Consideration of the more complicated examples can be found in Refs. [24,26].

We only note here that for diagrams containing several propagators depending on the
momentum p (see, for example, fl(a, B,q,p) in Appendix B), their moments will contain the sum
of two-point diagrams (see the moment f (&, 8, ) in Appendix B).

Calculation of moments of this type is a much more serious problem compared to I;(n + 1, n) and
Ii(n +2,n) with (i = 1,2). Nevertheless, as was shown in Ref. [26], it is almost always possible to
separate the contributions of complex integrals and complex sums. Moreover, e-singularities remain
only in the simplest parts, where it is usually possible to sum in all orders in «.

5. Calculation of Massive Feynman Integrals

Feynman integrals with massive propagators are significantly more complex objects compared
to the massless case. The basic rules for calculating such diagrams are discussed in Section 2, which
are supplemented by new ones containing directly massive propagators. These additional rules are
discussed in the next subsection.

5.1. Basic Formulas

Let us briefly consider the rules for calculating diagrams with the massive propagators.
Propagator with mass M will be represented as

1 M
(@+M)E — o ' (142
The following formulas hold.
A. For simple chain of two massive propagators with the same mass:
1 1 B 1
(@ + MM (g2 + M2)*2 (g2 + M2)(ataz)”
or graphically
M M M
= ; (143)

7 aq (4% 7 K1 + Ao

i.e., the product of propagators with the same mass M is equivalent to a new propagator with the
mass M and an index equal to the sum of the indices of the original propagators.
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B. Massive tadpole is integrated as

Dk 1 R(D‘ll “2)

k201 (k2  M2)%2 - (47-[)d/2 M2(a1+ar—d/2)’

where
F(d/z — DC])F(DC] +ay — d/Z)

R(a, ) = ['(d/2)T(ay) '

(144)

C. A simple loop of two massive propagators with masses M; and M; can be represented
as hypergeometric function, which can be calculated in a general form, for example, by
Feynman-parameter method. It is very conveninet, using this approach to represent the loop as an
integral of a propagator with the “effective mass” u [56,132-136]:

Dk
477472 /
W T MR Mg
CT(ag+ap—d/2) /1 dsst—1 (1 — )%l
~ T(ag)I(az) 0 [s(1—s)g?+ M3s+ M3(1 —s)]1taa—d/2

T(a)[(w2) Jo si-m2(1—s)—#1 2 4 p2ure—dzz \F =127 75 |-

It is useful to rewrite the equation graphically as:

M,
/N
! .— 1 F(Dél +D(2—d/2) /1 ds H (145)
7W C @2 T(e)l(e2) o st (1—s)10 2 wta-d/2
2
%]

D. For any triangle with indices «; (i = 1,2,3) and masses M; there is the following relation,
which is based on integration by parts (IBP) procedure [7,123,124,136-138]

+a3 {az a3, My & Mg} —2M3a, x= (146)

q2—q1
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As it was in the massless case (see Equation (12)), Equation (146) can been obtained by
introducing the factor (0/0k;) (k — g1)* to the subintegral expression of the triangle and using the
integration by parts procedure as in Equation (13).

As it was in the massless case, the line with the index &, is distingulished. The contributions of
the other lines are same. So, we will call below the line with the index a; as a “distingulished line”.
It is clear that a various choices of the distingulished line produce different tipes of the IBP relations.

5.2. Basic Massive Two-Loop Integrals

The general topology of the two-loop two-point diagram, which cannot be expressed as a
combination of loops and chanins is shown on Figure 4.

%
My 3 M, M;3 0
p M, M, q
M,
s M4 —
qz

Figure 4. Two-loop two-point diagram I(My, My, M3, My, Ms) and three-point diagram
P(My, My, M3, My, Ms, M) with g3 = g3 = 0.

Below in the present analysis we will concentrate mostly on two-loop two-point and three-point
diagrams, which can be taken from the diagram shown in Figure 4. We will call them as:

[j=1(Mj=M#O0,Mp=0,p#j), Lj=I1(Mi=M=M#0,My=0,p#i#]j),
Lijs=I(M;=Mj=Ms=M#0,M, =0,p#i#j#s),

Lig=I(Mij=Mj=Ms =My =M#0,M, =0,p#i#j#s#t), (147)
Pj=P(Mj=M#0,Mp=0,p#j), Pj=P(Mi=Mj=M#0,M,=0,p#i#j),
Pijs=P(Mj=Mj=Ms =M #0,My=0,p#i#j#s),

P =P(Mi=M;j=M;=My=M#0,M,=0,p#i#j#s#t). (148)

Application of the IBP procedure [123,124] to loop internal momenta leads to relations between
various Feynman integrals and, therefore, to the necessity of calculating only some of them, which
in a sense are independent. These independent diagrams (which were chosen completely arbitrarily,
of course) are called master integrals [55].

Applying the IBP procedure [123,124] to the master-integrals themselves leads to differential
equations [28,29,136-140] for them with the inhomogeneous terms containing less complex diagrams
(the “less complex diagrams” usually contain less number of propagators and sometimes they
can be represented as diagrams with less number of loops and with some “effective masses”
(see, for example, [56,132-135,141] and references therein)). Applying the IBP procedure to diagrams
in inhomogeneous terms leads to new differential equations for them with new inhomogeneous terms
containing even more less complex diagrams (= less> complex ones). By repeating the procedure
several times, in the last step we can obtain inhomogeneous terms containing mainly tadpoles, which
can be easily calculated in-turn (see also the discussions in Section 7 below).

Solving the corresponding differential equations in this last step, diagrams for the
inhomogeneous terms of the differential equations in the previous step can be reproduced. Repeating
the procedure several times, me can get the results for the original Feynman diagram.
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6. Evaluation of Series

Asg the first example, we consider P integral, whous graphical representation has the following form

%
q1

7 —

q2

Pyye =

This integral was calculated in Ref. [142] and presented also in [56,143].

It has the following series representation (In Minkowski space all In" x — In"(—x) and there
is an imaginary part which is important for cuts of the diagram. Such property exists also in other
examples (see Section 6.3 below)):

B N (=) | (n)2 (1 1 - 1 /=2 )
P125 = — (qz)z ;; n [(271)' 8_2 — E (S] —|—11'1X) +55151 — E(Sl + 1551 + 52)
2 1 2 - q2
+Esl—511nx+§1n x}—i—nF(n)], (x—m> , (149)
where
Si=Si(n—1), S;=8;(n—1). (150)

Here the normalization N = (722 / m2)2€, where 71 = 47te~7Ey is in the standard MS-scheme and
vE is the Euler constant.
Equation (149) contains the function F(n):

with

=

—! T(n)T(n—m)

Fi(n) = T2 —m) [Y(n) +¥(n—m)—¥(2n—m)—-¥(1)],
m=1
& IP(n+k) 1 T (n—m) 1
Ba(n) = & kT (2n+ k) &2 Fa(m) = = Tn—m) m
n—1
Fy(n) = I'(n+m) 1 (151)

Our purpose here to show the calculatio of the series F;(n). The most important point is the
following: if some series has the following form

n—1
F(n) =} f(n,m),
m=1
then it is important to reprsent it as
n—1
F(n) =), f(m),
m=1

where the new function f () is n-independent.
Technically, the series F;(1) can be evaluated by considering a connection between F;(n + 1) and
F;(n), which can be expressed as a difference equation of the following type:

Cn+1)F(n+1)—C(n) F(n) = FY(xn)
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with some coefficient functions C(n). Usually the new function £(!) (1) can be summed by standard
formulas from techbooks. If it is not the case, then it is necessary to repear the above procedure
for the function F(!)(11), then we will come to new function, e.g., F(?)(1). So, repeating the above
procedure for the functions F()(11), we will come to the one F(+1)(1), which can be summed by
standard formulas from techbooks.

For all the above functions F;(n) (i = 1,2,3,4) we should repeat the procedure twicely. Is it not
so convenient. More simple to consider the new functions F;(n,a):

" T(n+a)T(n—m+a) P(n+k) 1
Fi(n,a) =) ml(2n —m+a)T(1+a)’ 2 kKT (2n+k) k—

m=1

n—1 —1
Fa(ma) = Z::l F(l?()Zl;l(]i;T) m 1— a’ Fa(n,a) = Zz:l %m m 1— a’

which can be used to reproduce F;(n) as

d
Fin) = 2 F(1,a)lazo.

The new functions F;(n,a) can be evaluated with the usage of the above procedure only one time.
We will have

Ci(n+1,a) F(n+1.a) — Ci(n,a) F:(n,a) = I:“i(l)(n,a),

@ (n) can be summed by standard formulas from techbooks.
Here we will present the exact evaluation only the function F; (1, 4). The other functions can be
evaluated similiry and we will show only the basic steps.

where the new functions F;

6.1. Fy(n,a)

Consider F; (n + 1,a) and express it through F; (n,a) as

& I'n+a+1)I(n—m+a+1) I'n+a+1)
Fl(”Jrl’”)_n;l mb(2n—m+a+2)L(1+a) nl(n+a+2)(1+a)
I'(n+a)l'(n—m+a) (n+a)(n—m+a)
. 152
+n§ mF 2n—m+a)l(1+a) m2n—m+a)2n+1—m-+a) (152)
Expanding the last factor, we have after some little algebra
(n—m+a) B (n+a) l—i— 1
m2n—m+a)2n+1—m+a) (n+a)2n+1+a) |m 2n—m+a
~ n+l 1
2n+1+a 2n—m+a)2n+1—m+a)’
that leads for the r.h.s. of (152)
1 (n+a)? L T(n+1+a)T(n—m+a)
n(n—|—1+a)+(2n+a)(2n+l+a) Fi(n ) +m§11”2n+1—m+a)l"(l+a)
_(n+1)(n+a) ”ill (n+14+a)l(n—m+a) (153)

2n+1+a r2n+2—m+a)l(1+a)’



Particles 2020, 3 421

The last two series can be evaluated since

’E I(n+a)l'(n—m+a) _’E I'(n+a)l'(m+a)

= T2n+a—m+a)l(1+a) “~ Tn+m+a+a)l(l+a)
_I'(n+a)

—m@l(n—z,a‘i'l,n‘i'a“‘ﬂ“‘l), (154:)

where the function & (1,4, b) is defined and evaluated in Appendix A. Using these calculations

. 1 I'(l1+a) I'(n+a)
Di(n—2 1 1) = — 1
=28+l n+a+atl) n4+a—1 [F(n—l—vH—a) rn+a+a-1))"’ (159)

we have for the above series

”il In+a)f(n—m+a) 1 I(1+a) [(n+a) [(n+a) (156)
HT2n+a—m+a)l(1+a) nt+a—1 [T(n+a+a) TQRut+a+a—-1)] T(1+a)’
Putting the result to (153), we have
1 (n+a)?
At ite) mnraansiza |00
1 I'(n+a) I2(n+a)
+_ —
n \I'n+1+4+a) T(2n+a)l(1+a)
(n+a) ['(n+a) I2(n+a)
_ — . (157)
2n+1+a \I'(n+12+a) T(2un+1+a)T(1+a)
After some algebra, we have for F(n+1,4):
B (n+a)? 3n—2a
Aln+la) = 2n+a)2n+1+a) Fi(ma) + n(2n+a)(2n+1+a)
Ef(n—ka)l"(n—ka—i-l). (158)
nI2n+2+a)l'(1+a)
Consider
Fl(”/ ll) = Cl (7’1,(1)?1 (Tl, ll)
with 2 )
I'“(n+a
Cna) = o T ara T )
Then, we have
- — 3n—2a T(2n+a)l'(1+a) a
Fi(n+1,a) = Fi(na)+ . 2 +1+a) Rt a)
I " (3n—2aT(2m+a)l'(1+a) a
N Fl(l'a)+n1z_:1< n I?2(m+1+a) +m(m+a) ’ (159)
Since Fi(1,a) = 0, then F(1,a) = 0. Thus, we obtain the final result for F; (1, a):
_ TI*(n+a) =l /3n—2a T(2m+a)T(1+a) a
Fi(n,a) = I(2n+a)l(1+a) m;l < n I2(m+1+a) m(m—i—a)) (160)
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Then,
() "oTm) | (n!)?
A0 = 35 L fiur1) ~ S
2 n n—1 m
F1<Tl) = ll::(éng lSz(Zn— 1) —I—El r2r(£5+)1)

x [3 (252(m —1) = Sy(2m — 1) = 255 (n — 1) + S, (2n — 1)} + %]
(

—

271)

o) , (161)

So 43 (S1W1 — Wip) — 6 (S1 Wy — Wy ) +4W,

—

where Soy = Si,.(n—1),,S44.. = S+,..(2n — 1) (see definition of S+, (n) in (42), Wa, . =
Wag.(n—1)and Wy, = Wi, (2n — 1) with

é—l n é—l
= Wa,b,c,---(”) = Z - Sb,c,w(m) : (162)

m=1

Wa(n) = Y.

m=1

ma’

6.2. Fi(n,a) (i=2,3,4)

Consider F;(n+1,a) i = 2,3,4 and express it through F;(n,a) as in the previous subsection

Fi(n+1,a) = Ki(n,a) F;(n,a) + fi(n,a), (163)
where
B (n+a)? B n(n—a) _n+a
Ka(n,a) = (2n+a)2n+1+a)’ Ka(n,a) = 2n—a)2n+1—a)’ Kaln,a) = n (164)
and
B 3n—2a n[n(4n+3)+a(B3n+2)] T2(n)
faln,a) = n2n+a)2n+1+a)  (2n+a)2n+a+1) T(2n+2)
_ 3n®—3an+a? a I%(n)
) = = ent1=a) T 2@ a2 —at 1) T2n)’
fa(n,a) = 3Z — ia 1"21;512—?1) - % (165)
Consider
Fi(n,a) = Ci(n,a)Fi(n,a), fi(n,a) = Ci(n,a)f;(n,a)
with
Cao(n,a) =T(1+4a)Cy(n,a), Cs(n,a)= %, Cy(n,a) = F(;(;)a)

Then, we have

Fi(n+1,a) = Fi(n,a) + f;(n,a) = F;(1,a) + i fi(m,a), (166)
m=1
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where
— _3n+2a T(2n+a) a r(n+1) T(2n+a)
fam8) = — = muva) (4"+3+E(3”+2)) Ten+2) 2(ntlta)’
-  3n%—3an+a? I'(2n—a) a T'(n) T(2n+a)
falm ) = e T 1—aTs1) 20 T2n) T+ 1ta)’
Falna) = 222 [(2n) ___t) (167)

n—a Tn+1—a)l(n+1) T(n+1—a)’

Since F;(1,a4) = 0 (j = 3,4) and Fx(1,a) = (Y(1+a) —¥(1) —1)/(a—1), then
Fi(1,a) =0 (j=3,4), F2(1,a) = ﬁ (1 —¥(1+a) +‘I’(1)). (168)

Thus, we obtain the final result for F;(n,a):

n—1_
Fi(n,a) = Ci(n,a) le(l/ﬂ)Jr )3 fi(m,ﬂ)] : (169)
m=1
Then,
() o 2 _*(n)
R(n,0) = 170 (51— 281 +3Wi |, Fy(n,0) = 3™ Ri0) = 3w - 1]
and
I2(n 1 /= - - —
R(n) = F(.g_n; [@2 ~5 (52 =25+ (51— 251)2) =3 (S1Wy —Wy,)
+6 (51W1 — Wy 1) — 4W2] , (170)
(n) |14 - _—
F(n) = T(2n) 75213 (S1W1 = Wy1) =3 (S1 W1 — Wy 1) 4+ 3Wa |, (171)
I2(n 1
Fy(n) = F(én; [3 (S1Wh = Wi1) = Wo — 5 (5% - 52)] : (172)
Taking the results for F;(n) (i = 1,2, 3,4) together, we have for Py
B N (—x)" (n)2 (1 1 - 3/_n
P125 = - (qz)z n;_l " (27’1)! 8_2 - E (51 + lnx) +45151 - E (551 + 52) — €2
+%Sl -5 lnx—l—%lnzx}, (173)

where all series W, and Wﬂ,m are canceled.

6.3. Properties of Series

This scheme was successfully used to calculate the two-loop two-point [28,29,132,133,136,141]
and three-point diagrams [56,142,143] with one nonzero mass. This procedure is very powerful, but
rather complicated. However, there are some simplifications based on representations of series of
Feynman integrals.

Indeed, the inverse-mass expansion of two-loop two-point and three-point diagrams (the
diagrams are complicated two-loop Feynman integrals that do not have cuts of three massive particles.
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thus, their results should be expressed as combinations of Polylogarithms. Note that we consider only
three-point diagrams with independent upward momenta g; and g,, which satisfy the conditions
73 = g5 = 0and (g1 + q2)*> = ¢* # 0, where q is downward momentum) with one nonzero
mass (massless and massive propagators are shown by dashed and solid lines, respectively), can be
considered as

FI = 7 Cn (nx)" {Fo(”) + [lrleLl(”) + % Fl,2(”)] (174)
n=1

+ [lnz xF (1’[) + % Inx F2,2(7’l) + Slz F2/3(7’l) + 5(2) F2,4(n)] 4 },

where x = g% /m? (as it was shown in (149), 7 = 1or —1 and & = 1 and 2 for two-point and three-point
cases, respectively. The normalization N is defined below Equation (149). Moreover,

c _ (2

) = C,. (175)

for diagrams with two-massive-particle-cuts (2m-cuts). For the diagrams with one-massive-particle-
cuts (m-cuts) C,, = 1.
For m-cut case, the coefficients Fy (1) should have the form

Sia g(ia)
F ~ el 176
N,k(n) nb nb (176)
where Si;.. = S44,..(j — 1) are harmonic sums defined in (42) and {(+a) are the Euler-Zagier
constants
®(£1)™ X (£1)™
() = Y B patbte ) = Y B s . am)
m=1 m=1

For 2m-cut case, the coefficients Fy () can be more complicated

Siu,... Va,... Wa,...

FN,k(n) ~ nh ’ nb ’ nb ’ (178)
where S, . = S4q4..(n—1) and W4, . are defined in Equations (42) and (162), respectively, and
Vaig,.. = Vg, (j — 1) with

. LG . ¢,
Va(]) - Z na’ Vﬂ/brcr“‘(]) = Z 4 Sb/g/...(Wl), (179)
m=1 m m=1 m

The terms ~ V, _and ~ W, __can come only in the 2m-cut case. The origin of the appearance of
these terms is the product of series (174) with the different coefficients C;, = 1 and C, = Cy.

6.4. Other Examples

As an example, consider two-loop two-point diagrams I; and I;, studied in [56].

L = —* —, Ip =

7 7

— (180)
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Their results are
N (—x)" (1. ., 2 S1 3
N (—x)" (1 (n!)? 2
- - L5 {n+<2n)! ~2nx—3Wy 4+ ) ¢ (182)
From (181) one can see that the corresponding functions Fy (1) have the form
1
Enp(n) ~ =, (N22), (183)
if we introduce the following complexity of the sums (® = (S, V, W))
— — — 1 "
Doty ~ Py eay ~ Pty ey a ~ o~ o (L4 =a). (184)
i=1

The number 3 — N determines the level of transcendentality (or complexity, or weight) of the
coefficients Fy i(n). The property greatly reduces the number of the possible elements in Fy j(n).
The level of transcendentality decreases if we consider the singular parts of diagrams and/or
coefficients in front of {-functions and of logarithm powers. Thus, finding the parts we can predict
the rest using the ansatz based on the results already obtained, but containing elements with a higher
level of transcendentality.

Other two-loop two-point integrals in [56] have similar form. They were exactly calculated by
differential equation method [28,136].

Now we consider two-loop three-point diagrams, P5 and P;y:

— —
1 Ul
Ps = , Py =
7 — 7 —
q2 q2
Their results are (see [56]):
- N x" Sy S% S1
Ps = (qz)z Pl o {—6@,’34-251@'24-653—251524-47 - 74—2?
+(—4s2 + 8% — 2%) Inx +5; 1n2x}, (185)
N (—x)" (n)2 (2 2 1
P, = =4+ = —3W;+ = —1 — 6W, — 18W
12 <q2)2 n;] 2 (27’!)! 2 + . S1—3Wp + 7’l nx 6W, 8Wi 1

2 1
~13S; + 57 — 651 W, +2% +3 —2<sl + ;) 1nx+ln2x}.

Now the coefficients Fy (1) have the form

1
Eni(n) ~ —x, (N23), (186)

The diagram Ps (and also P;, P; and Py in [56]) was calculated exactly by differential equation
method [28,29,136-140] To find the results for P;, (and also all others in [56]) we have used the

knowledge of the several n terms in the inverse-mass expansion (174) (usually less than n = 100)
and the following arguments:
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e If a two-loop two-point diagram with a “similar topology” (for example, Iy, for Py, etc.) was
already calculated, we should consider a similar set of basic elements for corresponding Fy ()
of two-loop three-point diagrams but with a higher level of complexity.

e Let the diagram under consideration contain singularities and/or powers of logarithms. Since
the coefficients are very simple before the leading singularity, or the largest degree of the
logarithm, or the largest {-function, they can often be predicted directly from the first few terms
of the expansion.

Moreover, often we can calculate the singular part using a different technique (see [56] for
extraction of ~ Wy (n) part). Then we should expand the singular parts, find the main elements
and try to use them (with the corresponding increase in the level of complexity) in order to
predict the regular part of the diagram. If we need to find e-suppressed terms, we should increase
the level of complexity of the corresponding basic elements.

Later, using the ansatz for Fy(n) and several terms (usually less than 100) in the above
expression, which can be exactly calculated, we obtain a system of algebraic equations for the
parameters of the ansatz. Solving the system, we can obtain the analytical results for Feynman
integrals without exact calculations. To check the results, we only need to calculate a few more terms
in the above inverse-mass expansion (174) and compare them with the predictions of our anzatz with
the fixed coefficients indicated above.

Thus, the considered arguments give a possibility to find results for many complicated two-loop
three-point diagrams without direct calculations. Several process options have been successfully used
to calculate Feynman diagrams for many processes (see [56,132,133,142,144-147]).

Note that properties similar to (183) and (186) were recently observed [66-69] in the so-called
double operator-product-expansion limit of some four-point diagrams.

6.5. Modern Technique of Massive Diagrams

Coefficients have the structure (183) and (186) with the rule (184). Note that these conditions
greatly reduce the number of possible harmonic sums. In turn, the restriction is associated with a
specific form of differential equations for the Feynman integrals under consideration. Differentials
equations can be formally represented as [108-112]

((x +a) % - Es) FI = less complicated diagrams(= FI;), (187)
with some number a and some function k(x). This form is generated by IBP procedure for diagrams
including an inner n-leg one-loop subgraph, which in turn contains the product k#1...k#m of its internal
momenta k with m = n — 3.

Indeed, for ordinary degrees a; = 1 + a;e with arbitrary a; of subgraph propagators, the IBP
relation (12) gives the coefficient d — 2a1 — Zf:2 a;+m ~ ¢ for m = n — 3. Important examples of
applying the rule are the diagrams Iy, I1 and Ps, P2, P2 (for the case n = 2 and n = 3) and also the
diagrams in in Ref. [148] (for the case n = 3 and N = 4). However, we note that the results for the
non-planar diagrams (see Figure 3 of [56]) obey the Equation (186) but their subgraphs do not comply
with the above rule. The disagreements may be related to the on-shall vertex of the subgraph, but this
requires additional research.

Taking the set of less complicated Feynman integrals FI; as diagrams having internal n-leg
subgraphs, we get their result stucture similar to the one given above (186), but with a lower level
of complexity.

So, the integrals FI; should obey to the following equation

((x + al)% — Els) FI; = less? complicated diagrams(= Fly). (188)
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Thus, we will have the set of equations for all Feynman integrals FI,, as

d -
<(x +ay) i kn£> FI, = less"*! complicated diagrams(= Fl, 1), (189)
with the last integral FI,, ;1 contains only tadpoles.

Moreover, following [149,150], we can reconstruct the above set of inhomogeneous equations as
the the homogeneous matrix equation (for complicated diagrams, there is an extension in Ref. [151])
(see Ref. [152-154] containg methods to obtain the equation)

%ﬁ —¢KFI =0 (190)
for the vector
FI
7T — FIy /7 ,
L,/

where the matrix K contains the functions Ej /(x+ aj) as its elements. The form (190) is called as the
“canonic basic”. It is now very popular (see, for example, recent papers in Refs. [155-163]).
Please note that for real calculations of FIj it is convenient to replace

FlI, = 1:Tlrlﬁn/

where the term FI,, obeys the corresponding homogeneous equation

((x+an)% —Ens) FI, = 0. (191)

The replacement simplifies the above equation (189) to the following form

I P
(x“‘an)ﬁFIn = Flpa H, (192)
having the solution
= *odn FL11(x1)
Fla(x) = [ FL, g () 2L 193
n(0) = | — n+1(x1) T, (1) (193)

Usually there are some cancellations in the ratio Fl,,.1/Fl, and sometimes it is equal to 1. In the
last case, the equation (193) coincides wuth the definition of Goncharov Polylogariths (see [164] and
the references therein).

The series (181), (182) and (185) can be expressed as a combination of the Nilson [165] and
Remiddi-Vermaseren [166] polylogarithms with weight 4 — N (see [56,142]). More complicated cases
were examined in [167].

7. N =4SYM

Note that both in the massless case and in the massive case the results of scalar diagrams have
an important property: all elements have the form (see Equation (184))

aal,az,...(n + nO) or 6&],%2,...(” + nO)
(n+mngp)b (n+mny+1)b

, (194)
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where the quantity 7+ b (@ = Y_;_1 |a;|) is fixed for each order of expansion in ¢. For integrals I; (1, 1)
and I;(1,7) (and also I (n +1,n) and I;(n + 1, 1)), this property is even more strict, since in this case
b=0.

Unfortunately, calculations in QCD (or another theory) mix orders of magnitude over e.
Moreover, in expansions of diagrams containing propagators with non-trivial numerators (for
example, as propagators of quarks and gluons) this property is also violated.

It is an amazing fact that the property (194) in its most strict form b = 0 is restored for diagonal
elements of anomalous dimensions [47-50] and DIS coefficient functions [51] within N = 4 SYM.

The anomalous dimensions of the twist-2 Wilson operators govern the Bjorken scaling violation
for parton distributions (= matrix elemens of the twist-2 Wilson operators) in the framework of
Quantum Chromodynamics.

Balitsky-Fadin-Kuraev-Lipatov [37] and Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [168"172]
equations resum, respectively, the most important contributions ~asIn(1/xp) and ~asIn(Q?/A?)
in different kinematical regions of the Bjorken variable xp and the “mass” Q? of the virtual photon
in the lepton-hadron DIS and, thus, they are the cornerstone in analyses of the experimental data
from lepton-nucleon and nucleon-nucleon scattering. In the supersymmetric generalization of QCD
the equations are simplified drastically [36]. In the N' = 4 SYM the eigenvalues of the matrix of
anomalous dimesion contain only one universal function with shifted arguments [47,48,173].

The three-loop result (note, that in an accordance with Ref. [43,44] our normalization of 7(n)
contains the extra factor —1/2 in comparison with the standard normalization (see [47,48]) and differs
by sign in comparison with one from Ref. [52-54]) for the universal anomalous dimension ,,,;(j) for
N =4SYMis [50]

A . . &N,
Yuni(n) = Gyh(n) + Py ) + P () 4y A= TE, (195)
where
1 .
2T+ = =Si(n), (196)
LN _ S S 5
STnli+2) = (Sa(n)+5-a(n)) =25 51(n) +251(n) (S2(n) +52(n)), (197)
1 ), - _ _ _
= Ni+2) = 25_5(n) S(n) — S5(n) = 25_(n) S3(n) ~35_s(n) +245_51,1,(n)

+6 (34,1 (n) +S_32(n) + 5_2,3(7’1)) —12 <§3/1/1(n) +S_212(n)+S 201 (n))

_ (Sz(n) 12 s%(n)) (3 S a(n) + S3(n) — 2 §_2,1(n)) —8y(n) (8 S 4(n) +55(n)

+485(n)S_o(n) +285(n) +384(n) —125_51(n) —10S_55(n) +16S 514 (n)) (198)
with S, +p 1., (1) (see Equation (42)) and

S ahe (1) = (=1)"S_gpe, (1) + 5 gpe,.(00) (1= (~1)"). (199)

The expression (199) is the analytical continuation (to real and complex n) [174,175] of the
harmonic sums S_, j, . ...(1) (see discussions andout the analytical continuation and its applications
in Appendix C).

The results for 71(4?1)1‘(”) [176-179], vii)i(n) [180], 71(4?4)1‘(”) [181] and 71(4?1)1‘(”) [182] are obtained
from the long-range asymptotic Bethe Equations [183,184] for twist-two operators and the additional
contribution of the wrapping corrections. The similar calculations for the anomalous dimension in

the twist-three case can be found in [185-187].
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Similary to the Equations (183) and (186) let us to introduce the transcendentality level i for the
harmonic sums S.+,(n) and and Euler-Zagier constants {(=+a) in the following way

Siipie..() ~{(£a,+b,+c,---)~1/n', (i=a+b+c+---). (200)

Then, the basic functions 71(4(;)4)1‘(”)' 'yl(jq)i(n) and 71(51)1'(”) are assumed to be of the types ~ 1/n!
with the levelsi = 1,i = 3 and i = 5, respectively. A violation of this property may be obtained from
contributions of the terms appearing at a given order from previous orders of the perturbation theory.
Such contributions could be generated and/or removed using an appropriate finite renormalization
and/or redefinition of the coupling constant. But these terms do not appear in the DR-scheme [188].
It is known, that at the first three orders of perturbation theory (with the SUSY relation for

the QCD color factors Cr = C4 = N.) the most complicated contributions (with i = 1, 3 and
5, respectively) are the same as in QCD [52-54]. This property allows one to find the universal

(0) (1) (2)

anomalous dimensions 7y,.:(1), 7,,;(n) and 7, (1) without knowing all elements of the anomalous

dimension matrix [47,48], which was verified for '75:171)1‘ (j) by the exact calculations in [49].

Note that in N' = 4 SYM some partial cases of anomalous dimension are also known for the
large couplings from string calculations and AdS/QFT correspondence [189-191]. We would like to
note that if the property of the maximal transcendentality exists at low coupling, then sometimes
it appeares at large couplings (see, for example, the results for the cusp anomalous dimension at
low [192,193] and large [194,195] couplings, both of which are based on the Beisert-Eden-Staudacher
Equation [196]). However, this is not true for Pomeron intercept, which results lose the property of
maximal transcendentality at large couplings (see [50,197-200]). The reason of the difference in the
results for the cusp anomalous dimension and Pomeron intercept is currently not clear. More research
is required.

8. Conclusions

In this review, we presented the results of the calculation of some massless and massive two-loop
Feynman integrals. In the massless case, we considered scalar two-point diagrams with a traceless
product in the numerator of one propagator and diagrams depending on two momenta q and p when
p? = 0. In the massive case, we studied the 1/m?-expansion of Feynman integrals. The similarity of
the structure of the expansion coefficients of massless and massive diagrams is shown.

Evolutions of the most complicated parts: @;(n) (i = 1,2) for massless diagrams and F;(n)
(j = 1,2,3,4) for massive diagrams (see Sections 3.2.1, 3.3.1, 6.1 and 6.2, respectively), are shown
in details.

The main calculation method for ®;(n) and F;(n) is to build recurrence relations (i.e., the
relationships between @;(n) and ®;(n — 1) and also F;(n) and F;(n — 1)), which ingomogeneous parts
contains only simpler amounts. The calculation of the series in the ingomogeneous parts allows us
to get complete information about the recurrence relations and, as a result, solve them and get the
desired values for the studied ®;(n) (i = 1,2) and Fj(n) (j = 1,2,3,4).

Note that this approach is close to the method of differential equations for calculating massive
diagrams. This is not surprising, since the differential equations for any function correspond to
recurrence relations for the coefficients of its expansion.

For the massless and massive diagrams under consideration, the level of transcendentality
(or complexity, or weight) remains unchanged in any order of ¢ (see Sections 6.3 and 6.4). Moreover,
it decreases in the presence of logarithms or {-functions. It is called as transcendentality principle.
Its application leads to the possibility to get the results for most of integrals without direct
calculations.

This property is violated in physical models, such as QCD, where propagators (both quarks and
gluons) contain momenta in their numerators, which are responsible for mixing levels of complexity.
However, this property is preserved (see Section 7) for diagonalized quantities, such as diagonal
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anomalous dimensions and coefficient functions in N = 4 SYM, which is an amazing but poorly
studied property.
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Appendix A. Some Useful Formulas

A. Consider firstly the simple series
. " T(m+a)
q>1 (Tl, a, b) = mgo m . (Al)

It is conveninet to rewrite it throught ; F;-hypergeometric functions with the argument 1, which
are exactly expressed as a product of I'-functions

I'(c)T(c—a—Db)

2Fi(a,b;61) = I(c—a)l(c—Db)

for c—a—b>0. (A2)

Consider & (a,b) as

&1 (n;a,b) = i Lmva) i %: i (?EZiZ)_F(mJF‘H"H'l))_ A

mzol"(m—i—b) et I'( = ) T(m+b+n+1)
Using (A2), we have
s B 1 I'(a) F'(a+n+1)
Ci(miab) = g—— [F(b—l)_ T(b+n) ] ‘ (Ad)
Now we consider another series
s % I'(m+B+1)
<I>2(n,oc,ﬁ)—n;0 In—m+1+a)’ (A5
Rewriting I 1ea) M)
n—m o n—m -
TR A ROk (A0
we see that
5 B (—1)" .
PPl = g e
_ (=)™ 1 [(-n—a) T(1-qa) . (A7)
I'(—)F(1+a) a+p+mn I'(B) Ir'(p+n+1)
Since
I(—n—a) = (—1)r LA +a) (A8)

I'n+1+a)
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we obtain the useful relation

. 1 1 (=1)"
Dy (n;a, B) = A9
2, B) i Bin [T+ 11a)T()  T@T(B+ntl) (A9)
which has important particular cases
| 1 R = O 1
©2Ama=0.p) = g T 2P =0 = o Ty ot (A10)
B. Consider E§4)(O, n) considered in Equation (84). It has the form
—(4) N (CDRtSy (k) Sy (n+1—k)
G On = -} K(n—k+1)!
n+1 _1\k,1 _ _
= 3 r(§<+l)1i'r<)lr( R ) (atl)
* 9 o X)L P —oy—o0
Taking the results (A9) we have
g — 22 [(OT=y) | ()'T(=x)
2 oxoxn+2—x—y [I(n+3—y) T(n+2-x)

x=0,y=0

_ 'i 1 (—x) (=1)"T(1 —x) (=x)  S1(n+2)
~ [(n+2—x)2 <1“(n+3)+ I'(n+2—x) >+(n+2—x) I}(n+3)]|

Performing the derivative with respect of x, we can parametrize the final result in the form

W 0,m) =~ [ () + (-1 Az ()], (A12)
where
B 1 1 Si(n+2) 1 1
Al = G Tt rl(n+3) T T(n+23) <Sl(”+2)+n—+2> o (ALY
2 1 Sin+1) 1 2\
Ax(n) = (n+2)2 T(n+2) rl(n+3) BCEE) (Sl(”+1)+ ?) = ~An)(AlY

So, we see that 654) (0,1) = 0 for even n values.

C. Consider the series

n " S (m n 52 m
i) = 12 S sy = 3 2,y S (A15)
m=1 m=1 m m=1 m
and expess them trough standard sums S;(1) and the one Sy ().
For the first series S; 1 (1) we have
"1 31 UL U | o1 1
S11(n g a§7_1:217m221a ;7 ( —-51(1) + l). (A16)
Comparing L.h.s. and r.h.s., we see
11 1 1/,
S =5 3 7 (S100+7) = 3 (S + 520m) (A17)
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By analogy with the case Sq 1(n) we can obtain

S]z i % ( Sl<l) ;) = Sl(n)Sz(n) +52,1(Tl) +53<Tl). (A18)
and
nOSim) _gn Si(m) ¢ 1R 1R Si(m)
mglm _Elml;l I:lemzzlm
S [Z ) Y 1) +517(l)] . (A19)
I=1 m=1 m=1

Taking the results (A17), we have

sim) _1 [(g%(n) +52(m) $10) = 3 7 (530)+ 52(0) +252'1<”>] e

m 2 =

Comparing Lh.s. and r.h.s., we see

83 (m)
m

= % { (S%(Tl) + S2(Tl)) S1 (Tl) — 51,2(71) + 252,1 (n):| . (A21)

m=1

Taking the results (A18), we have the final result

= 2 [$3m) = Ss(m)] + 501 (m). (A22)

(JJlH

y &
m=1
The evaluation of the more complicated sums can be found in Ref. [201].

Appendix B. Method of “Projectors”

In Refs. [24,26] we used a special case of the “projection” method [20,21]—is so-called
“differentiation” method, which allows for a diagram depending on two momenta p and g, where
p?> = 0, to obtain the coefficients for powers of [2(pq)]/4? (in the case of nonzero quark masses,
similar canculations were done in Ref. [202]). These coefficients will be call the “moments”.

As a first example, we consider the diagram J; («, g, p)

—

p M g
.4 — Zl(ak p)\] p)\kq q
7 X

(e, q,p \/ q 2(k+a-+2e)
— @
P

We differentiate expression (6) on the right and on the left n times with respect to p and set

p = 0. On the left we have “\
—/n/ |
a+n

d

/ \j }
el AL

2“\
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On the right we get

2Mgh . g¥n
q2(n+tx+2s) ’

=Sn!Ji(a,n)

2qu1 gk d d
Z h & k k+u¢+2£) dpy (PV]WPVk) p=0

dp]'in

Therefore, for the moment J; («, 1) of the diagram we have the following expression:

v Vn
q1..q n+1x —

Il(“fn)qz(n+a+2€): il (a \_/n/._ ) 7

A
N

Next, we will neglect the symmetrizator S.

Note that this transformation from the diagram to its moment remains valid for arbitrary indices
of the diagram lines, as well as the presence of additional momentums in the propagators of the
diagram (if the latter are located on a differentiable line, then some changes will be required).

The second consider diagram is

—
p
o

N
/g?

By analogy with the previous diagram we have for its moments:

Ji(a,q,p) =

7

A

- gU..gh A T(n+a)
J1(a,n) qZ(n+uc+2£) =5 n!T (&) 7

:l:
!
I
%1)
!

a+n+1 n+2

A similar conclusion can be drawn for the following diagram

v
file, B,q,p) = - .
1 7 7

@

=/

B

Its moment has the form
N ql/l'”qv,,, Fk+ﬁ) (n_k_i_“ /\
k)

Ji(a, B,m) M =) ((n

k=0

T (w0 \\h n—k
/'\ kT atn—k
a=p=1 i —e — .
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7

Note that there is another technique to calculate the considered diagrams: the “gluing’
method [19]. Using the orthogonality of traceless product, on can obtain the moment of the diagram
by an additional integration on the § momentum with a propagator, which has an index ¢ and
the additional tranceless product. This additional integration leads to very complicated three-loop
diagrams. For the considered Feynman integrals J1(«,q,p), J1(x,q,p), J1(«,B,q,p) these “gluing”
three-loop diagrams have the following form

7

The evaluation of these complicated diagrams is above of the slope of the paper. Some example
of application of the “gluing” method can be found in Ref. [24].

As a conclusion of Appendix B, we would like to note, when applying the method of
“projectors” [20,21], the expression obtained for the nth moment of the initial diagram has alwais
much simpler form than using the “gluing” method [19].

Appendix C. About Analytic Continuation

Here we demonstrate the direct calculation the particular case C;(1,n = 0) from the general
expression Cy (1, n) in (122) by using an analytic continuation (from even n values) of the sum

S_o(n) = il <_ml2)m . (A23)

Indeed, using the simple sum, it is very convenient to show the basic steps of the analytic
continuation itself. In the case of more general nested sums S, 1} (1) formulas are more complex,
which may make it difficult to understand the procedure.

The basic idea of the analytic continuation is very simple: try to translate the argument n from
the upper limit of the sum to the summed expression. After the procedure performed we have a
possibility to expand and to differenciate with respect of n and so on.

Firstly we represent the sum S_,(#) in (A23) as

sam= (L - ¥ ) E —s e (e y, AU (A24)

m=1 —m=n+1 m=1
and we see the unpleasant factor (—1)" in the front of the last term in r.h.s.

Considering the variable (—1)"S_,(n):

(41)5-a(m) = (17Sa0) = T2 (s, (a29)

we move the factor (—1)" to the front of the first term.
Now we introduce the new n-dependent function S_,(n) as

Soa(n) = (=1)"S—2(n) + (1= (=1)")S—2(=0), (A26)
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which coincides with the initial one S_, (1) at even n values and have no the unpleasant factor (—1)"

52 =52() - 1 ¢, o (A27)

So, the function S_,(n) can be considered as the analytic continuation (from even n values) of
the sum S_,(n).

Now it is possible to consider the small-n limit of C,(1,n) using the corresponding limit of
S_5(n) as

S o(n=8-0) = S_5(c0)— i (

{1 — 2% - 0(52)]

) =265 _3(c0) +O(8?). (A28)

In r.h.s the function S_3(c0) coincides with the Euler number {5, where

Z“:,g <—mla>m (21 - ) lo= 203 fora=3. (A29)

Thus, in the small-n limit we have for S_,(n):

S_a(n =5 0) =~ 36+ O() (A30)

and for the coefficient function C,(1,n = 0) of (122)

Co(1,1 = 0) = —ﬁ S a(n =6 0) = 643+ 0(6), (A31)
that exactly coincides with C1(1,n = 0).

This analytic continuation has many important uses. For example, to analyze the evolution of
parton distributions and DIS structure functions, there is a popular approach [203] which is based on
the Gegenbauer polynomials, which in-turn are associated with the moments of parton distributions
and structure functions. Using in the analysis a simple evolution for moments, which is determined
here by the simple differential DGLAP equations, at the last step the parton distributions and/or
structure functions are restored by summing (to a certain value Nyjax) the Gegenbauer polynomials.

In this analysis, evolution should be performed for both even and odd moments, so the analytic
continuation is necessary. Using this analytical continuation, a lot of analysis of experimental data
was performed (see a review in [204]) by the method described here.

Another important application [205,206] is the study of parton distributions and structure
functions in the region of small values of the Bjerken variable x, which directly relates with above
study of the nested sums at n — 0. The approch includes, in particular, an extraction of gluon
density and longitudinal structure function from data for structural function F,, the evolution of
parton distributions at low x in nucleon and in nuclei, an ultrahigh-energy asymptotics of the
neutrino-hadron interaction cross section. Some review of these studies can be found in Ref. [207].
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