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Abstract: Flavour changing neutral current (FCNC) processes are described by loop diagrams in the
Standard Model (SM), while in 331 models, based on the gauge group SU(3)C × SU(3)L ×U(1)X ,
they are dominated by tree-level exchanges of a new heavy neutral gauge boson Z′. By exploiting
this feature, observables related to FCNC decays of K, Bd and Bs mesons can be considered in several
variants of 331 models. The variants are distinguished by the value of a parameter β that plays a key
role in this framework. Imposing constraints on the ∆F = 2 observables, we select possible ranges for
the mass of the Z′ boson in correspondence to the values β = ±k/

√
3, with k = 1, 2. The results are

used to determine the impact of 331 models on b→ s processes and on the correlations among them,
in the light of new experimental data recently released.

Keywords: flavour anomalies; physics beyond the Standard Model; Rare B decays

1. Introduction

Flavour changing neutral current (FCNC) processes occur in the Standard Model
(SM) through loop diagrams, hence they are sensitive to the virtual contribution of heavy
particles, even those not yet observed. For this reason they have played a major role in
the search for physics beyond the Standard Model (BSM). Among such processes, modes
induced by the b → s transition have been widely investigated in theory and by the
experimental collaborations. Exclusive B→ K(∗) ℓ+ ℓ−, with ℓ = e, µ, offer the possibility
to exploit a number of observables, such as angular distributions and asymmetries, that are
sensitive to BSM. Ratios of observables are also useful, since the dependence on the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements drops out. The largest uncertainty is related
to the hadronic form factors describing the B→ K(∗) matrix elements. Some observables
can be identified where such an uncertainty is largely reduced. Other interesting modes in
this category are Bs → µ+ µ− and B→ K(∗) ν ν̄. Tensions with respect to the SM predictions
have emerged in experimental data relative to these modes [1].

Among the various scenarios proposed to extend the SM, promising ones are the
331 models based on the gauge group SU(3)C × SU(3)L×U(1)X , in which FCNC processes
are dominated by tree-level exchanges of a new heavy neutral gauge boson Z′. In this paper
we consider how these models face the latest experimental results for a few observables
relative to the modes B→ K(∗) ℓ+ ℓ− and B→ K(∗) ν ν̄.

The plan of the paper is the following. In Section 2 we review the main features of
the 331 models that are relevant for our study, specifying the classification of the model
variants. A new approach to constrain the 331 parameters independently of the variant,
and to bound the Z′ mass in the four considered variants is provided in Section 3. The SM
effective Hamiltonians for b→ s ℓ+ ℓ− and b→ s ν ν̄ are presented in Section 4, as well as
their modification in the 331 case. The results of our study are discussed in Section 5. The
last section is devoted to the conclusions.
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2. The 331 Models

We briefly describe the class of models that goes under the name of 331 models [2,3],
focusing on the features relevant for our discussion. A detailed description can be found
in [4].

The 331 models are based on the gauge group SU(3)C × SU(3)L ×U(1)X , first sponta-
neously broken into the SM one SU(3)C × SU(2)L ×U(1)Y, then to SU(3)C ×U(1)Q.

The important differences with respect to the SM, consequences of having enlarged
the gauge group, are listed below.

• Five new gauge bosons are introduced.
• Left-handed fermions can transform according to the fundamental or the conjugate

representation of SU(3)L, i.e., as triplets or antitriplets. New heavy fermions can also
be present. Right-handed fermions are singlets as in SM. This model can answer
the conceptual question of why the number of fermion generations is three. Indeed,
requiring that gauge anomalies cancel and that asymptotic freedom occurs in QCD
constrains the number of generations to be equal to the number of colours. However,
this holds provided that quark generations transform differently under SU(3)L. It is
usually assumed that the the first two quark generations transform as triplets, while
the third generation and the leptons transform as antitriplets. Another possibility is
obtained reversing the role of triplets and antitriplets.

• The Higgs sector is extended, and consists of three SU(3)L triplets and one sextet.
• The electric charge operator Q̂ is defined as

Q̂ = T̂3 + β T̂8 + X̂ ,

with T̂3 and T̂8 the diagonal SU(3)L generators and X̂ the U(1)X generator.

Among 331 models, a given variant is specified by a parameter β together with the
choice between the two possibilities for the fermion representations. Even though the
charges of the new gauge bosons depend on the variant, one of them, usually denoted Z′,
is neutral regardless of the value of β. This new gauge boson mediates tree-level FCNC in
the quark sector, while its couplings to leptons are diagonal and universal.

To define quark mass eigenstates, two rotation matrices are introduced as in the SM.
The one that rotates up-type quarks is denoted as UL, for down-type quarks it is VL. The
relation VCKM = U†

L VL holds, VCKM being the CKM matrix. Differently from the SM, where
VCKM weights the charged current interactions between up- and down-type quarks and
where the two matrices UL and VL never appear individually, in 331 models only one
between UL or VL can be expressed in terms of VCKM and of the other one, so that the
remaining rotation matrix affects the Z′ couplings to quarks. Choosing VL as the remaining
matrix, the following parametrization can be adopted:

VL =

 c̃12 c̃13 s̃12 c̃23 ei δ3 − c̃12 s̃13 s̃23 ei (δ1−δ2) c̃12 c̃23 s̃13 ei δ1 + s̃12 s̃23 ei (δ2+δ3)

−c̃13 s̃12 e−i δ3 c̃12 c̃23 + s̃12 s̃13 s̃23 ei (δ1−δ2−δ3) −s̃12 s̃13 c̃23 ei (δ1−δ3) − c̃12 s̃23 eiδ2

−s̃13 e−i δ1 −c̃13 s̃23 e−i δ2 c̃13 c̃23

, (1)

with c̃i = cos θi, s̃i = sin θi and phases δ1,2,3.
It is worth noticing that flavour violating Z′ couplings to quarks involve few parame-

ters in (1) depending on the decay we are considering. Indeed, the Bd system involves s̃13
and δ1, the Bs system involves s̃23 and δ2, the kaon system s̃13, s̃23 and δ2 − δ1, providing a
remarkable correlation among the three systems [4–9]. Moreover, the relation

UL = VL V†
CKM (2)

allows one to constrain the Z′ mediated FCNC transitions of up-type quark using bounds
established in down-type quark sector [10,11]. Such a connection between down-type and
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up-type quark FCNC processes is a peculiar feature of the 331 models. The 331 Lagrangian
density describing the Z′ coupling to ordinary fermions, for a generic value β, is:

iLZ′
int = i

g Z′µ

2
√

3 cW

√
1− (1 + β2) s2

W

×

×
{

∑
ℓ=e,µ,τ

{[
1− (1 +

√
3 β) s2

W

] (
ν̄ℓL γµ νℓL + ℓ̄L γµ ℓL

)
− 2
√

3 β s2
W ℓ̄R γµ ℓR+

+ ∑
i,j=1,2,3

{[
−1 +

(
1 +

β√
3

)
s2

W

] (
q̄uL
)

i γµ

(
quL
)

j δij + 2 c2
W
(
q̄uL
)

i γµ

(
quL
)

j u∗3i u3j+

+

[
−1 +

(
1 +

β√
3

)
s2

W

] (
q̄dL
)

i γµ

(
qdL
)

j δij + 2 c2
W
(
q̄dL
)

i γµ

(
qdL
)

j v∗3i v3j+

+
4√
3

β s2
W
(
q̄uR
)

i γµ

(
quR
)

j δij −
2√
3

β s2
W
(
q̄dR
)

i γµ

(
qdR
)

j δij

}
, (3)

with sW = sin θW and cW = cos θW , qu (qd) denoting an up-type (down-type) quark (i, j are
generation indices), and uij and vij are, respectively, the elements of UL and VL matrices.
Following [4] we write the Z′ couplings to down-type quarks as:

iLL(Z′) = i
[
∆sd

L (Z′) (s̄ γµ PL d) + ∆bd
L (Z′) (b̄ γµ PL d) + ∆bs

L (Z′) (b̄ γµ PL s)
]

Z′µ , (4)

the first upper index denotes the outgoing quark, while the second index the incoming one,
so that:

∆ji
L(Z′) = [∆ij

L(Z′)]∗ . (5)

The Z′ couplings to leptons are defined analogously; they are denoted as ∆νν̄
L (Z′) and

∆µµ̄
L,R(Z′). We list these couplings below, since they play a central role in our discussion:

∆sd
L (Z′) =

g cW√
3

√
f (β) v∗32 v31 , (6a)

∆bd
L (Z′) =

g cW√
3

√
f (β) v∗33 v31 , (6b)

∆bs
L (Z′) =

g cW√
3

√
f (β) v∗33 v32 , (6c)

∆µµ̄
L (Z′) = ∆νν̄

L (Z′) =
g
[
1− (1 +

√
3 β) s2

W

]
2
√

3 cW

√
1− (1 + β2) s2

W

, (7a)

∆µµ̄
R (Z′) =


−g β s2

W
cW
√

1−(1+β2) s2
W

for β ̸=
√

3

g
√

1−4 s2
W√

3 cW
for β =

√
3

. (7b)

Notice that the Z′ couplings to leptons are the same for all generations, so that the Lepton
Flavour Universality is not violated in 331 models, as in the SM.

The Z − Z′ mixing, negligible in ∆F = 2 transitions, involves the mixing angle is
written as [6].

sin ξ =
c2

W
3

√
f (β)

(
3 β

s2
W

c2
W

+
√

3 a

)[
M2

Z
M2

Z′

]
≡ B(β, a)

[
M2

Z
M2

Z′

]
, (8)
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where

f (β) =
1

1− (1 + β2) s2
W

> 0 . (9)

The parameter a introduced in Equation (8) is defined as follows:

−1 < a =
v2
−

v2
+

< 1 , (10)

with v± related to the VEVs of two Higgs triplets ρ and η,

v2
+ = v2

η + v2
ρ , v2

− = v2
η − v2

ρ . (11)

a can be written in terms of the parameter tan β̄ as

a =
1− tan2 β̄

1 + tan2 β̄
, tan β̄ =

vρ

vη
. (12)

Finally, the U(1)X gauge coupling gX and the SU(3)L coupling g obey the relation

g2
X

g2 =
6 sin2 θW

1− (1 + β2) sin2 θW
. (13)

Depending on the different values of β and tan β̄, it is possible to define 24 different 331
models, called Mi with i = {1, 2, . . . , 24}. Each one of them is analyzed in two scenarios,
called F1 and F2, where F1 stands for the case having two generations of quarks belonging
to triplets of SU(3)L and the third generation to antitriplets; otherwise for F2. Four out of
24 models have been selected in the present analysis, corresponding to the F1 scenario and
tan β̄ = 1. They are [9]:

M1 ←→ β = −2/
√

3 , (14a)

M3 ←→ β = −1/
√

3 , (14b)

M5 ←→ β = +1/
√

3 , (14c)

M7 ←→ β = +2/
√

3 . (14d)

This choice is not arbitrary. Indeed, since the constraints on the parameters of the 331
models are obtained by considering ∆ F = 2 observables, the Z− Z′ mixing has no impact.
The parameter a in Equation (12) vanishes and consequently tan β̄ = 1. This means that the
invariance in flavour observables is not broken under the transformations

β→ −β and F1 → F2 (15)

unless Z− Z′ mixing angle is considered [6]. Therefore, there is the correspondence

M1 → M15 , M3 → M13 , M5 → M11 , M7 → M9 . (16)

We keep this choice also for ∆ F = 1 processes because taking the Z − Z′ mixing into
account would require the introduction of another free parameter, a.

3. Constraining the 331 Parameters Independently of the Variant

We have stressed that the parameter β defines the specific 331 model. Indeed, it cannot
assume arbitrary values. The following observations constrain its possible values:

• Requiring that the four new gauge bosons that are introduced together with Z′ have
integer electric charges constrains the values of β to be a multiple of 1/

√
3 or
√

3;
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• Equation (13) provides the bound

|β| ≤ 1
tan θW(MZ′)

, (17)

which corresponds to |β| < 1.737 when sin θW(MZ′ ≃ 1 TeV) = 0.249.

The two observations restrict the allowed values of β to± 1√
3

,± 2√
3

and±
√

3. However,

as observed in [5], 331 models with β = ±
√

3 are characterized by a Landau singularity
when sin2 θW ≃ 0.25. This value is reached through the renormalization group evolution at
the scale MZ′ ≃ 4 TeV. On the other hand, for |β| <

√
3− 0.2 the theory is free of Landau

singularity up to the GUT scales.
Existing analyses of flavour observables in 331 models usually adopt the strategy

of finding allowed values for the parameters s̃13, δ1, s̃23 and δ2 in correspondence of the
selected values of MZ′ and for several values of β [4–14]. The allowed regions are selected
imposing that the experimental ranges for ∆F = 2 observables are reproduced. Such
observables are the mass differences between neutral mesons, ∆Md, ∆Ms and ∆MK; the
CP asymmetries in neutral B meson decays, i.e., SJ/ψKS in the case of Bd and SJ/ψϕ for
Bs; the CP violating parameter ϵK for kaon system. In this study we wish to understand
whether flavour observables can give us some information a priori on MZ′ and β. Therefore,
we adopt a strategy, described below, in which MZ′ and β are left free until the end of
the procedure.

The SM contributions to the off-diagonal elements Mi
12 for neutral K and Bq meson

mass matrices read

(
MK

12
)∗

SM =
G2

F
12 π2 F2

K B̂K MK M2
W

[
(λ

(K)
c )2 η1 S0(xc) + (λ

(K)
t )2 η2 S0(xt)+

+ 2 λ
(K)
c λ

(K)
t η3 S0(xc, xt)

]
, (18a)

(
Mq

12
)∗

SM =
G2

F
12 π2 F2

Bq
B̂Bq MBq M2

W

[
(λ

(q)
t )2 ηB S0(xt)

]
, (18b)

where GF is the Fermi constant, xi = m2
i /M2

W and

λ
(K)
i = V∗is Vid and λ

(q)
i = V∗tb Vtq , (19)

with Vij the CKM matrix element. S0(xi) and S0(xc, xt) are one-loop box functions that
can be found, e.g., in [15], while the factors ηi are QCD corrections evaluated at the NLO
in [16–20] and, for η1 and η3, at NNLO in [21,22]. ηB can be found in [19,20]. B̂K and B̂Bq are
the K and Bq meson bag parameters, that are non-perturbative quantities, while FK and FBq

are K and Bq decay constants, respectively. In 331 models the flavour independent S0(xt)
functions must be replaced by the functions Si (i = K, Bd, Bs):

Si = S0(xt) + ∆Si(Z′) + ∆Si(Box) ≡ |Si| ei θi
S (20)

which have important properties. In fact, they depend on flavour, i.e., they are different
for the three considered systems, and carry a new complex phase. Therefore, we find
the results

(
MK

12
)∗

NP =
G2

F
12 π2 F2

K B̂K MK M2
W
[
(λ

(K)
t )2 η2

] [∆sd
L (Z′)

λ
(K)
t

]2 4 r̃
M2

Z′ g2
SM

, (21a)

(
Mq

12
)∗

NP =
G2

F
12 π2 F2

Bq
B̂Bq MBq M2

W
[
(λ

(q)
t )2 ηB

] [∆bq
L (Z′)

λ
(q)
t

]2 4 r̃
M2

Z′ g2
SM

. (21b)
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where

g2
SM = 4

GF√
2

α

2 π sin2 θW(Z)
(22)

while r̃ can be found in [4]. We obtain

∆MK = 2
[
Re
(

MK
12
)

SM + Re
(

MK
12
)

NP

]
, (23a)

ϵK =
kϵ ei φϵ

√
2
(
∆MK

)
exp

[
Im
(

MK
12
)

SM + Im
(

MK
12
)

NP

]
, (23b)

∆Mq = 2
∣∣(Mq

12
)

SM +
(

Mq
12
)

NP

∣∣ , (23c)

SJ/ψKs = sin(2 β + 2 φBd) , (23d)

SJ/ψϕ = sin(2 |βs| − 2 φBs) , (23e)

where φBq are the phases of Mq
12 = (M12)SM + (M12)NP. Moreover, we have φϵ = (43.51±

0.05)◦ and κϵ = 0.94± 0.02 obtained in [23,24].
The quantities in (23) can be written in the compact form

∆MK = κ1
(
κ2 + κ3 n Re

[
K̃
])

, (24a)

|ϵK| = κ4
∣∣κ5 + κ3 n Im

[
K̃
]∣∣ , (24b)

∆Md = ∆1

√(
∆2 + ∆3 n Re

[
D̃
])2

+
(
∆4 + ∆3 n Im

[
D̃
])2 , (24c)

SJ/ψKs =
∆4 + ∆3 n Im

[
D̃
]√(

∆2 + ∆3 n Re
[
D̃
])2

+
(
∆4 + ∆3 n Im

[
D̃
])2

, (24d)

∆Ms = Σ1

√(
Σ2 + Σ3 n Re

[
S̃
])2

+
(
− Σ4 + Σ3 n Im

[
S̃
])2 , (24e)

SJ/ψϕ = −
−Σ4 + Σ3 n Im

[
S̃
]√(

Σ2 + Σ3 n Re
[
S̃
])2

+
(
− Σ4 + Σ3 n Im

[
S̃
])2

, (24f)

where κi, ∆i and Σi are all positive quantities, ∆1 = Σ1, and

K̃ = e2 i (δ1−δ2) s̃2
13 (1− s̃2

13) s̃2
23 = e2 i (δ1−δ2) ỹk , (25a)

D̃ = e2 i δ1 s̃2
13 (1− s̃2

13) (1− s̃2
23) = e2 i δ1 ỹd , (25b)

S̃ = e2 i δ2 (1− s̃2
13)

2 s̃2
23 (1− s̃2

23) = e2 i δ2 ỹs . (25c)

We have introduced the quantity

n ≡ n(M2
Z′ , β2) =

r̃
M2

Z′
f (β) where n > 0 . (26)

The model parameters are selected imposing that ∆MBd , SJ/ψKS , ∆MBs , SJ/ψϕ and |ϵK|
lie in their experimental ranges within 2 σ. For ∆MK we impose that it lies in the range
[0.75, 1.25]× (∆MK)SM, with (∆MK)SM = 4.7× 10−3 GeV. All the input parameters are in
Table 1.

For each value of β we find the allowed range of MZ′ , which means that outside such
a range, for no values of the 331 parameters s̃13, s̃23, δ1 and δ2 the experimental data on the
∆F = 2 flavour observables can be reproduced. In Figure 1 we show the allowed regions
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obtained for the two phases δ1 and δ2, while the results for the masses of the Z′ boson are
summarized below:

β = ±1/
√

3 −→ MZ′ ∈ [1.2, 47]TeV , (27a)

β = ±2/
√

3 −→ MZ′ ∈ [1.5, 59]TeV , (27b)

β = ±
√

3 −→ MZ′ ∈ [14.7, 590]TeV . (27c)

Even though the model with β = ±
√

3 is excluded due to the Landau singularity, we have
computed the allowed MZ′ range for completeness.

Table 1. Parameters used in the analysis.

SM Parameters

GF = 1.16637(1)× 10−5 GeV−2 [25] mc(mc) = 1.279(13)GeV [26]
MW = 80.385(15)GeV [25] mb(mb) = 4.163(16)GeV [25,27]
sin2 θW = 0.23121(4) [25] mt(mt) = 162.83(67)GeV [28]
α(MZ) = 1/127.9 [25]
α
(5)
s (MZ) = 0.1179(10) [25]

K Meson

mK+ = 493.677(13)MeV [25] ∆MK = 0.005292(9)ps−1 [25]
τ(K+) = 1.2380(20)× 10−8 s [25] |ϵK | = 2.228(11)× 10−3 [25]
mK0 = 497.61(1)MeV [25] FK = 155.7(3)MeV [29]
τ(KS) = 0.8954(4)× 10−10 s [25] B̂K = 0.7625(97) [29]
τ(KL) = 5.116(21)× 10−8 s [25]

Bd Meson

mBd = 5279.58(17)MeV [25] ∆Md = 0.5065(19)ps−1 [25]
τ(Bd) = 1.519(4)ps [30] SJ/ψKs = 0.699(17) [25]

FBd = 190.0(1.3)MeV [31]
B̂Bd = 1.222(61) [32]

FBd

√
B̂Bd = 210.6(5.5)MeV [32]

Bs Meson

mBs = 5366.8(2)MeV [25] ∆Ms = 17.749(20)ps−1 [25]
τ(Bs) = 1.515(4)ps [30] SJ/ψϕ = 0.054(20) [29]

FBs = 230.3(1.3)MeV [31]
B̂Bs = 1.232(53) [32]

FBs

√
B̂Bs = 256.1(5.7)MeV [32]

CKM Parameters

|Vus| = 0.2253(8) [25] |Vcd| = 0.22517
|Vcb| = (41.0± 1.4)× 10−3 [25] |Vcs| = 0.97346
|Vub| = 3.72× 10−3 [25] |Vtd| = 0.00857
γ = 68◦ [25] |Vts| = 0.04027
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Figure 1. Allowed ranges for δ1 and δ2. The blue (green) region is obtained using the conditions
on the observables relative to the Bd (Bs) system. The red region is the intersection of those regions,
while the gray one is obtained taking into account also the constraints from the observables in the
K system.

4. FCNC Processes: Effective Hamiltonian in SM and 331 Models

To reconsider the rare FCNC B decays in the framework of 331 models, we recall the
SM effective Hamiltonian describing such modes and how it is modified in the 331 case.
Specifically, we are concerned with b → s ℓ+ ℓ− and b → s ν ν̄ modes. The contribution
from the tree level Z′ exchange is depicted in Figure 2.

b

s

ℓ

ℓ̄

∆bs
L (Z′) ∆ℓℓ̄

L (Z′)
Z′

Figure 2. Feynman diagram for b→ s ℓ ℓ̄ transition mediated by Z′ in the 331 models, with ℓ = {µ, ν}.

In SM the effective Hamiltonian governing b→ s ℓ+ ℓ− reads [33]:

HSM, eff
b→s ℓ+ ℓ− = −4

GF√
2

Vtb V∗ts
{

C1 O1 + C2 O2 + ∑
i=3,...,6

Ci Oi + ∑
i=7,...,10

Ci Oi

}
+ h.c. . (28)

Doubly Cabibbo suppressed terms proportional to Vub V∗us have been neglected.
O1 and O2 are current-current operators,

O1 = (c̄α γµ PL bβ) (s̄β γµ PL cα) , (29a)

O2 = (c̄ γµ PL b) (s̄ γµ PL c) , (29b)

Oi (i = 3, . . . , 6) are QCD penguins,

O3 = (s̄ γµ PL b) ∑
q
(q̄ γµ PL q) , O4 = (s̄α γµ PL bβ) ∑

q
(q̄β γµ PL qα) , (30a)

O5 = (s̄ γµ PL b) ∑
q
(q̄ γµ PR q) , O6 = (s̄α γµ PL bβ) ∑

q
(q̄β γµ PR qα) . (30b)
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In (29) and (30) PR,L =
1± γ5

2
denote the helicity projectors, α and β are colour indices. The

sum in (30) runs over the flavours q = {u, d, s, c, b}. The magnetic penguin operators are

O7 =
e

16 π2

[
s̄ σµν (ms PL + mb PR) b

]
Fµν , (31)

O8 =
gs

16 π2

[
s̄α σµν

(λa

2

)
αβ

(ms PL + mb PR) bβ

]
Ga

µν , (32)

and the semileptonic electroweak penguin operators

O9 =
e2

16 π2 (s̄ γµ PL b) (ℓ̄ γµ ℓ) , (33)

O10 =
e2

16 π2 (s̄ γµ PL b) (ℓ̄ γµ γ5 ℓ) . (34)

In previous equations λa are Gell-Mann matrices, Fµν and Ga
µν the electromagnetic and

the gluonic field strength tensors, respectively, e and gs the electromagnetic and strong
coupling constants. mb(s) is the b(s) quark mass.

The most important operators for b → s ℓ+ ℓ− modes are O9 and O10. In general
new physics (NP) scenarios other operators can be present, such as those with opposite
chirality or those with a different Dirac structure, scalar, pseudoscalar or tensor operators.
In 331 models the tree-level Z′ exchange leads to a modification of the values of the Wilson
coefficients C9,10:

CNP
9 = CSM

9 + C331
9 , (35)

CNP
10 = CSM

10 + C331
10 , (36)

where [5]

sin2 θW C331
9 = − 1

g2
SM M2

Z′

∆sb
L (Z′)∆µµ̄

V (Z′)
Vtb V∗ts

, (37)

sin2 θW C331
10 = − 1

g2
SM M2

Z′

∆sb
L (Z′)∆µµ̄

A (Z′)
Vtb V∗ts

. (38)

In previous equations the couplings to leptons are defined as

∆µµ̄
V,A(Z′) = ∆µµ̄

R (Z′)± ∆µµ̄
L (Z′) , (39)

where ∆sb
L (Z′) and ∆µµ̄

R,L(Z′) are given in Equations (6) and (7).
The real (imaginary) parts of C331

9 and C331
10 separately depend on the parameters of

the model but the ratio C331
9 /C331

10 , it is independent of the parameters s̃13, s̃23, δ1, δ2 and
MZ′ [9]. In fact, it only depends on the model variant, and if no Z− Z′ mixing is considered,
its expression reads:

C331
9

C331
10

=
Re(C331

9 )

Re(C331
10 )

=
Im(C331

9 )

Im(C331
10 )

= −
(√

3 + 9 β
)

sin2 θW −
√

3(√
3− 3 β

)
sin2 θW −

√
3

. (40)

For the four variant in the analysis, without considering Z− Z′ mixing, the ratio in (40) has
the numerical values:
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C331
9

C331
10

=


−8.874 (M1)

−2.984 (M3)

−0.004 (M5)

+0.595 (M7)

. (41)

In the case of the transition b → s ν ν̄, the SM effective Hamiltonian has a simpler
structure deriving from penguin and box diagrams [33]. It consists of a single operator

HSM, eff
b→s ν ν̄ = CSM

L (b, s)OL + h.c. , (42)

with

OL = (s̄ γµ PL b) (ν̄ γµ PL ν) . (43)

The SM coefficient CSM
L (b, s) depends on the quarks in the initial and in the final state:

CSM
L (b, s) = g2

SM ∑
U=u,c,t

VUb V∗Us X(xU) , (44)

with g2
SM defined in (22) and X(xq) the Inami-Lim function depending on the ratio xq =

m2
q/M2

W [34]. The dominant contribution comes from the virtual contribution of the top
quark and produces ∣∣CSM

L (b, s)
∣∣ ≃ O(10−8) . (45)

In this case, the impact of NP could be a modification of the value of CSM
L (b, s) or the

presence of another operator with opposite chirality of the quark current. In 331 models
one has

X(xt)→ X(Bq) = X(xt) +
1

g2
SM M2

Z′

∆sb
L (Z′)∆νν̄

L (Z′)
Vtb V∗ts

, (46)

and the NP coefficient becomes

CNP
L (b, s) = CSM

L (b, s) + C331
L (b, s) , (47)

where [4]

C331
L (b, s) =

∆sb
L (Z′)∆νν̄

L (Z′)
M2

Z′
. (48)

We can notice that all the coefficients C331
i , with i = {9, 10, L}, expressed in Equations (37),

(38) and (48) and used in the analyses, depend on 1/M2
Z′ . Possible enhancements can be

observed if Z′ is not too heavy. Consequently, we set three values for MZ′ experimentally
accessible at the present facilities: MZ′ = {3, 5, 7}TeV with an uncertainty of 5%. In the
next Section we consider selected FCNC observables that depend on these coefficients
within 331 models.

5. The 331 Models Facing New Data on Selected Observables in b → s Processes
5.1. b→ s ℓ+ ℓ−

A recent study of the LHCb collaboration [35] has provided the values of the Wilson
coefficients C(′)

9 and C(′)
10 fitted from the amplitude analysis of the mode B0 → K0∗ µ+ µ−.

It is interesting to consider how 331 models face these new experimental data. According
to [35], no sensitivity to the imaginary part of the Wilson coefficients can be achieved
treating simultaneously B0 and B̄0 decays, so that all coefficients are assumed to be real.
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Since in 331 models the coefficients do have an imaginary part, we compare the LHCb
findings both to the real part of C9, 10, both to their moduli. In this way we can also
appreciate the role of the imaginary part. The results are displayed in Figure 3, comparing
the real parts of the coefficients to data in the plots in the left column and their moduli
in plots in the right column. Both the SM and 331 models can reproduce the data at 2 σ.
In particular, the model M1 can reproduce the data with a confidence level of about 1 σ,
for MZ′ ≃ 3 TeV. Also for the other values of MZ′ , M1 is the variant that performs better
on the basis of these observables alone.

For B → K∗ µ+ µ− another observable can be considered, the forward-backward
asymmetry AFB(q2)

AFB(q2) =

[ ∫ 1

0
d cos θ

d2Γ
dq2 d cos θ

−
∫ 0

−1
d cos θ

d2Γ
dq2 d cos θ

]/
dΓ
dq2 , (49)

where θ is the angle between the positive charged muon and the B meson in the µ+ µ− pair
rest frame, and q2 is the invariant mass of the muon pair [36,37]. In SM this observable
has a zero, a value q2 = s0 such that AFB(s0) = 0. The value of s0 is almost independent
of the model chosen for the form factors [37], so it represents a clean observable to probe
possible NP contribution. We consider the model proposed in [38] neglecting the form
factors uncertainties. There are NP scenarios that predict either that there is no zero, or that
it is displaced with respect to SM. s0 is defined by the relation:∣∣C7

∣∣ cos Arg(C10)mb
{
(MB −MK∗)V(s0) T2(s0) + 2 (MB + MK∗) A1(s0) T1(s0)

}
+

+
∣∣C9
∣∣ cos

[
Arg(C10)−Arg(C9)

]
2 s0 V(s0) A1(s0) = 0 , (50)

and the value in SM is s0 = 2.1392 GeV2 [38]. The functions V, A1, T1 and T2 in (50)
are form factors that parametrize the B → K∗ matrix element of the operators in the
effective Hamiltonian. Their definition can be found in Appendix A. Indeed, since we are
interested in the position of the zero that has a reduced dependence on the form factors, this
assumption makes more transparent the comparison with 331 models where the location
of the zero is more uncertain due to the variation of the parameters within their allowed
ranges. Figure 4 shows the results for this observable in full range of q2, comparing the SM
prediction (depicted in gray) to the four considered 331 variants. The range of q2 close to
the zero is enlarged in Figures 5–7 since the overlap among the curves in Figure 4 does
not allow to appropriately distinguish them. It can be observed that, except for M5, in all
variants a shift with respect to SM is possible. The largest deviations are found in M1. The
results are in Table 2.

Table 2. Ranges of the zero s0 of the forward-backward asymmetry in B → K∗ µ+ µ− in the four
variants of the 331 models considered in this paper.

MZ′ (TeV) 3.00 ± 0.15 5.00 ± 0.25 7.00 ± 0.35

M1 s0 ∈ [2.0677, 2.4821]GeV2 s0 ∈ [2.1181, 2.3325]GeV2 s0 ∈ [2.1089, 2.2798]GeV2

M3 s0 ∈ [2.0708, 2.3059]GeV2 s0 ∈ [2.1051, 2.2410]GeV2 s0 ∈ [2.1174, 2.2112]GeV2

M5 s0 ∈ [2.1388, 2.1396]GeV2 s0 ∈ [2.1390, 2.1394]GeV2 s0 ∈ [2.1391, 2.1394]GeV2

M7 s0 ∈ [2.0447, 2.3075]GeV2 s0 ∈ [2.0821, 2.1965]GeV2 s0 ∈ [2.0965, 2.1748]GeV2
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Figure 3. Correlation plot between Wilson coefficients C9 and C10 for three selected ranges of MZ′ .
The plots on the left are obtained assuming that C9,10 are real, as assumed in [35], while those on the
right take into account the possibility that they have an imaginary part. The gray bars correspond to
the experimental results in [35] taken at 1 σ and 2 σ level, while the brown cross represents the SM
prediction. The other points corresponding to different 331 variants (different values of the parameter
β) are distinguished by the colours: red (M1), blue (M3), orange (M5) and green (M7).

Figure 4. Forward-backward asymmetry (49). The SM prediction (gray curve) is compared to the
four considered 331 models and MZ′ ≃ 3 TeV (left), MZ′ ≃ 5 TeV (middle) and MZ′ ≃ 7 TeV (right
panel). For Mi models, the legend is the same as in Figure 3.
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Figure 5. Zoom of the region close to the zero of the forward-backward asymmetry (49) for B →
K∗ µ+ µ−. The SM prediction is compared to M1 (top-left), M3 (top-right), M5 (bottom-left) and M7

(bottom-right) in the case MZ′ ≃ 3 TeV. Same legend as in Figure 4.

Figure 6. Zoom of the region close to the zero of the forward-backward asymmetry (49) for B →
K∗ µ+ µ−. The SM prediction is compared to M1 (top-left), M3 (top-right), M5 (bottom-left) and M7

(bottom-right) in the case MZ′ ≃ 5 TeV. Same legend as in Figure 4.
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Figure 7. Zoom of the region close to the zero of the forward-backward asymmetry (49) for B →
K∗ µ+ µ−. The SM prediction is compared to M1 (top-left), M3 (top-right), M5 (bottom-left) and M7

(bottom-right) in the case MZ′ ≃ 7 TeV. Same legend as in Figure 4.

5.2. b→ s ν ν̄

The processes B → K(∗) ν ν̄ are theoretically clean. In the SM, their branching ratios
are predicted [39]

B(B+ → K+ ν ν̄)SM = (5.22± 0.15± 0.28)× 10−6 , (51)

B(B+ → K∗+ ν ν̄)SM = (11.27± 1.38± 0.62)× 10−6 , (52)

updating previous results [40–44]. On the other hand, due to the neutrino pair in the final
state, they are experimentally challenging. Recently, the Belle II collaboration has provided
the measurement [45]:

B(B+ → K+ ν ν̄)exp = (2.7± 0.5 (stat)± 0.5 (syst))× 10−5 (53)

displaying a tension with the SM result (51). This tension has already triggered a number
of analyses [46–52].

Considering the 331 models, the branching ratio reads

B(B+ → K+ ν ν̄)NP =

∣∣∣∣∣CNP
L (b, s)

CSM
L (b, s)

∣∣∣∣∣
2

B(B+ → K+ ν ν̄)SM . (54)

Using the results (51) and (53) in Equation (54), we find that, to reproduce the data, the NP
contribution should enhance CNP

L (b, s),∣∣∣∣∣CNP
L (b, s)

CSM
L (b, s)

∣∣∣∣∣ ≃ 2.3± 0.3 , (55)

a relation not satisfied in 331 models, as argued from Figure 8.
In Table 3 we compare our results to those obtained in [4,10].
The new results decrease as the mass MZ′ increases but not as fast as in the previous

analyses. In addition, the values are always larger than 1 at 1 σ level. If further measure-
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ments of B(B+ → K+ ν ν̄) will confirm the Belle II result (53) one should conclude that 331
models are not able to reproduce such data.

Figure 8. Branching ratio B(B+ → K+ ν ν̄). Experimental data (gray line) and SM prediction (brown
line) are compared to the four different 331 models considered in this study. Same legend as in
Figure 4.

Table 3. Enhancement of CNP
L (b, s) for processes mediated by b→ s ν ν̄ transition in the 331 variants

considered in this study with respect to SM prediction. Comparison to the results in [4,10] is also
provided.

∣∣CNP
L (b, s)/CSM

L (b, s)
∣∣2

MZ′ (TeV) 3.00 ± 0.15 5.00 ± 0.25 7.00 ± 0.35

Variants [4,10] Our Result [4,10] Our Result [4,10] Our Result

M1 1.003± 0.105 1.090± 0.024 1.001± 0.063 1.047± 0.020 1.001± 0.046 1.028± 0.022

M3 1.001± 0.067 1.049± 0.021 1.000± 0.040 1.024± 0.020 1.000± 0.029 1.017± 0.015

M5 1.000± 0.033 1.022± 0.013 1.000± 0.020 1.011± 0.011 1.000± 0.014 1.008± 0.008

M7 1.000± 0.021 1.013± 0.009 1.000± 0.013 1.008± 0.006 1.000± 0.009 1.005± 0.005

6. Conclusions

The important role played by FCNC processes in the search for BSM physics is due to
their sensitivity to the virtual contributions of heavy particle exchanges. Exclusive processes
such as the purely leptonic Bs → µ+ µ− and the semileptonic ones B→ K(∗) ℓ+ ℓ−, with ℓ =
e, µ, allow to investigate possible effects of BSM through several observables.

In this analysis we have considered the 331 models, based on a larger gauge group
which includes the SM one. In such models, FCNC processes are mediated by a new heavy
neutral gauge boson Z′ tree-level exchange.

A new approach has been used to constrain the set of the 331 parameters which enter
in the observables relative to B → K∗ µ+ µ− and B → K(∗) ν ν̄. Among the possible 24
models, only four have been selected, showing that for the first process 331 models can
perform better than SM. On the other hand, for the modes with neutrinos in the final state,
the most recent experimental result are in contention both with SM and 331 models.

Funding: This research has been partly funded by the European Union—Next Generation EU through
the research grant number P2022Z4P4B “SOPHYA—Sustainable Optimised PHYsics Algorithms:
fundamental physics to build an advanced society” under the program PRIN 2022 PNRR of the
Italian Ministero dell’Università e Ricerca (MUR).

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: I thank F. De Fazio and P. Colangelo for discussions. This study has been carried
out within the INFN project (Iniziativa Specifica) SPIF.

Conflicts of Interest: The author declares no conflict of interest.



Particles 2024, 7 176

Appendix A. Form Factor Parametrization

For B(p)→ K∗(p′, ϵ) transitions the hadronic matrix elements in the decay amplitudes
are parametrized in terms of seven form factors:

⟨K∗(p′, ϵ)|s̄ γµ b|B(p)⟩ = − 2 V(q2)

MB + MK∗
i εµναβ ϵ∗ν pα p′β , (A1a)

⟨K∗(p′, ϵ)|s̄ γµ γ5 b|B(p)⟩ = 2 MK∗
ϵ∗ · q

q2 qµ A0(q2) + (MB + MK∗ )

(
ϵ∗µ − ϵ∗ · q

q2 qµ

)
A1(q2)+

− ϵ∗ · q
MB + MK∗

(
pµ + p′µ −

M2
B −M2

K∗

q2 qµ

)
A2(q2) , (A1b)

⟨K∗(p′, ϵ)|s̄ σµν b|B(p)⟩ = ϵ∗ · q
(MB + MK∗ )2 εµναβ pα p′β T0(q2)+

+ εµναβ pα ϵ∗β T1(q2) + εµναβ p′α ϵ∗β T2(q2) , (A1c)

⟨K∗(p′, ϵ)|s̄ σµν γ5 b|B(p)⟩ = i
ϵ∗ · q

(MB + MK∗ )2 (pµ p′ν − pν p′µ) T0(q2)+

+ i (pµ ϵ∗ν − pν ϵ∗µ) T1(q2) + i (p′µ ϵ∗ν − p′ν ϵ∗µ) T2(q2) , (A1d)

where q = p− p′, ϵ is the polarization of K∗ and it is satisfied the condition

A0(0) =
MB + MK∗

2 MK∗
A1(0)−

MB −MK∗

2 MK∗
A2(0) . (A2)
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