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Abstract: We theoretically study the dynamical Casimir effect (DCE), i.e., parametric amplification
of a quantum vacuum, in an optomechanical cavity interacting with a photonic crystal, which is
considered to be an ideal system to study the microscopic dissipation effect on the DCE. Starting
from a total Hamiltonian including the photonic band system as well as the optomechanical
cavity, we have derived an effective Floquet–Liouvillian by applying the Floquet method and
Brillouin–Wigner–Feshbach projection method. The microscopic dissipation effect is rigorously taken
into account in terms of the energy-dependent self-energy. The obtained effective Floquet–Liouvillian
exhibits the two competing instabilities, i.e., parametric and resonance instabilities, which determine
the stationary mode as a result of the balance between them in the dissipative DCE. Solving the
complex eigenvalue problem of the Floquet–Liouvillian, we have determined the stationary mode
with vanishing values of the imaginary parts of the eigenvalues. We find a new non-local multimode
DCE represented by a multimode Bogoliubov transformation of the cavity mode and the photon
band. We show the practical advantage for the observation of DCE in that we can largely reduce
the pump frequency when the cavity system is embedded in a narrow band photonic crystal with
a bandgap.

Keywords: dynamical Casimir effect; parametric amplification of vacuum fluctuation; floquet
method; complex spectral analysis

1. Introduction

A vacuum fluctuation is one of the most characteristic features of quantum mechanics, which
has no classical analog [1]. Lamb shift [2] and spontaneous emission [3,4] are well-known examples
of the effects of vacuum fluctuation on an atom. The static Casimir effect is another example where
an attractive force is working on electrically neutral bodies due to an exchange of virtual photons
surrounding the material [5,6]. In contrast to these effects, the dynamical Casimir effect (DCE) provides
a more direct method to observe the quantum vacuum fluctuation. The rapid motion of the boundary
of an electromagnetic field invokes the conversion of localized virtual photons to real photons, which
can be detected at large distances [7–10]. The DCE has also intrigued scientists because of its close
relation to Hawking radiation and the Unruh effect [10].

Despite this interest, it has been difficult to experimentally observe the DCE because it requires
a fast motion of the macroscopic body with almost the velocity of light [7,8]. Almost 40 years after
the prediction by Moore, a few experiments to observe the DCE have succeeded with the use of
a superconducting circuit to effectively change the boundary condition of the optical transmission line
as well as the observation of the quantum nature of the emitted field, such as entangled photons and
the squeezing effect [11,12].
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Two exponential instabilities play a key role in the DCE. The first is a quantum parametric
amplification of a vacuum fluctuation, where a periodical change of an oscillator frequency enhances
a virtual transition to yield a squeezed vacuum represented by the Bogoliubov transformation [13,14].
When an external pump frequency comes close to twice the oscillator fundamental frequency, the
bifurcation of the exponential amplification–deamplification instability appears [13–17]. The second
is a resonance instability at which the irreversible transition from the amplified virtual photon to
a real observable photon appears as a spontaneous photon emission to a free radiation field with
exponential decay. The point where the bifurcation of the resonance instability occurs is known as the
exceptional point [18,19]. The stationary energy flow to the free radiation field emerges as a result of
a balance between the parametric amplification and the dissipation processes with exponential growth
and decay.

Since these two instabilities are dynamical processes, they are expected to be interpreted in
a unified manner within quantum dynamics. Nevertheless, while the parametric instability has been
well formulated by using the Bogoliubov transformation [13,14], the resonance instability has brought
about a serious problem regarding how to derive the irreversibility based on the reversible microscopic
principle of dynamics [20–23]. Ordinary textbooks of quantum mechanics state that a Hermitian
Hamiltonian in the Hilbert space only possesses real eigenvalues, seemingly contradicting the well
known fact that a discrete state coupling with a continuum exponentially decays with a decay rate
evaluated by the resonance pole of the Green’s function [24].

Conventional descriptions of the dissipation processes in the DCE are input–output theories [25,26]
and quantum master equation methods [17,27,28]. Since these theories are mostly based on the Markov
approximation assuming an infinite bandwidth of the free radiation field, they are insufficient to describe
the DCE photon emission to a narrow-bandwidth photonic crystal with a bandgap [29–33]. Recent
advances in hybrid quantum systems, such as optomechanical systems where a photon emission process
is manipulated at a single photon level, require a theory of DCE taking into account a microscopic
dissipation mechanism [34–39].

Recently, for the microscopic description of the dissipation process within a quantum
mechanics, new formalisms, known as complex spectral analysis [40–43] and non-Hermitian quantum
mechanics [18,19,44,45], have been independently developed. In the complex spectral analysis, the
functional space for a quantum state is extended to the rigged Hilbert space where the dual functional
space is equipped with a bi-complete and bi-orthonormal basis set [21,22], so that the time-evolution
generator, Hamiltonian or Liouvillian, has complex eigenvalues. We have applied this theory to
open quantum systems to study dissipation processes of a discrete quantum state interacting with
a continuum with a finite bandwidth. We have revealed that the decay is nonanalytically enhanced
when the discrete state is located closely to the band edge of the continuum, and, as a result, it shows
a nonanalytic decay process [46–49]. Therefore, in order to describe the DCE of a hybrid quantum
system, it is important to take into account the effect of the energy-dependent self-energy.

In the present paper, we theoretically study the parametric amplification of a quantum vacuum of
an optomechanical cavity interacting with a photonic band, where the mirror boundary is periodically
moved by a classical external force, as shown in Figure 1a. The total system is composed of
optomechanical cavity and photonic band states, and the time evolution of the operators of the
canonical variables obeys the Heisenberg equation, where the generator of the time evolution is the
Liouvillian. With the use of the Floquet method, we have transformed the time-dependent problem
to a time-independent eigenvalue problem in Floquet space [17,50,51]. The non-Hermitian effective
Liouvillian is derived in terms of the Brillouin–Wigner–Feshbach projection operator methods, where
the microscopic dissipation process is rigorously taken into account with an energy-dependent self
energy [52–56]. The complex eigenvalue problem of the effective Floquet–Liouvillian is solved to
obtain new normal modes in terms of the multimode Bogoliubov transformation, where the stationary
mode is determined by the one with a vanishing imaginary part of its eigenvalue as a result of the
balance between the parametric amplification and the dissipation. We have found that we can stabilize
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the nonlocal mode, taking advantage of this balance when the cavity mode frequency lies in a photonic
bandgap and that we can reduce the pump frequency to cause the DCE. Our proposal provides
an alternative method to that of Refs. [36,37] for removing a major difficulty in generating DCE
photon emission.

In Section 2, we show the model of a hybrid quantum system consisting of optomechanical
cavity and photonic crystal, and the total Hamiltonian for the system. With the use of the Floquet
method, we transform the Heisenberg equation to the time-independent complex eigenvalue problem of
Floquet–Liouvillian. The effective Floquet–Liouvillian is derived by using a Brillouin–Wigner–Feshbach
projection method, where the microscopic dissipation effect is rigorously taken into account in terms of
the energy-dependent self-energy, associated with the detailed derivation in Appendix A. We show the
calculated results in Section 3, where the competition between the parametric amplification and the
dissipation may be clear. We also compare our results with that of a simpler phenomenological model
to illustrate the significant role to give rise to a nonlocal stationary mode. The emergence of the nonlocal
multimode DCE will be revealed as a result of the band edge effect of the photonic band. We conclude
our results in Section 4, emphasizing the possible reduction of the external field frequency for the DCE.

2. Model and Floquet–Liouvillian

We consider a hybrid quantum system consisting of optomechanical cavity and one-dimensional
photonic crystal, as shown in Figure 1a, where we assume a single cavity mode in the cavity and
a one-dimensional photonic band represented by a tight-binding model for the photonic crystal as
shown in Figure 1b. The cavity mode decays into photonic band through the transmitting mirror on
one side of the cavity. An external mechanical force oscillates a boundary mirror on the other side of
the cavity with a frequency Ω, which periodically changes the cavity mode frequency.

The total system is represented by the Hamiltonian [57,58]

Ĥ(t) = ω0 â† â + f (t)(â + â†)2 +∫ ωk b̂†
k b̂kdk +∫ gk(â†b̂k + b̂†

k â)dk , (1)

where â† (â) and b̂†
k (b̂k) are the creation (annihilation) operators of the cavity mode and photonic band,

respectively, and h̄ = 1 is taken in the present paper. The effect of the external mechanical force on the
cavity mode is represented by a change of the cavity mode frequency in the second term

f (t) = f0 sin(Ωt + θ) , (2)

where Ω, f0, and θ are the pumping frequency, the amplitude, and the initial phase, respectively.
The photonic band is described by a one-dimensional tight-binding model whose dispersion relation
is given by

ωk = ωB − B cos k , (3)

as shown in Figure 1c. The interaction of the cavity with the photonic band is described by the last term
of (1), where the coupling strength for each k mode is given by gk = g sin k with a coupling constant g.
We adopt the rotating wave approximation as for the interaction between the cavity mode and the
photonic band.

The Heisenberg equation of the dynamical variables {â†(t), â(t),{b†
k(t), b̂k(t)}} is written by

−i
d
dt

⎛⎜⎜⎜⎜⎜⎜⎜⎝

â†

â
b̂†

k
b̂k⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎜⎝

ω0 + 2 f (t) 2 f (t) gk 0 ⋯−2 f (t) −ω0 − 2 f (t) 0 −gk ⋯
gk 0 ωk 0 ⋯
0 −gk 0 −ωk ⋯⋮ ⋮ ⋮ ⋮ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

â†

â
b̂†

k
b̂k⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎠
≡ L(t)

⎛⎜⎜⎜⎜⎜⎜⎜⎝

â†

â
b̂†

k
b̂k⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (4)
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Figure 1. (a) optomechanical cavity interacting with a photonic crystal; (b) the frequency of a single
cavity mode is periodically changed by mechanical pumping, and the cavity mode photon decays into
a one-dimensional photonic band; (c) dispersion relation of a one-dimensional photonic band with
a bandwidth of 2B and the central frequency ωB.

The generator of time evolution is obtained from the commutation relation with the Hamiltonian
that is now represented by a matrix in (4) that we shall call Liouvillian matrix L(t). Note that the
virtual transition interactions appear in the off-diagonal matrix elements hybridizing the â† and â of
the cavity modes. As a result, these modes at time t are represented by the Bogoliubov transform
which changes a bare vacuum state to a squeezed vacuum state [14,59]. In (4), the column vector of the
operators represents the field operator of the radiation field

∣Ψ̂(t)⟩ ≡ â†(t)∣ϕa∗⟩ + â(t)∣ϕa⟩ + ∫ (b̂†
k(t)∣ϕk∗⟩ + b̂k(t)∣ϕk⟩) dk , (5)

where ∣φj⟩’s are time-independent basis used in the second quantization of the radiation field [60].
We assume that this mode basis forms an orthonormal complete basis set:

⟨φi∣φj⟩ = δi,j , 1 = ∣ϕa⟩⟨ϕa∣ + ∣ϕa∗⟩⟨ϕa∗ ∣ + ∫ dk (∣ϕk⟩⟨ϕk∣ + ∣ϕk∗⟩⟨ϕk∗ ∣) . (6)

The field operator can be also expanded by the solutions of scalar wave equations

−i
d
dt

∣Ψξ(t)⟩ = L(t)∣Ψξ(t)⟩ , (7)

where L(t) is the Liouvillian matrix in (4). Then, the field operator ∣Ψ̂(t)⟩ is expanded by the mode
functions ∣Ψξ(t)⟩ as in Ref. [15],

∣Ψ̂(t)⟩ = ∑
ξ

Ψ̂ξ ∣Ψξ(t)⟩ , (8)

where Ψ̂ξ defines the mode operator corresponding to ∣Ψξ(t)⟩.
Since L(t) is time-periodic, the wave Equation (7) can be solved by the Floquet method. We can

write the solution as [17,50,51]

∣Ψξ(t)⟩ = eizξ t∣Φξ(t)⟩ , ∣Φξ(t + T)⟩ = ∣Φξ(t)⟩ , (9)

where T = 2π/Ω, zξ is the quasi-eigenvalue of the Floquet–Liouvillian, and the ∣Φξ(t)⟩ is the
corresponding eigenstate satisfying
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LF(t)∣Φξ(t)⟩ ≡ [L(t) − i
d
dt

] ∣Φξ(t)⟩ = zξ ∣Φξ(t)⟩ , (zξ mod Ω). (10)

In terms of the Floquet transform, the continuous time variable t is transformed to the discrete
Floquet mode variables, by means of which the time-dependent differential Equation (7) turns
into time-independent complex eigenvalue problem of the Floquet–Liouvillian in the Floquet space.
As shown in Appendix A, the Floquet space (F-space) is composed of the coordinate space R and
the temporal space T of periodic functions in time with period T. The orthonormal basis set in
the F-space is formed by a direct product of the R- and the T -spaces: ∣ϕj, κn)⟩ ≡ ∣ϕj⟩ ⊗ ∣κn), where∣ϕj⟩ (j = a, a∗, k, k∗) is the basis state of the R-space and ∣κn) denotes the Floquet mode basis state in
the T -space. In the following, we simply write ∣j, n)⟩ for ∣ϕj, κn)⟩. It is found that the virtual transition
interactions couple the creation and annihilation modes of the cavity belonging to a next neighbor
Floquet mode, making LF non-Hermitian.

Under the condition of

Ω − 2B ≫ f0 , (11)

which is satisfied for the narrow photonic band and small external amplitude, we can restrict ourselves
to {∣a∗, 1)⟩, ∣a, 0)⟩} space. By using the projection operator methods [52], we derive the effective Floquet
Liouvillian in terms of the cavity modes of {∣a∗, 1)⟩, ∣a, 0)⟩} given by

Leff(z) = (ω0 −Ω + g2σ(z +Ω) −i f0eiθ

−i f0e−iθ −ω0 − g2σ(−z)) , (12)

as shown in Appendix A. For the present one-dimensional photonic band, the self-energy is analytically
obtained by

σ(z) ≡ ∫ π

−π

sin2 k
z −ωk

dk = z −√
z2 − B2 . (13)

As seen from (12), the two competing instabilities mentioned in the Introduction clearly appear in
the effective Liouvillian. The virtual transition in the off-diagonal elements and the complex self-energy
in the diagonal elements represent the parametric instability and the resonance instability, respectively.
Therefore, the effective Liouvillian describes the exponential instabilities in the DCE from a unified
point of view.

Now, the complex eigenvalue problem of the total Floquet–Liouvillian is reduced to the one of
the effective Liouvillian, which reads

Leff(zξ)∣ϕξ)⟩ = zξ ∣ϕξ)⟩ , ⟨(ϕ̃ξ ∣Leff(zξ) = zξ⟨(ϕ̃ξ ∣ , (14)

where the complex eigenstates form a bi-orthonormal bi-complete basis set [21]:

1 = ∑
ξ

∣ϕξ)⟩⟨(ϕ̃ξ ∣ , ⟨(ϕ̃ξ ∣ϕξ′)⟩ = δξ,ξ′ . (15)

The complex eigenvalues zξ in (14) are obtained by solving the dispersion equation

(z +ω0 + g2σ(−z)) (z −ω0 +Ω − g2σ(z +Ω)) + f 2
0 = 0. (16)

By squaring the square root functions, this dispersion equation turns into an eighth-order
polynomial equation, which has been numerically solved. Among the solutions, we found the four
solutions continuously connecting to the unperturbed modes. The physical origin of the four solutions
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are assigned to a mixture of the resonance and antiresonance modes for each of cavity creation and
annihilation modes, as shown in Figure 2.

Figure 2. Characteristic origin of the eigenmodes of the system.

In terms of the complex spectral analysis, we can define the stationary mode based on the
microscopic dynamics as a mode whose eigenvalue has a vanishing value of the imaginary part, i.e.,
Imzj = 0, without relying on Markov approximation. In the next section, we shall see the profound
effect of the band edge of photonic band on the generation of the real photon emission in the dynamical
Casimir effect of the hybrid quantum system.

3. Results

In order to show the effect of the balance between the parametric amplification and the dissipation,
we show the imaginary parts of the eigenvalues of Leff for Ω = 2ωB in Figure 3, where we change
the cavity frequency ω0 while the values of f0 = 0.2 and g = 1/π are fixed. As shown in Figure 3b,
the neighboring Floquet-photonic bands are overlapped.

As ω0 increases, we encounter the bifurcation of the resonance instability at ω0 ≃ ωB − B ≃ −0.9,
where the cavity mode becomes resonant with the photonic band, resulting in the bifurcation to
resonance and anti-resonance modes as in the other decaying systems [46,49,61,62]. In this figure,
a positive Imzξ indicates a decaying state since ∣Ψξ(t)⟩ ∝ exp[−(Imzξ)t] as shown in (9). With a further
increase of ω0, the frequencies of the creation and annihilation cavity modes come close, and the effect
of the virtual transition between them becomes significant. Then, we encounter the second bifurcation
of parametric instability at ω0 ≃ ωB − f0, where the downward and upward branches correspond to
the parametric amplification and deamplification, respectively. As we further increase ω0, we reach
the stationary point where Imzξ = 0, as a result of a balance between the parametric amplification and
the dissipation effects, as indicated by the green filled circle. At this point, the stationary energy flow
through the cavity from the external pump to the photonic band is achieved with the spontaneous
photon pair emission. The figure clearly demonstrates that this stationary DCE has been determined
by taking into account the microscopic dissipation process.

Here, we compare the present results with a phenomenological theory. We write a phenomenological
effective Floquet–Liouvillian

Lph(z) = ( ω0 −Ω + i γ
2 −i f0eiθ − i γ

2−i f0e−iθ − i γ
2 −ω0 + i γ

2
) , (17)

consistent with an equation of motion of a forced damped oscillator

ẍ + γẋ +ω(t)2x = 0 , (18)

where



Physics 2020, 2 40

ω2(t) = ω2
0 (1+ 2 f0

ω0
sin(Ωt + θ)) , (19)

and γ is a phenomenological dissipation constant. The complex eigenvalue is immediately obtained by

zξ = −Ω
2
+ i

γ

2
±
¿ÁÁÀ(ω0 − Ω

2
)2 −( f 2

0 + (γ

2
)2 + γ f0 cos θ) . (20)
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â
<latexit sha1_base64="7uJgCblLICrx3GLT86Q/MQGqu2Y="></latexit>

!0 � ⌦
<latexit sha1_base64="ARvmlUGu/EcYNegCfojy5DSfp+w="></latexit>

�!0
<latexit sha1_base64="9L10FOqmvr8F44i0+9NNij6eIj8="></latexit>

virtual transition

n = 1
<latexit sha1_base64="3lFERKoWnBfRLQuWk1dh8vo4vrE="></latexit>

n = 0
<latexit sha1_base64="VTU1vbTNN2PdNtBQqePIZoMmKOs="></latexit>

!

<latexit sha1_base64="lPKuL5hvQEORBGLv2r7180ObOaM="></latexit>

!0
<latexit sha1_base64="2E4eWCvxiyrV+u2AyFeaCxJDedU="></latexit>

deamplification

amplification

-1.5 -1.0 -0.5 0.5 1.0 1.5

-0.3

-0.2

-0.1

0.1

0.2

0.3

resonance

resonance 

 mode

anti-resonance  
mode stationary modedissipation

parametric

Im[z⇠]

<latexit sha1_base64="qbFNnRTBZU7fUTdmVlqbGRz9WU0="></latexit>

!2

(B = 1 , v = 0.2 , g = 1/4⇡)
<latexit sha1_base64="96vbdads5tZaXVc0OG5mcwOW8k4="></latexit>

⌦ = 2!B
<latexit sha1_base64="UCqJJfasyD82zRqNFmLIt4dpgXU="></latexit>

�⌦

2

<latexit sha1_base64="UFv6gq2zSOJFwIXHjvwn2HcRNLs="></latexit>

b̂†
k

<latexit sha1_base64="qHGH64EJlBpXGCY843Wwz56/VCc="></latexit>

b̂k
<latexit sha1_base64="3m68rTAx0CK+ji818VW3aqP52O0="></latexit>

!B � ⌦
<latexit sha1_base64="jRlbcS9xGy1K20vhlq8yieLP6II="></latexit>

�!B
<latexit sha1_base64="ek3wwoTmTQd15mkRTQLCQqbtnw8="></latexit>

â†
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Figure 3. (a) imaginary part of the complex eigenvalues of Leff as a function of ω0 for the coupled
optomechanical cavity with the photonic band, where the parameters are taken Ω = 2ωB, B = 1, f0 = 0.2,
and g = 1/π. The horizontal axis represents ω0 −Ω/2. The bifurcation points are indicated by the red
filled circles, and the stationary points are indicated by the green filled circles; (b) Floquet–Liouvillian
level scheme of the ∣a∗, 1)⟩, ∣a, 0)⟩, ∣b∗k , 1)⟩, and ∣bk, 0)⟩ states, where the vertical axis denotes the
frequencies of the modes in the Floquet–Liouvillian. The dotted line is drawn at −Ω/2 as a guide.

In Figure 4, we show the imaginary part of the above solutions. Since this phenomenological
model assumes a flat-band radiation with infinite bandwidth, the resonance bifurcation does not appear,
though we see the stationary mode as a balance between the constant dissipation and parametric
amplification. What seems unphysical in (20), however, is its initial phase dependence of the results
as shown in Figure 4a,b. It is irrational that the stationary point depends on the initial phase of the
external field. Contrary to this unphysical result, the correct result based on the microscopic model
does not depend on the phase factor, as seen from (16).

The band edge effect is more pronounced when lowering the external pumping frequency.
In Figure 5, we show the results for Ω = 2ωB − ∆ with ∆ = 3B/2 so that the neighboring Floquet
photonic bands are shifted by ∆, as shown in Figure 5c, where other parameters are fixed at the same
values of Figure 3. The overall behavior of Imzξ is shown in Figure 5a, where we have seen essentially
the same stationary points, indicated by the green filled circles, as a result of the balance between the
resonance instability and the parametric amplification of the cavity modes.

However, in the region where the cavity mode frequency is located around the band edge, i.e.,
ω0 ≃ ωB − B, we can see the other type of the stationary point. We show the result in the expanded
scale in Figure 5b, and the Floquet–Liouvillian level scheme in this region is shown in Figure 5c. In this
region, the creation (annihilation) cavity mode is in resonance with the annihilation (creation) mode of
the photonic band. Even though there is no direct coupling between them, there is an indirect coupling
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via the virtual transition of the cavity modes, as shown in Figure 5c. Consequently, the eigenmode
of the total system is represented by the multimode-Bogoliubov transformation of the cavity mode and
the continuous photonic band [59]. This mixing of the creation and annihilation modes between them
induces the non-local multimode parametric instability, as shown by the orange arrows in Figure 5b.
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Figure 4. Imaginary part of the complex eigenvalues of the phenomenological model as a function of
ω0 for the values of f0 = 0.2 and γ = 0.2, where the horizontal axis represents ω0 −Ω/2. (a) θ = π/2, and
(b) θ = π.
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Figure 5. (a) overall picture of the imaginary part of the complex eigenvalues of Leff as a function of
ω0 for the coupled optomechanical cavity with the photonic band, where the parameters are taken
Ω = 2ωB − ∆, ∆ = 3B/2, B = 1, f0 = 0.2, and g = 1/π. The horizontal axis represents ω0 −Ω/2.
The bifurcation points are indicated by the red filled circles, and the stationary points are indicated
by the green filled circle; (b) expanded picture of the dotted box area in (a). Non-local multimode
stationary point is indicated by the yellow filled circle; (c) Floquet–Liouvillian level scheme of the
∣a∗, 1)⟩, ∣a, 0)⟩, ∣b∗k , 1)⟩, and ∣bk, 0)⟩ states, where the vertical axis denotes the frequencies of the modes in
the Floquet–Liouvillian. The dotted line is drawn at −Ω/2 as a guide.
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As ω0 further increases so that the creation (annihilation) cavity mode is in resonance with the
corresponding photonic band modes, the multimode parametric instability is suppressed by the
dissipation effect. As a result of the balance between them, the nonlocal stationary point emerges,
which is indicated by the yellow filled circle in Figure 5b. This stationary mode is characteristically
different from the previous one because here the nonlocal entanglement between the cavity photon
and photonic band photons appears.

4. Conclusions

In this paper, we have studied the parametric amplification of a quantum vacuum in the
optomechanical cavity interacting with a one-dimensional photonic crystal. The effective non-Hermitian
Floquet–Liouvillian has been derived from a Heisenberg equation of the total system by using
the Floquet method and the Brillouin–Wigner–Feshbach projection method, where we have taken
into account a microscopic dissipation mechanism in terms of the energy-dependent self energy.
The non-Hermitian effective Floquet–Liouvillian reveals the competing instabilities of parametric
amplification and dissipation due to the virtual transition and the resonance singularity, respectively.
The emergence of the stationary mode has been identified as a result of the balance between the two
instabilities, where the eigenmode of the Liouvillian is represented by the Bogoliubov transformation.
The photonic band edge effect is prominent when the cavity mode frequency is close to the band
edge. In this case, the indirect coupling between the cavity mode and photonic band via the virtual
transition of the cavity modes yields the nonlocal stationary mode, which is represented by the
multimode-Bogoliubov tranformation of the cavity mode and photonic band.

Lastly, we would emphasize a practical advantage of the present model for the observation of
the DCE. A major obstacle for the observation of the DCE is the difficulty to move the boundary with
almost twice the cavity frequency, Ω ≃ 2ω0. However, the results of the preceding section indicate
that we may use the lower frequency pump field to induce the multimode parametric amplification,
which is attributed to the indirect virtual coupling between the cavity mode and the photonic band
while suppressing the direct dissipation to the photonic band. In Figure 6, we show the frequency
level scheme of â†, â, b̂†

k , and b̂k for that situation. First, in order to suppress the direct dissipation to
the photonic band, the cavity mode frequency must be outside of the photonic band:

ω0 > ωB + B. (21)

Under this condition, when the pumping field is taken as

Ω ∼ 2ω0 − (ω0 −ωB + B) , (22)

the creation (annihilation) cavity mode is in resonance with the annihilation (creation) mode of the
photonic band so that the multimode parametric amplification happens. It is clear from (21) and (22)
that the multimode parametric amplification happens for Ω < 2ω0 −2B, far smaller than 2ω0. Therefore,
the major obstacle can be diminished.

Very recently, a method to reduce the mirror frequency for the DCE has been proposed to
take advantage of a nonlinear interaction of the quantized mirror motion and the cavity photon
mode [36,37], where the strong nonlinear mixing between the mirror motion and cavity mode is
assumed to be represented by the dressed state representation. Our proposal provides an alternative
method for the reduction of the pump frequency to induce the multimode parametric amplification
by using a finite bandwidth photonic band, i.e., a control of the dissipation process. It is considered
that the characteristics of the emitted photon are varied according to different types of the DCE
emission processes.

In the present work, we have found three different types of the stationary modes. One is
a completely stationary state well below the two bifurcation thresholds, where a cavity squeezed
vacuum state is associated with a localized virtual photon cloud of the photonic band, and the
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periodic Rabi oscillation happens between the cavity squeezed vacuum and the virtual photon cloud.
The second one is the multimode DCE, where the stationary spontaneous photon emission to the
photonic band happens with the two-photon entanglement between the cavity mode and the photonic
band. The third one is the ordinary DCE, where an entangled cavity photon pair is emitted to the
photonic band. We can observe the two-photon entanglement of the emitted photons by a quantum
correlation observation, such as the homodyne detection method [14,59]. We will show the study of
the real-time dynamics of these photon emission processes in a forthcoming paper.◉ Practical merit: Large reduction of the pumping frequency
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Figure 6. Floquet–Liouvillian level scheme in a situation direct dissipation to the photonic band is
suppressed and multimode parametric amlification is induced with the external driving frequency Ω
much smaller than 2ω0.
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Appendix A. Floquet–Liouvillian Complex Eigenvalue Problem and Effective Operator

In this section, we briefly review the Floquet method according to Refs. [50,51,63], and derive
the effective Floquet–Liouvillian given in (12). The composite space F ≡ R⊗ T is composed of
the coordinate space R and the temporal space T of periodic functions in time with period T [51].
In T -space, any periodic function of t is represented as a vector f (t) ≡ (t∣ f ), where the time basis
is an eigenstate of a time operator t̂∣t) = t∣t), and the conjugate operator is given by p̂t ≡ i∂/∂t .
The eigenstate of p̂t is given by

∣κn) = 1
T ∫

T

0
eiκnt∣t)dt , (A1)

where κn = nΩ = 2πn/T , (n = 0,±1,±2,⋯), satisfying

p̂t∣κn) = κn∣κn) . (A2)

The time basis is given by the transformation of

∣t) = ∞∑
n=−∞

e−iκnt∣κn) . (A3)
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Together with the basis ofR-space, the complete orthonormal basis set in the F-space is formed
by {∣ϕj, t)⟩} or {∣ϕj, κn)⟩} (j = a, a∗, k, k∗) in terms of the time- or Floquet-mode-representations,
respectively, where ∣⋅, ⋅)⟩ denotes a vector in the F-space. In this paper, we have abbreviated as
j ≡ ϕj and n ≡ κn. These bases satisfy the complete-orthonormality

1 = 1
T
∑

j
∫ T

0
dt∣j, t)⟩⟨(j, t∣ , ⟨(j, t∣j′, t′)⟩ = Tδ(t − t′)δj,j′ , (A4)

in terms of {∣j, t)⟩}, or

1 = ∞∑
n=−∞

∑
j
∣j, n)⟩⟨(j, n∣ , ⟨(j, n∣j′, n′)⟩ = δn,n′δj,j′ , (A5)

in terms of {∣j, n)⟩} basis set.
Using the transform of (A1), the complex eigenvalue problem of the Floquet–Liouvillian

LF∣Φξ)⟩ = zξ ∣Φξ)⟩ (A6)

is transformed to time-independent eigenvalue problem in terms of the Floquet-mode representation.
The matrix structure of LF is given by

LF =

n = 1 n = 0
a∗ a b∗k bk a∗ a b∗k bk

a∗ ω0 −Ω 0 gk 0 −i f0eiθ −i f0eiθ 0 0
a 0 −ω0 −Ω 0 −gk i f0eiθ i f0eiθ 0 0

b∗ gk 0 ωk −Ω 0 0 0 0 0
bk 0 −gk 0 −ωk −Ω 0 0 0 0

a∗ i f0e−iθ i f0e−iθ 0 0 ω0 0 gk 0
a −i f0e−iθ −i f0e−iθ 0 0 0 −ω0 0 −gk

b∗k 0 0 0 0 gk 0 ωk 0
bk 0 0 0 0 0 −gk 0 −ωk

, (A7)

where we show the matrix only for the n = 0 and n = 1 Floquet modes and a particular k mode of the
photonic band, for simplicity. It is found that the virtual transition interactions couples the creation
and annihilation modes of the cavity belonging to a next neighbor Floquet modes:

⟨(a∗, 1∣LF∣a, 0)⟩ = −i f0eiθ , ⟨(a, 1∣LF∣a∗, 0)⟩ = i f0eiθ ,

⟨(a∗, 0∣LF∣a, 1)⟩ = i f0e−iθ , ⟨(a, 0∣LF∣a∗, 1)⟩ = −i f0e−iθ , (A8)

which make LF non-Hermitian.
Under the condition of

Ω − 2B ≫ f0 , (A9)

which is satisfied for the narrow photonic band and small external amplitude, we can restrict ourselves
to {∣a∗, 1)⟩, ∣a, 0)⟩} space. Using the projection operators [56] of

P ≡ ∣a∗, 1)⟩⟨(a∗, 1∣ + ∣a, 0)⟩⟨(a, 0∣ , Q ≡ 1−P , (A10)
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we have reduced the complex eigenvalue problem of the total Floquet–Liouvillian (A6) to an
eigenvalue problem of an effective Floquet Liouvillian in terms of the cavity modes of {∣a∗, 1)⟩, ∣a, 0)⟩}
as

Leff(zξ)P∣Φξ)⟩ = zξP∣Φξ)⟩ , (A11)

where the effective Floquet–Liouvillian is defined by [21,49,56,61,62]

Leff(z) ≡ PLFP +PLFQ 1
z −QLFQQLFP . (A12)

The effective Floquet–Liouvillian is represented by a two-by-two matrix in terms of {∣a∗, 1)⟩, ∣a, 0)⟩}

Leff(z) =
∣a∗, 1)⟩ ∣a, 0)⟩

⟨(a∗, 1∣ ω0 −Ω + g2σ(z +Ω) −i f0eiθ

⟨(a, 0∣ −i f0e−iθ −ω0 − g2σ(−z) , (A13)

where the self-energy is analytically obtained for the interaction of the cavity mode with the
one-dimensional photonic crystal as

σ(z) ≡ ∫ π

−π

sin2 k
z −ωk

dk = z −√
z2 − B2 . (A14)

It should be noted that the effective Floquet–Liouvillian depends on its eigenvalue so that the
eigenvalue problem should be solved in a self-consistent manner so as to correctly describe the
microscopic dissipation mechanism. The eigenvalues have been obtained by solving the dispersion
Equation (16), which has been derived from (A11).
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