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Abstract: I review the physics of the phase boundary between hadronic matter and quark matter from
several different points of view. These include thermodynamics, statistical physics, and chemical
kinetics. In particular, the review focuses on the role of the chemical freeze-out line and its relation to
the concept of valence-quark percolation. The review ends with some recollections of Jean Cleymans.
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1. The QCD Phase Boundary

The phase diagram of strongly interacting (QCD) matter contains a low-energy density
region, in which the mobile constituents are color singlets (hadrons), and a high-energy
density domain, in which the mobile constituents are color non-singlet objects, including
quarks, antiquarks, gluons and, at high net baryon number density and modest temperature,
diquarks. The low-energy density matter is commonly called “hadronic matter” or “hadron
gas”; the matter at high-energy density is called “quark-gluon plasma” or “quark matter”.
Upon finer inspection the diagram may be subdivided into a multitude of specific phases,
including various types of color superconductors [1] and a possible phase that has been
named “quarkyonic” matter [2].

The first attempt to determine the boundary between hadronic matter and quark mat-
ter was made by Hagedorn and Rafelski in the framework of the statistical bootstrap model,
where they found a continuous first-order transition line in the QCD phase diagram [3].
However, as numerical simulations of QCD on a lattice have shown, for physical values of
the quark masses the two domains are not everywhere separated by a true thermodynamic
phase boundary, i.e., a line characterized by singularities in the thermodynamic partition
function [4,5]. Yet it is widely believed that such singular boundary exists in some regions
of the phase diagram. The most widely studied example of a thermodynamic singularity
is a possible critical endpoint of a first-order line separating hadronic matter and quark
matter, corresponding to the spontaneous breaking of chiral symmetry at moderate baryon
number density and temperature. The first-order transition line may have a second critical
endpoint induced by the axial U(1) anomaly at even lower temperature and larger net
baryon density [6].

State-of-the-art lattice-QCD calculations show that the critical endpoint, if one exists,
must be located in the region µB/T > 3.5 of baryochemical potential, µB, and temperature,
T. first in main parts of the text: Abstract, main text, Figures, tables, Conclusions [7].
Analytical calculations using the functional renormalization group method [8] indicate that
the critical endpoint (CEP) lies at (TCEP, µB,CEP) ≈ (107 MeV, 635 MeV) corresponding to
µB,CEP/TCEP ≈ 5.54. A holographic model of QCD based on an Einstein–Maxwell-dilaton
Lagrangian in the anti-de-Sitter AdS5 five-dimensional space with parameters tuned to re-
produce thermodynamic properties of QCD at low net baryon density [9] predicts a similar
position of the critical endpoint at (TCEP, µB,CEP) ≈ (89 MeV, 724 MeV). At smaller values
of µB/T, where the transition between the two regimes is continuous, one can define a pseu-
docritical line as the location of the maximum of the chiral susceptibility for a fixed ratio
µB/T. The value of the pseudocritical temperature at µB = 0 is Tc = 156.5± 1.5 MeV [10].
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The phase boundaries defined by the properties of thermodynamic functions are not
easily mapped onto experimentally accessible observables. In principle, the internal energy
and the pressure enter into the hydrodynamic equations of motion via the equation of state
but, in practice, the contributions of singular terms to the equation of state are small and
are hardly visible in the expansion dynamics of a quark-gluon plasma fireball. This would
be different if the phase boundary would correspond to a strong first-order phase transition
with a large latent heat, but such a scenario is not realized in QCD matter. This motivates
the consideration of other criteria for a phase boundary. One can distinguish three types of
such criteria:

1. Thermodynamic phase boundary. This is the definition discussed above, where
the phase boundary is defined as the locus of singularities in the thermodynamic
functions, or as the vicinity of such singularities such as in QCD, where singular
behavior only occurs in the two-flavor chiral limit.

2. Statistical phase boundary. In this case, the boundary is defined as the locus where
certain statistical properties of the matter exhibit a singular behavior. Examples are
critical fluctuations at or near a critical point (which also satisfies the thermodynamic
criterion) or a percolation threshold.

3. Kinetic phase boundary. Such boundaries exist in dynamical scenarios when kinetic
processes that slow down during a cooling or expansion process become much slower
than the characteristic cooling or expansion rate and “freeze out”. An example is the
recombination of hydrogen atoms in the early universe, when the universe became
transparent to the photons of the blackbody radiation. A more apt term for this
type of boundary would be the photon horizon or optical horizon of the universe,
as it is impossible to observe phenomena before that boundary via photons. In the
case of the strongly interacting matter, the relevant reaction is the exchange of flavor
quantum numbers, heavier than u and d quarks, among hadrons. Here, this boundary
is called the “hadrochemical horizon”; more commonly it is called the “chemical
freeze-out line”.

2. Valence-Quark Percolation

The naïve concept of the deconfinement transition in QCD is that it separates the
“normal” phase at low temperature and net baryon density, where quarks are confined to
hadrons, from the high-energy density regions of the QCD phase diagram, in which quarks
can exist as isolated excitations. In spite of its intuitive allure, this concept is obscured by
the mechanism of quark-pair production, which permits a quark to move around easily
by dressing itself with a light antiquark. Quark confinement has a rigorous definition in a
world in which only gluons exist, i. e., in the pure SU(3) gauge theory, which can be thought
of as the hypothetical limit of QCD with very large quark masses when pair production is
energetically disfavored. In that idealized limit, quark confinement can be unambiguously
identified by the vanishing of the expectation value of the Polyakov loop. In the presence
of light dynamical quarks this measure never vanishes, and no rigorous definition of what
one means by “quark confinement” in a world with light quarks has been found.

This insight suggests that it may be more rewarding to look at quark confinement from
a kinetic point of view rather than an energetic viewpoint. The transport of an individual
quark, i. e., a quark identified by its distinct flavor from one location to another in the
confined phase requires the transport of a hadron that contains this quark as a constituent.
In the case of a strange quark, the least massive vehicle of transport is a kaon, which weighs
approximately 0.5 GeV/c. At low temperature (T < 100 MeV) kaons are rare excitations
in the hadronic gas; this reduces the rate of exchange of strange quarks between hadrons.
This argument obviously does not apply to u and d quarks as they can be exchanged as
constituents of pions, which provide for a long-range—on the nuclear scale—exchange
mechanism. The exchange of a strange quark between hadrons thus predominantly occurs
via direct exchange of two quarks—one from each hadron—when the quark cores of the
two hadrons come (nearly) into contact. At low temperature or low net baryon density such
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close encounters among two hadrons are rare, and they are even rarer for close encounters
between three or more hadrons. Long-range quark transport, although possible, is, thus,
greatly impeded. In this picture, one can think of quark exchange among hadrons as an
effective kinetic mechanism for quark transport.

The rate of close encounters of multiple hadrons obviously grows rapidly with in-
creasing density, either by excitations of more hadrons at higher temperature or owing
to increased net baryon density at low temperature. At sufficiently high hadron density,
the quark cores of all hadrons will be in contact with another hadron core most of the
time. There must exist some critical hadron density at which it is possible to find a chain of
pairwise touching hadrons bridging across an arbitrary large distance; this critical density
is commonly called the “percolation threshold”. In this picture, quark deconfinement
corresponds to a percolation transition and the QCD phase boundary is identified as a
percolation boundary [11].

This concept of valence-quark percolation is different from the concept of color string
percolation [12,13], which has been invoked to describe the formation of a deconfined QCD
plasma in the initial stage of a nuclear collision. In the color string percolation model the
percolation criterion applies to the area density of color strings or flux tubes that are formed
immediately after the collision of two nuclei; the model is closely related to the glasma
model [14,15] for the initial collision stage. The concept of valence-quark percolation, in
contrast, applies to the late stage of the collision when the quark-gluon plasma disassembles
into hadrons.

Since hadrons have no well defined surfaces, the valence-quark percolation picture
contains some level of ambiguity. For example, one could model hadrons in the spirit of the
(Massachusetts Institute of Technology) MIT-Bag Model [16] either as hard spheres or as
fuzzy spheres that can overlap. Alternatively, one could model hadrons as valence-quark
bags surrounded by meson clouds along the lines of the Cloudy Bag model [17]. For a
thermal mass distribution of hadrons, the excluded volume in the hard sphere model
might be assumed to be proportional to the mass of the hadrons as in the MIT-Bag Model:
M = 4BV with the bag constant B ≈ (145 MeV)4 and V denoting the bag volume. Studies
of the percolation threshold for various three-dimensional hard sphere models can be
found elsewhere [18–20]. The occupied volume fraction, ξ, where a volume spanning
cluster appears, lies typically in the range, ξcl ≈ 0.6–0.75. For reference, the volume fraction
occupied by closely packed (CP) uniform hard spheres is: ξCP = π/(3

√
2) ≈ 0.74.

3. Chemical Freeze-Out

The quest for an experimental determination of the hadronic gas–quark-gluon plasma
boundary is as old as the search for the quark-gluon plasma itself. It was already early
recognized that hadron ratios, especially those of hadrons containing strange quarks, carry
information about the temperature and baryochemical potential prevalent in the hadronic
gas when it disassembles at the end of a heavy-ion collision [21–23]. If these hadrons
freeze out soon after the transition from quark-gluon plasma to the hadronic phase, the
parameters deduced from thermal fits to the measured hadron yields would even be proxies
for the phase boundary.

The premise that hadrochemical abundances freeze out shortly after hadronization
was first substantiated by Koch, Müller, and Rafelski [24,25], who studied the evolution of
strange hadron abundances in a hot hadronic gas and concluded that they could not be
appreciably changed by hadronic reactions at temperatures below the critical temperature:
T < Tc ≈ 160 MeV, where a hadronic gas exists. A similar study by Braun–Munzinger,
Stachel, and Wetterich [26] reached the same conclusion: The experimentally determined
chemical freeze-out temperature of strange baryons is a good proxy for the phase transition
temperature.

An early version of a QCD phase diagram with a (very sparse) set data points from
SPS (Super Proton Synchrotron) and AGS (Alternating Gradient Synchrotron) experiments
can be found in the review by Harris and Müller [27] (see Figure 4 there). Using a larger
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set of data points from the SPS, AGS and SIS (Schwerionensynchrotron, Heavy Ion Syn-
chrotron), Cleymans and Redlich [28] observed that the freeze-out line, which we above
called the hadrochemical horizon, corresponds to a fixed energy per emitted particle,
〈E〉/〈N〉 ≈ 1 GeV, where the brackets denote sample averaging. This contrasts with the
condition for the phase boundary which, in the statistical bootstrap model with excluded
volume of Hagedorn and Rafelski [3], corresponds to a fixed critical energy density, εc = 4B.
The value εc = 0.23 GeV/fm3 is close to the value of the energy density at the minimum
of the speed of sound in lattice-QCD calculations, εmin = 0.20 GeV/fm3 [29]. This was a
surprising result, which has since been confirmed by even richer data sets but still lacks a
simple explanation. One aspect that made the result surprising is that the particle content
varies greatly along the freeze-out line, being meson-dominated at low µB but dominated
by baryons at high µB. The observation showed, however, that the chemical freeze-out line
cannot generally be regarded as a proxy for the phase boundary, even if it closely tracks it
at low and moderate baryochemical potential.

An extensive set of hadrochemical freeze-out data was obtained in the RHIC (Relativis-
tic Heavy Ion Collider) beam energy scan (BES) [30], which cover the range µB < 400 MeV.
These will soon be complemented by the higher statistic data from the BES-II at RHIC,
which extends at least up to µB ≈ 700 MeV. Comprehensive thermal fits were performed
by Becattini et al. [31] for data from SPS, AGS, and SIS, and by Andronic et al. [32] for both,
midrapidity and 4π data from AGS, SPS, and RHIC. Separate fits to STAR and ALICE exper-
iments data for strange and nonstrange hadrons was recently published by Flor et al. [33].
The results for some of these chemical freeze-out fits are shown in Figure 1.

STAR (2017)

BMG (2005)

BCKSR (2001)

Reichert et al (2020)
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Figure 1. Chemical potential and temperature at chemical freeze-out, determined by thermal model
fits to strange hadron yield ratios for data from AGS, RHIC, and LHC experiments [30,32,33]. The
STAR experiment data (red) are for 0–10% central collisions. The black dots show the freeze-out
parameters obtained from simulations using a hadronic transport model [34]. Blue (BMG) and green
(BCKSR) dots are calculations by Becattini et al. from Refs. [31,35], respectively (denoted after the
authors’ names). The solid line shows the hadron gas phase boundary obtained in the statistical
bootstrap model with excluded volume (see Section 4 below).

The analyses compare various measured (“exp”) particle yields per unit rapidity,

dN(exp)
i /dy, with the thermal predictions (“th”) for these yields:

dN(th)
i

dy
=

dV
dy

γ
|Si |
s gi

∫ d3 p
(2π)3 ni(p; T, µB, µs), (1)
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where

ni(p; T, µB, µs) =
(

e−(
√

p2+m2
i −µBBi−µsSi)/T ± 1

)−1
(2)

is the Fermi (or Bose) distribution for given T, µB, and strangeness chemical potential, µs.
Here, p is 3-momentum, mi is the mass of i-type particle, gi, Bi and Si are quantum degen-
eracy, baryon number and strangeness, respectively, and γs is the strange quark fugacity.
Some analyses fit the absolute yields, some only ratios of yields, which are independent of
the freeze-out volume dV/dy. The fits typically include data for π+, K+, p, Λ, Ξ and their
antiparticles; some also include data for Ω and φ particles.

The so-called “hadrochemical horizon” is not a sharp line. Hadrons undergo chemical
reactions during the early stage of expansion following hadronization of the quark-gluon
plasma until they “freeze out” after their last identity changing reaction. This process cannot
be observed in action—at least we do not know how to experimentally track it—but it can
be studied in detail in microscopic models of the evolution of the fireball after hadronization.
Such a study was recently published by Reichert et al. [34] who used the Ultra-relativistic
Quantum Molecular Dynamics (UrQMD) model to record the last moment of production
of the emitted pions and correlate them with the coarse-grained thermodynamic variables
describing the local environment during that moment. These pions continue to rescatter
after their final production, which means that their kinetic freeze-out occurs later.

The study has two limitations. First, whether the last moment of pion production is a
good proxy for the hadrochemical horizon is open to debate. Most pions are emitted by
resonance decay without changing the heavier flavor composition of the hadron. When
the hadrochemical ratios are analyzed, all states that decay into each other by strong
interactions are lumped together, which means that chemical freeze-out as operationally
defined by the analysis of stable hadron ratios generally occurs earlier than the last moment
of pion emission. Local temperatures recorded in this way therefore represent a lower
bound on the temperature of the hadrochemical horizon. The second limitation is that
Ref. [34] uses the UrQMD model to describe the collision from beginning to end without
explicit creation of a deconfined phase. This means that some of the local temperatures at
the last moment of pion production lie above the hadronic phase boundary and introduces
an additional upward bias on the recorded temperature. The two countervailing effects
both grow in size with increasing µB.

With this in mind, it is still worth comparing the results of [34] with the STAR data, as
shown in Figure 1. In a hybrid collision model, that includes a hydrodynamic expansion
in the quark-gluon plasma phase, the average temperatures would shift to lower values,
perhaps by one-third or half the width of the recorded temperature distribution (see Figure 3
in [34]) or 20–30 MeV. Since the first limitation mentioned above generates a bias in the
opposite direction (to lower temperatures) the real location of the hadrochemical freeze-out
line as defined by stable hadron ratios is likely to lie 5–15 MeV below the black dots. A
modified study within a hybrid collision model would be of considerable interest.

A cross-check of the thermodynamic freeze-out parameters at a given collision energy
is possible by comparing certain volume-independent ratios of net quantum number
fluctuations in the event ensemble with the corresponding ratio of susceptibilities that can
be calculated on the lattice. This comparison has been made for net electric charge, Q, and
net baryon number, B, [36,37]. The susceptibilities, χn, are defined as derivatives of the
thermodynamic pressure, P, with respect to the chemical potential, µα, that is associated
with the conserved quantity α = Q, B:

χ
(α)
n (T, µα) =

∂n(P/T4)

∂(µα/T)n . (3)



Physics 2022, 4 602

The commonly used fluctuation measures (cumulants) are the mean, Mα, the variance,
σ2

α and the skewness, Sα. They are related to the susceptibilities as

Mα = Vχ
(1)
α , σ2

α = Vχ
(2)
α , (4)

Sα = V−1/2χ
(3)
α /(χ(2)

α )3/2. (5)

The unknown volume cancels in the ratios:

R12 = M/σ2, R31 = Sσ3/2/M, (6)

where the index α, indicating which conserved quantum is being considered, is dropped
for brevity.

The experimental data for these ratios of cumulants generally agree with those derived
from lattice-QCD calculations for the parameters deduced from the chemical freeze-out
fits. There are quite a few caveats that come with such comparisons: Experiments mea-
sure fluctuations in momentum space, the lattice calculates fluctuations in position space;
experiments average over a range of conditions under which particles are emitted, lat-
tice simulations are for precisely fixed thermodynamic conditions; experiments cannot
unambiguously separate initial state fluctuations from final-state (thermal) ones, lattice
simulations only consider thermal fluctuations. (see [38] for a detailed discussion of this
method and comparison with experimental data.) It is thus not entirely surpring that a
recent analysis of net-kaon fluctuations using the R12 measure seem to indicate that the
strangeness content of the final hadron yields may freeze out at somewhat (≈10 MeV)
higher temperature [39]. This could be attributed to their larger mass, which may let strange
quarks lose their mobility slightly earlier when the QCD phase boundary is approached
from above during the expansion of the fireball.

Overall, the experimental results are consistent with the principle that the fluctuations
of conserved quantum numbers are frozen in at the moment when chemical reactions
among hadrons freeze out. Since the quantum numbers probed by this method are carried
by valence quarks, this observation is consistent with the idea that chemical freeze-out
is related to valence-quark percolation. It is worth mentioning that the analyses for B
and Q agree surprisingly well (see [37]), because electric charge can be transported by
pions, which diffuse easily and could be able to modify net charge fluctuations until kinetic
freeze-out at lower temperature.

4. Excluded Volume Bootstrap Model

As a schematic model of valence-quark percolation, let us investigate the statistical
bootstrap model with excluded volume of Hagedorn and Rafelski [3]. The model is defined
by the partition function,

Z(β, µ, V) =
∞

∑
b=−∞

ebβµ
∫

d4 p e−β·pσ(p, b, V), (7)

where b is the baryon number of the hadron and σ(β, b, V) denotes the level density for
hadrons with a given baryon number b. β = 1/T denotes the inverse temperature, µ are
the chemical potentials for each quark flavor and b counts the baryon number for each
quark flavor. Here, µu = µd = µB/3 and µs = 0 are assumed. The level density can be
expressed as invariant phase space integral over the mass spectrum τ(m2, b):



Physics 2022, 4 603

σ(p, b, V) = δ4(p)δb,0 +

∞

∑
N=1

1
N!

δ4

(
p−∑

i
pi

)
∑
{bi}

δb,∑i bi

×
N

∏
i=1

∫
d4 pi

2∆ · p
(2π)3 τ(p2

i , bi), (8)

where the first term corresponds to the vacuum state. Here, δ4(· · · ) is the Dirac delta
function, and δx,y is the Kronecker delta. The N-th term involves a sum over partitions of
the baryon number b on N hadron clusters with masses m2

i = p2
i . The four-vector ∆µ ≡ ∆uµ,

where ∆ is the unoccupied volume, denotes the volume remaining after excluding the
proper volumes, Vcl,i, of all hadron clusters from the total fireball volume: ∆µ = Vµ −
∑i Vµ

cl,i.
Following Hagedorn and Rafelski [3], the requirement that any hadron cluster is

composed of smaller hadron clusters is expressed by the bootstrap condition [3],

σ(p, b, Vcl) = H τ(p2, b), (9)

with the bootstrap constant H = 0.724 (GeV)−2. The bootstrap condition allows to generate
the entire hadron cluster spectrum from a small number of “elementary” hadrons. In [3]
only pions and nucleons are considered as input into the bootstrap equation; here, the entire
set of quark model ground states is considered: the pseudoscalar and vector meson nonets
and the baryon and antibaryon octets and decuplets. Counting spin and isospin degrees of
freedom this comprises 148 “elementary” states, which are labeled by the index α.

Inserting these states into Equation (7) and applying the Boltzmann approximation
leads to the input partition function:

ϕ(β, µ) = ∑
b

ebµ
∫

d4 p e−β·p H ∑
α

gαδ+(p2 −m2
α)

= 2πHT ∑
α

gαebαµmαK1(mα/T), (10)

where gα denotes the degeneracy of each state and bα its baryon number counting only
u and d valence quarks. For values of µB approaching the nucleon mass, Fermi–Dirac
quantum corrections must be taken into account for nucleons, which was done in the plots
shown below.

The complete single-cluster partition function, φ(β, µ), generated by Equation (9), is
related to ϕ by the implicit equation,

ϕ(β, µ) = 2φ(β, µ)− eφ(β,µ) + 1. (11)

The full partition function is obtained from φ as

ln Z(β, µ, V) = − 2∆
(2π)3H

∂φ(β, µ)

∂β
. (12)

In order to determine the unoccupied volume, ∆, for a given hadron configuration
within the fireball volume V, one needs to specify the proper volume of each cluster. Here,
Ref. [3] is followed by using the MIT-Bag model relation Vcl = mcl/(4B), where mcl is the
cluster mass. This leads to the following equation for the unoccupied volume fraction [3]:

1− ξ ≡ ∆
V

=

(
1 +

∂2φ/∂β2

2(2π)3HB

)−1

. (13)
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Here the occupied (excluded) volume fraction, ξ, is introduced which is the parameter that
controls percolation.

As shown in Ref. [3], ∂2φ/∂β2 diverges when φ(β, µ) = ln 2, and thus ∆ vanishes: The
entire fireball volume is occupied by a single hadronic cluster, which corresponds to the
quark-gluon plasma. The line ∆ = 0 in the T–µB diagram delineates the boundary of the
hadronic phase in the statistical bootstrap model. This line is denoted by Tc(µB) here, as
shown in Figure 2. otherwise. The solid line in Figure 2 shows the phase boundary for
the full set of ground state hadrons; for comparison, the dashed line shows the boundary
when only pions and nucleons are considered as in Ref. [3]. The critical temperature, Tc,
at µB = 0 for the full set of ground state hadrons is Tc(0) = 162 MeV, in remarkably close
coincidence with the pseudocritical temperature for the chiral phase transition found in
lattice-QCD.
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Figure 2. Critical temperature line, Tc(µB), delineating the boundary of hadronic matter in the
excluded volume statistical bootstrap model. The solid line shows the boundary location when all
quark model ground states are used at input into the statistical bootstrap; the dashed line shows the
boundary when only pions and nucleons are considered as input.

The line Tc(µB) traces the location of singularities in the partition function of the
statistical bootstrap model with excluded volume; it delineates the thermodynamic phase
boundary. Percolating clusters of hadrons already exist at lower temperatures correspond-
ing to an unoccupied volume fraction ∆/V > 0. Since the exact value of the percolation
threshold, ξc = 1− ∆c/V, is not known, several contour lines of equal occupied (excluded)
volume fraction ξ are shown in Figure 3. We denote these lines by Tξ(µB, ξ) where ob-
viously Tξ(µB, 1) = Tc(µB). According to the discussion in Section 2, the line Tξ(µB, ξc)
indicates the hadrochemical horizon, Th(µB). Lacking precise knowledge of the dynamics
of valence-quark percolation, the precise location of this horizon is uncertain, but it can be
estimated that Th(µB) lies between Tξ(µB, 0.6) and Tξ(µB, 0.8).
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Figure 3. Iso-occupancy contour lines, Tξ(µB, ξ), for hadronic matter in the statistical bootstrap
model with excluded volume. The dashed lines show the contours for the occupation fractions
ξ = 0.8, 0.6, 0.4, and 0.2 (top to bottom). The solid black line corresponds to Tξ(µb, 1) = Tc(µB), also
shown in Figure 1. The hadrochemical horizon identified by the valence-quark percolation threshold
is expected to lie between the orange (ξ = 0.6) and blue (ξ = 0.8) dashed lines.

5. Summary and Outlook

The chemical freeze-out line or chemical horizon, Tchem(µB), of temperature vs. bary-
ochemical potential, serves as an experimentally measurable proxy for the phase boundary
between matter composed of hadrons and quark matter. It is controlled by hadrochemical
kinetics and, thus, somewhat sensitive to the overall size and expansion rate of the fireball.
As chemical reactions among hadrons proceed primarily by quark (flavor) exchange, the
chemical freeze-out line is expected to lie close to the valence-quark percolation line in the
QCD phase diagram.

In the low net-baryon density region of the phase diagram the chemical horizon agrees
within experimental uncertainties with the pseudocritical thermodynamic phase boundary,
Tc(µB), as determined by lattice QCD. At high net-baryon density the data indicate that
the chemical horizon lies increasingly below the phase boundary. This could be caused by
either a slower expansion rate during the time when the matter is near the phase boundary,
or by changing chemical reaction kinetics in the baryon-dominated regime, or both. The
origin of the empirical rule—“Cleymans’ Law”—that chemical freeze-out occurs along a
line of constant energy per particle [28] over the entire measured range is still unknown.
Some reminiscences of the late Jean Cleymans, who made fundamental contributions to
the theory of relativistic heavy-ion collisions, are presented in Appendix A.

It would be interesting to extend the theoretical simulations of the chemical freeze-
out line in hadronic transport models to hybrid models of the reaction that include a
hydrodynamic quark-gluon plasma phase. It would also be interesting to construct a more
detailed model of valence-quark percolation and identify the precise location of the critical
percolation line. Finally, it would be interesting to construct and study observables for
valence-quark percolation that can be studied on the lattice.

Note Added in Proof: After submission of the manuscript, I became aware of a
publication by Fukushima, Kojo and Weise [40], in which a similar concept of valence-
quark percolation through meson exchange is discussed for the transition from nuclear
matter to quark matter at high baryon density.
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Appendix A. Reminiscences of Jean Cleymans

I met Jean many times at conferences and always enjoyed the discussions with him.
He was exemplary in being full of deep insights into the physics of relativistic heavy ion
collisions and implications of experimental data and simultaneously gentle and modest. I
also had multiple opportunities to interact with him during visits to Cape Town, which he
had made his home in the mid-1980s. That was a time when it required personal courage
to ignore world-wide calls for boycotts of South Africa, but Jean was convinced that he
could work for the benefit of South African society by helping to educate the future leaders,
who would have to assume influential positions in science and education once apartheid
ended; and end it did in 1991, sooner than many expected.

Not long afterwards, I visited the University of Cape Town at Jean’s invitation after
a conference [41] that was organized by Horst Stöcker in honor of Walter Greiner’s 60th
birthday in Wilderness on the Indian Ocean coast of South Africa. During my visit, Jean
arranged an excursion by boat for a few of us to Robben Island, the small island south of
Cape Town where Nelson Mandela and other leaders of the African National Congress
had been incarcerated from 1964 until 1982. At that time the site was not yet open to
the public, and our small group had a personal tour of the island, the prison complex
and the quarry in which Mandela and their fellow inmates had to labor under difficult
conditions. It was an almost unreal experience to imagine the violence that was perpetrated
at this site juxtaposed with its beautiful and tranquil nature, which included a small colony
of penguins that nested at the shore. The visit gave us a sense of the incredible moral
strength that allowed Mandela to maintain their conviction that reconciliation was possible
after the end of apartheid through almost three decades of imprisonment. The Truth and
Reconciliation process started when Mandela became President in 1994 and was in full swing
during the time of our visit.

My last visit to Cape Town at Jean’s invitation occurred in 2017 on the occasion of a trip
to South Africa with a small delegation from Brookhaven National Laboratory (BNL). The
purpose of our trip was to explore possible collaborations between BNL and various South
African institutions, one of which was the University of Cape Town. Jean was as gracious
host as ever, and he arranged for a dinner at the residence of the President of the University.
It was clear that the University, which always had been open to students of color, had
become an even more integrated institution of higher learning, which served its role of
educating future leaders of the country that Jean had envisioned well. A younger generation
of scientists working on relativistic heavy-ion physics is now carrying on his vision.

Openness and inclusivity often do not make life easier in the short term, but ultimately
it is the only way by which societies can make lasting progress. Seeing this and working
towards it with an eye to the long term was one of Jean’s strengths, which is also reflected
in the way he approached science. With this he served as a role model for many of his
friends, younger colleagues, and students. It is his legacy.
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