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Abstract: Using the formulation of the electromagnetic Green’s function of a perfectly conducting
cone in terms of analytically continued angular momentum, we compute the Casimir-Polder interac-
tion energy of a cone with a polarizable particle. We introduce this formalism by first reviewing the
analogous approach for a perfectly conducting wedge, and then demonstrate the calculation through
numerical evaluation of the resulting integrals.
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1. Introduction

The Casimir-Polder interaction between an uncharged conducting object on a polariz-
able particle [1-3] provides one of the simplest examples of a mesoscopic fluctuation-based
force. Since the particle can be treated as a delta-function potential, its effects can be evalu-
ated in any basis. As a result, in the scattering formalism, the interaction energy between
the particle and conducting object can be determined directly from the full electromagnetic
Green'’s function in the presence of the object. In contrast, for the Casimir force between two
objects, one needs the scattering T-matrices for each object connected by the free Green’s
function expressed in each object’s scattering basis to propagate fluctuations between
objects [4-9].

Along with the standard plane, cylinder, and sphere geometries, for which there
exist analytic expressions in terms of scattering modes for the Green’s function in the
presence of a perfect conductor, the conducting wedge [10,11], which also models a cosmic
string [12], is a case where the Green’s function can be obtained analytically as a mode
sum, by imposing the wedge boundary conditions through a discrete, fractional, angular
momentum index. However, one can also use analytic continuation to a continuous,
complex angular momentum to express this Green’s function in terms of the T-matrix for
scattering in the angular (rather than radial) variable [13-16], an approach that then extends
to the case of the cone [16] and puts the Green’s function into a form that is more directly
analogous to the sphere, cylinder, and plane results. Mathematically, this approach is based
on the Mehler-Fock and Kontorovich-Lebedev transforms [17]. The complex angular
momentum approach requires that one consider only imaginary frequencies, however, so
though it is well-suited to equilibrium problems at both zero and nonzero temperature, it
cannot be applied to heat transfer [18], which must be computed on the real axis.

All of these calculations allow for investigation of the Casimir-Polder interaction near
a sharp edge or tip, where the derivative expansion approach [19-23] is not applicable,
yielding semi-analytic results in terms of a small number of integrals and sums. However,
this approach is limited to perfect conductors and, as a result, complements calculations
based on surface current methods [24-27], which are more complex numerically, but
applicable to more general geometries and materials. Recent work using the multiple
scattering surface method, in which one combines expansions in scattering between and
within objects [28], provides a particularly relevant comparison by demonstrating the
Casimir force between a dielectric wedge and plane.
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Here we use the analytically continued scattering formalism to calculate the Casimir—
Polder force of a conducting cone on a polarizable atom, as might arise, for example, in the
case of a particle beam passing by an atomic force microscope. We begin by reviewing
the wedge calculation in the discrete angular momentum approach, and show how to
obtain the same result using the analytic continuation approach. We then extend this
calculation to the case of the cone, obtaining a result in terms of a sum and integral over
angular momentum variables. For a special case where the particle lies on the cone axis,
the calculation simplifies to a single integral. This calculation can be straightforwardly
extended to frequency-dependent polarizability and nonzero temperature, although, in
those cases, an additional sum or integral over frequency must be done numerically.

2. Review of Casimir-Polder Wedge

Let us begin by reviewing the Casimir-Polder interaction energy for a conducting
wedge, which was computed in Refs. [10,29] and considered in the context of repulsive
forces in Refs. [30,31]. Let the wedge run parallel to the z-axis and have a half-opening
angle 0 < 6p < 7T around 6 = 0 with the wedge vertex located at x =y = 0, and consider

imaginary wavenumber k = ix with ¥ > 0. Note that by allowing 6y > 2 , one is able
to consider a case where the particle is inside the wedge. For a particle located at angle

6 € [0,27t] obeying 6y < 6 < 27T — 6, one can write the full Green’s function for the wedge
in terms of ordinary cylindrical wavefunctions of fractional order [10,11],

OO
o P outgomg regular outgoing regular
= . 277 My o = @MpZ " —Nyo “ONgs "), @

in terms of the magnetic (transverse electric) and electric (transverse magnetic) modes,
respectively,

My (r) = \/K;WV x [2pr| <\/ K2 + k2 r) e™*% cos(Cp(6 — 90))}
Nyo(r) = K\/Kin x V x {2% (, [12 + K2 r) ¢ sin(£p(0 — 90))] 2

with ¢ the quantum number, the hat denoting unit vector, and p = , where the

T
2(m —6p)
regular (outgoing) function is evaluated at the point r; or r, with the smaller (larger) value
of the cylindrical radius r and the radial functions given in terms of Bessel functions for
regular and outgoing modes as:

(\/Kz—i—k%r):IM(\/KZ—Fk%r) and f&:tgomg(q/xz%—kgr):Km(\/xz—i-k%r). ®3)

This Green'’s function then obeys:
(V XV X +K2)6(r1,12,€) = 6O (11 — 12) (4)

in the presence of the conducting wedge, whereas the free Green’s function &(ry,12,x),
given by setting p = 1 and replacing the trigonometric functions sin({p(6 — 6p)) and
cos(¢p(6 — 6y)) in Equation (2) with e*? /1/2, obeys the same equation in empty space.

One can then use the “TGTG” (T-matrix/free Green’s function) [4-9] formulation of
the Casimir energy, considering only the lowest-order interaction with the potential for a
particle with polarizability « at position 7,

V() = —4max?s® (r—+'), (5)

which can be expressed in any basis since it is a delta function, ¢ G (r—1).
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The result for the interaction energy of a particle with isotropic polarizability « be-
comes [10,29]:

Ui = —% /0: T[V(r) (8(r, ¥, x) — Go(r, 7, x))] dr
= 2txhc/0 K2 tr[& (v, v, 6) — Go(r, r,x)]dK

3ahc 2 _ .
N _87rr4sin4(p(6—90)) [ 4—§P2(P2—1)51n2(p(9—90)) 135(P —1)(p* +11)sin*(p(6 — 60))| , (6)

where 71 is the reduced Planck’s constant, ¢ denotes the speed of light, " Tr” denotes the
trace, which includes the trace over the spatial coordinate, and " tr” denotes the trace only
over polarizations. In this approach, there is not a straightforward way to subtract the free
contribution mode-by-mode, so one instead uses a point-splitting argument to subtract the
entire contribution from the free Green’s function at once.

For the case of the cone, there does not exist an analog of this full Green'’s function
written in terms of a rescaled order. As a result, we next recompute the result for the
wedge using a different form of the Green’s function, which generalizes more readily to
the case of the cone. In this approach, the angular momentum sum is replaced via analytic
continuation by an integral, yielding for the free Green’s function [13,16]:

dk out; 1 -
o going, + regular,+ x outgoing,— regular,— 4
Go(ri,r%) = —— /oo o / d/\ My OMyce Tt MAk x ® My x
__pyoutgoing, + regular +x _ pgoutgoing,— regular,—
NAk K N/\k K NAkZK N/\k K 4 (7)

where the transverse modes are:

1 . 7\ 1
M/\kZK(T) - \/TTk%v X |:ZK1)\( KZ ‘l‘ k% 7) elkzzf/\(e)] al’ld NAkZK(r) — EV X M/\kZK(T) (8)

and 6 € [—7, 7]. One has both even and odd modes, with regular modes given by:
BT (9) — cosh(A9)  and 1B (8) = sinh(A6) )

and outgoing modes given by

OUEONET (9) — cosh(A(m — [0]))  and  fYUEOET(9) = sinh(A(7 — |6])) sgn 6, (10)

where A denotes the analytically continued angular quantum number, and the regular
(outgoing) functions are evaluated at the point r; or r, with the smaller (larger) value of
|6]. Note that the star indicates the conjugation of the complex exponential part of the
function only.

Although not needed for the computation, the corresponding longitudinal mode is:

1 .
L/\kZK(T) = %V |:Ki)\ (\ /%2 + k% 1’) €lkzzf/\(9)] . (11)
If its contribution is added to the free Green’s function, the result is equal to the scalar

Green’s function, e / 27T (\ /%% + k2 ’rle’v] — rpe'®
[e9)

matrix; without this contribution, one obtains the same scalar times the projection matrix
on to the transverse components. Here, z~. (z<) is the z coordinate associated with the point
with the larger (smaller) value of |6].

In this approach, we take the wedge to be located at § = 10y and the particle’s location
will always have |6| > 6. One then obtains the full Green’s function by replacing the

> e*=(2>-2<) times the identity
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regular solution with a combination of regular and outgoing solutions given in terms of
the T-matrix:

sinh(A6))
sinh(A (7 — 6p))

cosh(A6p)

T = = cosh(A (7 — 6g))

= f’TAN’* and 7j\M’7 = 7’7’)5\]’+ , (12)

so that it now obeys the conducting boundary conditions on the wedge, yielding:

dk t 1 t
Ol = —— [ 5E [Tan My e (MEE g U gy )
[e°]
outgoing,— regular,— x M,— outgomg,f *
M/\k K ® (M/\kZK + T /\k K

outgoing,+ regular, + x N,+ outgomg +x

_N/\k K ® (N/\kZK T N )
outgoing,— regular, — x N,— outgomg,— %

~Nikx ® (N/\kzx T N )} : (13)

In this form, one can subtract the free Green’s function mode-by-mode, leaving only the
terms with outgoing waves multiplied by the T-matrix. One obtains for the energy:

ahc [ o h 1
u) =~ ek | M Gnh@(r— 800

{Ki/\(q/KZ +k2r)? [(rz <K2 + k%) + AZ) cosh(2(7t — 0)A) sinh 7tA
+ (1’2 (K2 + kg) + 2 ié /\2) sinh((7 — 290)/\)]

2 22
+7? (;KiA(1 [ k2 + k2 r)) (COSh(Z(T( —0)A) sinh A + Ilii—f—izz sinh((7r — 290)A)]> }
z

B ahe [ A+ A3 1 cosh(2(rt — 6)A)
= _ﬁ/o d/\[ 3 COthn/\_§COth(2(n_90)A)+Sinh(Z(n—Go)/\) , (14)

where the integrals over x and k, are done using polar coordinates. After carrying out the
A integral, one obtains agreement with Equation (6).

3. Electromagnetic Cone Green’s Function

Let us now construct the Green’s function for the perfectly conducting cone with
half-opening angle 0 < 6y < 7, centered on the z-axis with the cone vertex at z = 0, as
shown in Figure 1. We again consider imaginary wavenumber k = ix with ¥ > 0. Note

. 7T . . C e
that by allowing 6y > 7 one can consider a case where the particle is inside the cone.

From Ref. [16], one has magnetic (transverse electric) and electric (transverse magnetic)
transverse modes:

M) (1) = V [rki/\i%(Kr)eim(Pf/\m(r)} and Nymx(r) = %V X Mamx(r)  (15)

with

Am Am iA—

VB ) = P (cos)  and S = Py (—cose), (16
—32 2

where Pt (cos 0) is the Legendre function of the first kind and k7} ; (x7) = 4/ %Ki A(xr)
-2 —32

is the modified spherical Bessel function of the third kind, both with complex degree/order

=i\ — % The “ghost” mode [16] is:

Ry =rxV km_%(m’)l’/\‘ ‘(j: cosf)e ””4’} , (17)

_1
2
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where the =+ sign is for regular('+’) and outgoing ("—") modes. Its contribution arises from
the contour integral used to turn the sum over the angular momentum quantum number ¢
into the integral over its analytic continuation A, in which it cancels the contribution from
the ¢ = 0 mode, since that mode does not exist in electromagnetism. As a result, it is only

1
ever evaluated at A = 5 corresponding to ¢ = 0.

i 1

Figure 1. Geometry of cone with half-opening angle 6y and particle at radius r and angle 6 > 6.

In this basis, the free Green’s function is [16]:

Atanh tA outgoing regular outgoing regular
6O("'l/ 7’2/7() = [ 2 / A2 +1 1 — 7 dA (M/\m;c ® M)\mx - NAmK ® N/\mK *)
m=—oo
£ (T + 1) RS Ry 1 ’ o
m=—oco A=5
m#0 2i

where the regular (outgoing) function is evaluated at the point r; or r, with the smaller
(larger) value of |6], and I'(x) is the gamma function. Note that, as above, the star indicates
the conjugation of the complex exponential part of the function only. Here, the integral

1 1
over A = H <€ + 2) represents the analytic continuation of the sum over /.

For completeness, we also give the longitudinal mode:

A2 41 ,
Lun = ———— [k (k1)e™ f,(r)] (19)

for this geometry. If its contribution is added to the free Green’s function, the result is
. K . . . . .
equal to the scalar Green'’s function Hko(ﬂrl — 17]) times the identity matrix; without

this contribution, one obtains the same scalar times the projection matrix on to the trans-
verse components.

The full Green’s function in the presence of the conducting boundary & is then given
by the same expression with the replacement, yre8ular+ —, yregulars 1 T xCUEomNs* where
X = M, N, R; again, the star indicates the conjugation of the complex exponential part of
the function only, and T\ is the corresponding T-matrix element [16],

P cos 6 iP. cos 6 P Il (cos 6
TAN _ l/\f%( 0) 7}M _ 96, 7%( O) and 77\R _ 1/\7%( 0) (20)
" p 7%(—c059o) " ai %( cosfp) " P;'ln%l(—coseo)

in terms of 6, the half-opening angle of the cone. Subtracting the contribution from the free
Green'’s function then cancels the term with the regular solution, leaving only the product
of outgoing solutions in the interaction energy.
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4. Electromagnetic Cone Casimir-Polder Energy
After some algebra and simplification, one obtains the Casimir-Polder interaction
energy for an atom with isotropic and frequency-independent polarizability a at distance r
from the cone vertex and angle 6 from the cone axis, with || > 6, as
e}
2ochc/ K2 tr[&(r, 7, k) — B (r,7,%)]dK
0

_ _Lhc/ Z / )Ltanhﬂ/\d/\<7_

outgoing outgoing N Outgomg outgoing
MAmK ® M/\mK : T )\mK X NAmK *)
b 5 TOmDN o+ DTSR & REEDS e
g0 A=%
e = oo 9 L 2w 2
= 52 ; /o Kdx /0 dAA tanh TA <89 M;(—cos@)) +mm,%(—®59)
2 M, 2.2 2 1
7' ( (rkM 1(Kr))) —ﬂmxrkmf%(w) (,\Zj

)
1 1+cos0\ ™ /11— cosp\ " 2/m| _
N 2, = m _ 27 2 _ 2xr
+TA’”<A +4) i/\—%( cos 0) k”\—%(w) )] (1—(:05(9) (1—1—(:050()) sinzee
_ e Z A sech A tanh 7oA | 27N (A2 4 1) pr | (— cos6)?
o8t e Am 4)iA-3
0 2 m? 1 sin? 6,
N M 9 om [ moo_ 21| _ 1 0
+<TM’1 7:\'”)((39 i/\—%( COSG)) +sin26 i)‘_%( cos ) )] 7t (cos§ — cosfp)? [
where the last term arises from the “ghost” mode contribution. Here,
Z/°°k ()zd_/'wsk ()zd_/""K a(k ())zd—n
27 Jy Moy O)ide = |k (re)%de = | 5, Ky 1 (% K=

P (AZ 4> sech TA
is used [32] to carry out the integral over «, with integrals involving derivatives with respect

(21)

(22)
to r obtained by differentiating under the integral sign. The ghost term can be computed
using the derivative of a geometric series

(1+cos€>m<l—cos90>m
Y, m =
= \1—cost (

[e)

sin? 0 sin” 6,
1+ cos by

, 23
cos ) — cos 6p)? @3
along with an elementary x integral

plane, U(r) Sahc

One can check the result (21) numerically in the case of 8y = 7/2, when this result be-
comes the Casimir-Polder energy of a particle at a distance d = r| cos 6| from a conducting
r)=——07>

Let us also note that the difference of T-matrices simplifies to
4 cosh tA
Ty~ Tih =

7T sin 6y ae [p’; ](

1
by using the Wronskian relation between P}*(z) and P} (

cos 6p)?]

(24)
7 (—2).
Carefully taking the limit § — 77, one obtains a special case where the particle lies on
the cone axis. Here, the only contributions arise from m = —1,0, +1, leading to a result that
simplifies to:
ahc
) = 27tr2

/OOO de{ /:o dAA<A2 + i) tanh 77 [(T%

’27}]\14) kmf% (KT)Z
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+7N ( (rkm 1(”)))1 ¢ tan’ 920}

whc 1 1 0,
_ {/ dAA(x\2 4)sechm\tanhm 2TN + ( 4>(7}\1\1’—7}’\{I)] tn220} (25)

8r4
for the cone—particle interaction energy when 6 = 7. Here, it is helpful to obtain the
result in the first line, before integration over «, because that result can straightforwardly
be extended to nonzero temperature and frequency-dependent polarization, as will be
described in more detail below. -
Within this special case, it is illustrative to consider 6y = 5 where the cone becomes a

plane, for which T, = —1 and TN = -TM=— # One then uses the « integrals

()
above along with the integrals [32,33] (the second integral does not appear to have been
obtained previously):

1 5
/ ki 1 (kr)?Atanh TAdA = 5er K
1 1
3 _ =\ ,—2«r
/ km ; Kr) )L tanh tAdA = Ser (Kr+4>e

(0 ENEyy 1N o
/0 (ar(rk”‘ ;(KT))) Atanh TAdA 2Kr<1<r Kr+2)e

/ AAA (/\2 n i) sech 77\ tanh 771 1
0

— 2
—. 26)
where, again, the integrals involving derivatives with respect to r are obtained by differ-
entiating under the integral sign, to do both the x and A integrals explicitly and in either
order and obtain the standard results for the plane,

h ® ® 1 d 2
uir) = —% /0 de{ /0 dAA tanh TA (Az + 1 + Kzrz) km_%(;(r)z + (81* (,,ki/\_% (K,,)>) + 62;0}
= _LFZC ® 2,2 —2kr
= ypc: /0 dx (2;( e+ 2xr + 1)e
- afic 2 11  Bahe
= 2 {/ dAA (A 4) sech 7rA tanh 7tA 4 pp ] = g 27)

where, in the second line, we have done the A integral first and, in the third line, we have
done the x integral first. The former expression shows that if the ghost contribution is
grouped with the electric modes, the contributions from the electric and magnetic modes
match the planar calculation individually as functions of «, and, as a result, reproduce the
5:1 ratio of the total contributions of the electric and magnetic modes [34].

5. Anisotropic Polarizability

By repeating the above calculation in the case where « is a matrix, one can extend these
results to the case of an anisotropic particle. We write the polarizability in the general form:

o cos? B oaxy —ivz axztivy
o= oy +iy: &g sin® B ayz—ivx |, (28)

- i'Yy Xyz + iYx Xzz
which includes both the symmetric and antisymmetric (nonreciprocal) off-diagonal compo-

nents. Without loss of generality, we take the particle to be at ¢ = 0, so that it lies in the
xz-plane. In terms of these parameters, one obtains for the energy:
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Uur) =

hic > o
— dAA sech 7tA tanh wA
8r4{mzw/0 sech 7tA tanh 7

3 2
X [(aepi";% (—cos 9)) ((zxL cos® Bcot? 0 — 2a,; cot + az;) Ty, — a; sin® B 7%1)
Yx+Yzcot [0 . m N M
ran PR (P (- cost) ) PE_ (- cost) (T, - TE)
P (= cost)? <m2 (2012 cott — ) cos? peot? 6 — az: ) Ty

1 2m’a
+2(4 + )\2> (“zz cos® 0 + m

n (20, cos@sin® —a | + () cos® B — a,;)sin®§) sin? §, }

csc? @ sin® B + 2a,, cos fsin @ + a | cos? B sin’ 9) 7}\%) ]

29
27t(cos 6 — cos )2 @9

which, on the axis 8 = 7, simplifies to

4 2 4 47

o 2
M{ /O dMG + /\2) sech 77 tanh A [azzﬂlg +(%+%) (1 +A2) (TN — T)f‘{‘)} _ e tani(8/2) |

(30)

Of particular interest is the 7, term, which generates a nonreciprocal torque around
the z-axis. Comparing the «,, and « | contributions also enables us to compare whether a
particle with a single polarization axis prefers to be aligned with or perpendicular to the

axis of the cone.
6. Results and Discussion

To visualize these results numerically, in Figure 2, the Casimir-Polder interaction
energy of an isotropic particle is plotted scaled by the fourth power of r sin(6 — ), which

s
gives the perpendicular distance from the particle to the plane in the case where § — 6y < —.

For 6y = 71/2, the result in units of afic is — 31 ~ —0.1194, and past this inflection point,
as the the cone envelops the particle, its interaction becomes much stronger.

T
8

Sn

8

o

bo

Figure 2. Scaled Casimir-Polder interaction energy,

3n
4

w
N
Bl

S5n 3n 7
8 4 8

[4

n

U #*sin* (0—6p)

ahc

.4
U r*sin” 6,

athc

|
(=]
=
»
IS
o
.
©
o
IS

Ur*sin*(6 — 6y)

bo

N
N

, for an isotropic particle as a

h
function of 6 and 6 (left) and as a function of 6y for 0 = 7 (1e‘igi1t). See text for details.

All of the above calculations can be extended to nonzero equilibrium temperature

27tk
T, in which case the integral over x from 0 to oo is replaced by Tcth

times the sum
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2nnkgT
over Matsubara frequencies, x, = m;liCB, foralln = 0,1,2,3,..., where the n = 0

1
contribution is counted with a weight of 5 This term must be considered carefully, since

the Bessel function has a logarithmic singularity as k — 0 for fixed A. For the special
case of 6y = 71/2, one can see explicitly from the above that this singularity disappears
when the integral over A is done first, which should remain the case in general. In all of
these calculations, one can also straightforwardly move « inside the x integral or sum to
model a frequency-dependent polarizability. However, introducing either or both nonzero
temperature and frequency-dependent polarizability then requires the x sum or integral to
be carried out numerically.
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