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Abstract: Specific properties of quantum field theory are described by considering the combination of
the system under investigation and the cloud of virtual or real particles associated with the field. Such
a structure is called a “dressed system”, in contrast with the bare one in the absence of the interaction
with the field. The description of the properties of such clouds in various physical situations is,
today, an active research area. Here, we present the main features associated with virtual and real
dressings, focusing on photon dressing. In analogy to virtual photon clouds dressing electrons in
vacuum, virtual phonon clouds appear in solid-state physics. The interaction between real photons
and the schematized two-level structure of an atom paves the way to flexible quantum control. Here,
a unifying Floquet engineering approach is applied to describe single- and multiple-dressed atom
configurations. Connections with the past and present atomic physics experiments are presented.
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1. Introduction

Light is a key element of human life, regulating day-to-night evolution, the succession
of the seasons, and even providing relics of the early evolution of the universe. Its descrip-
tion has attracted significant attention from physicists, initially based on electromagnetic
wave theory, and later on photon quantum theory. Today, photons are at the core of ad-
vanced quantum technologies. The new targets include the modification and control of
the quantum properties of the system under investigation. Quantum variables, energies,
and observables can be manipulated by single, bichromatic, or multiple photon excitations.
The long-term dynamics of a quantum system are altered by time-periodic driving. These
dynamics are well captured by time-independent effective Hamiltonians that account for
the essential characteristics of the modulated system. This approach, known as Floquet
engineering, represents a versatile scenario for producing unusual quantum properties
that are difficult to engineer directly. Within this quantum control scenario, the so-called
“dressing” of a quantum system by resonant or off-resonant photons is an important tool,
as it modifies the energy and electromagnetic response of any generic quantum system
through photon dressing.

Franco Persico and collaborators have extensively used the dressed model to describe
the interaction between an atomic system and photons, as reviewed in their 1995 book [1].
Two definitions of dressed states are present in the literature, associated with the interaction
with either virtual or real photons. In Section 2, we recall the main features of systems
dressed by either photons or phonons. In Section 3, we elaborate on the photon dressing of
atomic states. We deal with the Hamiltonian of a two-level quantum system, excited by
a strong resonant or non-resonant field, with energy separation regulated by an applied
magnetic field. The spin temporal evolution is derived based on the Floquet engineering
approach, reviewed in Refs. [2–4]. The most important features of dressed atom systems
are recalled and linked to experimental observations. Section 3 is concluded by a study of
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multiple dressings, i.e., driving by several modes of the applied real photons. Section 4
completes the paper with discussion of the work done and perspectives.

2. Dressed States

The concept of a dressed state in quantum field theory was introduced independently
at different times in various physics contexts. As reported in the 2006 review by Persico and
collaborators [5], a dressing system was first introduced by Van Hove [6] and illustrated in
Feynman’s book on quamtum electrodynamics (QED) [7]. The concept proposes a general
criterion to describe the combined states of a quantum field and its source, where the source
is consistently associated with a cloud of photons from the produced field. In a ground-state
quantum system, a real wave cannot be emitted, and only virtual processes occur. As a
typical example in nuclear physics, a dressed state consists of a static nucleon source with
mesons emitted and reabsorbed by the nucleon. In solid-state physics, polarons, as named
by Solomon Pekar [8], are associated with an electron or an exciton dressed by a cloud of
virtual phonons. Such an electron, along with the accompanying deformation, moves freely
across the crystal but with an increased effective mass [9,10]. Also, other charged particles
such as holes, ions, and impurities in a Bose–Einstein condensate, follow the polaron model
of a dressed system [11].

Given that a neutral atom can absorb and emit virtual photons, dressed atom cloud
effects should be considered in quantum–electrodynamics, similar to meson and polaron
cases. The photon cloud is characterized by one-photon fluctuations, whose timescale is de-
termined by the inverse of the atomic emission frequency. For typical optical fields, within
this timescale, photons propagate up to a distance smaller than 0.1 µm [12]. Considerations
in Refs. [13–15] indicate that the retarded long-range interatomic van der Waals forces
originate from the interaction of one atom with the photon fluctuation fields of another
atom. Additionally, Casimir forces can be interpreted as long-range forces induced by
vacuum fluctuations of the absorption/emission processes [16]. Physical effects related to
the virtual photon cloud, such as self-energy shifts, mass, and charge renormalization, are
expected when probed at these short propagation times. However, experimental features
of this topic, known as zero-point field dressing [12], remain largely unexplored. The
sequence of random photon absorption/emission events produced by the virtual photon
dressing cannot be described by the Floquet engineering of quantum control.

The second notion of dressing, originating in the context of atomic physics and referred
to as strong field dressing in Ref. [12], is associated with real photons. In this scenario, the
presence of an excited state for the atom (or molecule) plus field system is crucial. In basic
analysis, the bare atom is depicted as a two-level system, and a strong monochromatic (or
multi-chromatic) field is supplied by an external source. This intense radiation field mixes
and splits the levels of the entire system, completely overshadowing the action of vacuum
fluctuations. The energy eigenstates of the entire system exhibit correlations between
the bare atomic occupation states and the photon numbers, resulting in the creation of
entangled states. The eigenvalue spectrum of this coupled system differs significantly from
that of the states dressed by vacuum fluctuations as discussed in this Section just above.

The study of these real photon-dressed states follows two different paths. As in
the 1995 book by Persico and collaborators [1], the focus could be on the optical photon
regime, where the photon energy is greater than the atom-field interaction. In this regime,
the rotating-wave approximation (RWA) significantly simplifies the Hamiltonian. This
approach leads to the Jaynes–Cummings model of quantum optics, optical pumping, laser
cooling, and other phenomena [17]. Another quite an intriguing regime, denoted as strong
field dressing, takes place when the energy scale of the atom–field interaction is larger
than the energy of the external photons, typically in the radiofrequency (RF) or microwave
(MW) range. In this case, RWA cannot be applied, and the counter-rotating component
of the electromagnetic interaction cannot be disregarded. The seminal study of Laurent
Cohen-Tannoudji, Serge Haroche and collaborators [18–20] first detailed the modifications
of the energy levels of a spin one-half system in the presence of a strong off-resonant RF
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dressing field. It was described as frequency modulation in Ref. [21], and extended to the
presence of dissipation in Ref. [22]. Studies in Refs. [23,24] highlighted the close connection
of this dressing case to tunneling suppression, and Ref. [4] linked the dressing to the
dynamical localization freezing in optical lattices. In Ref. [25] the dressing generalization
was investigated to a periodic arbitrary waveform. This off-resonant strong dressing, which
is the focus of the present work, is closely linked to quantum control.

A second RF field could also be used to probe the levels of the dressed atom. This
experimental approach was initiated in Ref. [26], where a weak ’tickling’ field investigates
the eigenstates of an atom interacting with a strong field. This point of view can be adopted
for a large set of experiments with two applied RF fields: one dressing the atom and the
other inducing transitions between the dressed eigenstates, as explored in Ref. [27] for the
dressing of a Bose–Einstein condensate. A main advantage highlighted in Ref. [28] is that
the dressing RF field is treated exactly, rather than using perturbation analyses.

Entangled dressed states composed of particles and photons can be manipulated
or probed by acting on one of the two components. This one-component manipulation
represents an intriguing quantum control configuration. In the laser manipulation of
entangled optical photon/atom states, a spatial inhomogeneity in the dressed photon
component generates dipole forces on atoms [17]. In solid-state physics, an early probe
example was reported in Ref. [29]. The lattice optical modes in a semiconductor were
monitored by the modifications in the magnetic de Haas–van Alphen oscillations of the
electron component, owing to the presence of polaron-entangled states.

Mathematical treatments of virtual and real photon cases differ significantly. The
quantized description suits virtual photons, which typically play a role in small numbers
or even as a single entity. The photons entire evolution is aptly described by the cre-
ation/destruction of a single photon. The classical description of the electromagnetic field
associated with photons is more suitable for real photons, which are usually present in large
numbers. The atom/photon interaction changes the photon number by a few units, causing
a negligible modification of the electromagnetic field’s amplitude. In any configuration, a
pictorial representation of atomic evolution, utilizing Feynman-type diagrams to depict
photon exchanges between atoms and fields, is rather helpful.

3. Results
3.1. Dressed Hamiltonian and Spin Detection

For natural or artificial atoms in the ground electronic state, in the presence of quite
a weak direct current (DC) applied magnetic field, the level structure is described by a
collection of degenerate two-level systems. We examine the interaction between such a
spin-one-half system and static and oscillating magnetic fields. The spin-field coupling is
determined by the γ = gµB constant, with g denoting the Landé factor and µB denoting the
Bohr magneton, assuming h̄ = 1. The B⃗0 static magnetic field has components B0j on the
j = x, y, and z axes. The qubit is driven by time-dependent, periodic, and commensurate
fields, oriented along the x, y, and z axes. The harmonic Hamiltonian describing such spin
coupling is as follows:

H(t) =
γ

2

[
B⃗0 · σ⃗ + ∑

i=x,y,z
Bi cos(Φi(t)) σi

]
, (1)

with t denoting the time, σi denoting the Pauli matrices, Bi denoting the oscillating field
amplitudes, and the Φi phases given by

Φi(t) = piωt + Φ0i. (2)

Here, ω is the fundamental frequency, pi denotes integer numbers with px = 1, Φ0i
denotes the initial phases of the harmonic fields. One phase can be assumed equal to zero
by properly choosing the initial t = 0 time, with its value not modifying the eigenvalues.
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By taking the ω angular frequency as the frequency unit in Equation (1), we introduce
dimensionless quantities as τ = ωt time, ω⃗0 = γB⃗0/ω magnetic vector, its ω0 modulus
and components ω0i, and the Ωi = γBi/ω Rabi frequency. In these dimensionless units,
the eigenenergies of the bare atom are ±ω0/(2ω). The Hamiltonian (1) does not include
relaxation processes; more precisely, those processes are negligible on the timescale of the
experimental investigations.

The associated U(τ) time evolution operator results in the following:

iU̇(τ) =
1
2

[
ω⃗0 · σ⃗ + ∑

i=x,y,z
Ωi cos(τ + Φ0i) σi

]
U(τ), (3)

where the dot on the top denotes the time derivative. This operator is obtained numerically,
starting from the initial condition, U(0) = 1, and propagating until τ = 2π. In the case of a
periodic time dependence, the Floquet theorem [2–4,30–36] allows us to write the following:

U(τ) = e−iK(τ)e−iΛ τ . (4)

The U-operator contains the K kick operator with K(0) = 0 and K(τ + 2π) = K(τ). It
describes the short time-dependent evolution over a single period of the driving field. This
evolution is denoted as micro-motion dynamics [2–4], and examined in the experiments
in Refs. [37,38]. The long-term evolution dynamics are determined by the Λ-operator,
behaving as a time-independent Hamiltonian. This evolution corresponds to the stro-
boscopic dynamics at times t = 2π/ω. The Λ-matrix is not unique since the same U-
operator is obtained by subtracting multiples of the ω frequency from its diagonal elements
and adding the same quantity to K(τ). The Floquet matrix is numerically obtained as
Λ = (i/2π) log U(2π). Its En

+ and En
− eigenvalues are periodic with the ω frequency and

given by the following sequences:

En
+ = (λ+ + n)ω, En

− = (λ− + n)ω, (5)

with the n integer. Additionally, λ+ = −λ−, with their sum remaining constant for
both bare and dressed eigenenergies [31]. The λ+ and λ− Floquet eigenenergies are
restricted to the (−1/2,+1/2) interval, denoted as the first Brillouin zone associated with
the eigenenergy periodicity [39]. The Λ matrix can be written as follows:

Λ =
1

2ω
h⃗ · σ⃗. (6)

The h⃗ vector, measured in energy units, represents an effective magnetic field, with
the maximum absolute value equal to the dressing frequency. From a quantum simulation–
stroboscopic point of view, the stroboscopically-dressed qubit is described by an effective
Hamiltonian associated with the h⃗ field. The long-term spin time evolution is determined
by the dressed Larmor frequency, ΩL, being the modulus of the h⃗ vector, given as follows:

ΩL = |λ+ − λ−|ω. (7)

The spin response characterized by the dressed Larmor frequency of Equation (7) is
described here by an effective gyromagnetic ratio, geff, defined as

geff = ΩL/ω0, (8)

representing the equivalent of the effective mass introduced to describe the phonon dressing
of the polaron [9]. The Λ-operator eigenstates correspond to the spin, oriented parallel or
antiparallel to the h⃗ vector, along the direction defined by the u⃗ orientation unit vector, with

u⃗ = h⃗/ΩL. (9)
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Plots of λ± or ΩL versus control parameters provide the key information on the
dressed spin response. The spin time evolution contains additional components produced
by the kick operator centered around the multiple of the ω dressing frequency measured in
the dual-dressing investigation in Refs. [37,38,40].

The detection of the spin response is an important additional issue. Over the years,
theoretical descriptions have followed experimental evolutions. The early RF/MW investi-
gations of optically pumped atoms provided the sensitivity required to explore the dressed
systems. The detection was restricted to the RF/MW absorption, with an experimental
enhancement factor given by the ratio between the detected optical photons and the dressing
photons. The spin sample was prepared in one eigenstate of the bare atom, and the occupation
of the other eigenstate was monitored by the light absorption. As required for atoms with
random velocities and, therefore, random interaction times, in Refs. [30,41,42] a time-averaged
probability, ⟨P⟩, is derived from the dressed eigenenergies and results to

⟨P⟩ = 1
2

[
1 −

(
∂ΩL
∂ω0

)2
]

. (10)

Lately, monitoring the spin transverse magnetization ⟨σi(t)⟩, i = x, y, for instance,
by Faraday detection, has provided a more effective detection tool, mainly with ultracold
atoms [40,43–46]. In this configuration, the spin system is initially prepared in a superpo-
sition of the bare atom eigenstates; for instance, the ⟨σx(t = 0)⟩ = 1 mean value and the
⟨σy(t)⟩ mean value of the dressed atom eigenstates, oscillating mainly at ΩL, is monitored.
The dressed atom time evolution is derived from the evolution operator of Equation (4).

3.2. Single x Strong Dressing

The single x strong dressing configuration is described by the evolution operator of
Equation (3) with Ωy = Ωz = 0 and Ωx ≫ ω0:

iU̇(τ) =
1
2
[ω⃗0 · σ⃗ + Ωx cos(τ) σx]U(τ), (11)

with the Φ0x = 0 initial condition. This configuration was introduced as the “dressed atom”
in Refs. [18–20]. The spin response was examined for atoms in Refs. [27,47–52], for a
Bose–Einstein condensate in Ref. [53], for a two-dimensional electron gas in Ref. [54], and
for the control of a strong spin-exchange relaxation in Ref. [55]. This strong dressing
was applied in Refs. [56,57] to compensate for an inhomogeneous spin distribution, and
applied to an inhomogeneous dressing field in Ref. [58]. Its characteristic feature is a
collapse/crossing of the dressed atom eigenvalues for a specific value of the dressing field
amplitude. A regime—denoted as critical dressing based on the simultaneous dressing
of two spin species to the same dressed Larmor precession frequency—was explored in
Refs. [59–62].

The photon number basis is quite a practical tool for time evolution, even in the strong
atomic dressing with a classical description of the electromagnetic field, as schematically
shown in Figure 1a. The atomic evolution shown by the vertical black line evidences
interactions with photons shown by the blue dots. Photons of a specific circular polarization,
closely resonant with the atomic energy splitting, lead to real absorption-emission processes.
Those of the opposite polarization and non-resonant result in virtual absorption–emission
processes. For the case where ω0z ≪ ω in dressing, this real-virtual separation becomes less
strict. In addition, in the presence of strong driving, interferences between the individual
processes depicted in Figure 1 become significant, and the photon model alone cannot
provide complete information.
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Figure 1. Strong x single dressing configuration. (a) The scheme of the time evolution for the
atom–photon interaction within the basis of the |g, n⟩, |e, n⟩ atomic states, with g denoting ground
atomic state, e the excited one, and the n photon number. For the spin-1/2 system, the σ photons of
one polarization produce real absorption–emission transitions, while those of opposite polarization
produce virtual transitions. (b) λ+ and λ− Floquet eigenenergies versus the Ωx/ω. Here, ω0z = 0.2ω,
ω0y = 0. At the anticrossing points of the dashed line, the dressed Larmor frequency, ΩL, given by
the difference of the eigenenergies, is equal to ω0z. See text for details.

Introducing the UI interaction representation with respect to the strong Ωx dressing
field, the U time evolution operator is factorized as [46]

U(τ) = e−iφxσx/2 UI(τ), (12)

where
φx(τ) =

1
2

Ω̃x sin(τ), (13)

and
Ω̃x = Ωx/ω. (14)

The gauge transformation of Equation (12) represents a unitary change to a reference
frame rotating around the x-axis with the φx(τ) rotation angle presenting a sinusoidal time
dependence, i.e., a frequency-modulated rotation, as denoted in Ref. [63]. Applying the
Floquet transformation of Equation (4) to the UI time evolution, the gauge transformation
becomes

U(τ) = e−iφxσx/2 UI(τ) = e−iφxσx/2 e−iK(τ)e−iΛ τ , (15)

where the −iφxσx/2 exponent contributes to the micro-motion. The UI operator is written,
here and also in the following cases, as

iU̇I(τ) = Ax(τ)UI , (16)

with the present Ax(τ) matrix given by

Ax(τ) = eiφxσx/2 1
2 ω⃗0 · σ⃗e−iφxσx/2

= ω0x
ω σx +

(
ω0y
2ω cos(φx) +

ω0z
2ω sin(φx)

)
σy +

(
−ω0y

2ω cos(φx) +
ω0z
2ω sin(φx)

)
σz. (17)

In Equation (17), the following relation is used:

ei φx(τ) = cos(φx(τ)) + i sin(φx(τ)) = ∑
n

Jn(Ω̃x)ei n τ , (18)

where Jn represents the n-th order Bessel function.
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Applying the Floquet–Magnus expansion, as discussed in Refs. [3,34], to the UI(τ)
operator, we derive K = K1 + ... and Λ = Λ1 + ..., where the first terms are

Λ1 =
1

2π

∫ 2π

0
A(τ)d τ, K1(τ) =

∫ τ

0
A(τ′)d τ′ − τΛ1. (19)

Following the effective field definition of Equation (6), its first-order h⃗1 value results in

h⃗1 =




ω0x
J0(Ω̃x)ω0y
J0(Ω̃x)ω0z


. (20)

In the same order, the dressed Larmor frequency results in the following:

Ω1
L =

√
ω2

ox +
(

ω2
oy + ω2

0z

)(
J0(Ω̃x)

)2. (21)

The u⃗ spin orientation vector is obtained using Equation (9). High-order corrections to
the single strong dressing response are reported in Refs. [64–70], in a few cases, based on
semiclassical approaches.

The spin dressing produces a uniaxial modification of the magnetic response, depending
on the spatial direction of the applied static magnetic field, namely the undressed response
along the dressing field, the x direction, and the J0(Ω̃) scaled one in the orthogonal plane.
This anisotropy of the h⃗1 effective magnetic response was verified experimentally in Ref. [20].
Notably, a collapse of the magnetic energies associated with the y and z directions for the
Ωx/ω parameters corresponding to a zero of the J0 function is present. For ω0x = ω0y = 0,
we derive from Equation (8) geff = J0(Ω̃x), which characterizes that collapse.

The Floquet eigenenergies are plotted in Figure 1b versus the Ωx field for different
ω0x values. These plots evidence an issue common to all dressed atom eigenenergies
versus a control parameter: the presence of crossings and anticrossings in the eigenenergies
spectra. The postions of crossings and anticrossings positions are characteristic of a specific
dressing process. Spectra crossings appear for ω0x = 0 at the crossing/collapse values
corresponding to the first and second zeroes of the J0 function. Those crossings are modified
into anticrossings by the presence of a static magnetic field parallel to the dressing field. For
ω0y = 0, the ΩL value is given by ω0x at the anticrossing points. The dressed energies were
measured in Ref. [27] by irradiating a dressed Bose–Einstein condensate with an additional
weak RF tickling field resonant with the dressed state-level spacing. In Ref. [53], the dressed
energies were derived from the confinement of a Bose–Einstein condensate atoms in an
inhomogeneous static magnetic field.

The time-dependent spin precession of the dressed atom was examined theoretically
in Ref. [20], and expanded in Ref. [61]. In Ref. [46] the spin precession is derived using the
Floquet engineering approach. For an initial ⟨σx(0)⟩ = 1 eigenstate, the spin expectation
values are

⟨σx(t)⟩ = (1 − u2
x) cos(ΩLt) + u2

x,

⟨σy(t)⟩ =
[
uy sin φx + uz cos φx

]
sin(ΩLt) +

[
uxuy cos φx − uxuz sin φx

]
(1 − cos(ΩLt)),

⟨σz(τ)⟩ =
[
uz sin φx − uy cos φx

]
sin(ΩLt) +

[
uxuz cos φx + uxuy sin φx

]
(1 − cos(ΩLt)). (22)

Theoretical results for the time dependence of ⟨σx⟩ and ⟨σy⟩ are presented in Figure 2,
with initial conditions ⟨σx(τ = 0)⟩ = 1 and ⟨σy(τ = 0)⟩ = 0. The spin time evolution
contains two separate time dependencies. The main dependency is at the frequency pre-
cession ΩL and the complex micro-motion is determined by the cos(φx(t)) and sin(φx(t))
functions producing the dressing frequency harmonics in Equation (18). The ⟨σx(t)⟩ time
evolution of Figure 2a reports a direct ΩL oscillation. Micro-motion oscillations at the ω
and 3ω frequencies are instead present in the Figure 2b data for the ⟨σy(t)⟩ evolution. The
ΩL oscillation is derived from its envelope fit, as in the dashed red line of Figure 2b. Note
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the initial ⟨σy⟩(t = 0) = 0 condition imposed on the micro-motion oscillations. The spin
time evolution was monitored by pick-up coils in Refs. [49,51,52]. The dressed response to
RF pulses was measured in Ref. [48].
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Figure 2. For the strong x single dressing, time evolutions of 〈σx(τ)〉, in (a), and 〈σy(τ)〉, in (b), vs.
the τ dimensionless time. Initial condition 〈σx(τ = 0)〉 = 1. Parameters: Ωx = 2ω, ω0z = 0.8ω, and
ω0x = ω0y = 0. The 〈σx(τ)〉 oscillation takes place at ΩL dressed Larmor frequency. The 〈σx(τ)〉
evolution contains large micromotion contributions at the ω and 2ω frequencies. In (b) the red dashed
line represents the 〈σy(τ)〉 time evolution envelope at the ΩL frequency.

3.3. Dual (x,y) Dressing

The bichromatic excitation of atoms/molecules is a powerful tool for spectroscopy
based on pump-probe operation of two applied electromagnetic fields. In that context the
pump action is very often described by dressed atom that we present below in Section 3.4.
Here, we expand to two commensurate dressing fields [40,46,69] the strong dressing regime,
which is characterized by Ωx � ω as described in Section 3.2. We investigate the following
Hamiltonian written in the τ adimensional time:

H(τ) = ∑
j=(x,y,z)

ω0j

2ω
σj +

Ωx

2ω
cos(τ)σx +

Ωy

2ω
cos(pyτ + Φ0y)σy. (23)

The static field interaction is treated as perturbation term. A perturbation treatment is
valid also at low Ωy/ω amplitudes. We apply to the time U and UI evolutions operators the
gauge transformations of Equation (15). The UI evolution is determined by Equation (16),
with the present A(τ) given by

A(τ) = eiϕx(τ)σx

[
1
2
~ω0 ·~σ +

Ωy

2ω
cos(pyτ + Φy)σy

]
e−iϕx(τ)σx =

ω0x

ω
σx + gy(τ)σy + gz(τ)σz, (24)

where

gy(τ) =
ω0y

2ω
cos(ϕx) +

ω0z

2ω
sin(ϕx) +

Ωy

2ω
cos(ϕx) cos(pyτ + Φ0y),

gz(τ) = −ω0y

2ω
sin(ϕx) +

ω0z

2ω
cos(ϕx)−

Ωy

2ω
sin(ϕx) cos(pyτ + Φ0y). (25)

The~h1 first order effective magnetic field is

~h1 = (py, even)




ω0x
J0(Ω̃x)ω0y + Jpy(Ω̃x) cos(Φ0y)Ωy

J0(Ω̃x)ω0z


; (py, odd)




ω0x
J0(Ω̃x)ω0y − Jpy(Ω̃x) sin(Φ0y)Ωy

J0(Ω̃x)ω0z


. (26)

Figure 2. For the strong x single dressing, time evolutions of ⟨σx(τ)⟩ (a) and ⟨σy(τ)⟩ (b) versus
the τ dimensionless time. Initial condition ⟨σx(τ = 0)⟩ = 1. Here, Ωx = 2ω, ω0z = 0.8ω, and
ω0x = ω0y = 0. The ⟨σx(τ)⟩ oscillation takes place at ΩL. The ⟨σx(τ)⟩ evolution contains large
micro-motion contributions at the ω and 2ω frequencies. In (b), the red dashed line represents the
⟨σy(τ)⟩ time evolution envelope at the ΩL frequency. See text for deatils.

3.3. Dual (x,y) Dressing

The bichromatic excitation of atoms/molecules is a powerful tool for spectroscopy
based on the pump–probe operation of two applied electromagnetic fields. In this context,
the pump action is quite often described by a dressed atom that we present below in
Section 3.4. Here, we expand to two commensurate dressing fields [40,46,70], a strong
dressing regime characterized by Ωx ≫ ω, as described in Section 3.2. We investigate the
following Hamiltonian, written in the τ dimensionless time:

H(τ) = ∑
j=x,y,z

ω0j

2ω
σj +

Ωx

2ω
cos(τ)σx +

Ωy

2ω
cos(pyτ + Φ0y)σy. (23)

The static field interaction is treated as a perturbation term. A perturbation treatment
is also valid at low Ωy/ω amplitudes. Within the strong dressing approach we apply to the
time U and UI evolution operators the gauge transformations of Equation (15). In addition
we write for the UI evolution operator a relation similar to Equation (16), with the present
Axy(τ) given by

Axy(τ) = eiφx(τ)σx

[
1
2

ω⃗0 · σ⃗ +
Ωy

2ω
cos(pyτ + Φy)σy

]
e−iφx(τ)σx =

ω0x

ω
σx + gy(τ)σy + gz(τ)σz, (24)

where

gy(τ) =
ω0y

2ω
cos(φx) +

ω0z

2ω
sin(φx) +

Ωy

2ω
cos(φx) cos(pyτ + Φ0y),

gz(τ) = −ω0y

2ω
sin(φx) +

ω0z

2ω
cos(φx)−

Ωy

2ω
sin(φx) cos(pyτ + Φ0y). (25)

The h⃗1 first-order effective magnetic field is as follows:

h⃗1 = (py, even)




ω0x
J0(Ω̃x)ω0y + Jpy(Ω̃x) cos(Φ0y)Ωy

J0(Ω̃x)ω0z


; (py, odd)




ω0x
J0(Ω̃x)ω0y − Jpy(Ω̃x) sin(Φ0y)Ωy

J0(Ω̃x)ω0z


. (26)



Physics 2024, 6 68

The Ω1
L dressed Larmor frequency is given by the h⃗1 modulus. High-order corrections

and numerical analyses are presented in Ref. [70]. The dual dressing produces a triaxial
modification of the effective field, depending on the spatial direction of the applied mag-
netic field, i.e., an undressed response along the dressing field x direction and different
scalings in the orthogonal axes.

The spectra of the λ− and λ+ Floquet eigenenergies and of the ΩL frequency versus
the dual dressing control parameters contain collapse/crossings and anticrossings similar
to those reported in the x single dressing. In the present configuration, several control
parameters exist, i.e., the Ωx and Ωy dressing frequencies, and the Φ0y phase difference
between the two dressing fields. Large py values lead to a smaller Jpy contribution of the
second dressing amplitude. For py, for even values, the second dressing field operate on the
y component of the effective field (26), and on the z component for odd values. For p = 2
and ω0x = 0, a crossing of the eigenvalue is produced by appropriate combinations of the
three control parameters, as shown in Figure 3a for ΩL versus Φ0y. For py odd values, three
control parameters contribute to the h1

z component of Equation (26), opening up different
crossing configurations, as presented in Figure 3b for ΩL versus the Ωx control parameter.
The py = 3 plot of ΩL versus Φ0y is similar to the py = 2 one, except for the different ΩL
scale. For ω0x, ω0y ̸= 0, all the crossings are transformed into anticrossings, as shown by
the red dashed lines. The ΩL > ω0 correspond to geff > 1.

0.4

0.2

0.0

Ω
L/
ω

2.01.51.00.50.0
Φ0y  (rad)

    0
   0.1

(a)
0.4

0.2

0.0

Ω
L/
ω

-5 0 5
Ωx/ω

(b)

Figure 3. Spin response for (x, y) dual dressing. (a) py = 2: ΩL versus Φ0y for ω0x = 0 (black
line) and ω0x = 0.1ω (red dashed line), as indicated; here, Ωx = 2.405ω, ω0z = 0.335ω, ω0y = 0.
(b) py = 3: ΩL versus Ωx/ω for ω0x = 0 (black line) and ω0x = 0.1ω (red dashed line); here,
ω0z = 0.1ω, ω0y = 0, Ωy = 2ω, and Φ0y = π. At the anticrossings, ΩL is equal to ω0x. Note the ΩL

maxima that is larger than the ω0z value. See text for details.

3.4. Rotating Dressing

The rotating dressing case corresponds to the nuclear magnetic resonance configura-
tion and has a simple solution. Its dressed atom analysis was presented in Ref. [71]. For a
rotating RF/MW field with the Rabi frequency, ΩR, the time evolution operator is given by

iU̇(t) =
1
2

ω0zσz +
1
2

ΩR

[
cos(ωt) σx + cos(ωt +

π

2
) σy

]
U(τ). (27)

This evolution operator is equivalent to the U-operator (15) for the (x, y) dressing
with Φ0y = π/2 and Ωx = Ωy = ΩR. However, the analysis of Section 3.3, valid for
a x dressing larger than the y one, cannot be applied here to the magnetic resonance
configuration, because the Floquet engineering approach is quite complex. The standard
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approach of the transformation to a frame rotating around the z-axis at frequency ω leads
to a time-independent problem. Within this frame, the h⃗rot effective field is

h⃗rot =




ΩR
0

ω0z − ω


. (28)

The corresponding E+ and E− eigenvalues are given by

E± = ±1
2

√
(ω0z − ω)2 + Ω2

R, (29)

with ΩL = |E+ − E−| for the Larmor frequency. The eigenvalues are plotted in Figure 4a
versus the ω-normalized ω0z field for different ΩR values. The plots evidence the presence
of crossings and anticrossings in the eigenenergies spectra. The eigenenergies position is
at the ω0z = ω resonance. The crossing of E+ and E− occurring for ΩR = 0, i.e., the bare
atom, is transformed into an anticrossing for ΩR ̸= 0. An example of the associated ⟨P⟩ is
plotted in Figure 4b versus ω0z/ω at a small ΩR value, as derived from Equation (10) with
ΩL = |E+ − E−|. The maximum value of ⟨P⟩ occurs at the resonance value.
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Figure 4. Rotating σ dressing at ω0x = ω0y = 0. (a) E+ and E− eigenenergies, normalized to the ω

frequency, versus ω0z/ω for ΩR = 0 (dashed-dotted black line) and ΩR = 2ω (solid red line). The
ΩL is given by the difference of the eigenenergies. (b) The time-averaged transition probability, ⟨P⟩,
versus ω0z/ω at ΩR = 0.1ω.

3.5. Dual (x,z) Dressing

Here, the dressed atom approach is applied to the interaction of a spin with a static
magnetic field and two RF fields—one x-polarized and the second one z-polarized. In the
case of a large static magnetic field along the z-axis, the counter-rotating component of the
x-field may be neglected. In this case, for the same driving frequency on the two axes and a
static field on the z-axis only, we obtain the typical magnetic resonance configuration in the
presence of a misalignment of the RF/MW field from orthogonality. This interaction has
been examined in experiments on magnetic resonance and optical pumping. Theoretical
analyses were presented in Refs. [28,42,72–74]. High-order perturbations and numerical
solutions for the Λ stroboscopic matrix were also presented. Transition probabilities and
RF shifts of the magnetic resonance produced by the misaligned RF field were verified in
the experiments in Ref. [73,74].

Within the target of this study of the spin response at a low static field, we explore
the influence of a misaligned RF field applied to a single, strong dressing configuration.
We extend the magnetic resonance studies to the case of a misaligned RF field containing
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harmonics of the main dressing. We investigate the following Hamiltonian written in
dimensional units:

H(τ) = ∑
j=x,y,z

ω0j

2ω
σj +

Ωx

2ω
cos(τ)σx +

Ωz

2ω
cos(pzτ + Φ0z)σz. (30)

Both the static field and Ωz interactions are treated as perturbations to the strong x
dressing field. Following the (x, y) treatment in Section 3.4, the UI interaction evolution is
determined by the following A(τ):

A(τ) = eiφx(τ)σx

[
1
2

ω⃗0 · σ⃗ +
Ωz

2ω
cos(pzτ + Φ0y)σz

]
e−iφx(τ)σx =

ω0x

ω
σx + fy(τ)σy + fz(τ)σz, (31)

where

fy(τ) =
ω0y

2ω
cos(φx) +

ω0z

2ω
sin(φx) +

Ωz

2ω
sin(φx) cos(pzτ + Φ0z),

fz(τ) = −ω0y

2ω
sin(φx) +

ω0z

2ω
cos(φx) +

Ωz

2ω
cos(φx) cos(pzτ + Φ0z). (32)

The h⃗1first-order effective magnetic field is

h⃗1 = (pz, even)




ω0x
J0(Ω̃x)ω0y

J0(Ω̃x)ω0z + Jpz(Ω̃x) cos(Φ0z)Ωz


; (pz, odd)




ω0x
J0(Ω̃x)ω0y − Jpz(Ω̃x) sin(Φ0z)Ωz

J0(Ω̃x)ω0z


. (33)

A comparison between this effective field and the (x, y) dressing one of Equation (20)
evidences quite a similar response, except for the different roles of the (even, odd) py and
pz parameters. For this configuration, the eigenvalues and dressed Larmor frequencies are
equivalent to those in Figure 3 by choosing the proper control parameters.

4. Discussion and Conclusions

We presented a synthetic review of the interactions between atomic systems and the
photons of an electromagnetic field. Those interatomic—or intermolecular—interactions
play an important role in different phenomena and processes. An important branch of
quantum control is based on the application or modification of an electromagnetic field
made of either real or virtual photons, in order to drive the interactions toward a specific
target. Such a quantum control area is broad enough, and different approaches have been
devised to properly manipulate the available electromagnetic fields.

We only briefly examined the photon virtual dressing, which is the key element in
quantum vacuum fluctuations and related phenomena such as the Casimir effect. Our
analysis here concentrated on the quantum control by real photons. One issue is the
resonant action of photons on the medium under investigation, where resonant exchanges
occur between the bare atom and the dressing photons. This type of dressed control leads to
changes in either population levels or energy splitting. The extension of resonant dressing
to multilevel systems, another key aspect of quantum control, is not covered here. The
second approach focuses on dressed states created by strong off-resonant electromagnetic
fields, where the intensity surpasses the separation between the energy levels of interest.
This method is mostly used today in laser-driven fusion. The strong dressing condition
is also achieved when dealing with the Zeeman structure in quite low external magnetic
fields. This regime of strong dressing by real photons interacting with a two-level structure
forms the core of our analysis in this paper.

Although we have not treated virtual and real dressed treatments on equal footing,
it is noteworthy to highlight the remarkable similarity between them. For instance, the
formation of a dressed state with energy lower than the bare one occurs in a covalent
crystal at zero temperature due to interaction with virtual longitudinal acoustic phonons,
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and similarly in ultracold atoms due to interaction with real off-resonant photons. This is,
actually, the basis of optical traps.

The main target of the real photon Floquet engineering is the quantum simulation. In
the strong dressing configurations considered here, an effective static magnetic field with
arbitrary direction and amplitude is produced. This result is not highly dramatic by itself,
but interestingly enough, the amplitude of the effective field can be modified dynamically
and precisely by controlling the amplitudes of the dressing fields. While the focus of this
study was on the dressing by RF fields with commensurate frequencies, the application of
incommensurate ones will open up new quantum simulation directions for Hamiltonians
relevant to solid-state physics, as in Ref. [39]. The implementation of such configurations
with RF incommensurate fields will represent an extension of the experiments quoted
above for ground-state alkali atoms.

Concerning dressed atom experimental explorations, Rydberg atoms represent a new
quantum control research area, as explored in Refs. [75–77]. For future investigations into
dressed atoms, the recent efficient conversion of microwave photons to optical ones using
strong microwave driving of Rydberg atoms, as seen in Ref. [78], opens a new field in
hybrid quantum science. This offers prospects for producing "dressed" optical photons that
acquire—in full—the atomic wave function features.
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